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Abstract. In this paper, we study the maximum adjacency spectral radii of graphs of large
order that do not contain an even cycle of given length. For n > k, let S, be the join
of a clique on k vertices with an independent set of n — k vertices and denote by S;r &
the graph obtained from S, ;, by adding one edge. In 2010, Nikiforov conjectured that
for n large enough, the Cy;o-free graph of maximum spectral radius is S:Lr ;. and that
the {Caj11, Cop42 }-free graph of maximum spectral radius is Sy, ;. We solve this two-part
conjecture.
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1. Introduction

The Turdn number of a graph F' is the maximum number of edges in a graph on n vertices with
no subgraph isomorphic to F'. We use ex(n, F') to denote the Turan number of F' and EX(n, F)
for the set of F'-free graphs on n vertices with ex(n, F') many edges. In 1941, Turdn [Tur41]
determined ex(n, K, 1), where K, is the complete graph on r + 1 vertices, showing that the
unique extremal graph is the complete r-partite graph with part sizes as balanced as possible
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(called the Turdn graph and denoted by 7,.(n)). Another celebrated theorem in extremal combi-
natorics is the Erd§-s-Stone—Simonovits theorem [ES65, ES46] which extends Turdn’s theorem
to all » + 1 chromatic graphs, where r > 2. The statement is as follows,

ex(n, F) = (1 - ﬁ + 0(1)) % (1.1)

where x(F') denotes the chromatic number of the forbidden graph F' and the term o(1) goes to
zero as n goes to infinity. The Erd6s—Stone—Simonovits theorem gives the exact asymptotics of
the Turan numbers for any forbidden graph F' with chromatic number y (F') > 2 and essentially
says that the extremal graphs cannot do much better than the Turdn graphs. However, when
the forbidden graphs are bipartite, that is x(F) = 2, we only get that ex(n, F) = o(n?). Very
little is known for even the simplest examples of bipartite graphs. Determining the asymptotics
of ex(n, Cy) is one of the most famous Turdn-type open problem and is notoriously difficult.
The order of magnitude is only known for & € {2,3,5} [FS13], and determining it for other k
is called the even cycle problem.

In this paper, we study the spectral version of the Turdn problem for even cycles. Analo-
gous to Turdn numbers, among all graphs on n vertices, that do not contain F' as a subgraph,
let spex(n, F') denote the maximum value of the spectral radius of their adjacency matrices.
Also, let SPEX(n, F') denote the set of graphs with an adjacency matrix having spectral ra-
dius equal to spex(n, F'). Nikiforov [Nik10b] was the first to systematically investigate spectral
Turdn-type problems, although several sporadic results appeared earlier. In particular, Niki-
forov [Nik07] proved that SPEX(n, K1) = {T.(n)}. Since the average degree of a graph
lower bounds the spectral radius of its adjacency matrices, Nikiforov’s spectral result implies
that any K, ,,-free graph has at most e(7,.(n)) edges. That the spectral Turdn theorem implies
the edge bound of Turdn’s theorem is proved in detail in Proposition 4.20 of [Gui96] and is also
explained in equation (3) of [LLF21]. To our knowledge it is not recorded anywhere whether or
not any proof of the spectral Turdn theorem also implies the uniqueness of the Turdn graph as
the K, -free graph with the maximum number of edges.

Further, Nikiforov [Nik10a], Babai and Guiduli [BG09], independently obtained spectral
analogues of the K&vari-Sés-Turdn theorem [KTST54], when forbidding a complete bipartite
graph K ;. Moreover, using the average degree bound for the spectral radius gives bounds that
match the best improvements to the K&vari-Sés-Turdn theorem, obtained by Fiiredi [Fiir96].

Recently, determining spex(n, F') for various graphs F has become very popular
(see [CDT22, CFTZ20,DKL*22,LP22, LLT06, Nik08, SS07, Wil86, YWZ12,ZW12,ZWF20])).
This fits into a broader framework of Brualdi—Solheid problems [BS86] which investigate the
maximum spectral radius over all graphs belonging to a specified family of graphs. Numer-
ous results are known in this area (see [BZ01, BLL18, EZ00, FN10, Nos70, Sta87, SAHO0S8]).
In [Nik10b], Nikiforov conjectured the solution to the spectral Turdn problem for even cycles.
Let S, ; := K V K,,_j and S;;k = Ky V (K,__2 U K5). The graph S;;k has n vertices and
does not contain any Csj2, While, S,, i, has n vertices and contains neither any Coy1 nor Copo.
Nikiforov [Nik10b, Conjecture 15] made the following two-part conjecture.
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Conjecture 1.1. Let £ > 2 and G be a graph of sufficiently large n.
(@) if A\(G) = A(Sn.x) then G contains Coyiq or Cog o unless G = S, x;
(b) if A(G) > A(S,,) then G contains Cy;y o unless G = S,
In this paper, we fully resolve both parts of Conjecture 1.1 in the affirmative.
Theorem 1.2. Let k > 2 and n be sufficiently large, then SPEX (n, Cor12) = {5,/ }.

Theorem 1.2 was proved to be true for £ = 2 by Zhai and Lin [ZL20]. We settle the remaining
cases with k£ > 2. We also prove the following theorem which resolves Part (a) of the conjecture.

Theorem 1.3. Let k > 2 and n be sufficiently large, then SPEX(n, {Cot1, Copro}) = {Sni }-

2. Organization and Notation

For some fixed k > 2, let H, € SPEX(n, Co;12) be a spectral extremal graph when forbidding
the even cycle of size 2k + 2 and let H; € SPEX(n, {Cai1, Cori2) be a spectral extremal
graph when forbidding both Cy;, 1 and Cy 5. All of our arguments in Sections 3 and 4 apply
with identical proofs to both Hj, and H, as we will only be using the fact that the graph is
extremal and Cyyo-free, and so for brevity we will only state the results for H}, until the proofs
of Theorems 1.2 and 1.3 (Section 5).

For any vertex u and non-negative integer 7, let N;(u) denote the set of vertices at distance i
from u, with d;(u) := |N;(u)|. We use d(u) = d;(u) to denote the degree of u. For two disjoint
subsets X, Y C V(Hy), denote by H[X, Y] the bipartite subgraph of Hj, with vertex set X UY
that consists of all the edges with one endpoint in X and the other endpoint in Y. Let £(X,Y)
be the edge-set of H;[X,Y] and set e(X,Y) := |£(X,Y)|. Denote by £(X) the set of edges
with both endpoints in X and set e(X) := |E(X)].

For a graph G = (V, £), we denote by A(G) its adjacency matrix and by A\(G) the spectral
radius of A(G). Associated to the spectral radius of the adjacency matrix of any connected
graph is a unique (up to scalar multiples) entrywise positive eigenvector, commonly referred to
as the Perron vector of the matrix. Since adding an edge between two disconnected components
of a graph does not create any cycles and increases the spectral radius, the graphs Hj and H;,
must be connected. Let v be the Perron vector of the adjacency matrix of Hj, with maximum
entry v, = 1, where v,, denotes the coordinate of v with respect to some vertex u.

We will fix a small constant a below, and we define L to be the following set of vertices of
large weight, and denote by S its complement:

L:={ueV(H)|v,>a}and S :=V(Hy) \ L ={u e V(H)|v, < a}.
Additionally, we will also use the following set in the proof of Lemma 4.1. Let

M :={u € V(Hy)|vy = a/3}.
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Finally, we define a subset of L called L’ by
L= {ulvy =},
where 17 > « is a constant defined below. For a vertex u, denote
L;(u) := LN N;(u),S;(u) := SN N;(u), and M;(u) := M N N;(u).

If the vertex is unambiguous from context, we will use L;, S;, and M; instead.
With foresight, we choose 7, €, and « to be any positive constants satisfying

USRS B U o
TSVk+1"  16k3°4 16k '
: I n n
n 22
€<mm{16k3’2’32k3+2} 22)
62
a<10—k' (2.3)

We note that many of the above inequalities are redundant, but we leave them so that it is
easier to see exactly what inequalities we are using throughout the proofs. In Sections 3 and 4,
we prove lemmas showing the structural properties of H), and H,. We reiterate that every lemma
applies to both H;, and H, with identical proofs and so the proofs are only written for Hj. In
Section 5, we complete the proofs of Theorems 1.2 and 1.3.

The proofs are somewhat technical and so we give a high-level outline of the strategy now.
The main goal is to show that Hj, (or H}) contains a K}, ,_,. From there it is straightforward
to deduce that Conjecture 1.1 holds. Note that we are switching between structural information
known for the spectral extremal graph and bounds on its Perron entries, and are recursively
improving our estimations for both the structure of the graph and the entries of its Perron vector
through a sequence of steps outlined below.

1. We apply Erdds and Gallai’s result for Turdn numbers of paths on 2k-+1 (or 2k+-3) vertices
given in Lemma 3.2, along with the upper bounds appearing in Lemma 3.3 to bound the
number of two paths starting at any fixed vertex. This allows us to show that the spectral
radius of a spectral extremal graph Hy, satisfies A(Hy) = ©(y/n) in Lemma 3.4. We also
use the even circuit theorem (see Lemma 3.5) to obtain an upper bound of o(n) for the sizes
of L and M given in Lemma 3.6. Using the upper bound on the sizes of L and M we show
that every vertex in L has degree O(n) in Lemma 4.1. Then since a result of Nikiforov
(see Lemma 3.7) implies that the sum of squares of degrees in any Cy, o-free graph is at
most O(n?), we obtain that there are at most ©(1) vertices in L (see Lemma 4.1).

2. Next we refine our calculations from Lemma 4.1. Using the bounds on the size of L
coming from Lemma 4.1 along with a combinatorial argument, we show that for any ver-
tex v € L' with Perron weight ¢ > 7, the degree of v is scaling at least linearly with n,
sod(v) > ecn—en; see Lemma 4.3. The same combinatorial argument, combined with the
bounds on the size of L', coming from Lemma 4.1, when applied on a vertex z with largest
Perron weight, gives strong bounds on the number of edges between S; and {z} U L; U Lo;
see Lemma 4.5.
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3. The structural information gathered from previous lemmas now allows us to further im-
prove our estimations for the Perron entries for vertices corresponding to L’. This in turn
gives us better estimates on the size of L', allowing us to show that |L'| = k and that
the common neighborhood of L/, denoted by R, contains all but at most # vertices; see

Lemma 4.7.

4. The structural information obtained from the previous step allows us to lower bound the
sum of all the Perron entries in a neighborhood of a vertex in Lemma 4.8. Since H is
O o-free, it follows that R has at most one edge. Moreover, let £/ denote the set of
vertices outside L’ and R. Then F is adjacent to at most k£ — 1 vertices of L' and 1 vertex
of R. Applying the ©(y/n) upper bound for the spectral radius from Lemma 3.4 along
with observations from Lemmas 4.8, we can show that every vertex not in L' must be
in the common neighborhood of L’. This gives that H, contains the complete bipartite
graph Ky, ,,_1; see Lemma 4.9.

3. Lemmas from spectral and extremal graph theory

In this section, we record several lemmas that we will use. Some calculations may only apply
for n large enough without being explicitly stated. We start with a standard result from linear
algebra which serves as a tool to bound the spectral radius of non-negative matrices.

Lemma 3.1. For a non-negative symmetric matrix M, a non-negative non-zero vector y and a
positive constant ¢, if My > cy entrywise, then \(M) > c.

Proof. Assume that My > cy entrywise, with the same assumptions for M,y and c as in the

Y
Y y}c. O]

statement of the theorem. Then y' My > yTcy and A\(M) > —
yy

Lemma 3.2 (Erdds-Gallai [EGS59]). Any graph on n vertices with no subgraph isomorphic to a

n
path on { vertices has at most — edges.

We will be using Part B of the following lemma which appears in [Nik09, Lemma 1].

Lemma 3.3 (Nikiforov [Nik09]). Suppose that k > 1 and let the vertices of a graph G be
partitioned into two sets U and W .

(A) If
2¢(U) + e(U,W) > (2k — 2)|U| + k|W], (3.1
then there exists a path of order 2k or 2k + 1 with both ends in U.
(B) If
2¢(U) +e(U,W) > 2k — 1)|U| + k|W], (3.2)

then there exists a path of order 2k + 1 with both ends in U.
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Let u be any vertex in Hy. Since our graph is Coxo-free, Ni(u) may not contain a Py .
Hence, by Lemma 3.2 we have

e(Ny (u)) < 21

d(u) < kn. (3.3)

Similarly the bipartite subgraph between N;(u) and No(u) may not contain a Pay 3, otherwise
there is a Py, with both endpoints in V; (u) and hence a Cyy, 1. Therefore, by Lemma 3.2 (for-
bidding F». 3 in the bipartite subgraph) and Lemma 3.3 (forbidding P51 with both endpoints
in N1 (u)), we have

2k +1

e(N1(u), No(u)) < min{ n,(2k — 1)d(u) + k (n — d(u) — 1)} . (3.4)

The spectral radius of S, ; gives a lower bound for A\(Hy). We will modify an argument of
Nikiforov (proof of [Nik10b, Theorem 3]) to obtain an upper bound for A( H}).

Lemma 3.4. Vkn < 1 (k_;)2+4k(n_k) < AMHy) < v/2k(n —1).

Proof. Here the inner lower bound is precisely A(S,, ;) and the first inequality on the left fol-
lows from a straightforward calculation. To prove the upper bound, let u € V(H). We use
Lemma 3.3 over the graph Hy[N;(u) U No(u)] with U = Ny(u) and W = Ny(u). We know
that | Ny (u)| = d(u). Also, there cannot be any path on 2k + 1 vertices in Hy[Ny(u) U Na(u)]
with both end points in N;(u). So (3.2) implies that

2e(Ny(u)) + e(Ny(u), No(u)) < (2k — 1)d(u) + kda(u)
< (2k — 1)d(u) + k(n — d(u) — 1) (3.5)
= (k—1d(u) + k(n —1).

The spectral radius of a non-negative matrix is at most the maximum of the row-sums of the
matrix. Applying this result for A%( H},) and its spectral radius A? and using (3.5), we obtain that

max { Z Aiw}— max { Z d(v

uEV (Hy) ueV (Hy)
weV Hk) ’UEN

= max {d(u) +2¢(N;(u)) + e(Ni(u )7N2( )} (36

’U,EV Hk

< kd(w) + k(n — 1) < 2k(n — 1).

Thus, A < y/2k(n —1). O

Next we determine an upper bound for the number of vertices in L. We use the same tech-
nique as in the proof of [TT17, Lemma 8]. For this work, we use the even-circuit theorem.
Note that the best current bounds for ex(n, Cy) are given by He [He21] (see also Bukh and
Jiang [BJ17]), but for our purposes, the dependence of the multiplicative constant on & is not
important. We use the following version because it makes the calculations slightly easier.
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Lemma 3.5 (Even Circuit Theorem [Ver00]). For k > 1 and n a natural number,

ex(n, Copps) < 8kn* /(1)

16k1/2 (k+3)/(2k+2) 48k1/2 (k+3)/(2k+2)
Lemma 3.6. |L| < n and |M| < r :
«

«

Proof. For any vertex u € V(Hj), we have the following equation relating the spectral radius
and Perron vector entries,
= V. (3.7)

wn~UY

Because vkn < A and v, < 1, we get that
Vknv, < Av, < d,,

Summing up all these inequalities for © € L, we obtain that

L kna 1
L ene Z W< 5D du <5 Z dy < ex(n, Copyz) < 8kn(F+2/04D)

uEL u€L uEV (Hg)

which implies that
16k31/2 (k+3)/(2k+2)
L] < ! . (3.8)
o

The bound for | M| is obtained similarly by replacing « by «/3 everywhere above. O

We use the following result of Nikiforov [Nik09, Theorem 2] to get a better upper bound for
the size of L in Lemma 4.1.

Lemma 3.7 (Nikiforov [Nik09]). Let G be a graph with n vertices and m edges. If G does not
contain a Cyy o then

> dg(u) < 2km + k(n — Ln.

ueV(G)

Using Lemma 3.4 we obtain the following lower bound for entries in the Perron vector of the
extremal graphs by modifying a proof of Tait and Tobin (proof of [TT17, Lemma 10]).

1 S 1
MNHe) ™ \2k(n—1)

Lemma 3.8. For any vertex u € V(Hy,), v,, >

Proof. Towards a contradiction, assume that there exists a vertex u € V(Hy), such
that v, < 5 H NHD Then by (3.7), u cannot be adjacent to any vertex x such that v, = 1. Let H, be
the graph obtained by modifying H} by removing all the edges adjacent to © and making « adja-
cent to z. Then using the Rayleigh quotient, we have A(H,,) > A(H,). Because adding a vertex
of degree one to a graph cannot create a cycle, H,, does not contain any subgraph isomorphic
to Cyx4 0, contradicting that Hy, is extremal. O
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4. Structural results for extremal graphs

In this section, we will assume that £ > 2 is fixed. We will be working with subgraphs in H; and
due to lack of ambiguity we will drop H}, from some notations now onward. We will continue
to use auxiliary constants «, €, and 77 and we will frequently assume that n is larger than some
constant depending only on o, k, €, 7. Every lemma in this section holds only for n large enough.

k+1
< @R

Lemma 4.1. For any vertex z € L, we have d(z) > s5-n. Also,

= 20k

Proof. For some vertex z € L such that v, = ¢, consider the following second degree eigenva-
lue-eigenvector equations relating \?, v, and entries in the 2-th row of A%

kne < Me = My, = Z Z Ve

U~z w~u

< d(z)c+ 2e(Ny(z +Z Z Vo

w~u

wEN2(z)

<2kd(z)+ Y > v,

Uz wg]%u(z)
where the last inequality is by (3.3). Now assume to the contrary that there is a vertex z € L
with d(z) < s5-n. Substituting this into the above equation and using « < ¢ since z € L, we
have

20k

Next we show that many of the terms in the double sum come from vertices in M(z) via the
following claim.

Claim 4.2. There are at least 0.9nc terms v,, with w € M, in the sum

DS

ur~z WU

wEN2(2)

Proof. Assume to the contrary that there are less than 0.9nc terms v,, where w € Ms. Asv,, < 1

for such w,
(k—0.1)nc < Z Z "

u~z wn~NU

weN2(2)
=2 vetd ) v
~ wn~u wn~u
unz we Mo weNz\Mz

< 0.9nc + e(Ny, Ny \ Mz)g,
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and so o
(k—1)nc < e(Ny, Na \ M2)§

From « < ¢ and (3.4), we have that

2k+11

-1
(k—1)n < 5 3™

a contradiction for k£ > 2. This proves our claim. O]

Therefore, e(Ny(2), Ma(z)) = 0.9nc > 0.9nc. Because Hy[N;i(z) U Ms(z)] contains
no Fsy43, by Lemma 3.2, we deduce that

0.9a <

2k +1 2k +1 /no
T IN() UM ()] < T (G + IM(2)])

20k
| Ma(2)| > (.Qa— (%445;)0‘) (%i 1) n.

This contradicts the bound in Lemma 3.6 for n sufficiently large. Thus, for n sufficiently
large we have that d(z) > g5n for all z € L. Combined with Lemma 3.7 this gives us

that | L| < g2 O

Thus,

We now refine the lower bound on the degrees of vertices in L'.
Lemma 4.3. If z is a vertex of L' with v, = ¢, then d(z) > cn — en.

Proof. Given z € L with v, = ¢, observe that

kncé/\zc:Zva:d(z)c—l—ZZqu

U~z WU Uz WU

w#z

<d)e+ | Y D va | +2e(S1)a+2e(L) + e(Sy, Li)a + e(Ny, Sy)a.

u~z wn~Uu
u€S] weL1ULoy

Since N is Py -free and the bipartite graph between N; and N; is Py 3-free,

Using these and Lemma 4.1, we have
L
2e(S1)a +2e(L) < 2e(Ny)a + 2(’;) < (2k — D)na+ |L|(|L] — 1) < 2kna,

where the last inequality holds for n large enough.
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Hence, we have

kne < d(z)c+ Z Z Ve | + Dkna 4.1)

u~z wn~Uu
u€S1 weL1ULo

< d(z)e+e(Sy, L1 U Ly) 4+ 5kna

€2n

<d(z)c+e(S1, L1 U Ly) + ER
by the choice of « in (2.3).
If d(z) < (¢ — €)n , then
e2n

(k—c+ene< (kn—d(z))e <e(Sy, Ly U Ly) + - 4.2)

Since z € L’ we have ¢ > €. Rearranging and using € < ¢ < 1, we get that

2

e(Sy, L1 U Ly) = (k — Dnc + % 4.3)

We will show that Hy[Sy, L1 U Lo] contains a Psy1 with both endpoints in Sy, thus contra-
dicting the fact that Hj, is Cyyo-free. To show this we prove the following claim.

Claim 44. If) := E(O‘lﬁ(ik)Q, then there are at least on vertices inside S, with degree at least k
n Hk[Sl, L1 U LQ]

Proof. Assume to the contrary that at most dn vertices in S; have degree at least k
in Hy[S1, L1 U Ly]. Then

e(S1, L1 U Ly) < (k—1)|51| + |L|on < (k — 1)(c — €)n + en,

because |S1| < d(z) and by Lemma 4.1. Combining this with (4.3) gives

€2n

(k? — 1)TLC — (l{? — 2)716 > 6(51, LU Lg) > (]C — 1)7’LC+ 7,

a contradiction. O

Hence, there is some subset of vertices B C S; such that any vertex in B has degree at
least k in Hy[Sy, L1 U Ly] and |B| = én. Since there are (‘i') options for every vertex in B
to choose a set of k neighbors from, we have that there is some set of k vertices in L; U Lo
with at least on/ ('é |) common neighbours in B. Therefore, by Lemma 3.2 and Lemma 4.1,
for n sufficiently large we have a path on 2k + 1 vertices with both end points in the common

neighbourhood contained in B, a contradiction. O]

Thus, for the vertex z such that v, = 1, we have d(x) > n — en and N;(x) contains all but
at most en many vertices. Since every vertex in L’ has degree more than en (by the definition
of L' and Lemma 4.3), this also gives that L' \ {z} C L;(z) U Lo(z). The arguments in the
proof of Lemma 4.3 also allow us to show that all vertices of L’ have degrees close to n and thus
obtain |L'| = k.
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Lemma 4.5. For any vertex z € L' withv, > 1 — ¢, we have (k —2¢)n < e(S1, L) < (k+€)n.

Proof. To obtain the lower bound we refine (4.1). Using 1 — e < v, < 1 and d(z) < n, we get
e’n e’n
k’n(l — 6) < d(Z) + 6(51,[/1 U Lg) + T = 6(51, L) + 7

Thus e(S1, L) > (1 — 2¢)kn.

To obtain the upper bound, assume to the contrary that e(Sy, L) > kn + en. We will show
that Hy[Sy, L \ {z}] contains a P, with both endpoints in S;, thus contradicting the fact
that Hj, is Cyy.o-free. To show this we prove the following claim.

Claim 4.6. Let 0 = W. Then there are dn vertices inside S, with degree at least k
in Hi[S1, L\ {z}].

Proof. Assume to the contrary that at most on vertices of S; have degree at least k
in Hy[S1, L\ {z}]. Then,

e(S1, L\ {z}) < (k—1)|S1| + |L|én) < (k — 1)n + |L|dn,
because |.S1| < d(z). This contradicts our assumption that e(Sy, L) > kn + en. O

Hence, there is some subset of vertices B C S; such that any vertex in B has degree at
least k in H[S:, L \ {z}] and |B| = on. Since there are only ('i') options for every vertex
in B to choose a set of k neighbors from, we have that there is some set of k vertices in L \ {x}
with at least on/ ('I]; |) common neighbours in B. Therefore, by Lemma 3.2 and Lemma 4.1,
for n sufficiently large we have a path on 2k + 1 vertices with both end points in the common
neighbourhood contained in B, a contradiction. O]

1

Lemma 4.7. For all vertices z € L', we have d(z) > (1—gz)nand v. > 1 — 1.

Moreover, |L'| = k.

Proof. 1f we show that every vertex z € L’ has Perronentry v, > 1 — 16%, then it follows from

Lemma 4.3 and (2.2) that d(z) > (1 — g5) n. If all vertices in L’ have degree at least n — g,
then |L'| < k, else there exists a K41 41 in Hy, a contradiction. Also, if |L'| < k — 1, then

by (4.1) and Lemma 4.5, we have

kn = knv,
<N
, , en
<e(Si(x), L) +e(Si(x), L\ L')n + 5

en
<(kz—1)n—|—(k‘+6)n-n+7,

a contradiction by (2.1) and (2.2). Hence, all we need to show is that every vertex in L’ has

1
Perron entry at least 1 — 155.
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1

By way of contradiction, assume that 2 € L' and v, < 1 — 5.

the vertex = we have

Refining (4.1) applied to

2

b < e(Si(a). Lula) \ {}) + M) 0 M), + S
1 En

< (k+e)n —[Ni(z) N N (2)] + (1 " 1683

) Ny(2) N M=) +

en  |Ny(x) N Ny(2)|
:k‘n+en+7— E ;

where the second inequality is by Lemma 4.5 and the bound on v,. Therefore, we have that

[N1(2) 0 N (2))]
16k3

< 2en.
On the other hand, since z € L' we have v, > n and so by Lemma 4.3 we have

Ni(2) N Ny (2)] > (1 — 26)m.
Combining the two inequalities is a contradiction by (2.2). 0

Now that we have |L'| = k and every vertex in L’ has degree at least (1 — o

— g3 ) 1, it follows
that the common neighborhood of L’ has size at least (1 — #) n. That is, there are at most #

vertices not adjacent to all of ’. Call this set of “exceptional vertices” F. That is,
E={veV(H)\L:|N(w)nL|<k—-1}.

Let R =V (Hy) \ (L' U E) be the remaining vertices. So we have that V' ( H},) is the disjoint
union of L', R, and E with |L'| = k and |E| < gz. In the next two lemmas we will show
that // = & and this will allow us to prove Theorems 1.2 and 1.3. Note that because R has size
larger than 2k + 2, adding a new vertex adjacent only to the vertices in L’ cannot create a Coy o,

otherwise there would have already been one.

Lemma 4.8. For any vertex u € V(Hy,), the Perron weight in the neighborhood of u satisfies

1
2wz k= g

w~U

Proof. Assume to the contrary that there exists a vertex u with > v, <k — L. Note that

16k2°
because ) |, . Vi = Av, = Vknv,, we have that u ¢ L'. Now modify the neighborhood of u
by deleting all the edges adjacent to v and joining u to all the vertices of L’. Call the resultant
graph, H;. The neighborhood of w in H} has Perron weight at least k — ﬁ by Lemma 4.7
thus, A\(H}) > A(H}) by the Rayleigh quotient. Moreover, H;: does not contain any Cay2, a

contradiction. 0
With this we may show that F is empty.

Lemma 4.9. The set F is empty and H}, contains the complete bipartite graph Kj, ,,_y.
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Proof. Assume to the contrary that £ # @&. Note that e(R) < 1 and every vertex in E has at
most one neighbor in R, else we can embed a Cy.5 in Hy. Any vertex r € R, satisfies v,, < 1.
Therefore, for any vertex u € E' we have that

va:)\vu: Z Vw—f—ZVw.

U~W w~u w~Y
weL’UR wekR

By Lemma 4.8 and using that vertices in F have at most & — 1 neighbors in L', we have

1
>1——— —1, 4.4
Z Vuw 1642 n 4.4)

Since the Perron weight in £ is at least 1 — ﬁ -n > %, the Perron weight outside £ is at
most £ — 1 + n, and the total Perron weight is A\v,, we have that

Now, applying Lemma 3.1, with A/ = A(H[E]), and y = v|,, (the restriction of v to the
set I/), we have that for any u € E,

3

)y, 4.
4k)\Yu 4.5)

3
MYU = va = E)\Vu =
we ks

Hence, by Lemma 3.1, A(M) > %/\ > %\/% . This contradicts Lemma 3.4 because

AM) < V2k(E[ - 1) < \/g

as F induces a Coy o-free graph. Thus, £ = &. Therefore R = V(Hy) \ L’ and Hy must
contain a Ky, . ]

5. Proofs of Theorems 1.2 and 1.3

With Lemma 4.9 in hand we may complete the proofs of Theorems 1.2 and 1.3. Lemma 4.9
gives us that K ,,_j is a subgraph of both H, and H;, and the results follow quickly from this.

Proof of Theorem 1.2. We have shown that K}, ,,_, C Hj, where the part with k vertices is L'
and the other part with n — k vertices is R. Thus £(L', R) = {lr|l € L',r € R}. Now we know
that e(R) < 1and Hj,[L'] is isomorphic to some subgraph of K. Thus, H, is a subgraph of S,
and by the monotonicity of the spectral radius over subgraphs, we have that Hj, = S;’ i [

Proof of Theorem 1.3. We have (L', R) = {lr|l € L',r € R}. In addition, e(R) = 0, oth-
erwise we can embed a Coi 1. Also, Hy[L'] is isomorphic to some subgraph of K. Thus, Hj
is a subgraph of S, ; and by the monotonicity of the spectral radius over subgraphs, we have
that H;, = Sn,k~ ]
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6. Concluding remarks

The proof of Theorems 1.2 and 1.3 additionally allow us to prove the following conjecture of
Zhai, Wang, and Fang. Here the fan F} is the join of a vertex with a path on ¢ — 1 vertices and
the wheel W, is the join of a vertex with a cycle on ¢ — 1 vertices.

Conjecture 6.1 (Conjecture 1.4 in [ZWF20]). Let £ > 2 and G be a graph of sufficiently large
order n.

1. If G is { Fort1, Copro }-free, then A(G) < A(S,, ) with equality if and only if G = S,, 4.
2. If G is {Wap41, Corr2}-free, then M(G) < A(S;),) with equality if and only if G = S .

The proofs of Theorems 1.2 and 1.3 of our paper can be used to prove the two-part Conjec-
ture 1.4 of Zhai, Wang, and Fang [ZWF20].

Part 2 of Conjecture 1.4 follows trivially from Theorem 1.2 because any graph G that is
{Wags1, Copyo }-free must be Coyo-free. We have proved that for sufficiently large n, S:; 5 18
the unique spectral extremal graph forbidding Cy;, 5. Moreover, S:; i is itself Wy i-free, thus,
it must also be the unique spectral extremal graph forbidding {Woy 11, Cog12}, for n sufficiently
large.

Part 1 of the conjecture follows by first observing that an { Fo | 1, Cox. 2 }-free graph must also
be Cy42 free. Thus following the proof of Theorem 1.2 gives that a spectral extremal graph G
forbidding { Foj+1, Coxro}, must contain Ky ,,_,. The independent set on n — k vertices may
induce at most one edge, since G is Cy,,o-free. Further, if this set on n — k vertices induces
an edge, then the part on k vertices cannot not induce a complete graph K. However, one can
observe by looking at the Rayleigh quotient that the spectral radius is maximized if the part on k
vertices induces a K, and the part on n — k vertices induces no edges. Thus, .S, ; is the unique
spectral extremal graph forbidding { Foy1, Cogi2}-
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