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Abstract. A pair of planes, both projective or both affine, of the same order and on the same
point set are orthogoval if each line of one plane intersects each line of the other plane in at
most two points. In this paper we prove new constructions for sets of mutually orthogoval
planes, both projective and affine, and review known results that are equivalent to sets of
more than two mutually orthogoval planes. We also discuss the connection between sets of
mutually orthogoval planes and covering arrays.
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1. Introduction

In a projective plane of order ¢ an oval is a set of ¢ + 1 points, no three of which are
collinear. A beautiful theorem, independently published multiple times, states that if D is a
(¢* +q+1,q+ 1,1)-difference set over Z,> .1, then —D is an oval in the projective plane
developed from D [BBEF94, RMS14, Gly78, Bru73]. Since —D is itself also a difference set,
it can be developed into a second projective plane on the same ground set, Z,2_,.,. Hence we
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have constructed the blocks of two projective planes with the property that the lines of one are
ovals in the other. We introduce the term orthogoval to describe this property.

Definition 1.1. Two planes, both projective or both affine, of the same order and on the same
point set are orthogoval if a line of one plane intersects any line in the other plane in at most two
points, or in other words the blocks of one are ovals in the other. A set of planes is called a set
of mutually orthogoval planes if the planes are pairwise orthogoval.

We provide two clarifications of the term “oval” in this definition. In the case of a projective
plane, we consider an oval as having ¢ 4 1 points (whereas some authors require ¢ + 2 points in
even characteristic; others call such a set of ¢ + 2 points a hyperoval). In the case of an affine
plane, we use “oval” to mean a set of ¢ points no three of which are collinear (although this use
is not standard).

The primary goal of this paper is to prove new constructions for sets of mutually orthogoval
planes, both projective and affine, and to review known results that are equivalent to sets of more
than two mutually orthogoval planes.

A pair of orthogoval projective planes of order ¢ was used by Raaphorst, Moura and Stevens
to construct a family of covering arrays of strength 3, CA(2¢® — 1;3,¢*> + ¢ + 1, q) (see Def-
inition 4.2) from the circulant matrices of linear feedback shift register sequences over finite
fields IF,. For ¢ > 3 these are still the best known strength 3 covering arrays for their number
of columns and alphabet sizes. Torres-Jimenez and Izquierdo-Marquez constructed covering
arrays CA(2¢® — ¢;3,¢* — q + 3, q) which are equivalent to deleting a particular set of 2¢ — 2
columns of the CA(2¢® — 1;3,¢> + ¢ + 1,q) and then noting that, for every non-zero sym-
bol z, the array that remains has two copies of the all-z row. Deleting one of each of these pairs
completes the construction [TJIM18]. Colbourn, Lanus and Sarkar found, via Sherwood cover-
ing perfect hash families, a CA(1016; 3, 64, 8) using a conditional expectation search [CLS18].
Investigating its structure they observed that if pairs of orthogoval Desarguesian affine planes
could be constructed, then keeping just the columns corresponding to the points of the affine
planes from the CA(2¢® — 1; 3, ¢*> + ¢ + 1, q) and deleting one copy of any repeated row, would
yield CA(2¢® — ¢; 3, ¢, q) and thereby improve Torres-Jimenez and Izquierdo-Marquez’s cover-
ing arrays by ¢ — 3 columns. A second purpose of this paper is to discuss the connection between
sets of mutually orthogoval planes and covering arrays.

A pair of orthogoval affine planes of order 4 was used by Colbourn [Co0l99] as a key ingredient
in disproving a conjecture of Jean Doyen on the automorphisms of Steiner 2-designs.

The union of a set of s mutually orthogoval planes of order ¢ gives a “super-simple”
2-(¢%, q, s) design in the affine case, or a super-simple 2-(¢*> + ¢ + 1,q + 1, s) design in the
projective case. These designs have been studied by Bluskov and Heinrich [BHO1] and others.
Theorem 1.1 of [BHO1] gives the same bound as the Johnson bound appearing in Corollary 1.3
below.

In a set of mutually orthogoval planes, any three points collinear in one are non-collinear in
all the others. Therefore, taking the collection of all lines from each plane in a set of s mutually
orthogoval planes gives a strength 3 packing design [CDO7]. The packing number D(v, k,t) of
a v-set is the maximum number of k-subsets (blocks) such that every ¢-subset appears in at most
one block. This can be used to calculate an upper bound on s.
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Theorem 1.2. If there exists a set of s mutually orthogoval projective planes of order q then
s(@>+q+1)<D(P+q+1,¢g+1,3).
If there exists a set of s mutually orthogoval affine planes of order q then
s(¢* +¢) < D(¢%,¢.3).

The Johnson bound [CDO07] on the size of packings is

viv—1|v—2
D(v,k,3) < |+ .
N ==l
Since the blocks in AG(2, 2) have size two, the set of s copies of AG(2, 2) is trivially mutually

orthogoval for every s (similar to the fact that every set of s latin squares of order 1 is mutually
orthogonal). Otherwise, the Johnson bound gives the following result.

Corollary 1.3. * [fthere exists a set of s mutually orthogoval projective planes of order q,
then s < max{b, q + 2}.

o If there exists a set of s mutually orthogoval affine planes of order q > 2,
then s < max{7,q + 2}.

We will either tighten or meet these upper bounds for some small values of q.

In Section 2 we discuss projective planes. There we give a new proof of the existence of a pair
of orthogoval projective planes from an algebraic geometric point of view using the Cremona
transformation. We also consider if larger sets of such projective planes exist. In Section 3 we
turn our attention to affine planes. We prove that for even characteristic there always exists a pair
of planes with the desired property. When ged(n,6) = 1 we construct a set of three mutually
orthogoval affine planes of order 2". We then construct sets of size of seven for ¢ = 4,8. In
Section 4, we discuss the connections between sets of mutually orthogoval planes and covering
arrays. We show that for affine planes we can extend the constructed arrays by two additional
columns to construct a CA(2¢® — ¢; 3, ¢* + 2, ¢), and demonstrate the utility of sets of more than
two orthogoval planes. In Section 5 we give some final thoughts.

2. Projective planes

2.1. A pair of orthogoval projective planes

We start by giving a new proof of the fact that for every prime power ¢ there exists a pair of
Desarguesian orthogoval PG(2, ¢). This proof uses the Cremona transformation and its alge-
braic geometric approach adds another interesting point of view of this theorem. For a general
introduction to algebraic geometry and its terminologies, see [Har77]. While we believe that
the result was broadly speaking known to algebraic geometers we do not know of an explicit
articulation or proof of it in the literature.
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We express the points of PG(2, ¢) with homogeneous coordinates using colons between
the coordinates to make them distinct from other numbers that appear in round brackets in this
article. The Cremona transformation, or standard quadratic transformation is the partial rational
function Cr : PG(2, ¢) --» PG(2, ¢) defined by

Cr((w:y:2) =@ :yt:27h).
We can extend this partial map and will use the same symbol for this extension,

1 1

Cr((w:y:2) = (vyza™t s ayzy ™ s ayze b)) = (yz @ 22 2y).

This map is undefined on the intersection points of the pairs of lines yz, zz and zy (vari-
ety V(yz,zz,2y)), {(1:0:0),(0:1:0),(0:0: 1)}, and is birational since Cro Cr = id.
We are interested in the image of lines and conics under Cr, which are the varieties of de-
gree one and degree two homogeneous polynomials respectively. For example, if £ is a line,
we take Cr(¢) to mean the set {Cr(p) : p € ¢}. This set might be a single point, a set of
collinear points or a set of points lying on a conic. It may not contain all the points of this
line or conic because Cr is a partial map. We can “close” the image set with the
follo wing procedure. Let C' = V(f(x,y,z)) in PG(2, q), not contained in the lines V' (z),
V(y), or V(2). Let g(z,y,2) = f(1/x,1/y/1/2)x%’2¢, where a, b and ¢ are minimal such
that g is a polynomial. Then the closure of the image of f under the Cremona transformation
is Cr(C) =V(g(z,y, 2)).

The Cremona transformation has the following properties which are not hard to prove. See
[Ful89, Shal3] for examples of proofs of properties of Cr.

Proposition 2.1. * Cris bijective on PG(2, q) — V (zy2).
* The lines x, y and z map to points (1:0:0), (0:1:0) and (0:0 : 1) respectively.

* The line fy+~yz through (1 : 0 : 0) maps to the line vy + Bz, also through (1 : 0 : 0); and
similarly for lines ax + vz and ax + By through (0 : 1 :0) and (0 : 0 : 1) respectively.

* Each line ax + by + cz that does not contain any of (1 : 0:0), (0:1:0)or(0:0:1)
maps to the irreducible conic ayz + brz + cxy which contains all three of (1 : 0 : 0),
(0:1:0)and (0:0:1).

Theorem 2.2 ((BBEF94, RMS 14, Gly78, Bru73, She86)). For every prime power q, there exists
a pair of Desarguesian orthogoval PG(2, q).

Proof. Letw € Fs so that w ¢ F, and w is not a root of 234" — 3z9°+4+1 4 43¢ 4 23, Since 0 is
a root with multiplicity 3 and 1 is also a root, if ¢ > 3 then such an w exists by the pigeonhole
principle. If ¢ = 2 then o + 1 satisfies these requirements where « is a root of 2® + x + 1. By
these conditions, (w : w? : w?), (w? : w? : w) and (W? : w : w) are not collinear. Let o be
the projective linear transformation of PG(2, ¢®) that maps (1 : 0 : 0), (0 : 1:0), (0: 0 : 1)
and (1:1:1)to (w:w!:w?”), (w!:w?” :w), (W’ :w:wi)and (1:1: 1) respectively. We
conjugate the Cremona transformation by o

Cr'=00Croo!
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and consider its action on PG(2, ¢%).
Since Cr maps
a(1:0:0)+50:1:0)+~(0:0:1)

to
By(1:0:0)4+ay(0:1:0)+af(0:0:1),
Cr’ maps
a(w:w!: W) + AW W’ w) F (W wwd)
to

By(w : w?: W)+ ay(w!: w?” :w) + aBw? w:w?).

Lines not containing any of (w : w? : w?®), (w? : W’ : w), (W : w : w?) are mapped to
irreducible conics that contain all three of these conjugate points.
Suppose that (z : y : 2) € PG(2,q) C PG(2, ¢*). Express this point as a sum

2y z) =a(w:w! W’ —I—Bwq:wQQ:w +y(w? s w e w?).
Y Y
Then the fact that the Frobenius map fixes this point ((z : y : 2)9 = (x : y : z)) implies that
B=0a' and ~y=a. (2.1)
Conversely if «, 5 and ~ satisfy Equation (2.1) then
aw:w! W) + AW W w) + (W’ w: w)

is invariant under the Frobenius map and is therefore in the subplane PG(2, ¢).
Thus,

Cr'((z:y:2) = By(w:w’: W) +ay(w!: W’ :w) + afw’ :w:w?)

— T (w:w?: qu) 4 ot (w: w? w) + oz1+q(wq2 cw e w).

The coefficients a9t9’, o'™7 and «'*? satisfy the identities in Equation (2.1) and
so Cr'((x:y:2)) € PG(2,q) ifand only if (z : y : z) € PG(2, q).

Thus Cr’ is a bijection on PG(2, ¢) that maps lines to irreducible conics and its image forms
a second plane which is orthogoval to the first. [

2.2. Sets of more than two orthogoval projective planes

A PG(2,2) is a Steiner triple system (STS) of order 7 and any 3 non-collinear points are an oval.
Thus two ST'S(7) are orthogoval if and only if their blocksets are disjoint. It is known that there
does not exist a set of three of STS(7)s with mutually disjoint blocksets [CR99]. When ¢ = 3
it is known that the collection of all 715 4-sets of a 13-set can be decomposed into 55 copies
of PG(2,3) [Cho83]. But not all of the lines in these copies will be ovals in the other copies:
if a 4-set intersects a line in three points it is not an oval in the plane containing the line. From
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Corollary 1.3 we know that if a set of s mutually orthogoval projective planes in PG(2, 3) exists
then
13s < D(13,4,3) = 65,

and so s < 5. Chu and Colbourn have shown that a strength 3 packing of 4-sets on 13 points
with a cyclic automorphism group has at most 52 blocks [CCO04]. There does exist such a cyclic
packing which can be decomposed into four projective planes of order 3. This consists of the
standard Desarguesian plane, together with the points of the conics

24y =0
P2 tyzt+ay=0
224+ 2yz+22 =0

and all the images of these conics in the Singer cycle. In terms of difference sets the blocks of the
Desarguesian plane are the development of D = {0, 1, 3,9}. The three conics above correspond
to difference sets — D, 2D and —2D respectively. Baker et al. proved that no conics are repeated
in this set [BBEF94], and it is easy to check that no triple is repeated in any block. These give
the blocks

{0,1,3,9} + 2, {0,1,511} +=, {0,1,4,6} +=, {0,1,8,10} +x

for x € Z13.

We now show that there does not exist a set of five orthogoval projective planes of order 3.
Suppose otherwise, for a contradiction. Then the set of all their blocks forms a maximum packing
with D(13,4,3) = 65 blocks. Each plane corresponds to a clique of size 13 in the 1-block
intersection graph of the packing design. In any such packing with 65 blocks, 26 triples are
uncovered, the number of blocks containing a pair of points is 5, and each point is contained
in exactly 20 blocks. From this it can be deduced that the 26 missing triples are the blocks of
a STS(13). Adjoining one new point to each of these and adding them to the design yields
a Steiner quadruple system on 14 points (a SQS(14)). Thus every v = 13, k = 4,t = 3
packing with 65 blocks is obtained from an SQS(14) by the deletion of one point. There are 4
non-isomorphic SQS(14) [MH72]. Using SageMath [The21], the free open-source mathematics
software system, for each of these SQS(14) we can delete each point and construct the 1-block
intersection graph of the resulting packing. None of these graphs has a clique of size larger
than 9 (code available upon request), which gives the required contradiction.

To determine the maximum size of a set of mutually orthogoval projective planes of or-
ders ¢ = 4 and ¢ = 5 we built the 1-intersection graph of all the ovals in these two projective
planes in SageMath. Cliques of size ¢> 4+ ¢ + 1 correspond to projective planes with ovals for
blocks. A graph is then formed with all these possible cliques as vertices and adjacency deter-
mined by a pair being orthogoval. For both ¢ = 4 and ¢ = 5, no pairs of any of these planes
were orthogoval, thus there exists a pair of orthogoval projective planes of orders ¢ = 4 and 5
but no set of three. Source code is available upon request.

For ¢ = 4 there are 1008 ovals. The 1-intersection graph is regular of degree 475, with 960
cliques of size 21. The 1-intersection graph was computed in 37s; the cliques were found in
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another 16s, and checking that no two cliques are orthogoval took 62s for a total of 111 sec-

onds. For ¢ = 5 there are 3100 ovals. The 1-intersection graph is regular of degree 1404, and

has 12000 cliques of size 31. The 1-intersection graph was computed in 149s; the cliques were

found in another 73m, and checking that no two cliques are orthogoval took 2h46m, for a total

of just over 4 hours. These timings are for unoptimized code in SageMath 9.4 running on an

AMD Ryzen 5600; in particular this code does not use symmetry to reduce the search space.
We summarize the results of this subsection.

Theorem 2.3. The size of a largest set of mutually orthogoval projective planes in PG(2, q) is
two for q € {2,4,5} and is four for ¢ = 3.

3. Affine planes

Because all lines have size two in an affine plane of order 2, a collection of any number of affine
planes of order 2 on the same point set is trivially mutually orthogoval. If ¢ = 3 then the set of
disjoint STS(9) as constructed in [Bay17, Tei73] gives a collection of seven mutually orthogoval
affine planes in AG(2, 3). By Corollary 1.3, this is the most possible. Up to isomorphism there
are two distinct sets of disjoint STS(9) [Bay17, BGGO03].

Theorem 3.1. The size of a largest set of mutually orthogoval affine planes in AG(2, 3) is seven.

This is the only case of orthogoval affine planes of odd order which we know of, whereas
when ¢ is even we can construct pairs or triples of orthogoval affine planes and in some cases
larger sets. We identify the points of AG(2, q) as the subset of points (z : y : 1) from PG(2, q).

3.1. A pair of orthogoval affine planes

To show that there exists a pair of orthogoval affine planes of order ¢ = 2", we will need irre-
ducible cubic polynomials in F[z] of the form 2® + bz + c¢. When n is even, 2" — 1 is divisible
by 3 and thus there exist elements b € Fo» which are not cube roots. For each such b, the polyno-
mial 23 — b is irreducible. When n is odd, every element is a cube root, f(z) = 3 is a bijection
and all polynomials of the form 2 + b are reducible. However irreducible cubics of the desired
form still exist.

Lemma 3.2. For each n, there exists an irreducible polynomial of the form x®+ bx + c in Fan [x].

Proof. There exist ¢(¢ — 1) monic quadratic polynomials 22 + bx + ¢ with ¢ # 0, of which
(¢ —1)(¢g—2)/2+4 (¢ — 1) = q(q — 1)/2 are reducible and thus ¢(¢ — 1)/2 are irreducible.
There are a total of g(¢ — 1) cubic polynomials z3 + bx + ¢ with ¢ # 0. If such a cubic factors
into linear terms, it must be of the form (x — r¢)(x — ry)(z + (ro +71)) with g, 71, 79 + 71 # 0.
Thus there are (¢ — 1)(¢ — 2)/6 such reducible cubics. If such a cubic factors into an irreducible
quadratic and a linear term, it must be of the form (z? + dx + €)(x + d) where d,e # 0 and
the linear term is determined by the quadratic term. Thus the number of these reducible cubics
matches the number of irreducible quadratics, g(¢ — 1)/2. Thus there are (¢ — 1)(¢+1)/3 > 0
monic irreducible cubics with no z? term and non-zero constant term. ]
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For ¢ = 2", we shall call a conic O in PG(2, ¢) such that (xo + x1 : yo +y1 : 1) € O for
all (o : yo : 1),(x1 : y1 = 1) € O a subspace conic; these (possibly when augmented with
their nucleus) are a particular type of translation oval [Hir98, GS94]. Specifically, these are
translation ovals that are conics and have the line z = 0 as their axis. We show that there always
exists a pencil of subspace conics in PG(2, g). For this we need to characterize the subspace
conics that may not contain (1:0:0), (0:1:0)or (1:1:1).

Lemma 3.3. If ¢ = 2", the conic in PG(2, q) defined by
ax® + by* + c2* + fyz + grz + hay =0
is a subspace conic if and only if h = ¢ = 0.

Proof. A subspace conic must contain (0 : 0 : 1) so ¢ = 0 is necessary. Since the conic is
an oval it contains a pair of points (zg : yo : 1) and (27 : 3 : 1) such that zoy; # z1yo.
Thus (2o + 1 : Yo + y1 : 1) is also on the oval and

axg + byg + fyo + gzo + haoyo = 0,
axi +by; + fy1 + gr1 + hxyy =0,
a(zo + 21)* + b(yo + 1)* + f(yo + 11) + g(zo + 1) + h(zo + 21) (Yo + 1) = 0.

The sum of these three equations is
h(zoyr + x1y0) = 0

and since zoy; + 1y 7 0 we must have h = 0.
Conversely if c = h = 0and (zo : 4o : 1) and (x; : y; : 1) are on the conic, then

azg + byg + fyo + 9o = 0,
axy + by; + fy1 + g1 = 0.
The quadratic form evaluated at (zo + 1 : yo +y1 : 1) is
a(zo +x1)* +b(yo +y1)* + f(yo +y1) + g(ao + 1)
= (axg + byg + fyo + gwo) + (az? + byi + fyr + gx1) =0
so the conic is a subspace conic. [

Note that any subspace conic is tangent to the line z = 0 and thus the restriction to the affine
plane part of PG(2, ¢) has ¢ points and so is an oval.
We will call two subspace conics which intersect only in (0 : 0 : 1) trivially intersecting.

Corollary 3.4. For every q = 2" there exists a trivially intersecting pencil of non-singular
subspace conics in PG(2, q).
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Proof. Letp = 2 + bx + ¢ be an irreducible cubic equation in F,[z] (note ¢ # 0). We note
that 23 + b?x + ¢? is also irreducible. Define conics

¢ 2+ yz,
X y* + byz + cxz.

Both these satisfy Lemma 3.3 so they are subspace conics. The conics determine the pencil

{ap+ Bx : (a: B) € PG(1,q)}.

The partial derivatives of a¢ + By are all zero at the point (o + b : Sc : 0) and this is not on
the conic because x + b2z + ¢? is irreducible and thus all conics in the pencil are non-singular.

By the irreducibility of p, the equation ¢(x,y, z) = x(z,y,2) = 0 in PG(2, ¢) holds if and
only if (z : y : z) = (0 : 0 : 1). The other three points of intersection are a conjugate triple
in PG(2, ¢®). Every conic in the pencil contains these four points, thus the pencil of conics
{ap + Bx : (a : B) € PG(1,q)} meet inside PG(2,¢) only in (0 : 0 : 1) and are otherwise
disjoint. 0

In F2", a set of n-dimensional spaces which pairwise intersect only at the origin is a spread.
The set of these spaces and their cosets form an affine plane of order 2" which is called a trans-
lation plane because the group of all translations is a transitive automorphism group [Dem97].
The Desarguesian affine plane of order ¢ = 2" can be constructed this way using the spread of
1-dimensional spaces of IF?] which is isomorphic to F2" as a Fy-vector space. We call this the line
spread. These 1-dimensional spaces correspond to the lines ax + Sy for (a : 3) € PG(1,q).
They alternatively can be constructed from the cyclotomic cosets in Fzz. If w is a primitive
element of 2, the set

Co = (W) = {7t . 0 < j < g—1}
is a multiplicative subgroup of ... Its cosets are
C; = w'{w™™) (3.1

for 0 < ¢+ < ¢. When we adjoin 0 to each coset we get exactly the set of 1-dimensional
subspaces of Fg, a spread. Non-Desarguesian translation planes can also be constructed from
spreads [Dem97].

We want to understand when the planes constructed from two spreads are orthogoval.
Let S = {S;} and T = {T;} be two spreads in F3". If z,y,2 € (u+ S;) N (v + Ty)
then 0,y — x, 2 — x € S; N'T; and conversely. This gives the following result.

Lemma 3.5. The affine planes constructed from S and T are orthogoval if and only
if|S;NT;| <2foralliand j.

Corollary 3.4 shows that there exists a “spread” of non-singular conics. The translation plane
constructed from this spread is Desarguesian.
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Definition 3.6. A map f on AG(2, ¢q) which is an Fy-linear bijection and maps lines to ovals is
affine ovalinear.

Lemma 3.7. If f is an affine ovalinear map on AG(2,2") then the affine planes AG(2,2")
and AG(2,2™)! are orthogoval and both Desarguesian.

Proof. Because f is a bijection, the two planes AG(2,2") and AG(2,2")/ are isomorphic and

therefore Desarguesian. Since every line in AG(2,2")/ is an oval, the two planes are orthogoval.
]

We note that, by applying f~! to both planes, we have that AG(2,2") and AG(2,2")/ are
orthogoval if and only if AG(2,2") and AG(2,2")/"" are orthogoval. We will use Lemma 3.7
to prove the next result and again in Section 3.2.

Theorem 3.8. The translation plane of order q = 2" constructed from a trivially intersect-
ing pencil of non-singular conics is Desarguesian and orthogoval to the translation plane con-
structed from the line spread.

Proof. Suppose that quadratic forms ¢ and y generate a trivially intersecting pencil of transla-
tion conics. Let 1) be the quadratic form z2. Define the map on PG(2,q), f((z : y : 2)) =
(p(x,y, 2):x(z,y, 2):¢(z,y, 2)). Clearly f preserves the z-coordinate of all points in PG(2, ¢)
and is thus Fy-linear on AG(2,q). Suppose that (x : y : 2) is on a¢ + Bx + Y.
Then f((z : y : z)) is on the line ax + Py + vz. Since each point can be specified by the
lines it is on, f is a bijection which takes ovals to lines. Thus f~ is affine ovalinear and so by
Lemma 3.7 AG(2,2") and AG(2,2")/ are orthogoval and both Desarguesian. O

Corollary 3.9. There exists a pair of Desarguesian orthogoval affine planes of order ¢ = 2".

We note that the pair of PG(2, ¢) constructed above (one from the lines ax + Sy + vz and
the other from the set of conics agp + Bx + y1) has the following property: any three points that
are collinear in one PG(2, ¢) are non-collinear in the other, except when the three points are all
from the line z. We therefore say that this pair of PG(2, ¢) is orthogoval except for the line z.
We will use this fact when discussing the connections to covering arrays in Section 4.

3.2. Sets of three orthogoval affine planes

For a restricted set of n, we can construct sets of three orthogoval affine planes of order ¢ = 2".
As in the construction of two orthogoval affine planes in Section 3.1, we need to control the roots
of specific polynomials.

Lemma 3.10. If k is relatively prime to n, then for any a and b in Fon, the equation az? +bx =0
has at most two roots in Fon, unless a = b = 0.

Proof. © = 0 is one root; any other must satisfy az? "1 4 b = 0. If @ = 0 this has no roots
unless b = 0. For a # 0, the sole root is the (2% — 1)th root of a~'b. That root exists and is
unique since ged (2" — 1,2F — 1) = 28dbn) 1 = 1, O
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Lemma 3.11. If 3k is relatively prime to n, then the polynomial 22" 4 z 4+ 1 has no roots
n an.

Proof. Suppose r € Fyn is a root of this polynomial and let m = 2*. Then from
Pt = 1
and taking the mth power (which is a Frobenius automorphism) of both sides we have
Pt — g

so that
2
,r,m +m—+1 T‘m+1 r 1.

Now taking the (m — 1)th power gives " ~! = 1, so that
r € F,s = For.
But as we also have r € [Fy» we conclude
re Fzgcd(Sk,n) =TF,.

This is a contradiction, as neither O nor 1 is a root. O
A similar argument applies to a second polynomial we will encounter.

Lemma 3.12. If 3k is relatively prime to n, then the polynomial 22 =1 4 22" ~1 4 1 has no roots

in an.

Proof. Suppose 7 € TFa. is a root of this polynomial and let m = 2% Then
from r™*~1 = pm-1 4 1, taking the mth power of both sides we have prtem — pm®=m o Mul-
tiplying by r~! gives r°~1 = =1 L pm-l — 1 8o r € F,s, but as we also
have » € Fyn we conclude 7 € Foecask.ny = [Fy. This is again a contradiction, as neither 0
nor 1 is a root. [

Incidentally, this also shows (because it is [Fo-linear) that 2+ 2 4 risa permutation
polynomial for Fo» when n is relatively prime to 3k.
Let ¢y (z,y) = (22 +y, y*" + 2z + y) be a map defined on AG(2,2"). A simple expansion
of terms shows
Pk = pOoProgrop (3.2)

where p(z,y) = (y, z) is a linear transformation.

Lemma 3.13. For all k > 1, if 3k is relatively prime to n, then ¢y is a bijection.
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Proof. Suppose ¢x(z,y) = ¢r(s,t). Then

x2k+y:s2k+tand

2k 2k
y tr+y=1t" +s+1t,
giving
(x—i—s)Qk =y +tand
(+t) =(@+s)+y+1).
Substituting y + ¢ from the first equation into the second gives
(@49 =(@+5)+ (x+5).

That is, 2 + s is a root of 22°* + 22" + 2. Then either 2 = s, or 2+ s is aroot of 22 ~1 4+ 22" =141,
which Lemma 3.12 shows to be impossible. [

Lemma 3.14. If 3k is relatively prime to n, then ¢y, is affine ovalinear on Fyn.

Proof. It is clear that ¢, is [Fo-linear, and Lemma 3.13 shows it to be a bijection. We first find
the images of lines through the origin.
The image of the line x = 0 is the set

{(y,y* +y) : y € Fau} (3.3)

while the image of the line y = uz for u € Fan is
(@ +uz,u®2® + (u+1)z) : © € Fyn}. (3.4)

Now we can look at the intersection of these sets with lines through the origin. The line x = 0
meets the set (3.3) in the set indexed by {y € F : y = 0}, which has one member. It meets the
set (3.4) in the set indexed by

{ze€F : 2* +uz =0}
which Lemma 3.10 shows to have at most 2 members.
For w € T, the line y = wx meets the set (3.3) in the set indexed by
{yeF :y* + (w+1)y=0},

which Lemma 3.10 shows to have at most 2 members. It meets the set (3.4) in the set indexed
by
{z el : (qu +w)$2k + (vw 4+ u + 1)z = 0}.

Lemma 3.10 applies again unless
Wt w=0=uw+u+1

but then w = 12" and ©2*+* + 4 + 1 = 0. So u is a root of z2°*! + 2 + 1, which Lemma 3.11
shows to be impossible. [
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Theorem 3.15. If 6k and n are relatively prime and q = 2", the standard plane AG(2, q), its
image AG(2, q)%, and AG(2, q)?°%F are mutually orthogoval.

Proof. By Lemmas 3.7 and 3.14, we have that AG(2,q) and AG(2, q)?* are orthogoval. Ap-
plying bijection ¢, to both of these planes shows that AG(2, ¢)® and AG(2, q)?*°%F are also
orthogoval. It remains to show that the standard plane and AG(2, ¢)?*°* are orthogoval. Lem-
mas 3.7 and 3.14 show that AG(2, q) is orthogoval to AG(2, q)%2* = AG(2, q)?°?*°%°°. Since p
is a bijection and p o p is the identity, we can first apply p to those two planes to show
that AG(2,q)” is orthogoval to AG(2,q)*°?°? and then, as AG(2,q)” = AG(2,q), we
have AG(2, q) orthogoval to AG(2, q)?*°%. O

Clearly n must always be relatively prime to 6 for this construction. For k € {2/37 | i, j >0} =
{1,2,3,4,6,8, ...} this is sufficient.

Corollary 3.16. If n is relatively prime to 6, there exists a set of three mutually orthogoval affine
planes of order 2".

If n > 3is prime then every k satisfying 1 < k£ < n— 1 gives a triple of mutually orthogoval
affine planes. We do not know whether or not the sets for different £ are isomorphic.

3.3. Sets of more than three orthogoval affine planes

We can use the construction of translation affine planes from spreads to construct sets of more
than three orthogoval affine planes for ¢ = 4 and 8. The line spread C defined just after
Equation (3.1) constructs the standard Desarguesian affine plane on point set Fyzn =2 F37,
Other spreads which construct isomorphic translation planes can be generated by applying ele-
ments M € GL(2n,F;). By Lemma 3.5, if the intersections of the spaces in the image spread
with the spaces from the original line spread all have size no more than two then the pair of
affine planes constructed is orthogoval. Furthermore if this is true for M* for each i satisfy-
ing 1 < ¢ < s then the s spreads { M*(C) : 0 < i < s} generate a set of s mutually orthogoval
affine planes.

This gives an efficient method for computationally searching for a set of mutually orthogo-
val affine planes of AG(2,2"). Generate matrices M from GL(2n,F,), retaining those for
which the plane constructed from M (C) is orthogoval to that built from C. Given a large set
My, M, ..., M, of such matrices, construct a graph with vertex set My = I5,,, My, M,, ..., M,
in which vertices M; and M, are joined when M;(C) is orthogoval to M, (C). A clique of size cin
this graph is then a set of ¢ mutually orthogoval affine planes in AG(2,2"). This search yielded
a set of seven mutually orthogoval affine planes of order 4 (Example 3.17) and a set of seven
mutually orthogoval affine planes of order 8 (Example 3.18).

Example 3.17. Let ¢ = 4 and let w be a root of the primitive polynomial z* 4+ x + 1. The
cyclotomic cosets C; of F;4 and the corresponding additive subgroups S; of F3 = 4 (using the
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[Fy-linear map (totitot3) — tow?® + tw? + tow + t3) are given by

¢ C; (multiplicative) S; (additive)

0 {1,w’, w'%} {0000, 0001,0110,0111}
1 {w,wb W} {0000, 0010, 1100, 1110}
2 {wt W’ w?} {0000, 0100, 1011, 1111}
3 {w? Wt W} {0000, 1000, 0101, 1101}
4 {wt W W} {0000, 0011, 1010, 1001}.

The 4 lines of the parallel class containing Sy are the cosets

Loy = 0000 + Sy = {0000,0001,0110,0111}
Loz = 0010 + Sy = {0010, 0011, 0100, 0101}
Loz = 1000 + Sy = {1000, 1001, 1110, 1111}
Loy = 1010 + Sy = {1010, 1011, 1100, 1101}.

The remaining 16 lines of the Desarguesian affine translation plane AG(2, 4) are formed similarly

from Sy, ...,5;.
Let

M, =

O = O O
O = O =
_ O O =
—_ o = O

Then {M;(AG(2,4)) : 0 < i < 7} is a set of seven mutually orthogoval affine planes of order 4.

With [F; generated by 22 + 2 + 1 and primitive element ( = w5, the planes M(AG(2,4))
for 1 < ¢ < 7 correspond to the six pencil spreads of conics formed from the pairs

¢ 2+ (C+ Dyz + Caz X1: Y +yz+ oz

¢o - 2”4+ (C+ yz + a2 X2 y° + (C+ Daz;

¢3: 2 + w2+ Cry X3 y° + Cyz + Caz;
G112+ Cyz + Caz Xa:yP+yz+ (C+ Dz
b5t +yz +az X5 y* 4+ yz + Caz;

b6 - 22+ Cyz X6 : Y2+ 2z

The union of the lines from all seven of the planes forms a SQS(16). A decomposition of
an SQS(16) into affine planes was previously known [Mat97] but this is an interesting
method of construction. It is unknown if the 1820 4-subsets of a 16-set can be partitioned
into SQS(16)s [EZ20]; this would be a large set of Steiner Quadruple Systems. Because the
cyclotomic cosets C; are all disjoint, the collection of all cyclotomic cosets over these seven
spreads forms the blocks of a resolvable Steiner triple system of order 15, a solution to Kirk-
man’s schoolgirl problem of 1850 [Kir50]:
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“Fifteen young ladies in a school walk out three abreast for seven days in succession:
it is required to arrange them daily, so that no two shall walk twice abreast.”

This design is the derived design of the SQS(16) at the point 0. Because the planes have a transi-
tive automorphism group, deriving at any other point gives an isomorphic resolvable STS(15).

Example 3.18. For ¢ = 8, let Fg4 be generated by a primitive element with minimum polyno-
mial 2% + 2 + 1. Construct the Desarguesian affine translation plane AG(2,8). Let

010101
001011
110000

Ms=100111 1
111001

001110

Then { M} (AG(2,8)) : 0 < i < 7} is a set of seven mutually orthogoval affine planes of order 8.

Only three of these affine planes, those for ¢ = 1, 2,4, are formed from a pencil spread of
conics. With Fg generated from z® + 22 + 1 and w as its root, the pencils of conics are formed
from

¢1 2+ wyz + wrz X1y 4 (W w+ Dyz + (w+ Daz;
Pg: 2* + (W +w)yz + 12 Xz Y+ yz + (W4 1)z
¢y 2+ (W)yz + (W + Dz + wry X4 Y2+ (WP w)yz + (W4 w)zz.

The spreads for « = 3, 5, 6 are spreads of conics but are not pencils.

The procedure to find suitable matrices M € GL(2n,F;) was implemented in C, and the
clique-finding algorithm was implemented in Mathematica. The random search was modified in
order to allow the C program to run in reasonable time for ¢ = 16. Rather than seeking a suitable
matrix M directly, we choose the first 2n — 1 rows of M randomly and calculate its product with
the first 2n — 1 coordinates of each line S;. If no four such products from the nonzero points of a
line S; occur in the set of products from a single line M S;/, then we proceed to test all possible
final rows for M ; otherwise we discard the partial matrix M.

For ¢ = 8, the C program running on a 2013 iMac desktop takes on average less than 0.2
milliseconds to find each suitable matrix M, and a set of 1200 such matrices was sufficient to
find the first clique of size 7. We later refined it to the solution given in Example 3.18. No clique
of size larger than 7 was found from a set of 50, 000 such matrices.

For ¢ = 16, the C program takes on average 15 seconds to find each suitable matrix M. A set
of 1,000, 000 such matrices was collected over a number of months on several machines. This
set is too large for the clique-finding algorithm of Mathematica to handle, but it is straightforward
to search in C for a pair of non-identity matrices M, M’ from the set for which M (AG(2, 16)) is
orthogoval to M'(AG(2, 16)); together with the identity matrix /g, this would give a set of three
mutually orthogoval affine planes of order 16. Unfortunately, no such pair was found. The set
of 1,000, 000 suitable matrices does not contain an example M for which M? is also suitable. It
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remains an open question as to whether there exists a set of more than two mutually orthogoval
affine planes of orders 2" with gcd(n,6) > 1 and n > 3.
We summarize the results of this subsection, using Corollary 1.3.

Theorem 3.19. o The size of a largest set of mutually orthogoval affine planes in AG(2,4)
is seven.

* There exists a set of seven mutually orthogoval affine planes in AG(2, 8).

4. Connections to covering arrays

Here we discuss the connection between sets of s mutually orthogoval planes, covering perfect
hash families and covering arrays.

Definition 4.1. A covering perfect hash family CPHF \(n;t, k, q) is an n x k array of elements
from ]FZ \ 0 (equivalently the points of PG(t—1, q)) such that, for each set T" of ¢ columns, there
exist at least A\ rows whose entries in the columns of 7" are linearly independent. If the vector
entries all have non-zero last coordinate (equivalently, they are the points of the affine subspace
of PG(t—1, q)) then the CPHF is a Sherwood covering perfect hash family SCPHF \(n; t, k, q).

Definition 4.2. A covering array CA,(N;t, k,v) is an N X k array of elements from a v-set
such that, for each set 7" of ¢ columns and each ¢-tuple from the v-set, there exist at least A rows
whose entries in the columns of 7" match the ¢-tuple.

Given a CA,(N;t, k,v), we can add arbitrary rows and drop arbitrary columns to get
a CAN(N';t,k',v) when N < N’ and k > k'. So we say a CA,(N;t,k,v) is better than
a CAN(N';t,k',v) if N < N'and k > K/, provided (N, k) # (N, k). (In the application of
covering arrays to testing we want the smallest number of rows for a given number of columns;
the rows are a cost while the columns and strength provide value.) Very few provably optimal
covering arrays are known, and we only have the “best currently known” covering array for many
parameters ¢, k, and v.

Covering perfect hash families are used to construct covering arrays. We extend the standard
constructions [CLS18, SMCO06] by considering the index A of the constructed covering array.

Theorem 4.3. Suppose \; < \. If C is a CPHF \(n; t, k, q), there exists a CAy (n(q¢" — 1) + N';
t,k,q). If C is an SCPHF \(n; t, k, q), there exists a CAx (n(q" — q) + Nq; t, k,q)

Proof. See [CLS18, SMCO06] for the basic proof. The extension to higher index is straightfor-
ward. For a given set 7" of ¢ columns, any row in which the entries from 7" are linearly indepen-
dent contributes one copy of every t-tuple over [, to the covering array, so every t-tuple appears
at least A times. Every row of a CPHF contributes an all-zero row to the covering array. Every
row of a SCPHF contributes each of the ¢ constant rows to the covering array. In each case all
but \" of them can be deleted. ]

Theorem 4.4. Suppose that a set of s mutually orthogoval Desarguesian projective (affine)
planes exists. Then there exists a CPHF,_1(s;3,¢* + q + 1,q) (SCPHF,_,(s;3,¢% q)).
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Proof. Represent the points of PG(2, ¢) as length 3 vectors in homogeneous coordinates over F,
and the points of AG(2, ¢) as length 3 vectors in homogeneous coordinates over F, with last
entry 1. For each 7 satisfying 1 < 7 < s, let ¢; be an isomorphism of the ith plane in the set onto
the first plane.

Let C' be the array with s rows and columns indexed by the elements of the common point
set of the planes. Define the entries of C' by

Ci, = sz(z)

Let T be a set of three columns corresponding to points z1, 2o and z3. When these three points
are non-collinear in the plane ¢, the corresponding entries in row ¢ are linearly independent.
If 21, 29 and z3 appear on a line in one of the planes, then by the definition of orthogoval they
must be non-collinear in all other s — 1 planes. Thus there are at least s — 1 rows with linearly
independent entries in columns 21, 25 and z3. OJ

The covering arrays constructed from these Sherwood covering perfect hash families can be
extended by an additional two columns.

Theorem 4.5. Suppose that a set of s mutually orthogoval Desarguesian affine planes exists.
Then there exists a CA,_1(sq® — ¢;3,¢* + 2,q).

Proof. The affine plane embeds uniquely into the projective plane so we can extend the set of s
mutually orthogoval affine planes to a set of s projective planes which are orthogoval except for
the line z. From these we construct the s X (¢? + ¢ + 1) array C as in the proof of Theorem 4.4
defined by
Ci, = ¢z(2)

Because the planes have the property that any three points not al/l on the line z which are collinear
in one are non-collinear in all the others, if we delete all but two of the columns of C' which are
indexed by the points on the line z, the resulting array is a CPHF,_(s;3,¢* + 2, q).

When constructing the covering array from this extended SCPHF we observe that the re-
peated rows arise from the multiplication of r with the entry 2 in C' where the vectors r are the
vectors with only the last position non-zero, see [CLS18]. The multiplication of these vectors r
with the two points kept from the line z ((1 : 0 : 0) and (0 : 1 : 0) for example) yield all zeros
so the rows are still repeated in the covering array extended by two columns and the appropriate
number can still be deleted. ]

From our constructions of sets of mutually orthogoval Desarguesian projective planes in The-
orems 2.2 and 2.3 we can build the corresponding covering perfect hash families and covering
arrays.

Corollary 4.6. e For all prime powers q there exists a CA(2¢®> — 1;3,¢* + q + 1, q).
o For \ < 4 there exists a CA\(27)\ + 26; 3,13, 3).

From our constructions of sets of mutually orthogoval Desarguesian affine planes summa-
rized in Corollary 3.9 and Theorem 3.19 we can build the corresponding covering perfect hash
families and covering arrays.
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Corollary 4.7. e For all prime powers q = 2" there exists a CA(2¢> — ¢;3,¢*> + 2, q).

e For all prime powers q = 2" with ged(n,6) = 1 and A\ < 3, there exists a CA\(\g® +
¢ = 4:3,¢° +2,q).

o For A\ < 7 there exists a CA\(27\ + 24; 3,11, 3).
o For \ < 7 there exists a CA,(64)\ + 60; 3, 18,4).
o For \ < 7 there exists a CA (512 + 504; 3, 66, 8).

We believe these are the best known constructions for higher index covering arrays (that is,
with A > 1) in the instances where the sets of mutually orthogoval planes exist.

5. Final thoughts

In this paper we introduced the concept of orthogoval planes as a generalization of a long-known
construction of a pair of projective planes constructed from a difference set and its negative.
There are several known constructions for a pair of orthogoval projective planes. We gave a
new construction using the Cremona transformation in the proof of Theorem 2.2, illustrating
that multiple points of view can lead to a deeper understanding of the richness of this area.
A few instances of sets of mutually orthogoval affine planes were previously known; we have
derived some specific large sets as well as some infinite classes of pairs or triples. We exhibited
a connection between sets of orthogoval affine planes and covering arrays and described the
resulting new covering arrays. We believe there is much further potential in taking advantage of
the interplay between the various areas of mathematics we have drawn on in this paper.

Many open problems remain. Foremost among them is to determine the largest size of a set
of mutually orthogoval planes of order ¢ for all prime powers ¢q. We have some exact values for
small ¢ in Theorems 2.3 and 3.19. We have the upper bound, usually ¢ + 2, of Theorem 1.2
and the lower bound of 2 from Theorem 2.2 and Corollary 3.9, and for some ¢ we have a lower
bound of 3 affine planes from Corollary 3.16. There is a large gap between the lower and upper
bounds for all but the smallest ¢.

A secondary question is how many essentially different maximal sets of mutually orthogoval
planes of order ¢ exist. Even in the case of the pairs or triples of mutually orthogoval planes
constructed in this paper, we do not know if the constructed sets are non-isomorphic.

It may be possible to use Theorem 2.2 to find sets of more than two mutually orthogoval
planes. If we pick two different sets of three conjugate points, we can use each to build other
planes on the point set of the standard plane that are each orthogoval to the standard plane.
The transformation from the second to third plane is just the composition of the two Cremona
transformations that formed each. If this composition is itself a conjugated Cremona then we
may have constructed a set of three mutually orthogoval projective planes.

An alternative approach to construct more than two orthogoval projective planes is to use
difference sets. Baker et al. [BBEF94] prove that if D C Z,2,,., is a difference set, then — D,
2D and D/2 are all difference sets that are conics. These could potentially be used to create a
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set of three mutually orthogoval planes of orders other than 3. For example —D /2 = 2D # D
if and only if —4 is a multiplier of D and 2 is not. In this case, all three of D, —D and 2D
must be distinct and are each related to each other by multipliers of —1, 2 or 1/2 and thus
form ovals in the planes generated by the other. Gordon, Mills and Welch showed that the only
multipliers of a Desarguesian planar difference set in Z,2,,; for ¢ = p° are the powers of p
in Z,2 1411 [GMW62]. Thus if there exists ¢ = p° such that p? = —4 (mod ¢* + ¢+ 1) and 2
is not generated by p, then there exists a set of three Desarguesian orthogoval projective planes
of order ¢q. Unfortunately, 3 is the only prime power up to 10, 000, 000 for which this is true.

It is also natural to generalize the definition of orthogoval to other geometric objects. Possi-
bilities that are intriguing include inversive planes and higher dimensional projective and affine
spaces.
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