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Abstract. We introduce a simple bijection between Tamari intervals and the blossoming
trees (Poulalhon and Schaeffer, 2006) encoding planar triangulations, using a new meander-
ing representation of such trees. Its specializations to the families of synchronized, Krew-
eras, new/modern, and infinitely modern intervals give a combinatorial proof of the counting
formula for each family. Compared to (Bernardi and Bonichon, 2009), our bijection behaves
well with the duality of Tamari intervals, also enabling the counting of self-dual intervals.
Keywords. Tamari intervals, blossoming trees, enumeration, duality
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1. Introduction

The Tamari lattice Tam,, is a well-known poset on Catalan objects of size n, that plays an impor-
tant role in several domains, such as representation theory [BMFPR11, BPR12] and polyhedral
combinatorics and Hopf algebra [BCP23, LR98]. Motivated in part by such links, the enumera-
tion of intervals in the Tamari lattice was first considered by Chapoton [Cha06] who discovered

the beautiful formula ) A .
L=—— ("7 (1.1)
nn+1)\n—-1

for the number of intervals in Tam,,. The subject has attracted much attention since then, with
strikingly simple counting formulas found for several other families [BMCPR13, BMFPRI11,
FPR17].

As for combinatorial proofs, Bernardi and Bonichon [BB09] gave a bijection between Tamari
intervals and planar (simple) triangulations via Schnyder woods. Then, a bijection by Poulalhon
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and Schaeffer [PS06] encodes the same triangulations by a class of blossoming trees, which
yields (1.1). The bijection in [BB09] can be specialized to some subfamilies of Tamari intervals,
such as Kreweras intervals [BB09] and synchronized Tamari intervals [FH24]. Another strategy,
for instance in [Fan18, Fan21, FPR17, PR12], is to construct bijections between Tamari intervals
and planar maps inspired by their recursive decompositions. With a similar approach, bijections
between Tamari intervals and planar maps via certain branching polyominoes called fighting
fish [DGRS17] have been recently developed [DH22].

In this article, we present a more direct bijection denoted ¢ between Tamari intervals and
the blossoming trees from [PS06]. Our construction proceeds via certain arc-diagrams called
meandering trees. In Section 2 we show that Tamari intervals are in bijection with meandering
trees, by applying simple local operations on a suitable planar representation of the pair of binary
trees that form the interval. We also discuss the link between meandering trees and a tree-
encoding of the interval-posets introduced by Chatel and Pons [CP15]. In Section 3 we consider
the blossoming trees from [PS06] (in a bicolored version), and show that they are in bijection
with meandering trees. A meandering tree directly yields a bicolored blossoming tree, by taking
the unfolded version of the tree. Conversely, a bicolored blossoming tree can be turned into
a meandering tree by a certain closure-mapping, which is a variation of the closure-mapping
in [PS06] that yields a rooted simple planar triangulation.

In Section 4 we use our bijection to track several parameters on Tamari intervals, such as
the number of entries in each of the 3 canopy-types, which yields a simple derivation of the
associated trivarate generating function [FH24] and of a recent bivariate counting formula for
Tamari intervals [BCP23]. Due to its simplicity, our bijection is well-suited for specializations
to known subfamilies of Tamari intervals, by characterizing the blossoming trees in each case
(Section 4.3). In addition to synchronized intervals, whose specialization is much simpler than
that in [FH24], and Kreweras intervals, already given in [BB09], our bijection also specializes
to new/modern intervals [Cha06, Rog18] and infinitely modern intervals [Rog18]. It allows us
to recover the known counting formulas for these families (see Table 5.1) in a uniform way, as
done in Section 5. Compared to [BB09], our bijection has also the advantage that it transfers
the duality involution on Tamari intervals in a simple way, which amounts to a color-switch in
blossoming trees (Lemma 4.5). Self-dual intervals thus correspond to blossoming trees with a
half-turn symmetry. By counting these trees, we obtain simple counting formulas for each family
we consider (see Table 5.1). These formulas are new to our knowledge, except for Kreweras
intervals.

The following statement summarizes our main results.

Theorem 1.1. The bijection ® between intervals in Tam,, and bicolored blossoming trees of
size n sends self-dual intervals to blossoming trees with a half-turn symmetry. Its specializations
to synchronized, Kreweras, modern/new, and infinitely modern intervals yield combinatorial
proofs of counting formulas for intervals and self-dual intervals in each case, see Table 5.1.

Finally, we conclude in Section 6 with remarks and observations related to our new bijection.
In particular, we note that, besides color switch, another natural involution on blossoming trees is
to apply areflection. This yields a new involution on Tamari intervals with interesting properties,
see Section 6.3.
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2. Tamari intervals and their meandering representation

2.1. Tamari lattice and intervals

We first recall the definition of the Tamari lattice, formulated here on binary trees, which are ei-
ther a single leaf, denoted by ¢, or a binary node with two sub-trees 77, T, denoted by (T, Tg).
The size of a binary tree 7 is the number of its binary nodes. We denote by 7,, the set of binary
trees of size n. For w a node in 7', we denote by 7, the sub-tree of 7" rooted at u.

Definition 2.1. For 7', T’ two elements in 7,,, write 7" < T" if there is a node « in 7" such that T,
has the form ((7'4,75),T¢), and T" is obtained from 7" by replacing T;, by (T4, (T5,T¢)), the
replacement operation being called right rotation. The Tamari lattice Tam,, = (7T, <) is defined
as the reflexive and transitive closure of this relation.

A Tamari interval of size n is a pair (T',7") such that 7" < T” in Tam,,. The set of Tamari
intervals of size n is denoted Z,,.

It is not immediately clear that the partially ordered set Tam,, is actually a lattice, see [HT72]
for a proof.

canonical drawing smooth drawing
T

Figure 2.1: A binary tree 7" with its canonical drawing and smooth drawing.

2.2. Some representations and encodings of binary trees

Throughout the article we will use the notation [a .. b] := {a,a+ 1,...,b} and [n] :=[1 .. n].
For T' € T, the canonical drawing of T is the crossing-free drawing of 7" where its n + 1 leaves
from left to right are placed at the points of abscissas 0, . .., n on the z-axis, its nodes are in the

upper half-plane, and its edges from a node to the left (resp. right) child are segments of slope +1
(resp. —1). For every node v of T', the wedge of v is the concatenation of the segment of slope +1
from v to the leftmost leaf in the subtree 7, rooted at v and of the segment of slope —1 from v
to the rightmost leaf in T},. The smooth drawing of T is obtained by replacing every node and
associated wedge by a semi-circle (in the upper half-plane) connecting the two incident leaves,
see Figure 2.1. By construction we have the following characterization:

Lemma 2.2. Smooth drawings of binary trees of size n are planar arc-diagrams on integer-
points of abscissa from O to n on the horizontal line, with all arcs in the upper half-plane,
characterized by the following properties:
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* Fort € [n], the unit-segment [t — 1,t] is below an arc. We denote by a; the unique arc
covering [t — 1,t| and visible from it (i.e., the deepest one);

» Let x4 be the abscissa of the left end of a;. If vy < t —1, then there is an arc from the point
at xy to the point att — 1;

» Let x, be the abscissa of the right end of a,. Similarly, if t < x, then there is an arc from
the point at t to the point at x,.

Remark 2.3. The mapping from [t—1, ¢] to a; in Lemma 2.2 clearly gives a 1-to-1 correspondence
between the n unit-segments and the n arcs.

Remark 2.4. A smooth drawing of a binary tree also corresponds to an alternating layout of a
plane tree with n edges, where alternating means that all neighbours of a vertex are on the same
side, either all to the left or all to the right.

diagram-drawing

ﬂﬂm@o

11 2 0 3 1 0 0 O
degree-vector

Figure 2.2: Construction of the diagram-drawing (with the degree-vector indicated below) from
the smooth drawing.

Definition 2.5. A diagram-drawing of size n is a non-crossing arc-diagram with 2n + 1 points
at abscissas 0,1/2,1,...,n — 1/2,n on the x-axis, with the n + 1 integral points colored black,
and the others white, such that all arcs are in the upper half-plane and have a black point as left
end and a white point as right end, with each white point incident to a single arc.

For T' € T,, the diagram-drawing T of T is the diagram-drawing obtained from the smooth
drawing of 7" by converting each arc a;, as defined in Lemma 2.2, into an arc from the white
point at ¢ — 1/2 to the black point at the left end of a,, see Figure 2.2.

Proposition 2.6. The mapping T — Tisa bijection from T, to diagram-drawings of size n.

Proof. The mapping to recover the smooth drawing of 7" from its diagram-drawing T is as fol-
lows: for each white point w of T, define the right-attachment point of w as the rightmost black
point b that can be reached from w by traveling in the upper half-plane without crossing an arc,
i.e., b is the black point at z = n if there is no arc above w, and if w is covered by an arc i’ — w’
then b is the black point to the left of w’. Then, for each arc b — w in T, the corresponding arc in
the smooth drawing of 7" connects b to the right-attachment point of w. It is easy to check that,
starting from any diagram-drawing, this mapping yields a valid smooth drawing (satisfying the
conditions of Lemma 2.2), and that it is the inverse of the mapping 7' — T U
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Definition 2.7. A degree-vector of size nisavector (d, . .., d,) € N"*! satisfying " d;=n,

and Z;zo d; > iforeachi € [0 .. n — 1]. Equivalently, the sequence of steps (d; — 1)o<i<n
gives a Lukasiewicz walk, whose definition can be found in e.g. [FS09, Section L.5].

For T' € T,, the degree-vector of T, denoted by d ~(T'), is the vector (do, ..., d,) such
that d; is the number of arcs incident to the black point at z = ¢ in the diagram-drawing of 7',
for each i € [0 .. n|. Equivalently, by the definition of smooth drawing of binary trees, d »(T');
is the right-degree of the black vertex at x = ¢ in the smooth drawing of 7', and is the number
of nodes on the maximal left branch of 7" ending at the leaf at x = ¢ (thus 0 for a right leaf);
see Figure 2.2, right. This correspondence is a classical bijection between degree-vectors of
size n and 7,,. More precisely, the left-sibling-right-child bijection converts a binary tree into a
rooted plane tree, in which nodes on a maximal left branch become children of the same node.
Then the Lukasiewicz walk of the rooted plane tree is the sequence formed by arity of each node
minus 1, with the nodes ordered by left-to-right DFS traversal.

T
b 4y Ta”
): T 6 0 4 1 0 0 O
2 3

a in V(T)

V(T bin V/(T)

vVi(T): 0 0 0 1 0 0

Figure 2.3: A binary tree T, its bracket-vector V(7T') and dual bracket-vector V'(T').

Finally, we recall the bracket-vector and dual bracket-vector! encoding of a binary
tree 1" € T,,. We label nodes of T" from 1 to n by infix order, with v; the node of label . Let a;
(resp. b;) be the size of the right (resp. left) subtree of v;. The bracket-vector of T' is defined
as V(T) = (a1, ..., an), and the dual bracket-vector of T as V'(T') = (by,...,b,). See Fig-
ure 2.3 for an illustration. The bracket-vector encoding is convenient to characterize Tamari
intervals. For T, T" € T,, it is known [HT72] that (7, 7") € Z,, if and only if V(T'); < V(T");
for all ¢, or equivalently if and only if V'(T"); > V'(T"), for all i.

Remark 2.8. The dual bracket-vector is closely related to the diagram-drawing: for 7' € 7, and
for ¢ € [n], the unique arc in 7" incident to the white point at 2 = ¢ — 1/2 is connected to the
black pointatz =t — 1 — b;.

2.3. From pairs of binary trees to meandering diagrams/trees

The mirror of a binary tree 7', denoted by mir(7"), is the mirror image of 7" exchanging left
and right. The mirror canonical drawing (resp. mirror smooth drawing) of T’ is the canonical

"Bracket-vectors, and similarly dual bracket-vectors, are specified by inequality constraints which we do not
reproduce here, see [HT72].
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Figure 2.4: A pair (T,T") of binary trees of same size, its canonical drawing, and its smooth
drawing.

drawing (resp. smooth drawing) of mir(7") rotated by a half-turn, which preserves the left-to-
right order of leaves of 7'. Equivalently, the mirror canonical (resp. smooth) drawing is the
image of the canonical (resp. smooth) drawing of 7" by the mirror exchanging up and down.

Let X, := T, X T,,. For X = (T,T") € &, the canonical drawing (resp. smooth drawing)
of X is the superimposition of the canonical (resp. smooth) drawing of 7" with the mirror
canonical (resp. smooth) drawing of 7', see Figure 2.4. In this case, the upper diagram-drawing
of X is the diagram-drawing of 7", while the lower diagram-drawing of X is the diagram-
drawing of mir(7") rotated by a half-turn. The diagram-drawing of X is the superimposition of
the upper and lower diagram-drawing of X. As a convention, in each of the 3 representations
of X, the arcs are blue (resp. red) in the upper (resp. lower) part. Let ¢ be the mapping that
sends X € X, to its diagram-drawing; see Figure 2.5 for the local construction, and Figure 2.6
for two examples.

Definition 2.9. A meandering diagram M of size n is a non-crossing arc-diagram with 2n + 1
points, at 0, %, 1,....n— %, n on the z-axis, colored black for integral points and white for half-
integral ones, with all upper (resp. lower) arcs having a black (resp. white) left end and a white
(resp. black) right end.

The underlying graph of M is the graph with black points as vertices, and edges indexed by
white points, relating the black endpoints of its incident upper and lower arcs. A meandering
tree is a meandering diagram whose underlying graph is a tree. Let MD,, (resp. MT,) be the

set of meandering diagrams (resp. meandering trees) of size n.

Proposition 2.10. Forn > 1, the mapping ¢ is a bijection between X,, and MD,,. It specializes
to a bijection between I,, and MT ,,.

The proof is given next in Section 2.4.

Remark 2.11. By Remark 2.8, the mapping ¢ also has a simple formulation in terms of bracket-
vector and dual bracket-vector. For X = (7,7") € A,, with V(T') = (ay,...,a,),
and V/(I") = (b1,...,b,), ¢(X) is given by its lower arcs (t — 3,¢ + a;) and upper
arcs (t — 1.t — b, — 1) forall t € [n].
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Figure 2.5: The operation of ¢ on the smooth drawing of a pair (7', 7") € X,,, performed at each
segment between consecutive black points on the horizontal axis. The smaller blue arc and red
arc in the left figure may be reduced to a point.

Figure 2.6: The top (resp. bottom) row shows a pair X = (7,7") € X, that is (resp. is not)
in Z,,, and the corresponding meandering diagram ¢ (X ) that is (resp. is not) a meandering tree.

S
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2.4. Proof of Proposition 2.10

The inverse 1) of the mapping ¢ relies on the equivalence between the representations of Catalan
structures discussed in Section 2.2. For M € MD,,, we consider the diagram-drawing made by
the upper half-plane part, from which we compute (via right-attachment points) the correspond-
ing smooth drawing, and turn it into the canonical drawing of a binary tree 7" € 7,. We do
the same for the half-turn of the lower diagram-drawing, yielding a binary tree of size n, whose
mirror is denoted 7. Then ¢ is the mapping associating (7',7") to M.

It remains to show the specialization statement in Proposition 2.10. Our proof relies on a
forbidden pattern characterization of Tamari intervals and of meandering trees, and on the fact
that the forbidden patterns are in correspondence via ¢.

For (T,T") € X,, in its canonical drawing, a flawed pair is a pair v, v’ of nodes respec-
tively in 7" and 7" such that, for z, and x, (resp. z; and z.) the abscissas of the leftmost and
the rightmost leaf in T, (resp. 7),), we have 2, < x, < z,. < z,. In the smooth drawing
of (T, T"), a flawed pair is a pair made of a lower arc a and an upper arc a’ such that, for z,
and x,. (resp. xj, and z.) the abscissas of the left and the right end of the lower (resp. upper) arc,
we have 2, < zy < 2] < z,. Obviously a flawed pair in the canonical drawing gives a flawed
pair in the smooth drawing and vice versa.

Lemma 2.12. A pair (T, T") € X, is in I, if and only if it has no flawed pair in its canonical
(equivalently, smooth) drawing.

Proof. Recall the specification of bracket-vectors illustrated in Figure 2.3. If (7', 1") ¢ Z,, then
there exists ¢ € [n] such that the i-th entry is larger in V(7') than in V(7"). Let v be the right
child of the i-th node of T, and let v’ be the i-th node of T7”. Then clearly v, v’ form a flawed pair.

Conversely, assume (7', 7") € X, has a flawed pair v, v’. Then, with the notation x, z,., ), z..
for the related absissas as defined before the statement of the lemma, the x,-th entry is at
least z,, — xy in V(T'), and at most z,» — xy in V(7”), hence is smaller in V(7") than in V(T),
so that (T, T") ¢ Z,. O

Figure 2.6 shows examples of pairs (7',7") being in Z,, or not, one can find a flawed pair in
the pair not in Z,,. For a meandering diagram M € MD,, a flawed pair is a pair made of a
lower arc (4, x,) and an upper arc (z}, ) such that 2, < x;, < 2], < x,.

Lemma 2.13. A meandering diagram M is a meandering tree if and only if it has no flawed
pair.

Proof. Assume M has a flawed pair, with (x4, x,) and (z}, ) its two arcs. We observe

that x, and « correspond to white points, and z,, 2} black ones. Consider the horizontal
segment S = [z, x.] on the x-axis that we call the central segment of the flawed pair. We
pick S to have minimal length x!. — x, over all flawed pairs. As both ends of S are white points,
it must contain at least one black point. Let GG be the underlying graph of M, with Vs the set of
vertices corresponding to black points in S. We are going to show that vertices in Vs are only
connected in G to other vertices in V. Let b be a black point in .S, and consider an arc starting
from some white point w and ending at b. If it is an upper arc, that is b < w, then w < !,
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since (b, w) cannot cross (z7,x,) and the last inequality is strict due to the uniqueness of up-
per arc starting from a white point. Symmetrically, the same analysis holds when it is a lower
arc. Thus, all black points in .S are linked to white points strictly inside .S. Now let w be a white
point strictly inside S such that its associated upper arc leaves S and reaches a black point b < z;.
Then (zy, x,) and (b, w) form a flawed pair with central segment of length w — z, < z]. — xy,
contradicting the minimality of S. The same analysis works symmetrically if a lower arc starts
from w. Since vertices in Vg can only reach vertices in Vs, G is disconnected, so that M is not
a meandering tree.

Now assume that M has no flawed pair. Let GG be the underlying graph of M. Assume for
contradiction that G is not a tree. Since GG has excess —1, it has a cycle o, corresponding to a
cycle & in M. Let b (resp. b') be the leftmost (resp. rightmost) point on &; note that b and ¢’ are
black. Let (b, w) be the higher upper arc entering b in . As M is crossing-free, all upper arcs
below (b, w) stay in the segment S = [b, w|. For lower arcs starting from points in S, only those
starting from white points may go to the right of S. As M has no flawed pair, every such lower
arc ends inside S, except the lower arc incident to w. We thus conclude that any path in 6 from b
to b’ must pass by this lower arc, which contradicts the fact that ¢ is a cycle. 0

1
z, < m < xR < T x, < ®m—3 <x}—|—% < T

Figure 2.7: The 1-to-1 correspondence between maximal flawed pairs of X € A&, (in its smooth
drawing) and flawed pairs of ¢(X).

Lemma 2.14. Let X = (T,1") € X,.. Then X has a flawed pair in its smooth drawing if and
only if 9(X) has a flawed pair.

Proof. In the smooth drawing of X, a flawed pair a, a’ is called maximal if o’ is the outermost
upper arc with its right end at «/, and a is the outermost lower arc with its left end at z,. Note
that if X has a flawed pair then it has a maximal one. Given Lemma 2.2, in a maximal flawed
pair, @’ is not the outermost arc with the left end at 2, and similarly @ is not the outermost arc
with the right end at z,. Then, as illustrated in Figure 2.7, the maximal flawed pairs of X are
in 1-to-1 correspondence with the flawed pairs of ¢(.X '), where the correspondence preserves
and .., increases z/. by 1/2, and decreases x, by 1/2. O

The three lemmas above then ensure that the mapping ¢ specializes into a bijection be-
tween Z,, and MT,,.
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P 4 8 Gp
A //) //

Figure 2.8: An interval-poset P and the associated graph G p (always a tree). The interval-poset
is the one associated to the Tamari interval in the top row of Figure 2.6 by the Chatel-Pons
bijection.

apply m — ete

Figure 2.9: Given an interval-poset P associated to a Tamari interval / by the Chatel-Pons
bijection, applying the shown local operation at each edge of G p yields ¢(I).

Remark 2.15. One can also consider specializations to other well-known subfamilies of pairs
of binary trees. One promising example is given by twin pairs of binary trees, introduced
in [DGY98], where they are shown to be equinumerous to Baxter permutations. A subfamily
of these twin pairs is also known to be in bijection to synchronized Tamari intervals [FH24], it
would be interesting to recover this bijection via the associated meandering diagrams.

2.5. Connection with previous work

To conclude the section, we discuss the connections of our construction with previous work on
Tamari intervals.

2.5.1 Relation with interval-posets

An interval-poset P of size n is a poset ([n],<) such that, for any ¢ € [n], the set
Int, := {s € [n] | s <t} is an interval [a; .. b;]. Interval-posets were introduced by Chatel and
Pons [CP15], who gave a size-preserving bijection to Tamari intervals.

An interval-poset P of size n can be encoded by a graph G p with n + 1 vertices carrying
distinct labels in [0 . . n] and n edges carrying distinct labels in [n]. For each ¢ € [n] the edge e;
of label ¢ connects the vertices of labels a; — 1 and b;. The graph G p can be represented with the
vertices aligned on the x-axis, and edges as upper arcs, with a dashed link from the arc of e; to
the unit-segment [t — 1, ¢ on the z-axis, see Figure 2.8. The graph Gp is implicitly considered
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in [Rog18], where it is shown to be a non-crossing tree if and only if P is the interval-poset
of a so-called exceptional Tamari interval, i.e., mapped to a Kreweras interval under a standard
bijection from binary trees to non-crossing partitions (cf. Section 4.3.4).

It can be shown that, for any interval-poset P, the graph GGp is a tree; one can argue by
deletion of a min-element in P, and induction. Let I = (7', 7”) be the Tamari interval associated
to P by the bijection in [CP15], with the nodes of 7" and of 7" labeled by left-to-right infix order.
Let t € [n], with v; and v; the corresponding nodes in 7" and 7”. It follows from Remark 55
in [CPP19], stated as Proposition 2.1 in [Rog18], that a, is the label of the leftmost node in the
subtree of 7" rooted at v;, and b, is the label of the rightmost node in the subtree of 7" rooted
at v;. Hence, the meandering tree ¢(/) is just obtained from G p by applying at each edge the
local operation shown in Figure 2.9.

We actually discovered the bijection ¢ via the tree-encoding of interval-posets, our presen-
tation in Section 2.3 is the shortcut version that operates directly on a pair of binary trees.

2.5.2 Relation to cubic coordinates for Tamari intervals

The characterization of Tamari intervals given by Lemma 2.12 can be related to their encoding
introduced in [Com23]. For T" € 7, note that the last entry of V(7') and the first entry of V'(T')
are always 0. Moreover, for (7,7") € Z,,, with V(T') = (ay,...,a,) and V/(T") = (by, ..., by),
the absence of flawed pair ensures that, for i € [n — 1], the entries a; and b;;; can not both
be positive. Accordingly, the vector (ci,...,c, 1) € Z"! defined by ¢; = —a; if a; > 0,
and ¢; = b; ;1 otherwise, encodes the Tamari interval (7', T").

This retrieves the “cubic coordinates” vector of a Tamari interval of [Com23]. Without
getting into details, this vector is characterized by certain inequalities coming from the study of
interval-posets. There are three kinds of inequalities, coming from V(7T'), from V'(T") and from
the absence of (maximal) flawed pairs. In [Com23] the characterization was obtained using the
order relation in the Tamari lattice expressed in terms of both bracket-vector and dual bracket-
vector, via the construction of interval posets. However, here via Lemma 2.12, we can obtain
the same result directly, and using only the characterization of the Tamari lattice with bracket-
vectors.

3. Blossoming trees and their meandering representation

We consider the following trees, which are in bijection with simple triangulations [PS06].

Definition 3.1. A blossoming tree B is an unrooted plane tree such that each node (vertex of
degree at least 2) has exactly two neighbors that are leaves. We only consider such trees with
at least two nodes. Edges incident to leaves are called buds, each bud being represented as an
outgoing arrow. Edges not incident to leaves are called plain edges. The size n > 1 of B is its
number of plain edges, which is also the number of nodes minus 1.

See the top left of Figure 3.2 for an illustration. The colors in that example come from the
following refinement: a blossoming tree is bicolored if the half-edges of its plain edges are
colored red or blue without monochromatic plain edge, and at each node the two buds separate
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the half-edges into a group of blue half-edges and a group of red half-edges (one of the groups
may be empty). We denote by B,, the set of bicolored blossoming trees of size n.

Remark 3.2. The bicoloration is unique up to the color of a starting half-edge. Hence, a blos-
soming tree, as an unrooted tree, yields at most two bicolored blossoming trees, and it yields
just one if and only if it is stable by the half-turn symmetry.

AN~ e

Figure 3.1: A meandering tree M, and the corresponding bicolored blossoming tree B = ~(M).

Definition 3.3. For M € MT,, we obtain a bicolored blossoming tree B € B,, by adding a
“left” and a “right” bud at each black point along the x-axis, while keeping the colors of arcs,
which are turned into half-edges of plain edges in B, see Figure 3.1. Let v be the mapping
sending M to B.

Inverse mapping of v. To prove that ~ is a bijection, we now describe its inverse mapping ¢.
For this, we need to define the closure of a blossoming tree. It is constructed in a different way
from [PS06], where it yields a rooted simple triangulation, cf. Remark 3.7. A planar map is
the embedding of a connected graph in the plane such that edges only intersect at vertices. The
embedding cuts the plane into faces, and the one extending to infinity is the outer face.

For simplicity, in the following, we will use the shorthand “cw” (resp. “ccw”) for “clockwise”
and “counterclockwise”.

Given a bicolored blossoming tree B, its closure, denoted by B, is constructed as follows.
For each plain edge e, we insert an edge-vertex v, in its middle, and we attach new open half-
edges called legs to v, on each side of e. The ccw-contour on the current tree yields a cyclic
parenthesis word, whose opening (resp. closing) parentheses are given by buds (resp. legs). We
then match buds and legs in a planar way, see Figure 3.2(b). Since B has 2n+-2 buds and 2n legs,
two buds are left unmatched. The object we obtain, which is a planar map with two dangling
buds on the outer face, is the closure B of B. These two buds are attached to distinct vertices as
is easily checked: these are called extremal vertices.

The edges of the closure B of a blossoming tree B come in three types:

* Dangling buds: the two buds left unmatched;
» Tree-edges: edges resulting from the subdivision of plain edges of B;

* Closure-edges: edges resulting from matching buds and legs.
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(©) (d)

Figure 3.2: (a) A bicolored blossoming tree B; (b) the matching of buds with legs; (c) the
closure B of B, where the meandric path (the concatenation of the closure-edges) is shown
bolder; (d) the meandering tree M = §(B) obtained by stretching the meandric path, so as to
have the blue (resp. red) arcs in the upper (resp. lower) half-plane.

Every non-extremal vertex of B is incident to exactly two closure-edges, while the two extremal
vertices are incident to a unique closure-edge. We also note that extremal vertices in B are not
necessarily leaves in B.

Lemma 3.4. For B € B,, let B be the closure of B, and 7 the subgraph of B formed by the
closure-edges. Then we have

* 7 is a Hamiltonian path from one extremal vertex to the other;
o 7 splits half-edges of B by color;

s For any tree-edge ¢ = {u,v} of B, with u a tree-vertex and v an edge-vertex, let 7, be the
unique subpath of 7 from u to v, and 0. = 7. U {e}, which is a cycle. Then the interior
of 0. is on the right of e traversed from u to v.

Proof. For the first statement, we proceed by induction on n. The base case n = 1 is easily
checked. Let n > 2, and assume the first statement holds for size n — 1. Let B € B,, and B
its closure. There are thus n edge-vertices and n + 1 tree-vertices in 5. We then observe that,
if a bud in B is not directly succeeded by another bud of the same vertex in the ccw-direction,
then it is matched with the next leg from the next adjacent edge-vertex, with contour distance 1.
We say that they form a short pair, and clearly among the two buds of a tree-vertex, at least one
is in a short pair. There are thus at least n + 1 short pairs, while there are only n edge-vertices
in B, meaning that there is some edge-vertex v, of B, corresponding to some edge ¢ = {u, u'}
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in B, whose both legs are in short pairs with two buds b, b, with b on v and &’ on u'. Such an
edge e is called a short edge of B. Let B’ € IB,,_; be the tree obtained from B by contracting e
in B into a new vertex ug and removing b, b’; we call B’ the e-contraction of B. By the induction
hypothesis, the closure-edges of B' form a Hamiltonian path 7’. It is clear that expanding the
occurrence of ug in 7’ into the path from u to v, to v’ via the short pairs of b and b" gives a
Hamiltonian path in 5.

The second statement comes from the fact that, by construction, the two half-edges of an
edge in B, which are of different colors, are on different sides of 7, and half-edges of a vertex
in B are split by its buds, through which 7 goes, into two groups of each color.

For the third statement, we again proceed by induction on n. The base case n = 1 is clear.
Let n > 2, and assume the third statement holds for size n — 1. Let B € B,,, and let e be a
tree-edge of B, with the notation in the statement. If u and v are consecutive along 7, then o, is
a bi-gon, and thus e has the interior of o, on its right, since the matchings are performed in ccw
order around B. If not, let ¢’ be a short edge of B, and let B’ be the ¢’-contraction of B. Let o,
be the cycle of B’ resulting from o, after contraction. Since v and v are not consecutive along
7, the tree-edge e does not belong to €/, hence it does not collapse when contracting €', and so
it is on o’,. By induction it has the interior of ¢/, on its right. Thus e must have the interior of o,
on its right in B. [

The Hamiltonian path 7 of B in Lemma 3.4 is called the meandric path of B. From the first
statement of Lemma 3.4, for B € B,,, we may stretch the meandric path of B into the horizontal
segment {0 < = < n,y = 0} with 2n-+1 equally-spaced vertices, along with tree-edges as semi-
circular arcs. By the second statement of Lemma 3.4, this can be done in a unique way with the
blue (resp. red) half-edges of B turned into the arcs above (resp. below) the segment. Let M be
the arc-diagram thus obtained. Then the third statement of Lemma 3.4 ensures that M € MT,,.
We define 9 as the mapping that sends B to M.

In order to prove that ¢ is the inverse of v we will need the following.

Lemma 3.5. Let M € MT,, and S be any segment of length 1/2 connecting two adjacent
points on the horizontal line. Let then og be the unique embedded cycle formed by S and a
concatenation of arcs of M. Then S traversed from its black end to its white end has the interior
of og on its left.

Proof. Let GG be the underlying graph of M. Note that the stated existence and uniqueness of g
just follows from the fact that GG is a tree. Let bg be the black end and wg the white end of .S.
Assume bg is the left end of S. Let a = (b, wg) be the upper arc incident to wg. Let P,(.S) be
the set of black points between b and bg (including these two points) and let P,(S) be the set
of white points between by and bg on the horizontal axis. For w € P,(S) the upper arc incident
to w is below a. By planarity it has to end at a point in P,(.S). And the lower arc incident to w
can not end on the right of wg, otherwise with a it would form a flawed pair, which is not possible
by Lemma 2.13.

Let Vs and Es be respectively the sets of vertices and edges of G corresponding to the points
in P,(S) and P,(.S). Since all edges in E's connect two vertices in Vs, and since |Eg| = |Vs|—1,
we conclude that (Vs, Es) form an induced subtree of G. Hence, the path of G between the ver-
tices for by and bg passes only by vertices in Vs and edges in Eg, hence in M the corresponding
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sequence of arcs passes only by points in S, below the arc a. Since og is formed by S, a and
this sequence of arcs, we conclude that S traversed from black end to white end has the interior
of o5 on its left. The proof is similar if bg is the right end of .S. ]

Proposition 3.6. For n > 1, the mapping ~y is a bijection from B,, to MT ,,, with { its inverse.

Proof. We have already seen that v is a mapping from M7, to 13,, and ¢ is a mapping from B,
to MT,. For B € B,, we clearly have v(0(B)) = B. For M € MT,, let B = ~(M),
with B drawn in the plane as in Figure 3.1 right. Then Lemma 3.5 ensures that, in the matching
of buds with legs to perform the closure of B, the matched pairs correspond to consecutive
points on the horizontal axis. Thus, the meandric path of B is made by the segments between
consecutive points on the horizontal axis, and thus M is actually the stretched closure of B,
ie., M = 0(B). [

Figure 3.3: The Poulalhon—Schaeffer closure bijection in the dual setting. At each leaf of the
blossoming tree B are attached two buds and a leg, with the leg just before the two buds in
counterclockwise order around B; and as in our case two legs are attached at the middle of every
plain edge, one on each side. Then the buds are planarly matc