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Abstract. The noncrossing partition poset associated to a Coxeter group W and Coxeter
element c is the interval [1, ¢|7 in the absolute order on . We construct a new model of
noncrossing partititions for W of classical affine type, using planar diagrams (affine types A
and C in this paper and affine types D and B in the sequel). The model in type A consists
of noncrossing partitions of an annulus. In type C, the model consists of symmetric non-
crossing partitions of an annulus or noncrossing partitions of a disk with two orbifold points.
Following the lead of McCammond and Sulway, we complete [1, ¢|p to a lattice by factor-
ing the translations in [1, ¢|p, but the combinatorics of the planar diagrams leads us to make
different choices about how to factor.
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1. Introduction

Noncrossing partitions associated to a Coxeter group are algebraic/combinatorial objects that fig-
ure prominently in the analysis of the associated Artin group. In the classical finite types A, B,
and D (and to some extent in other types—see [Real(]), noncrossing partitions are best un-
derstood in terms of certain planar diagrams. This paper and its sequel [Rea22] extend planar
diagrams for noncrossing partitions to the classical affine types A and C' (in this paper) and D
and B (in the sequel). Furthermore, in [Rea25], which can be thought of as a “prequel” to these
papers, the combinatorics (but not the algebra) of these planar diagrams is generalized to the set-
ting of marked surfaces (in the sense of the marked surfaces model for cluster algebras). More
specifically, planar diagrams for noncrossing partitions of types A and A are generalized by
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Figure 1: Some noncrossing partitions of an annulus.

noncrossing partitions of marked surfaces (without “punctures”) and planar diagrams for non-
crossing partitions of the other classical finite and affine types are generalized by symmetric
noncrossing partitions of a marked surface with (or without) double points.

Noncrossing partitions of a cycle were introduced by Kreweras [Kre72]. Biane [Bia97] con-
nected noncrossing partitions of a cycle to finite Coxeter groups of type A (the symmetric groups)
and showed that the lattice of noncrossing partitions is isomorphic to [1, c|r, the interval between
the identity and a Coxeter element c in the absolute order. The analogous interval in a finite Cox-
eter group of type B is modeled by centrally symmetric noncrossing partitions [AR04, Rei97],
and there is an analogous planar model [ARO4] for type D. These planar models can be under-
stood uniformly in terms of the Coxeter plane, which was defined and studied in [Cox48, Ste59].
Specifically, realizing group elements as permutations of an orbit, one projects to the Coxeter
plane and interprets the cycle structure of the permutations as blocks in a partition [Real0].

The interval [1, ¢]7 in a finite Coxeter group W serves as a Garside structure for the corre-
sponding spherical Artin group Art(W), leading to a “dual presentation” of Art(1/) [Bes03,
BW02a] and proving desirable properties of Art(W). The fact that [1, |7 is a lattice is crucial
to the dual presentation.

Outside of finite type, the interval [1, ¢|;r need not be a lattice. The case of affine type is
treated in a series of papers that begins by extending crucial results on rigid motions [BW02b]
to affine type [BM15] and continues with an analysis of the failure of the lattice property in
Coxeter groups of affine type [McC15]. The series culminates in [MS17], in which McCam-
mond and Sulway extend the affine Coxeter group W to a larger group, thereby extending the
interval [1, ¢|r to a lattice. The larger lattice serves as a Garside structure for a supergroup of
the Euclidean Artin group Art(WW), which inherits desirable (previously conjectured) properties
from the supergroup.

The purpose of this paper is to provide planar models, in the classical affine types, for the
intervals [1, ¢]7 and the larger lattices constructed by McCammond and Sulway. We follow the
idea of [Real0] and obtain models by projecting an orbit to the analog of the Coxeter plane.
In type A, the resulting model consists of noncrossing partitions of an annulus, defined in
Section 3.4 and exemplified in Figure 1.

In type C, the model consists of symmetric noncrossing partitions of an annulus, defined
in Section 4.1. Some examples are shown in the top row of Figure 2. To see the symmetry, think
of the pictures as perspective drawings of a circular cylinder; the symmetry is a rotation of the
cylinder along a vertical axis. The intersections of this axis with the cylinder are indicated in
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Figure 2: Some symmetric noncrossing partitions of an annulus and corresponding noncrossing
partitions of the two-orbifold disk.

the pictures by small dotted circles. (Section 4.1 contains a formula for the symmetry in polar
coordinates.) Passing to the quotient modulo the symmetry, symmetric noncrossing partitions
of an annulus become noncrossing partitions of a two-orbifold disk (Section 4.2), as shown in
the bottom row of Figure 2. The fixed points of the symmetry in the annulus become order-2
orbifold points in the disk, marked with an X in the pictures. The dotted circle cuts the annulus
into two pieces (a fundamental domain of the symmetry and its one translate). The image of the
circle under the quotient map is shown as a dotted line.

The key idea behind McCammond and Sulway’s extension of [1, ¢|r to a lattice is the notion
of “factoring” translations in an affine Coxeter group I¥. Certain elements of 11" act (in the affine
representation) as translations, and the translations in [1, ¢|; were implicated (in [McC15]) in
the failure of the lattice property. To overcome the failure, each translation in [1, ¢|7 is factored
into two or more translations not already contained in . The larger group containing I is
generated by W and these new factored translations.

One of the motivating questions for the current project was how factored translations would
fit into planar models. Would projecting the Coxeter plane lead to a useful model of [1, ¢|r only,
or of the larger interval (incorporating factored translations) only, or of both? In type A, the best
possible thing happened: The planar diagrams model the larger interval, and the elements of the
smaller interval are distinguished by a simple criterion. The elements of [1, ¢|7 are the noncross-
ing partitions of the annulus with no dangling annular blocks. A dangling annular block is a
block that is an annulus and has numbered points on only one component of its boundary. Thus
the leftmost and middle picture in Figure 1 represent elements of [1, ¢|r, while the rightmost
picture represents an element in the larger interval, not in [1, ¢]7.

Remark 1.1. Most of the results reported here have appeared in Laura Brestensky’s
thesis [Bre22]. However, for efficiency of exposition, some of the results that were proven di-
rectly in [Bre22] are here cited as special cases of results that now appear in the prequel [Rea25].
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Other parts of this paper are revisions of material from [Bre22].

Remark 1.2 (Relationship to other work). Several other papers consider constructions that are
superficially or more deeply similar to the constructions in this paper.

e McCammond and Sulway’s work and the results of this paper were foreshadowed by
[Digl2], in which Digne proved the lattice property for a certain choice of Coxeter el-
ement c of an affine Coxeter group of type A. The proof involved representing elements
of [1, ¢]7 as certain noncrossing paths in an annulus.

¢ The combinatorial model also recalls even earlier work of Allcock [Al102]. Each reflection
or factored translation is associated to a block that connects two numbered points, connects
a numbered point to itself, or connects a numbered point to an orbifold point. Such a block
can be identified with a simple braid so that the interval group (see Section 5.1) realizes
elements of the Artin group as elements of a braid group (of the plane minus 1 or 2 points
for A or (), as in [A1102].

* The “annular noncrossing partitions” of Mingo and Nica [MNO04] have some similarity to
our noncrossing partitions of an annulus, but the construction in [MNO04] is explicitly tied
to finite symmetric groups, and thus does not allow annular blocks and has only finitely
many noncrossing partitions for a fixed number of numbered points.

* There are some similarities between noncrossing partitions of an annulus and the chord di-
agrams and arc diagrams that appear in [Mar22] in connection with representation-theory.

Outline of the paper

After some general background in Section 2, we consider affine type A in Section 3. We con-
struct the usual representation of the type- A Coxeter group as the group S of affine permutations
and consider the larger group Sz(mod n) of periodic permutations (permutations with mod-n
symmetry, without the additional condition that defines affine permutations). We construct the
Coxeter plane and show that the projection of an orbit to the Coxeter plane yields an infinite
strip with translational symmetry that leads naturally to a model on the annulus. We define non-
crossing partitions of this annulus and quote results of [Rea25] that show that these noncrossing
partitions form a graded lattice and give a simple description of its cover relations and rank
function. We also describe Kreweras complementation in the lattice. We show that the poset of
noncrossing partitions with no dangling annular blocks is isomorphic to the interval [1, ¢|; and
that the full lattice of noncrossing partitions is isomorphic to the analogous interval in the larger
group Sz(mod n). The essence of the isomorphism is to read blocks of a noncrossing partition
as cycles in a permutation. _

In Section 4, we consider affine type C, using the standard notion of “folding” to reuse the
work done in type A and obtain the analogous results in type C.

In Section 5, we connect our constructions to the work of McCammond and Sulway. The
combinatorial model of noncrossing partitions of an annulus suggests its own way of factoring
translations in type A: A translation in [1, ¢ corresponds to a noncrossing partitions whose
only nontrivial block is an annulus containing one numbered point on each component of its
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boundary. A natural way to factor such an element is by breaking the annular block into two
dangling annular blocks. Surprisingly, this factorization is not the same as the factorization
given in [MS17]. Instead, there is a continuous family of schemes for factorization, all giving
isomorphic intervals and isomorphic supergroups of the Artin group. Out of this continuous
family, the combinatorics picks out what is perhaps the tidiest factorization scheme, where the
generating set of the larger group is closed under conjugation and the larger group is Sz (mod n),
independent of the choice of Coxeter element c. In type C, there is no need to factor translations.
We will see in [Rea22] that in type D, the combinatorics again chooses a tidy scheme for factor-
ization, but the relationship to the McCammond—Sulway factorization scheme is significantly
more complicated.

2. Background

In this section, we review some background on Coxeter groups and root systems. We assume
the most basic definitions and facts about Coxeter groups.

2.1. Coxeter groups and root systems

Let (W, S) be a Coxeter system. We recall the construction of a Cartan matrix associated to .
Write S = {s1,...,s,} and write m(s;, s;) for the order of s;s; in W. A Cartan matrix A is
an n X n matrix [a;;| with a;; = 2 for i = 1,...,n, with non-positive off-diagonal entries such
that a;;a;; = 4 cos ﬁ The Cartan matrix A is assumed to be symmetrizable, meaning that
there exist positive real numbers dy, . .., d,, such that d;a;; = d;aj; for all 4, j. In the cases of
interest here, A can be taken to have integer entries.

The choice of a symmetrizable Cartan matrix A for W specifies a reflection representation
of W. Let V be a real vector space with basis «, . .., a,,. For each i, we define « to be d;lai,
where the d; are symmetrizing constants, as above. We define a symmetric bilinear form K
on V by K(a},a;) = a;;. We have K(d; 'a;, ;) = 2, s0 d; = 1K (a;, ;). In the reflection
representation of W on V/, the simple reflection s; acts on a vector z by s;(z) = v — K (o), x)a;.
In particular, s;(;) = a; — a;;a; and s;()) = o — aj; for each j.

The set of real roots associated to A is {wa; : w € W,i=1,...,n}. Eachroot § = wa;
has an associated co-root 3¥ = wa;’. The positive roots are the roots in the nonnegative span
of the simple roots.

The reflections in W are the elements {wsw™' : w € W, s € S}. These are precisely the
elements of 1V that act as reflections (i.e. have an (n — 1)-dimensional fixed space and a (—1)-
eigenvector) in the reflection representation of 1. Specifically, given a reflection ¢t = ws;w ™!,
the root 5 = waq; is its (—1)-eigenvector and the hyperplane {v € V : K (v, ) = 0} is its fixed
space. The reflection ¢ sends x € V to x — K (8, x)5.

When W is finite, the real roots constitute the root system ® associated to A. When W is
infinite, the root system includes some additional vectors called imaginary roots. We will not
explicitly deal with imaginary roots, but the vector o appearing in Section 2.4 is the positive

imaginary root closest to zero.
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The reflection representation of 117 on V' has a dual representation as linear transformations
of the dual space V'*, constructed in the usual way. Let p1, . . . , p,, be the basis of V'* that is dual to
the simple co-roots basis o, .. ., .. The vectors p1, . . ., p, are the fundamental weights asso-
ciated to A. The reflection s; acts on V* by fixing p; for j # ¢ and sending p; to p; — >, _; axipk-
More generally the reflection ¢ acts on V* by fixing the hyperplane {x € V* : (x, 5) = 0} and
negating the vector K(-,3) € V*.

Remark 2.1. We break with the Lie-theoretic tradition of putting roots and co-roots in spaces
dual to each other and putting roots and weights in the same space. The way of constructing roots
and weights in this paper is essential to the construction introduced in Section 2.4 and carried
out in Section 3.3, where we project an orbit in V' to the Coxeter plane in V'*.

2.2. Coxeter elements and noncrossing partitions

A Coxeter element is an element ¢ € W that can be written as a product, in some chosen
order, of the elements of S, each repeated exactly once in the product. Coxeter elements of W
correspond to acyclic orientations of the Coxeter diagram: An edge in the Coxeter diagram is
oriented s; — s; if and only if s; precedes s; in every reduced word for c. A simple reflection s;
is a source in the acyclic orientation associated to c if and only if there is a reduced word for ¢
starting with s;. Similarly, s; is a sink if and only if it can occur as the last letter of a reduced
word for c. Performing a source-sink move on an acyclic orientation means choosing a source
or sink and reversing all arrows on it. If s; is a source or sink, then the source-sink move at s;
corresponds to conjugating ¢ by s;. When the Coxeter diagram is a tree (and thus in finite type
and all affine types except A, 1), all Coxeter elements are conjugate by source-sink moves. In
type A,,_1, every acyclic orientation can be transformed by source-sink moves to an orientation
where s, is the unique source and there is a unique sink s.
The Coxeter element ¢ determines a skew-symmetric bilinear form w. on V' by

i if s; follows s; in c,
we(e ) =4 0 ifi = j, or (2.1)
—a;; if s; precedes s; in c.

As a consequence of [RS11, Lemma 3.8], this form satisfies w.(cz, cy) = w.(z,y).

Since S C T, the set T" of reflections generates W. The absolute length or reflection
length (r(w) of an element w € W is the number of letters in a shortest expression for w
as a product of elements of 7". Such a shortest expression is called a reduced T-word for w.
The absolute order <p is the partial order on W defined by v < w if and only
if {p(w) = lp(u) + b7 (u'w). Thus u <7 w if and only if there is a reduced T-word for w that
has a reduced 7'-word for u as a prefix.

The starting point for this paper is the interval [1,c|r in the absolute order between the
identity and a Coxeter element c. When W is finite, this is a lattice [BWO0S8], often called the
W -noncrossing partition lattice, but when W is infinite, [1, ¢|r can fail to be a lattice. The
W -noncrossing partition lattice is named after the finite type-A case, where it is modeled by
noncrossing partitions of a cycle [Bia97, Kre72]. There are also planar models in types B
and D [ARO04, Rei97].
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When W is of finite type, there is a special plane, called the Coxeter plane, on which c acts
as a rotation by 27” Here, h is the Coxeter number (the order of c). The Coxeter plane figures
prominently in [Cox48], and a uniform construction of the plane is found in [Ste59].

The Coxeter plane is closely related to the planar diagrams for noncrossing partitions in
types A, B, and D. The relationship, explored in [Real0], is as follows: Given a finite Coxeter
group W, find a smallest orbit 0. Any element w of I acts as a permutation of o, and in particular
decomposes o into cycles. One projects o orthogonally onto the Coxeter plane and considers the
set partition defined on the projected orbit by this cycle decomposition. In types A, B, and D
(and also Hj and I5(m)), there are simple criteria to decide, from the resulting planar diagram,
whether w € [1, ¢|r. This construction recovers the diagrams in [AR04, Bia97, Kre72, Rei97].

In this paper and its sequel [Rea22], we implement the “project a small orbit to the Coxeter
plane” construction to create planar diagrams for [1, ¢|r in the classical affine types.

2.3. Folding the poset of noncrossing partitions

In this section, we discuss how the poset [1, ¢ of noncrossing partitions behaves under folding.
We do not discuss the general problem of folding, but rather take easy sufficient hypotheses on
two Coxeter groups to relate the corresponding posets of noncrossing partitions.

Suppose (W', S") is a Coxeter system. A diagram automorphism of (W’ S') is a permu-
tation ¢ of S’ such that m(¢(r), ¢(s)) = m(r,s) forall r,s € S’. A diagram automorphism ¢
extends uniquely to a group automorphism of WW’, and we re-use the name ¢ for the group au-
tomorphism. Suppose further that elements in each ¢-orbit in S’ commute pairwise, so that in
particular the product of the elements of the orbit has order 2. Let S be the set of such products.
Let TV be the subgroup of W’ consisting of elements fixed by ¢. If (W, .S) is a Coxeter system,
then we say that (W, S) is a folding of (W', 5').

Because the elements of S are products over the ¢-orbits of S’, every Coxeter element ¢ of W
is also a Coxeter element of W’. A Coxeter element of W' is a Coxeter element of W if and
only if the corresponding orientation of the Coxeter diagram of 1’ is preserved by the diagram
automorphism ¢.

For the rest of the section, we assume that (W, .S) is a folding of (W', S’) and that ¢ is a
Coxeter element of W (and thus also of TV’). Write T” for the set of reflections in W/ and T for
the set of reflections in 1W. We will prove the following proposition.

Proposition 2.2. The interval |1, c|r in W is the subposet of the interval [1, c|r in W' induced
by W N [1, c]gr. In other words, [1, c|r is the subposet of [1, c|r+ induced by the set of elements

fixed by ¢.

It is easy and well known that for any lattice L and any automorphism ¢ of L, the
subposet L? induced by elements of L fixed by L is a sublattice of L. (If z,y € L@,
then ¢(x V y) = o(z) V é(y) = = V y, and similarly for meets.) Thus we have the follow-
ing corollary of Proposition 2.2.

Corollary 2.3. If[1, c|y is a lattice, then [1, c|r is a sublattice of |1, c|p.

The proof of Proposition 2.2 will make use of several lemmas.
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Lemma 2.4. The map ¢ is an automorphism of the absolute order on W'.

Proof. Bacht € T"is wsw™! for some w € W’ and s € S’ and since ¢ is a group automorphism
that permutes S’, ¢(t) = ¢(w)p(s)[p(w)] ! is also a reflection. Applying the same argument
for ¢!, we see that ¢ permutes the set 7" of reflections in 7¥’. Thus ¢ also preserves the absolute
length function ¢z in W’. Thus u <7+ w if and only if 7/ (u) + p/ (v 'w) = Lp/(w), if and
only if {7/(d(u)) + br(p(u™w)) = lr/(éd(w)) if and only if (because ¢ is a group automor-
phism) ¢(u) <7 P(w). O

Lemma 2.5. Each reflection t € T is the product of a ¢-orbit in T’

Proof. Each s € S is the product of a ¢-orbit in S’ and each w € W is fixed by ¢.
If t = wsw™!, then write s = a; - - - ag with a; 1, = ¢(a;) fori = 1,..., k with indices mod k.
Then ¢(wa,w™') = wa;yw™t and t = (wayw™?) - -+ (wapw™1). O

The multiplicity of a reflection ¢ € T is the size of the ¢-orbit in 7" whose product is ¢.

Lemma 2.6. Let c be a Coxeter element of W. If ay - - - a,, is a reduced T'-word for c, then the
multiset of multiplicities of the letters aq, . . . , a, is the same as the multiset of p-orbit sizes in S’.

Proof. There is at least one reduced 7-word for c that satisfies the lemma by definition, namely,
any reduced 7-word for ¢ whose letters are S. Hurwitz moves on reduced 7-words are moves
that take two adjacent letters ¢¢’ and replace them by either /(¢'tt’) or (tt't)t. It is apparent
from the proof of Lemma 2.5 that Hurwitz moves preserve multiplicities of the letters of the
T'-word. Since any two reduced 7-words are related by a sequence of Hurwitz moves [IS10,
Theorem 1.4], the lemma follows. ]

Lemma 2.7. Suppose w € [1,c|r and suppose a; - - - ay, is a reduced T-word for w. Let by - - - b,
be a word obtained from a; - - - aj, by replacing each a; € 'I' by a formal product of the corre-
sponding ¢-orbit in T'. Then by - - - b, is a reduced T'-word for w.

Proof. Since w € [1,c|r, there exist letters ay1, . ..,a, in T such that a; - - - a,, is a reduced
T-word for c. Let by - - - b,,, be the T"-word obtained from a; - - - a,, as described in the lemma.
Lemma 2.6 implies that m is the sum of the sizes of the ¢-orbits in S” corresponding to the
elements of S. That is, m = |S’|. We see that b; - - - b,, is a reduced 7"-word for c. Since b; - - - b,
is a prefix of by - - - by, it is a reduced T"-word for w, as desired. O]

Proof of Proposition 2.2. The proposition amounts to two assertions: First, that an ele-
ment v € W has u <p c if and only if u < ¢; and second that two elements u, w € [1,c|r
have u <7 w if and only if u <7v w.

Suppose u <7 cand leta; - - - a,, be areduced T-word for c having a prefix a; - - - a; thatis a
T-word for u. By Lemma 2.7, there is a reduced 7"-word for ¢ having a prefix that is a 7"-word
for u, so u <7 c. Conversely, suppose v € W has u <y c and let b; - - - b,, be a reduced
T’'-word for ¢ having a prefix b, - - - b; that is a reduced 7"-word for u. By Lemma 2.7, we can
take b - - - b; to be the word obtained from a reduced 7-word a; - - - a; for u. Since also u~'c is
in W, we can also appeal to Lemma 2.7 to take b1 - - - b,,, to be the word obtained from a reduced
T-word a1 - - - a, for u. But then, the T’"-word b - - - b,, for ¢ is obtained from a; - - - a, as
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described in Lemma 2.7, so Lemma 2.6 implies that n” = n and thus a; - - - a,, is a reduced
T-word for c. We see that u <7 c.

Now suppose u, w € [1,c]p. If u <p w then there is a reduced 7-word for w having a
reduced T-word for u as a prefix. Lemma 2.7 lets us construct a reduced 7"-word for w having
a reduced T"-word for u as a prefix, so u <7 w. Conversely, if u <7+ w, then there exists a
reduced T"-word by - - - b, for ¢ having a prefix b; - - - b;, that is a word for v and a prefix by - - - ;
that is a word for w, with k& < [. Since u, u~!w and w~c are all in W, arguing as in the previous
paragraph, we can take 0; - - - b, to be the word obtained from a reduced 7'-word a; - - - a,, for ¢
having a prefix that is a 7-word for w and a shorter prefix that is a 7-word for u. Thus u <p w.

[

2.4. Affine type

The Coxeter groups of affine type are precisely the Coxeter groups that admit a Cartan matrix A
with determinant 0 such that every principal minor of A has positive determinant. Equiva-
lently, K is positive semi-definite but not positive definite, and for each = = 1, ..., n, the re-
striction of K to the span of {ay,...,a,} \ {a;} is positive definite. There is a well known
classification of Coxeter groups of affine type. Some Coxeter groups of affine type admit multi-
ple integer symmetrizable Cartan matrices, but we will make the standard choice (which comes
from a uniform construction starting with a finite crystallographic Coxeter group. See, for exam-
ple, [Hum90, Chapter 4].) We will call this choice a standard affine Cartan matrix associated
to WW.

We will not need the details of the construction of a standard affine Cartan matrix A, but we
will describe some of the properties of such an A. There is a vector § € V' whose simple-root
coordinates constitute a 0-eigenvector of A with strictly positive entries such that the gcd of the
entries is 1. There is an index aff € {1,... n} that makes the rest of this paragraph true. The
matrix Ag, obtained from A by deleting row aff and column aff is the Cartan matrix associated
to an irreducible Coxeter group W of finite type. Let V5, be the span of {ay, ..., a,} \ {ag},
let ®g, be the finite root system ® N Vj,, and let W5, be the associated Coxeter group (the
standard parabolic subgroup of W generated by S \ {s.g}). The real roots associated to A are
precisely the vectors 5 + ko for § € ®g, and k& € Z. (The imaginary roots associated to A are
the nonzero integer multiples of ¢.)

As mentioned in Section 2.2, in finite type, for each Coxeter element c there is a plane called
the Coxeter plane on which c acts as a rotation. In the affine case, there are two analogs of the
Coxeter plane, one contained in V' and the other in V*.

In an affine Coxeter group, the action of a Coxeter element ¢ on V' has the eigenvalue 1
with multiplicity 2, but has only a 1-dimensional fixed space. The fixed space is spanned by ¢
(which indeed is fixed by every element of WW). There is a unique generalized 1-eigenvector -,
associated to ¢ contained in the subspace Vj,. (The fact that . is a generalized 1-eigenvector
associated to § means that (¢ — 1)7. = 6. See [RS20, Proposition 3.1].) The plane spanned by §
and 7, is fixed as a set by ¢, and will be called the Coxeter plane in V.

The action of the Coxeter element c on V'* also has the eigenvalue 1 with multiplicity 2 and a
1-dimensional fixed space. The vector w.(d, - ) € V* spans the fixed space [RS20, Lemma 3.5].
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Lemma 2.8. The vector w.(., -) € V* is a generalized 1-eigenvector for ¢, associated to the
1-eigenvector w.(4, ).

Proof. We need to show that ¢ - w.(Ve, - ) = wWe(Ve, - ) + we(d, - ). Since 7. is a generalized
1-eigenvector associated to 0, we know that ¢y, = y.+9. Thus we(cYe, + ) = We(Ve, + ) Fwe(d, +).
We will verify that w.(c,, ) = ¢+ we(7e, - ). Writing x for w.(7,, - ), for any y € V, we have

<CI7 y) = <'ZE7 C_1y> = w0(757 C_ly) - wC(C,yC7 y)?
as desired. ]

The plane in V* spanned by w.(d, - ) and w.(7,, - ) will be called the Coxeter plane in V*.

To implement the “project a small orbit to the Coxeter plane” construction in affine type, we
need to decide whether to consider an orbit in V' or VV* and whether to project to the Coxeter
plane in V' or VV*. We will see here and in [Rea22] that taking an orbit in V' and projecting to
the Coxeter plane in VV* works well. Other choices appear to work less well.

3. Affine type A

3.1. Affine permutations and a larger group

The Coxeter group W of type A, has S = {s1,...,8n}, m(s;,8:41) = 3, and other-
wise m(s;,s;) = 2. (Throughout this section, we take indices mod n for simple reflections
and simple roots.) A Cartan matrix A for W has a;;+1) = —1 and other off-diagonal entries 0.

We construct a root system for A in the vector space R"*!, with standard basis e, . .., e,,1.
We further define vectors e; for all © € Z by defining  to be e, | — e, and setting e;,,, = €; + ¢
for all 2. (Since the vectors e; are indexed by Z, indices on vectors e are not taken mod n.) We
define a symmetric bilinear form K on R™*! by taking the usual inner product on the linear span
of ey, ..., e, but setting K(e,+1,7) = K(ey,x) for all z € R"". In particular, K(d,z) = 0
for all x € R™1,

Define vectors «; = e;11 — e; and o = «; for i = 1,...,n. These vectors are naturally
indexed modulo n, because €;,,411 — €4 = (€131 +9) — (€, +09) = €;.1 —e; foralli € Z.
The linear span of avy, . . ., v, is the subspace V of R"*! consisting of vectors whose coordinates
sum to zero. We see that K (o, ;) = a;; forall 7,5 € {1,...,n}. Thus we have constructed
simple roots and a form K corresponding to A. The vector ¢ is the vector described in Sec-
tion 2.4. That is, its simple-roots coordinates (the all-ones vector) are a 0-eigenvector of A with
positive entries and ged 1.

The positive roots for A are the vectors of the form e; — e, for ¢ < j € Z
with i@ # j (mod n). Any given positive root has infinitely many expressions as a differ-
ence e; — €;, because €, — €; = (€4, —0) — (€4, — 9) = €j1,, — €4, and so forth. The
reflection ¢ orthogonal to a root e; — e; has

€,—j+i if k= j (modn),
t(ex) = § €xrj_i if k=1 (modn), or

e otherwise,
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and in particular
ejr1 if j =i (modn),
si(ej;) = qej_1 ifj=i+1(modn), or
otherwise.

€;

The set @5, = {£(e; —€;) : 1 < < j < n} is a finite root system of type A,,_; and the
full set ® of real roots is {5 + ko : 5 € $gn, k € Z}.

We describe the affine Coxeter group W in terms of its action on {e; : ¢ € Z}. The action
on indices ¢ € Z is the usual description of I as the group S, of affine permutations. (See,
e.g. [BBO5, Section 8.3].) These are permutations 7 of Z such that 7(i + n) = 7(i) + n for
alli € Zand >} m(i) = ("}"). We also consider the group Sz(mod n) of periodic permuta-
tions: permutations 7 of Z such that 7(i + n) = (i) + n for all i € Z. The group of periodic
permutations is sometimes called the extended affine symmetric group. An affine permutation
(or more generally a periodic permutation) 7 acts on R"*! by sending each e; to €r(i)-

A permutation 7 € Sz(mod n) can be described in terms of its cycle structure. A finite
cycle in m may not contain two entries that are equivalent modulo n, and for every finite cy-
cle (a1 as -+ ay) in 7, the cycle (a; + fn as + ¢n --- a + ¢n) is also present in 7 for ev-
ery { € Z. We write (a; as - - - ay)y, for the infinite product [ [, (a1 +¢n ay+4n --- a+4n)
of cycles. An infinite cycle in 7 necessarily has two entries that are equivalent modulo n, and, for
any entry a in the cycle, the cycle is completely determined by the sequence of entries from a to
the next entry that is equivalent to @ modulo . Thus we can represent infinite cycles in 7 by writ-
ing (+--ay ag -+ agyq -+ ), where ag; = @y (mod n) and a; # a; (mod n) fori =1,... k.

The simple reflections in S ares; = (¢ i+1),fori = 1,...,n, and the reflection orthogonal
toaroote; —e; is (i j),. Thus the set of reflections is 7" = {(i j), : ¢ < j,i # j (mod n)}.

A periodic permutation 7 is completely determined by the sequence 7 (1), 7(2),...,m(n),
sometimes called the “window” of w. The affine permutations are the periodic permutations

whose window sums to (”;rl)

Lemma 3.1. Suppose 7,7 € Sz(mod n). Then

1. {n(1),...,m(n)} contains exactly one representative of each mod-n class.

2. 30 w(i) = ("}") (mod n).

Proof. If1 <i < j < nandn(i) = n(j) (mod n), then write 7(i) = 7(j)— kn for some k € Z.
Then 7(i + kn) = 7(j), and this contradiction proves Assertion 1.

Since 7 € Sz(mod n), for each i € {1,...,n}, we can write 7(4) uniquely as u(i) + x(i)n
for 1u(), k(i) € Z with 1 < p(i) < n. Then Y  7(i) is equal to Y, (u(i) + k(i)n), which
by Assertion 1 equals (”;1) + > i, k(i)n. That proves Assertion 2. O

Remark 3.2. One can show that the map 7 +— L (327 7(i) — ("1")) is a surjective homomor-

phism from Sz(mod n) to Z, whose kernel is the subgroup S,

Proposition 3.3. The group Sz(mod n) is generated by the set {s1, . ..,s,} U{{1}, where {; is
the permutation whose only nontrivial cycleis (---1 1+mn ---).
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Proof. Suppose 7 € Sz(mod n). Lemma 3.1.2 says that Y, w(i) = ("}') + kn for

some k € 7. Writing 7' for (7% o7, we have "1 /(i) = ("}'), so ' € S,. Since S, is gener-
ated by {s1,...,s,}, we see that 7 = £¥7’ is in the group generated by {s1,...,s,} U{f}. O

More generally, write ¢; for (-+- ¢ i+n ---)and write L for {¢1,...,¢,} U{¢7", ... 01}
of loops. The name looks forward to a map that associates ¢; or £; ' to a noncrossing partition
of the annulus whose only nontrivial block resembles a loop at 7. The following is an immediate
corollary of Proposition 3.3.

Corollary 3.4. Sz (mod n) is generated by T U L.

The set 7' U L has an important property (analogous to the set 7" of generators of §n); Itis
closed under conjugation in Sz(mod n).

Just as we are interested in the interval [1, ¢|r in the absolute order on Sp, we will also
be interested in the analogous interval in the group Sz(mod n), with respect to the generating
set T'UL. We write {1, for the length function in Sz(mod n) relative to the generating set 7"U L.
We also write <7, for the partial order on Sz(mod n) defined by u <p_; w if and only
if (ror(w) = lror(u) + fror (u™tw), analogous to the absolute order on S, . We write 1, c]rur
for the interval between 1 and c in this order, where the subscript specifies not only the generating
set, but indirectly also the group where the interval lives.

3.2. Coxeter elements

In this section, we describe the choice of a Coxeter element in §n in terms of placements of
integers on the boundary of an annulus. In Section 3.3, we show how the placement of numbers
on the annulus arises from the construction described in Section 2.4, projecting an orbit in V' to
the Coxeter plane in V*.

In type A,_1, the Coxeter diagram is a cycle with each s; adjacent to s;_; and s;,; (with
indices modulo n as usual). Thus the choice of a Coxeter element c is exactly the choice
of 5,1 — s;ors; — s;_1 foreach: = 1,...,n to make an acyclic orientation. We record
the choice of ¢ as follows: The numbers 1,...,n are placed in clockwise order over one full
turn about the center of the annulus. The number ¢ is placed on the outer boundary if and only
if s,_1 — s; (i.e. s;_1 precedes s; in ¢) or on the inner boundary if and only if s; — s, (i.e. s;
precedes s;_ in ¢). We identify the numbers 1, . . ., n with their positions on the boundary of the
annulus, and call them outer points or inner points. This construction creates a bijection from
the set of Coxeter elements to the set of all partitions of {1,...,n} into a nonempty set of outer
points and a nonempty set of inner points. If there are no outer points or no inner points, the
corresponding orientation of the diagram is a directed cycle, and thus does not specify a Coxeter
element.

Example 3.5. Figure 3 shows the case where W = §7 and the Coxeter element
iS ¢ = 54555251535457, so that the outer points are 3,4, 7 and the inner points are 1,2, 5, 6.
In cycle notation,c= (---3 4 7 10 ---)(---6 5 2 1 — 1 ---). The significance of the gray
vertical line segment in the picture will be explained later.
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Figure 3: Inner points and outer points for ¢ = s4555251535457.

Lemma 3.6. Let ¢ be a Coxeter element of S, represented as a partition of {1, ..., n} into inner
points and outer points. If ay, ..., a; are the outer points in increasing order and by, . .., b, _j
are the inner points in decreasing order, then

C:(“‘al a2...ak a1+n...)(...b1 bz...bn_k_ bl_n...)'

Proof. Since every orientation of the Coxeter diagram for gn is conjugate, by source-sink moves,
to an orientation such that s,, is the unique source and there is a unique sink s;, we can prove
the lemma in two steps. The first step, whose details are omitted, is to compute that the lemma
holds in the case where ¢ = s,,8,,_1 - - - Sk115152 - - - Sk, SO that the outer points are 1, ..., k and
the inner points are k + 1,...,n.

The second step is to show that the conclusion of the lemma is preserved under source-sink
moves. Suppose c has cycles as described in the lemma, and suppose s; is a source. That means
that ¢ is inner and ¢ + 1 is outer. After the source-sink move, ¢ is outer and ¢ + 1 is inner.
Conjugating by s; = (i i + 1), serves to swap ¢ and 7 + 1 in the cycle notation for ¢, thus
preserving the conclusion of the lemma. If s; is a sink, the proof is the same, with inner and
outer reversed. 0

3.3. Projecting to the Coxeter plane

Recall that the Coxeter plane in V* is spanned by the vectors w, (9, - ) and w.(7., - ). We next
explain how to project an orbit in V' to the Coxeter plane in VV* and recover the annulus from
Section 3.2.

Proposition 3.7. Let ¢ be a Coxeter element of S,,, represented as a partition of {1, ..., n} into
inner points and outer points. Then

%Wc(@ )= Z (pi = pim1) = — Z (pi = pi—1) = Z Pi — Z Pi-

1<i<n 1<i<n 1<isn 1<i<n
i outer 1 inner .1 outer 4 inner
141 inner 141 outer

The quantities ¢ — 1 and ¢ + 1 occurring in the proposition are interpreted mod n.

Proof. The coefficient of p; in w.(d, ) is w.(d, ;). Since § = a3 + - - - + a,, Equation (2.1)
and the skew-symmetry of w, imply that

we(0, @)) = —we(a, ;1) — welay i) = £1 £ 1,
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taking the “+” in the first & if and only if 7 is an outer point, and taking “+” in the second =+ if
and only if i + 1 an inner point. Thus the coefficient of p; in w.(0, - ) is 2 if 7 is outer and 7 + 1
is inner, is —2 if 7 is inner and ¢ 4 1 is outer, or is 0 otherwise. We have verified the rightmost
expression for $w, (4, - ), and the other two expressions follow. O

The following result is not needed in the arguments that follow, but is useful in computing
specific examples. Let #inn be the number of inner points associated to ¢ and let #out be the
number of outer points. Further, let (#inn¢;) be the number of inner points less than or equal
to k, etc.

Lemma 3.8. Let c be a Coxeter element of S,,, represented as a partition of {1, . .. ,n} into inner
points and outer points. Then

Ve = % <(#inn) Z e; — (#out) Z ei) = Zbk@ka

i outer i inner

where by = L[(#innc ) (Foutsy) — (#innsy) (#outy)).

Proof. Write 7 for £ ((#inn) Y, e € — (F#out) >, ... €). The subspace Vg, of V is the
span of the simple roots aq, ..., a,_1 (i.e. all simple roots except «,). This is the subspace
of R™™! with (n + 1)** coordinate 0 and with coordinates summing to 0. Thus 7 is indeed
in Vi,. We verify that it is a generalized 1-eigenvector associated to 6. Lemma 3.6

implies that C(Ziouter ei) = (Zz‘outer ei) +0 and C(Ziinner ei) - (ZZ inner ei) —0

Thus ¢(y) = v + [(#inn) + (#out)]d = v + ¢, as desired. Furthermore,

1
EEPIURS
% inner
J outer
1 7—1 i—1
DI IED I
¢ inner k=1 i inner k=j
J outer J outer
i<j J<i
1 n
= o a [(#inngg ) (Foutsy) — (Finnsy ) (Fouty)] . 0
k=1

Our next step is greatly simplified by working in R"*! rather than in the subspace V. Specif-
ically, we think of V" as the quotient of R"*! modulo the line spanned by e; +- - - +e,,, so that we
can name a vector in VV more conveniently by naming a vector in R"*!. (By checking each s;, we
verify that the action of IV fixes e; + - - - + e,,. The subscript n is not an error: €; + - - - 4+ €41
is not fixed by W.) In particular, we will write expressions of the form (x,y) for x € V*
and y € R™"!, interpreting y as a vector in V' (or equivalently, extending the pairing (-, - ) to a
bilinear map V* x R"™! by declaring (z,e; + --- +e,) = 0forall z € V*).

The most natural W-orbit in R"*! is {e; : j € Z}, on which W acts by affine permutations
of indices. The following proposition will help us project this orbit to the Coxeter plane.
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Proposition 3.9. Leri € {1,...,n} and j € Z. Then

<puej>:%'+v—LJ_

n

Proof. Itis straightforward to verify that } " | £o; = €, 11—+ (e1+---+e,),50 (p;, €,41) = *.
Since the p; are dual basis to the «;’, and since (in type A) a) = q;foralli = 1,...,n, we
conclude that the proposition holds in the case 7 = n + 1. To complete the proof, we show that
the proposition holds for some j € Z if and only if it holds for j + 1. Since e;;; = e; + a; (with
the index on «; interpreted modulo n), we see that

(pir€j1) = {<'0i’ej> +1 ifi=j (modn), or

(pi, ;) otherwise.
The proposed formula for (p;, €;) exhibits the same behavior as j is replaced by j + 1. [
Proposition 3.10. Let c be a Coxeter element of §n represented as a partition of {1, ... ,n} into

inner points and outer points. Then %wc(é, e;) takes two distinct values (differing by 1 and having
strictly opposite signs), as j ranges over 7, taking the positive value if and only if j (mod n) is
an inner point.

Proof. Propositions 3.7 and 3.9 imply that

o= = (o [57)- 2 (e l57))

_ 1 outer 4 inner
1+1 inner 1+1 outer

Thisis > souer |22 | = simner | 2] plus a quantity that is independent of j. Thus as j

i+1 inner n i+1 outer
runs through Z in increasing order, fw.(d, e;) increases by 1 every time j (mod n) becomes an
inner point, and decreases by 1 every time j (mod n) becomes an outer point.
To complete the proof, it remains to show that 0 < %wc(é, e;) < 1 for some j such
that j (mod n) is inner or that —1 < 3w, (4, ;) < 0 for some j such that j (mod n) is outer. We

will estimate 1w.(d, €,41). We have

%wc(&enm: > <%+V;ZD_ 3 <%+V;ZD

. outer % inner
i+1 inner i+1 outer

Since these sums are over 1 < ¢ < n, all of the floors are zero, so

1 . .
§wc(57en+l): Z %_ Z %

_ 1 outer 1 inner
i+1 inner 12+1 outer

Both sums in the above expression have the same number of terms, because the elements of the
cycle (1 2 --- n) switch from outer to inner the same number of times they switch from inner to
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outer. If 1 is outer, then each term in the first sum is smaller than the corresponding term in the
second sum, so that %wc(é, e,+1) < 0. But also, the first term in the second sum is smaller than
the second term in the first sum, and so forth. Thus %wc(d, €,+1) is greater than the first term in
the first sum minus the last term in the second sum, which is at least 1’7” > —1. On the other
hand, if 1 is inner, then each term in the first sum is larger than the corresponding term in the
second sum, so that %wc(é, €,+1) > 0. Also, the first term in the first sum is smaller than the
second term in the first sum, etc., so %wc(& €,.1) is less than the last term in the first sum minus
the first term in the second sum, which is at most ”T_l < 1. O]

The Coxeter plane in V* is spanned by the 1-eigenvector w.(d, - ) and the generalized 1-
eigenvector w.(7., - ). Thus the projection of a point x € V to the Coxeter plane in V* is the
point wWe(Ye, T)we(Ve, ) + we(d, x)we(d, - ) € V™.

Theorem 3.11. Let c be a Coxeter element of §n, represented as a partition of {1, ... ,n} into
inner points and outer points, and consider the projection of the orbit {e; : j € Z} to the Coxeter
plane in V*.

1. The projection takes {e; : j € Z} into two parallel lines, each characterized by a con-
stant w.(0, - )-coordinate.

2. One of the two lines has negative w.(9, - )-coordinate and contains the image of the
set {e; : j (mod n) is outer}, while the other line has positive w.(0, - )-coordinate and
contains the image of {e; : j (mod n) is inner}.

3. If j < j' and j and j' are either both outer or both inner, then the projection of e; has
strictly larger w (7, - )-coordinate than the projection of e;.

4. On the line containing outer points, the space between adjacent points is —w.(0, e;) for
any j outer. On the line containing inner points, the space between adjacent points
is w.(6, e;) for any j inner.

5. The difference between the w.(7., - )-coordinates of the projections of e; and ej,
is wWe(Ye, 0), independent of j.

Proof. Proposition 3.10 implies immediately that the inner and outer points project
into two lines as in Assertions 1 and 2. The difference described in Assertion 5
is we(Ye, €5 +0) — We(Ves €5) = we(Ve, 6).

To prove Assertions 3 and 4, we first evaluate w.(7., ¢ 'e;). This is equal to w.(cv,, €;),
and since ¢y, = 7. + 6, it further equals w.(7. + d,€;). Thus w.(Ve, ¢ ej) — we(7e, €5)
is w.(d,e;). If j (mod n) is outer, then Lemma 3.6 says that ¢ 'e; is the next smallest integer
that is outer modulo n. Also Proposition 3.10 says that w.(d, ;) is negative, and we conclude
that e; projects to a strictly larger w.(7,, - )-coordinate than the next smallest outer integer. Sim-
ilarly, if j (mod n) is inner, then Lemma 3.6 says that ¢"'e; is the next largest integer that is
inner (mod n). In this case, Proposition 3.10 says that w,(d, e;) is positive, so e; projects to a
strictly smaller w.(7,, - )-coordinate than the next largest inner integer. 0
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Figure 4: Projecting an orbit to the Coxeter plane in V.

Example 3.12. Continuing Example 3.5, when W = §7 and ¢ = 54555951535457, We
compute that 7w.(d,e;) is —4 or 3, taking the positive value if and only if j (mod 7) is
inner, that 7w.(v.,e;) — % takes values —8, —2,—7,1,4,10,9 for j = 1,2,3,4,5,6,7, and
that w(7e, €j47) equals we(7., €;) + 2 for all j. The projection of part of the orbit {e; : j € Z}
to the Coxeter plane in V* is illustrated in Figure 4, with the w. (7., - )-direction on the horizontal
axis and the w.(J, - )-direction on the vertical axis.

Theorem 3.11 suggests that, after projecting the orbit {e; : j € Z} to the Coxeter plane in V",
we can profitably consider the w.(., - )-direction in the Coxeter plane modulo the difference
described in Theorem 3.11.5. When we do so, instead of mapping the orbit into the two boundary
lines of an infinite strip, we map the orbit into the two boundary circles of a cylinder. We flatten
the cylinder to an annulus in such a way that the line of projected points with negative w.(d, - )-
coordinate becomes the outer boundary of the annulus, while the other line becomes the inner
boundary. Each mod-n class {e; 1, : k € Z} in the orbit maps to a single point on the boundary
of the annulus. We recover (up to shifting the points along the boundary without moving points
through each other) the annulus with outer and inner points that was described in Section 3.2.
In particular, the projection in Figure 4 becomes the annulus in Figure 3.

3.4. Noncrossing partitions of an annulus

Fix a Coxeter element c in §n, encoded by a choice of inner and outer points on an annulus
as described in Section 3.2. We refer to this annulus as A. The inner and outer points are
collectively called numbered points.

The pair consisting of A and the set of numbered points is an example of a marked surface
in the sense of [FSTO08, FT'18] (where the numbered points were called marked points). We now
quote from [Rea25] some definitions and results on noncrossing partitions of marked surfaces,
in the special case of noncrossing partitions of the annulus A. We emphasize, however, that
these results appeared in [Bre22] in the annulus case and were generalized to marked surfaces
in [Rea25].

A boundary segment of A is the portion of the boundary of A between two adjacent num-
bered points. A boundary segment may have both endpoints at the same numbered point if that
is the only numbered point on one component of the boundary of A.

Two subsets of A are related by ambient isotopy (or simply isotopy) if they are related by
a homeomorphism from A to itself, fixing the boundary 0A pointwise and homotopic to the
identity by a homotopy that fixes 0 A pointwise at every step.

Anarc in A is a non-oriented curve in A, with endpoints at numbered points (possibly coin-
ciding), that does not intersect itself except possibly at its endpoints and, except for its endpoints,
does intersect the boundary of A. We exclude the possibility that an arc bounds a monogon in A
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(and thus is contractible to its endpoint) and the possibility that an arc combines with a bound-
ary segment to bound a digon in A (and thus can be deformed to coincide with the boundary
segment). We consider arcs up to ambient isotopy. Thus an arc is uniquely identified by which
numbered points it connects and which direction and how many times the arc wraps around the
hole of the annulus.

An embedded block in A is one of the following:

* atrivial block, meaning a singleton consisting of a numbered point in A;
* an arc or boundary segment in A;

* adisk block, meaning a closed disk in A whose boundary is a union of arcs and/or bound-
ary segments of A;

* a dangling annular block, meaning a closed annulus in A with one component of its
boundary a union of arcs and/or boundary segments of A and the other component of its
boundary a circle in the interior of A that can’t be contracted in A to a point; or

* a nondangling annular block, meaning a closed annulus in A with each component of its
boundary a union of arcs and/or boundary segments of A.

The first two types of embedded blocks are degenerate disk blocks. The last two types of embed-
ded blocks are referred to less specifically as annular blocks. Embedded blocks are considered
up to ambient isotopy.

A noncrossing partition of Ais a collection P = {Ey, ..., E;} of disjoint embedded blocks
(the blocks of 'P) such that every numbered point is contained in some F; and at most one F; is an
annular block. Noncrossing partitions are considered up to ambient isotopy. Thus a noncrossing
partition of A is a partition of the set of numbered points together with the additional data of how
each block is embedded as a point, curve, disk, or annulus. We refer to different, but isotopic,
choices of the embedded blocks F, ..., Fj as different embeddings of the same noncrossing
partition.

Given that the blocks are pairwise disjoint, restricting to at most one annular block serves
only to rule out the case of two dangling annular blocks, one containing numbered points on its
inner boundary and the other containing numbered points on its outer boundary.

Example 3.13. We can now give more context to Figure 1. These are noncrossing partitions of
the annulus from Example 3.5. (Compare Example 3.12.) Degenerate blocks are shown with
some thickness, to make them visible.

We define a partial order on noncrossing partitions of A, called (in light of Theorem 3.15
below) the noncrossing partition lattice: Noncrossing partitions P and Q have P < Q if and
only if there exist embeddings of P and Q such that every block of P is contained in some
block of Q. We write NC for the set of noncrossing partitions of A with this partial order.
The superscript A refers to the annulus A and also foreshadows the connection to affine Coxeter
groups of type A.
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Example 3.14. Continuing Example 3.13, we see that the left noncrossing partition shown in
Figure 1 is less than the middle noncrossing partition, but that is the only order relation among
the three noncrossing partitions shown.

The following is a result of [Bre22] that we quote here as [Rea25, Theorem 4.3], which is in
turn a specialization of [Rea25, Theorems 2.11, 2.12].

Theorem 3.15. The poset NC of noncrossing partitions of an annulus with marked points on
both boundaries, n marked points in all, is a graded lattice, with rank function given by n minus
the number of non-annular blocks.

The proof of Theorem 3.15 uses the curve set of a noncrossing partition. The curve set of an
embedded block is the set of all arcs and boundary segments that (up to isotopy) are contained
in the block. The curve set curve(P) of a noncrossing partition P is the union of the curve
sets of its blocks. The proof of Theorem 3.15 in [Rea25] or [Bre22] constructs P A Q as the
unique noncrossing partition whose curve set is curve(P)Ncurve(()) and appeals to the following
proposition, which is a specialization of [Rea25, Propositions 2.16, 2.17].

Proposition 3.16. A noncrossing partition of A is determined uniquely (up to isotopy) by its
curve set. Two noncrossing partitions P and Q have P < Q if and only if curve(P) C curve(Q).

It is easy to reconstruct P from its curve set. If any numbered point i has a curve in curve(P)
connecting ¢ to itself, there is an annular block in P, containing every such i. There are only
finitely many curves involving numbered points not in the annular block. These define the (pos-
sibly degenerate) disk blocks of P.

Any arc or boundary segment can be thought of as a noncrossing partition, namely the non-
crossing partition whose only nontrivial block is that curve or the dangling annular block one of
whose boundary components is that curve. The following theorem is [Rea25, Corollary 2.34],
where we abuse notation by thinking of curve(P) as a set of noncrossing partitions.

Theorem 3.17. Suppose P € NCA. Then P = \/ curve(P).

We also quote a result that describes cover relations in Z/\féj‘ Given P € ]VE'CA a simple
connector for P is an arc or boundary segment « in the annulus that is not in curve(P) and that
starts in some block £ of P, leaves F, and is disjoint from all other blocks until it enters some
block of E’ of P, which it does not leave again. (Possibly £ = FE'.)

Given a simple connector x for P, we construct the augmentation of P along &k,
written P U k. We first replace F and E’ by the smallest embedded block containing F, F’
and . This is constructed as follows: If F and E’ are distinct points, then this smallest block is .
If £ = FE’is a point, then the smallest block is an annulus bounded by ~ and the noncontractable
circle in the interior of A. Otherwise, we replace E and E’ by the union of F and E’ with a
“thickened” version of « (a suitably chosen digon containing «). If £ and/or E’ is an curve, they
might also need to be “thickened”. This “thickened union” may fail to be an embedded block
because one or more components of its boundary might fail to be a union of arcs/boundary seg-
ments of A. Specifically, if some component is composed of arcs and boundary segments and



20 Laura G. Brestensky , Nathan Reading

7 7 7 .

2 P
4 3 1 3 1 .

Qi Qy Q3 Q4

Figure 5: Q1 < Qs < Q3 < Qy4, with simple connectors.

some other curves connecting marked points, such that each of these other curves, together with
a boundary segment, bounds a digon, then we attach all such digons. Once we have created this
block containing F, £ and &, the result may fail to be a noncrossing partition because it may
contain two annular blocks. In this case, both annular blocks are dangling, with one contain-
ing numbered points on the inner boundary of A and one containing numbered points on the
outer boundary. We replace the two dangling annular blocks with a single non-dangling annular
blocks containing these inner and outer numbered points and no others. -

We use the construction of augmentation to describe cover relations in NCA. (The sym-
bol “<” denotes a cover relation.) The following is [Rea25, Proposition 2.24].

Proposition 3.18. If P, Q € NCA, then P < Q if and only if there exists a simple connector r
for P such that Q = P U k.

Example 3.19. Figure 5 shows noncrossing partitions Q;, Oy, O3, and Q4 with Q; < Qs <
Q3 < Q4. (The noncrossing partitions Q; and Q4 were also pictured in Figure 1.) In each Q;
for: = 1,2, 3, a simple connector x; is also shown (as a dashed curve) such that Q, | = Q;Uk;.

Suppose P € ]/V\éCA and ) is a non-self-intersecting curve contained in some block £ of P,
with each endpoint at a non-numbered point on the boundary of E. Then ) is a cutting curve
for P if it either (when E is annular or non-annular) cuts £ into two pieces, each having at least
one numbered point, or (when £ is annular), cuts £ into one non-annular piece. We allow the
degenerate case where E' is an arc or boundary segment and A is a non-numbered point in £.
Write P — A for the noncrossing partition obtained from P by cutting F in this way. More
precisely, each component of the complement of A in £ contains a unique largest embedded
block, and we replace £ with the largest block(s) in this (these) component(s). The following
proposition is immediate from Proposition 3.18.

Proposition 3.20. If P, Q € ]/\7@4, then P < Q if and only if there exists a cutting curve \ for Q
such that’ P = Q — \

Example 3.21. Continuing Example 3.14, Figure 6 shows the same noncrossing parti-
tions Q; < Qs < Q3 < Q, pictured in Figure 5. In each Q; for i = 2, 3,4, a cutting curve J; is
shown (as a dotted curve) such that Q,_; = Q, — \A,.

Write ]Véf"’ for the subposet of ]VE’CA consisting of noncrossing partitions of A with no
dangling annular blocks.
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| O

1 2 Q3

Figure 6: Q) < Qs < Q3 < Qy, with cutting curves.

Figure 7: Joins in ]Véj‘ may need dangling annular blocks.

Proposition 3.22. Suppose P, Q € ]/\76'(;4"’. Then Q covers P in ]/\/\(/XLO if and only if Q covers P
in NCA. If P < Q and k is a simple connector such that Q = P Uk and if k connects a block E
of P to itself, then E is a disk or arc containing numbered points on both boundaries of A.

Proof. If P < Qin N C’A, then P < Qin N C’AO because N CA" is an induced subposet.
Conversely, suppose P < Q in N C’CA °, and suppose for the sake of contradiction that there
exists P’ € NC4 such that P < P’ < Q. Then P’ & NCA°, so it has a dangling annular
block E’'. Since O € ]fV\éCA’O, E' is contained in some non-dangling annular block F of Q. Let s
be some arc or boundary segment connecting a numbered point = in £’ to a numbered point y
in F on the opposite boundary of the annulus. Certainly ~ ¢ curve(P), because the block of P
containing x is contained in £’, which does not contain y. On the other hand, x € curve(Q)
because it is contained in E. The curve x might not be a simple connector for P, but we can
carry out the construction of P U x, which has no annular block because P has no annular block
and ~ connects disk blocks to disk blocks. In particular, P U « is in ]VE’CA’O because is has no
annular block. Also, P < P U k because x ¢ curve(P), and P U k < Q because P U k has
no annular block. This contradiction to the supposition that P < Q in ]/V\E’CA’O shows that P < Q
in ]/V\E'CA

The second assertion of the proposition is immediate from the fact that Q is in ]/\76’5“’0. ]

The poset ]/\T\E’CA’O (noncrossing partitions of the annulus with no dangling annular blocks)
can fail to be a lattice, as illustrated in the following example.

Example 3.23. Take n = 4and ¢ = s4535152. The left two pictures in Figure 7 show noncrossing
partitions P, Q € NCA°. The next two pictures show minimal upper bounds for P and Q
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in ]%CA’O. The rightmost picture shows the join of P and Q in ]/\f\écA, which is not in ]/V\é’j‘"’
because it has a dangling annular block.

3.5. Isomorphisms

We now define a map perm : Z/\T(/?CA — Sz(mod n) and prove that it is an isomorphism to [1, ¢]7y .
Given P € J/VE’CA, we define perm(P) by reading the cycle notation of a permutation from the
embedding of the partition in the annulus. Each component of the boundary of each block is
read as a cycle by following the boundary, keeping the interior of the block on the right. (Each
degenerate disk block is first thickened to a disk with one or two numbered points on its boundary,
and is thus read as a singleton cycle or transposition.) The entries in the cycle are the numbered
points encountered along the boundary, but adding a multiple of n to each, with the multiple of
n increasing or decreasing according to how the block wraps around the annulus. Specifically,
the multiple of n changes when we cross the date line, a radial line segment separating n and 1,
shown as the gray segment in Figure 3. When a numbered point is reached, we record its value
(between 1 and n) plus wn, where w is the number of times we have crossed the date line
clockwise minus the number of times we have crossed counterclockwise, since starting to read
the cycle. When we return to the numbered point where we started, if we have added or subtracted
a nonzero multiple of n, then we continue around the boundary again, obtaining an infinite
cycle. Otherwise, if we have recorded the values a1, as, . . ., a; around the boundary, we obtain
the infinite product (a; as - - - a), of cycles. More specifically, a disk block becomes such an
infinite product of finite cycles, a dangling annular block becomes a single infinite cycle (either
increasing or decreasing), and a non-dangling annular block becomes a pair of infinite cycles,
one increasing and one decreasing.

Example 3.24. Labeling the noncrossing partitions shown in Figure 1 (Example 3.13) as P,
Pa, Ps from left to right, we apply perm to obtain the following permutations in Sz(mod 7):

perm(Pl):(l -7 —4)7 (2 —3)7 (5)7 (6)7
perm(Py) = (-1 =5 —6---) (-3 4 7 10---) (5 6);
perm(P3) = (1 —1 —2)7(2)7(3)7(---4 7 11 --+)

We will prove the following theorem.

Theorem 3.25. The map perm : ]VECA — Sz(mod n) is an isomorphism from ]f\FC/’f to the

interval [1, c|pyy in Sz(mod n). It restricts to an isomorphism from N C° to the interval [1, c|
inS,.

As a first step in the proof, we observe that the cycle structure of perm(P) uniquely deter-
mines P: A single infinite cycle uniquely specifies a dangling annular block, two infinite cycles
uniquely specify a non-dangling annular block, and a family of mod-n translates of a finite cycle
uniquely specifies a disk. Thus we have one piece of the proof of Theorem 3.25:

Proposition 3.26. The map perm is one-to-one.
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To continue the proof of Theorem 3.25, we need a lemma about multiplying permutations
in Sz(mod n) by reflections and loops.

Lemma 3.27. If 7 € Sz(mod n) and 7 is a reflection or loop, then T has at most one more
mod-n class of finite cycles than T has.

Proof. We run through all the possibilities for how 7 relates to 7. Recall that the set of reflections
is {(a b), : a# b(modn)} and the set of loops is

{¢(++aa+n--)ia=1,....n}U{(-~-a a=n---):a=1,...,n}.

If 7 = (a b), with a and b in the same finite cycle of 7, then we can write the class of cycles
as(ay ag -+ ay), andwrite T as (a; a;), with1 < ¢ < k. Then 7 hascycles (a; as -+ a;—1),
and (a; @11+ ag)n.

If 7 = (a b), with a and b in the same infinite cycle of 7, then we can write the cycle
as(-+-ay -+ ay ap+qn ---)forsomeq# 0andtake a = a; and b = a; +rgnwith 1 < < k
and r € Z. If r = 0, then 77 has a new finite cycles (a; --- a;_1), and an infinite cycle
(«--a; -+ a a;+qn ---). If r = —1, then 77 has an infinite cycle (a; --- a;—1 a;+qn ---)
and a new finite cycle (a; - - - ax). Otherwise, 77 has an infinite cycle (a; - -+ a;—1 a1 —rgn ---)
and an infinite cycle (- -+ a; a;41 -+ ax a;+(r+1)gn - --), but no new finite cycles are created.

If 7 = (a b), with a and b in different finite cycles of 7, then either the two cycles
are in the same class or not. If they are in the same class, then we can write the class of cycles
as (a1 ag -+ ag), and write 7 = (a3 a; + qn), with 1 < i < k and ¢ # 0.
In 7m, the infinite class of finite cycles becomes two finite classes of infinite cycles
including (- ay -+~ a;—1 ag —qn ---)and (--- a; a;41 -+ ar a; + qn ---). If the two cy-
cles are in different classes, then we can write the classes as (a; as -+ - ag), and (by by -+ by )n
and write 7 = (a; by),. In 77, those two classes of finite cycles combine into one
class (a1 Qo - Ak bl b2 s bm)n

If 7 = (a b), with a and b in different infinite cycles of 7, then either the two cycles
are in the same class or not. If they are in the same class, then we can write
the cycle containing a as (---ay ---a, a3 + gn ---) and write 7 = (a1 a; + ),
with 1 < i < kand r # 0 (mod ¢). Then 77 has cycles (---ay -+ a;—1 a3 —7rn ---)
and (-~ a; --- a a; + (¢+r)n ---), which are both infinite. If they are not in the same class,
then we can write the cyclesas (- -+ ay - ax a;+qgn ---)and (+-- by -+ by, by+7rn ---)and
write 7 = (ay b1),. In 77, there is a cycle containing the sequence a; - -+ ax by+qn - -+ by, +qn
a1 + (¢ + r)n. If ¢ + r = 0, then this is a finite cycle. If ¢ + r # 0, then this is a infinite cycle.

If 7 = (a b), with a in a finite cycle of 7 and b in an infinite cycle of 7, then we
can write the class of the finite cycle as (a; ag --- ag),, write the infinite cycle
as (++- by -+~ by by +qn ---) and write 7 = (a; b1),. In 77, these cycles combine into one
infinite cycle of the form (--- ay -+~ ax by -+ by a3 +qn ---).

Suppose 7 = (---a a £ n---). If aisin a finite cycle of 7, then write the class of
finite cycles as (a; - -- a), and take @ = a;. Then 77 has, in place of that class of finite
cycles, an infinite cycle (---ay ---ay ag+n---). If a is in an infinite cycle, we

write it as (--- a; ag -+ ax a3 + qn ---) with @ = a;. Then 77 has a cycle containing a
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sequence a; as - -- ax ay + (¢ £ 1)n. This is a new class of finite cycles if and only if ¢ = F1,
and otherwise it is a class of infinite cycles. [

We now assemble some additional fragments of Theorem 3.25.
Proposition 3.28.

1. The map perm maps ]/V\éCA into [1, c|ryr.

2. If P € NCA, then {1 (perm(P)) equals the rank of P in NCA, which is n minus the
number of non-annular blocks of P and which also equals n minus the number of mod-n
classes of finite cycles in perm(P).

3. If P < Qin NCA, then perm(P) <7y, perm(Q).

Proof. To begin, we suppose P < O and construct a reflection or loop 7 such
that perm(Q) = 7 - perm(P).

Proposition 3.18 says that there exists a simple connector x for P such that Q@ = P U k. The
curve ~ connects two blocks E and E’ of P, possibly with £ = E. In particular, ~ leaves £
by crossing some part of the boundary of E and then enters E’ by crossing some part of the
boundary of E’. There are two possibilities: Either « leaves E' through a segment of the bound-
ary that connects two numbered points and enters £’ in the same way, or (up to swapping F
and £') k leaves E between two numbered points and enters £’ through a circular component of
the boundary of E’ that is disjoint from the boundary of A. (The latter can happen only when £’
is a dangling annular block.)

First, assume that x leaves F between numbered points and enters £’ between numbered
points. Let p and ¢ be the two numbered points that x passes between on its way out of E, with p
on the left as « leaves F and ¢ on the right. Similarly, let p’ be on the right of « as it enters E’,
and let ¢’ be on the left (so that p’ is on the left as « leaves £’ in the opposite direction).

Consider the curve in Q that starts at ¢, follows the boundary of E to x, follows x to the
boundary of £’, and then follows the boundary of E’ to ¢’. This curve determines an element 7
that is a reflection (if ¢ # ¢') or a loop (if ¢ = ¢’), as follows: Let 7 be the noncrossing partition
whose only nontrivial block is the curve (if ¢ # ¢’) or the unique dangling annular block having
the curve as a component of its boundary, and set 7 = perm(7 ). Then perm(Q) = 7 - perm(P).

On the other hand, suppose E’ is a dangling annular block and « leaves £ between numbered
points (p on the right and ¢ on the left) and enters £’ through the circular component of the
boundary of E’ that is disjoint from the boundary of A. Let 7 be the loop ¢, if E is connected to
the outer boundary of A or the loop £, Lif E is connected to the inner boundary. Then multiplying
by 7 on the left turns the class of finite cycles associated to £ to an infinite cycle. This infinite
cycle is encoded by a component of the boundary of a new non-dangling annular block in Q
containing £ and £’. We conclude that perm(Q) = 7 - perm(P).

We see that in every case, there exists 7 € 7' U L such that perm(Q) = 7 - perm(P). A
maximal chain in ]VE’CA has the form Py < - - - < P,,, where Py consists of trivial blocks and P,,
has a single block (the entire annulus A). Since perm(P,) is the identity and perm(P,,) = ¢, we
can find 7, € T'U L for each P;,_; < P; as in the paragraphs above and write a word 7y - - - 7,
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for c. But every word for ¢ in the alphabet 7" U L has at least n letters: This is because ¢ has no
finite cycles, because the identity has n classes of finite cycles, and because Lemma 3.27 says
that multiplying on the left by 7 € 7"U L can increase the number of classes of finite cycles by
at most 1. Thus 7y - - - 7, is a reduced word for c in the alphabet T U L. Since every P € NCA
is on some maximal chain, we have proved Assertion 2.

Now, returning to the earlier assumption that P < @, since we showed
that perm(Q) = 7 - perm(P), and by Assertion 2, we conclude that perm(P) < perm(Q).
This is Assertion 3. -

Finally, since the unique maximal element of NC# maps to ¢, Assertion 3 and an easy
inductive argument complete the proof of Assertion 1. [

For a moment, it will be convenient to restrict our attention to annular permutations. These
are permutations with at most 2 infinite cycles, with each infinite cycle either monotone increas-
ing or monotone decreasing. Furthermore, if there are two infinite cycles, then one is increas-
ing and the other is decreasing. Note that in an annular permutation, an increasing cycle must
be(---ay -+ ax a;+n ---)forsomeay,...,as, because if a; + n is not in the cycle, then the
permutation has another increasing infinite cycle containing a; + n. The analogous fact is true
for a decreasing cycle.

Lemma 3.29. Suppose 7 is an annular permutation in Sz(mod n) and suppose T is a reflection
or loop. Then T has more mod-n classes of finite cycles than 7 has if and only if T is one of the
following:

a b), with a and b in the same finite cycle of .

a b),, with a and b in the same infinite cycle of ™ and |a — b| < n.

(
(
* 7= (a b), with a and b in different infinite cycles of .
(++-a a+mn ---)andais in a decreasing infinite cycle of .
(

-a a—mn ---)and ais in an increasing infinite cycle of .

When 17 has more mod-n classes of finite cycles than  has, then T7 is an annular permutation
and has exactly one more class of finite cycles than 7 has.

Proof. We follow the proof of Lemma 3.27 through all of the possibilities for 7, with the ad-
ditional assumption that 7 is an annular permutation. We will see that when one of the five
conditions in the lemma holds, then 77 is an annular permutation with exactly one more class
of finite cycles than 7. We will also see that, in all other cases, 7 does not have more classes
of finite cycles than 7.

If 7 = (a b), with a and b in the same finite cycle of 7, then 77 has exactly one more mod-n
class of finite cycles. Since no infinite cycles are created when 7 is applied, 77 is an annular
permutation.

If 7 = (a b), with a and b in the same infinite cycle of m, then 77 either has the same
number of classes of finite cycles as 7 or one more. Since 7 is annular, the infinite cycle is either
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increasing or decreasing and the value ¢ in the proof of Lemma 3.27 is accordingly either +1
or —1. The condition given there for 77 to have an additional class of finite cycles thus becomes
the condition that |a — b] < n. When that condition holds, the new infinite cycle in 77 is
monotone in the same direction as the infinite cycle in 7 that it was formed from, so 77 is still
an annular permutation.

If 7 = (a b), with a and b in different finite cycles of 7, then 77 has one fewer class of finite
cycles than 7.

If 7 = (a b), with a and b in different infinite cycles of 7, then since 7 is annular, the two
infinite cycles are in different classes, and furthermore the quantities ¢ and r in the proof of
Lemma 3.27 have |q| = |r| = 1 and ¢ = —r. Thus, two infinite cycles of 7 are replaced by a
single class of finite cycles in 7. Since 77 then has no infinite cycles, it is annular.

If 7 = (a b), with a in a finite cycle of 7 and b in an infinite cycle of 7, then 77 has one
fewer finite cycle than 7.

Suppose 7 = (--- @ a+mn ---). If a is in a finite cycle of 7, then 77 has one less class of
finite cycles than 7. If a is in an infinite cycle, then 77 has either one more class of finite cycles
than 7 or the same number. Since 7 is an annular permutation, the quantity ¢ in the proof of
Lemma 3.27 is either +1 or —1. The condition in the proof of Lemma 3.27 for 77 to have an
additional class of finite cycles is that either 7 = (--- a a +n ---) and a is in a decreasing
infinite cycleof ror7 = (- @ a —n ---) and a is in an increasing infinite cycle of 7. [

The following proposition is the last piece needed to prove the first assertion of Theorem 3.25.

Proposition 3.30. Suppose o < 7 in [1,c|pyr and © = perm(Q) for some Q € ]f\f\é:‘ Then
there exists P € NC such that o = perm(P) and P < Q.

Proof. Since o < 7 in [1,c|py, we can write 0 = 77 for some 7 € T U L. Further-
more, {7y (o) = lrup(m) — 1. Proposition 3.28.2 says that {7 (7) is n minus the number
of non-annular blocks of Q and also n minus the number of mod-n classes of finite cycles in 7.
We conclude that {7, (o) is n minus the number of mod-n classes of finite cycles in o, by the
same argument as in the proof of Proposition 3.28. (By Lemma 3.27, multiplying on the left
by 7 € T'U L can increase the number of classes of finite cycles by at most 1, and the identity
element has n classes of finite cycles.) Thus o has one more class of finite cycles than 7, so 7
is described by one of the bullet points in Lemma 3.29. Looking at the proof of Lemma 3.27 in
each case, we now find a cutting curve A for Q (in the sense of Proposition 3.20) that creates a
noncrossing partition P with perm(P) = o.

If 7 = (a1 a;), for some class (a; ay -+ ay), of mand 1 < i < k, then A cuts the
corresponding disk in Q, beginning between a; (mod n) and a; (mod n) and ending
between a; 1 (mod n) and a; (mod n).

If 7 = (a1 a;), for some increasing cycle (-~ a; --- ax a3 +n ---)of mand 1 < i <k,
then A cuts the corresponding annular block in Q, beginning between ay (mod n) and a; (mod n),
cutting off a disk with vertices a1, . .., a;_1, and ending between a;_; (mod n) and a; (mod n).
If 7 = (a b), for a and b in the same decreasing infinite cycle of 7 and |a — b| < n, then the
construction of A is similar.

Suppose 7 = (a; b;) foranincreasingcycle (--- aj --+ ax a;+n ---)of w and a decreasing
cycle (- by -+ by, by —n ---). Then A cuts the corresponding annular block into a disk,
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starting between a;, (mod n) and a; (mod n) and ending between b,, (mod n) and b; (mod n),
but wrapping around the annulus so that the curve from a; (mod n) to b; (mod n) that follows A
closely corresponds to 7.

Ifr = (-a a £n---)and (---a; ag -+~ ax a; Fn ---) is an increasing or de-
creasing cycle of m, then there are two possibilities. If the corresponding annular block £
is dangling, then \ is a curve starting between a; (mod n) and a; (mod n) and ending on
the component of £ with no numbered points. If E is non-dangling, then \ starts between
ar (mod n) and a; (mod n), goes around the annulus once, and ends between a; (mod n) and
a; (mod n). O

We now prove the first assertion of Theorem 3.25.

Proposition 3.31. The map perm : ]/\7\(5’6‘1 — Sz(mod n) is an isomorphism from ]/V\(f’CA to the
interval [1, ¢|ryr in Sz(mod n).

Proof. Propositions 3.26 and 3.28 show that perm is a one-to-one, order-preserving map
from NC2 to [1,c]ryz. Since c is the image, under perm, of the maximal element of NC4,
Proposition 3.30 and an easy inductive argument show that perm is onto [1, ¢|7 . Then Propo-
sition 3.30 also implies that the inverse map to perm is order-preserving. [

To prove the second assertion of Theorem 3.25, we prove analogous facts about the restriction
of perm to NC A, by the analogous proof, reusing some arguments.

Proposition 3.32.
1. The restriction of perm maps NC2* into [1, .

2. If P € NCA°, then (r(perm(P)) equals the rank of P in NC2°, which is n minus the
number of non-annular blocks of ‘P and which also equals n minus the number of mod-n
classes of finite cycles in perm(P).

3. IfP<Qin ]f\f\é’c“"", then perm(P) < perm(Q).

Proof. Suppose P < Q in ]/\f\éj‘ﬁ". Then Proposition 3.22 says that P < Q in J/V\éCA, SO we can
follow the same argument as in the proof of Proposition 3.28. Since P € ]/\7\6'(;470, we ignore the
case where the block £’ is a dangling annular block. In the other case, recall that we constructed
a loop 7 if and only if ¢ = ¢’. However, Proposition 3.22 rules out that possibility. Thus we
construct a reflection 7 such that perm(Q) = 7 - perm(P). We construct a reduced word for ¢
in the alphabet 7" and complete the proof just as in the proof of Proposition 3.28. [

Proposition 3.33. Suppose o <7 in 1, c|r and m = perm(Q) for some Q € JVE‘;LO. Then there
exists P € NCA° such that o = perm(P) and P < Q.

Proof. Since 0 < 7 in [1, ¢|p, we can write 0 = 77 for some 7 € T. As in the proof of
Proposition 3.30, but using Proposition 3.32 instead of Proposition 3.28, we see that {1 (o) is n
minus the number of mod-n classes of finite cycles in 7. The reflection 7 is described by one
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Figure 8: Kreweras complements of the noncrossing partitions from Figure 1.

of the first three bullet points in Lemma 3.29. We construct a cutting curve as in the proof
of Proposition 3.30, using only the cases where 7 is a reflection. In those cases, cutting Q
to make P does not create a dangling annular block, so P & ]/\/\6’5470. Proposition 3.22 says
that P < Q in NCA° as well. O

The following proposition completes the proof of Theorem 3.25.

Proposition 3.34. The map perm restricts to an isomorphism from ]VéCA’O to the interval |1, c|r
inS,.

Proof. We argue as in the proof of Proposition 3.31, using Propositions 3.32 and 3.33 in place
of Propositions 3.28 and 3.30. ]

3.6. Complements and intervals

In this section, we define the Kreweras complement on .if\f\é’g4 on ]/V\E'CA’O and discuss product
decompositions of intervals.

The Kreweras complement is an anti-automorphism Krew : ]/V\E’CA — ]/\76’(34, which restricts
to an anti-automorphism ]Vég“@ — ]/\7\6‘;"0. This name refers to the original complementation
map on noncrossing partitions in [Kre72]. Analogous constructions exist in types B and D.
(See [ARO4, Rei97].)

For each numbered point i, choose a point i’ on the boundary of the annulus A between i
and c(7). (Recall from Lemma 3.6 that ¢ maps an outer point 7 to the next outer point clockwise

—

from 7 and maps an inner point i to the next inner point counterclockwise.) Given P € NC4,
first construct a noncrossing partition P’ on the annulus with numbered points 1’, ..., n’ whose
blocks are the maximal embedded blocks that are disjoint from the nontrivial blocks of P, to-
gether with trivial blocks {7’} for every ¢’ contained in a block of P. Then Krew(P) is obtained
from P’ by applying a homeomorphism of A that rotates each i’ back to ¢ while moving interior
points of A as little as possible. (That is, the homemorphism maps a radial segment from the
inner boundary to the outer boundary to a segment that does not wrap around the annulus.)

Example 3.35. Figure 8 shows the Kreweras complements of the noncrossing partitions shown
in Figure 1.
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The map w + w™'c is an anti-automorphism of [1, ¢|7 also often called the Kreweras com-
plement. The same map on the larger interval [1, ¢y is an anti-automorphism for the same
easy reasons.

Theorem 3.36. If P € NC*, then perm(Krew(P)) = perm(P)~c.

Proof. Since the map Krew is an anti-automorphism, by Theorem 3.17 it is completely deter-

mined by its action on (the noncrossing partitions associated to) arcs and boundary segments.

Thus since w — w ™! cis also an anti-automorphism, it is enough to show that perm(Krew(P)) =

perm(P)~'c when P is a noncrossing partition associated to an arc or boundary segment.
Write

C:("'al a2...ak a1+n...)<...b1 b2"'bn7k bl_n...)

as in Lemma 3.6. Taking 7 = c and 7 = perm(P)~! in Lemma 3.29, we see that 7 satisfies
one of the five bullet points (not the first, because ¢ has no finite cycles). In each of these cases,
looking back at the proof of Lemma 3.29, we easily verify that 77 is perm(Krew(P)). We omit
the details. U

By [Rea25, Proposition 2.13], the lower interval below some P &€ ]/V\C/?CA is isomorphic to
a product of noncrossing partition lattices, one noncrossing partition lattice for every block £
of P. The factor for £ is a lattice of “noncrossing partitions of a marked surface” in the sense
of [Rea25], where the “marked surface” is the block F itself, “marked” with the numbered
points it contains. Thus disk blocks (including degenerate disks) in P give rise to factors that
are finite type-A noncrossing partition lattices. Non-dangling annular blocks give rise to lattices
of noncrossing partitions of the smaller annuli. Perhaps surprisingly, dangling annular blocks
give rise to lattices of noncrossing partitions of finite type B. (This is an observation due to
Laura Brestensky in connection with [Bre22] and appears as [Rea25, Theorem 4.2]. It was also
observed in [ALPU21].) N

By Theorem 3.25, we can apply these considerations to intervals in .S,, and Sz(mod n).
Furthermore, since all the intervals in question are self-dual (as discussed above for affine type A
and as is well known in finite type), the results for lower intervals apply more broadly to arbitrary
intervals. We summarize in the following proposition.

Proposition 3.37. Each interval in [1, c¢|ryy is isomorphic to a product, each of whose factors
is of one of the following forms:

o [1,d]pup for d, T', and L associated to a Coxeter group of affine type A.
* [1, g for ¢ and T' in a Coxeter group of finite type A or B.

Extending the argument for [Rea25, Proposition 2.13] in a straightforward way, one can see
that lower intervals in NC° are products in the analogous way. We recover the following
proposition.

Proposition 3.38. Each interval in (1, c¢|ryy is isomorphic to a product, each of whose factors
is of the form [1, |1+ for ¢ and T" in a Coxeter group of affine type A or finite type A.
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4. Affine type C

In this section, we use our results about affine type Ato produce the analogous results about
affine type C, by the folding technique described in Section 2.3. The same results can be ob-
tained directly from the “projecting to the Coxeter plane” construction, but folding serves as
a shortcut. Our treatment of affine type C owes a debt to [BB0S, Section 8.4], but we adopt
different conventions.

4.1. Symmetric noncrossing partitions of an annulus

We realize the Coxeter group of type 5’n_1 as the group §§n of affine signed permutations. These
are the permutations 7 : Z — Z with w(i+2n) = 7(i)+2n foralli € Z and also 7(—i) = —7 (i)
for all ¢ € Z. In particular, 7(0) = 0 and also 7(n) = —7(—n) = —(w(n) — 2n), so 7(n) = n.
Thus 7 fixes all multiples of n.

The conditions 7(i+2n) = 7(i)+2n and 7(—i) = — (i) imply that 32", 7(i) = (*"1), so
~§n is a subgroup of the group §2n of affine permutations, a Coxeter group of type Agn_l. How-
ever, it is more convenient to consider it as a subgroup of a different Coxeter group. Let W’ be
the subgroup of Sy, consisting of elements that fix all multiples of n. We continue the subscript

o, Notation for mod-2n families of cycles and define elements s;, .. ., 55, 4 of W’ as
86 ( 1 ].)Qn,
si=( i+ 1)y, fori=1,...,n—2,
si_1=(m—1n+1)y, and
= (

1
/
5

i+1i+4+2),fori=mn,... 2n—3.

By the obvious isomorphism with §2n,2 (ignoring all multiples of n), we see that W' is a Coxeter

group of type As,_3, with simple reflections sj, . . ., $5,_s.

The Coxeter group §§n of type C,_1 is the subgroup of W' whose elements satis-
fy m(—i) = —m(i) for all i € Z. To write cycles in S5, we imitate [AR04] by introducing
notation ((a; - -- ag))s, for the family of cycles consisting of cycles (aj --- ax)on
and (—aq -+ — ay)ap,. Similarly, (- a; as -+ a; a3 + 2gn - --)) means

(vai ascap ar4+2qn ) —ar —ag o —ap —a;—2qn ).

In this notation, the simple reflections in §§n are

S0 = 3/0 = (_1 1)2n7
$;i =880, o = (1 i+ 1)g, fori=1,...,n—2, and

Spo1=8, 1, =Mm—=1n+1)s,

The reflections in S5, are of two types: Foreachi,j €Z\{...,—n,0,n, ...} with neither j nor —;
equivalent to ¢ (mod 2n), there is a reflection ((i j))s,. Foreachi,j € Z\ {...,—n,0,n,...}
with —i equivalent to j (mod 2n), there is a reflection (i j)2,. A given reflection is named by
many different choices of ¢ and j.
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Let ¢ be the automorphism of W’ sending a permutation 7 in W' to a permutation ¢()
given by ¢(m)(i) = —m(—i). Thus S5, is the subgroup of W’ consisting of permutations fixed

by ¢. We see that S5, is a folding of W’ in the sense of Section 2.3. In particular, each Coxeter
element ¢ of §§n is also a Coxeter element of 1V, because each simple reflection of §§n isa
product of one or two simple reflections of WW'. B

We describe the choice of Coxeter element for S5, in terms of choosing a sign on each of
the integers 1,...,n — 1. The Coxeter diagram for §§n is a path with vertices s, ..., S,_1, SO
the choice of a Coxeter element c amounts to choosing, foreach: = 1,...,n — 1, whether s;
is before s; or after s; is every reduced word for c. We record this choice by choosing a positive
sign on ¢ if s;,_1 — s; or choosing a negative sign on 7 if s; — s;,_;. This choice determines
a subset of {£1,...,+(n — 1)} consisting of n — 1 elements with pairwise distinct absolute
values. We will refer to this subset as a signing of {1,...,n — 1}.

Comparing the conventions of inner and outer points in affine type A with the convention
here about signings of {1,...,n — 1}, we see that each ¢ € {1,...,n — 1} is in the signing if
and only if 7 is outer and 2n — ¢ is inner, and —i is in the signing if and only if 7 is inner and 2n —1
is outer. (Recall that, in this construction of the group S5, of type C),_; we omit multiples of n
entirely, so neither n nor 2n appears among the inner and outer elements.)

Applying Lemma 3.6, we can write ¢ in cycle notation, but it is more convenient to
write our choice of inner and outer elements differently first. Rather than listing the elements
of {1,....2n} U {n+1,...,2n — 1}, increasing in the clockwise direction, on the inner and
outer boundaries of the annulus, we instead write the elements of {£1,...,£(n — 1)}, increas-
ing in the clockwise direction, on the boundaries of the annulus. More specifically, we place
the numbers —(n — 1),..., —1 on the left of the annulus and the numbers 1,...,n — 1 on the
right, with the clockwise angle from the bottom of the annulus to a negative number —: equal
to the counterclockwise angle from the bottom to the positive number i. If : € {1,...,n — 1}
is in the signing, then 7 appears on the outer boundary and —¢ appears on the inner boundary.
Ifi € {1,...,n — 1} is has —i in the signing, then —i appears on the outer boundary and i ap-
pears on the inner boundary. Thus the signing of {#1,...,4(n — 1)} records the outer points,
so Lemma 3.6 becomes the following lemma:

Lemma 4.1. Let ¢ be a Coxeter element of §§n, represented as a signing of {1,...,n— 1}
Ifay, ..., a,_ are the elements of the signing in increasing order, thenc = (- -+ a1 as -+ a1
a; +2n ---)).

Example 4.2. When n = 7 and ¢ = s4545350515255, the corresponding signing is shown in
Figure 9 as a placement of the numbers £1,...,+6 on the boundary of the annulus. (The
dotted circles and gray segment are explained below.) The cycle notation for cis ((--+ —6 — 4
—-31258--).

Given a Coxeter element c of S5, we write [1,c]$ for the interval between 1 and c in the
absolute order on the group S5, and write [1, c]#} for the interval between 1 and c in the absolute

order on the group W’ of type Ay, 3 described above. Proposition 2.2 says that [1, c|$ is the
subposet of [1, |4 induced by elements w € [1, ¢J4 such that ¢(w) = w.
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Figure 9: The symmetric annulus with numbered points corresponding to ¢ = 54545350515255.

In Section 3.4, we defined a map perm from J/\f\(/Z’CA to Sz(mod n). The same map can be
defined from the set of noncrossing partitions of the annulus with numbered points 1, ..., £n
to the group Sz(mod 2n). However, since the numbered points are placed in increasing order
clockwise starting from the bottom of the annulus, we take the date line to be the vertical radial
segment at the bottom of the annulus, marked in gray in Figure 9. We reuse the name perm for
this map.

Because of the placement of the numbered points +1,...,4+(n — 1) on the annulus, the
involution ¢ on [1, ¢|4 corresponds (via the map perm) to a symmetry of the annulus. For the
moment, write ¢, (suggesting a “geometric” version of ¢) for this symmetry, which was de-
scribed in the introduction by viewing the annulus as a cylinder. Alternatively, viewing the
annulus in polar coordinates (r, #) as the region defined by 1 < r < 2, the map ¢, sends (7, 0)
to (2—r, m—46). In Figure 9, the two fixed points of ¢, are marked with small dotted circles. Is is
apparent that ¢ = perm o ¢, o perm~!, and thus we abuse notation by writing simply ¢ in place
of ¢,. Write ]/V\éc’“"b for the subposet of J/\/\éc"‘ induced by symmetric noncrossing partitions
of the annulus (noncrossing partitions that are fixed by ¢). By the same simple argument that
proves Corollary 2.3 from Proposition 2.2, ]/\f\éj"‘b is a sublattice of ]f\fé’f The fact that ]/\féj‘@

is a lattice also appears as [Rea25, Theorem 4.4], which also shows that ]/\f\é’cA’d’ is graded and
gives the rank function, as a special case of [Rea25, Theorem 3.18]:

Theorem 4.3. ]TTE’CA@’ is a graded lattice, with rank function given by n — 1 minus the number
of symmetric pairs of distinct disk blocks plus the number of annular blocks.

We also quote from [Rea25] a characterization of cover relations in N\E’CA@. Given a symmet-
ric noncrossing partition P of the annulus, a simple symmetric connector for P is a symmetric
arc « that is a simple connector for P. A simple symmetric pair of connectors is symmetric
pair «, ¢(«) of disjoint arcs, each of which is a simple connector for P, but ruling out the possi-
bility that « and ¢(«) combine with blocks of P to bound an annulus. The augmentation of P
along a symmetric simple connector « is defined exactly as before, but with all “thickenings” of
curves chosen symmetrically. The augmentation of P along a simple symmetric pair of connec-
tors o and ¢(«) is obtained as the augmentation along «, further augmented along ¢(«), with
the thickenings in the curve unions chosen so as to make P U o U ¢(«v) symmetric, and possibly
adjoining an additional disk. Specifically, when « and ¢(«v) combine with blocks of P to bound
a disk (necessarily containing a fixed point of ¢), we adjoin that disk. The augmentation, in
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—6

Figure 10: The symmetric annulus and the two-orbifold disk.

either case, is denoted P U o U ¢(av), since o« = ¢(«x) for a symmetric simple connector.
The definition of simple symmetric (pairs of) connectors is a special case of [Rea25, Defini-
tion 3.23], and the following proposition is a special case of [Rea25, Proposition 3.27].

Proposition 4.4. Two noncrossing partitions P, Q € ]VE’CA’O have P < Q if and only if there

exists a simple symmetric connector « or simple symmetric pair of connectors o, p(«) for P
such that @ = P U a U ¢(w).

A noncrossing partition of the annulus that is fixed by ¢ cannot have a dangling annular
block, because it can only have one annular block. Thus ]VE’CA@ is also the subposet of ]V(ZA’O
induced by noncrossing partitions of the annulus that are fixed by ¢. Since [1, ¢|$ is the subposet
of [1, c]4 induced by elements fixed by ¢, the following theorem is an immediate consequence
of Theorem 3.25.

Theorem 4.5. The map perm : J/\f\éj‘ — [1,c]4 restricts to an isomorphism from ]/\f\écA’q5
to [1,c]5.

Combining Theorems 4.3 and 4.5, we recover the theorem of [Dig12] that the interval [1, c|$
is a lattice for any choice of c.

4.2. Noncrossing partitions of a disk with two orbifold points

We now use the results of Section 4.1 to give a model for [1, ¢| in the orbifold obtained as the
quotient of the annulus modulo ¢.

The map ¢ on the annulus fixes exactly two points (marked with dotted circles in Figure 9).
The left picture of Figure 10 also shows a dashed circle that cuts the annulus into two pieces,
with the action of ¢ mapping each piece to the other. Thus the quotient of the annulus modulo ¢
can be obtained from the annulus by deleting everything inside the dashed circle and identifying
each point on the dashed circle with the other point at the same height in the picture. The result,
shown in the right picture of Figure 10, is a disk with two (order-2) orbifold points. The image,
in the quotient, of the dashed circle, is called the toggle line. The numbered points on the outside
of the disk are the points in the signing, in increasing order, exactly as on outside boundary of
the annulus. We write C' for this disk, with these numbered points, and call C' the two-orbifold
disk.
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We now define noncrossing partitions of the two-orbifold disk. For easy comparison, the
exposition here parallels Section 3.4. In light of Theorem 4.5, we want to make the definition
such that noncrossing partitions of the two-orbifold disk are precisely the quotients, modulo ¢,
of the noncrossing partitions of the annulus that are fixed by ¢.

Two subsets of C' are related by ambient isotopy if they are related by a homeomorphism
from C' to itself, fixing the boundary OC pointwise and fixing each orbifold point, and homotopic
to the identity by a homotopy that fixes C' pointwise and fixes each orbifold point at every step.

A boundary segment is the portion of the boundary of C' between two adjacent numbered
points. An arc in C' is a curve in C' that does not intersect itself except possibly at its endpoints,
does not intersect the boundary or orbifold points of C, except possibly at its endpoints, and is
of one of the following two types: An ordinary arc has both endpoints on the boundary of C,
while an orbifold arc has one endpoint on the boundary and the other at an orbifold point. An
arc may not bound a monogon in C' unless that monogon contains both orbifold points, and it
may not combine with a boundary segment to bound a digon unless that digon contains one or
both orbifold points. Arcs are considered up to ambient isotopy.

An embedded block in C' is one of the following:

* atrivial block, meaning a singleton consisting of a numbered point in C';
* an arc (ordinary or orbifold) or boundary segment in C’; or

* a disk block, meaning a closed disk in C' whose boundary is a union of ordinary arcs
and/or boundary segments of C'.

The first two types of blocks are degenerate disk blocks. An embedded block can contain one
or both orbifold points, but a non-degenerate disk block cannot contain an orbifold point on
its boundary because of the requirement that its boundary is a union of ordinary arcs and/or
boundary segments. Embedded blocks are considered up to ambient isotopy.

A noncrossing partition of C'is a collection of pairwise disjoint embedded blocks such that
every numbered point is contained in one of the embedded blocks. Noncrossing partitions are
considered up to ambient isotopy. As before, isotopy representatives of a noncrossing partition
are called embeddings of the noncrossing partition.

Example 4.6. The noncrossing partitions of the two-orbifold disk on bottom row of Figure 2 ex-
emplify the case where n = 7 and ¢ = s4545350515255 (in the Coxeter group S5, of type Cs). The
top row shows the corresponding symmetric noncrossing partitions on an annulus. (Compare
Figures 9 and 10.) Figure 11 shows one more example.

Write ]%CC for the set of noncrossing partitions of the two-orbifold disk C' associated to the
Coxeter element c, partially ordered with P < Q if and only if there exist embeddings of P
and Q such that each block in P is a subset of a block in Q.

Let g : A — (' be the quotient map from the annulus to the two-orbifold disk. Re-use
the symbol ¢ for the map ]/\f\éc“l"f’ — JVE‘CC that applies ¢ to every block. Write ¢ for the
map ]VE’CC — ]VE’CA@ that sends every block of a noncrossing partition to the one or two blocks
that constitute its preimage under q.
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Figure 11: Another symmetric noncrossing partition of an annulus and its corresponding non-
crossing partition of the two-orbifold disk.

Some comments are in order on the well-definition of these maps. First, the maps are de-
fined on isotopy classes. Well-definition of ¢, in this sense, is straightforward because an ambient
isotopy on (' lifts to an ambient isotopy on A in a straightforward manner. The map ¢ is also
well defined, in this sense, because equivalence classes of noncrossing partitions of A are de-
termined entirely by combinatorial data, and this combinatorial data also determines the image
of a noncrossing partition under ¢q. Second, the maps must in fact map noncrossing partitions
to noncrossing partitions. For both maps, the point is that symmetric annnular blocks in the
annulus correspond to disks in C' containing both orbifold points, that symmetric disks in the
annulus correspond to disks in C' containing one orbifold point, and that symmetric pairs of disks
in the annulus correspond to disks in C' not containing either orbifold point. For both maps, the
“noncrossing” part is immediate.

The two maps are inverse to each other, and each preserves containment relationships. Thus
we have the following proposition.

Proposition 4.7. The map 1 : ]’\fécC — ],\7\6'8‘4";s is an order isomorphism, with inverse q.

Thus Theorem 4.3 implies that ]/V\E’CC is a graded lattice with rank function given by n — 1
minus the number of blocks containing no orbifold points plus the number of blocks containing 2
orbifold points. Rephrasing the rank function, we have the following theorem.

Theorem 4.8. ]Vé’cc is a graded lattice, with rank function given by

(n — 1) — (# blocks of P) + (# orbifold points enclosed by blocks of P).

We can also characterize covers in J/V\écc by adapting Proposition 4.4. Given P & ]/\76’60 ,
a simple connector for P is an arc or boundary segment « in C' that does not have an isotopy
representative contained in a block of P but starts in some block £ of P, leaves E, then either
ends at an orbifold point without entering another block or enters some block of £’ of P, which
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it does not leave again. We allow the possibility that £’ = F, but if so, we impose an additional
requirement: Since £ = F, because a has no isotopy representative in P, o combines with £
to enclose at least one orbifold point not contained in a block of P. We disallow the case where
neither orbifold point is in a block of P but o combines with £ to enclose both orbifold points.
The augmentation of ‘P along a simple connector « is the noncrossing partition P U « obtained
from P by replacing F and E’ by the union of £ and E’ and a thickened «, adjoining any digons
bounded by this union and boundary segments of C' and also, if £ = FE’, adjoining the disk
enclosed by o and E. We restate Proposition 4.4 in the two-orbifold disk:

Proposition 4.9. Two noncrossing partitions P, Q € ]/\/\6'60 have P < Q if and only if there
exists a simple connector o for P such that Q = P U a.

Write perm® : ]%CC — 5’n_1 for the composition p o :. Combining Theorem 4.5 and
Proposition 4.7, we have the following theorem.

C

Theorem 4.10. The map perm® is an isomorphism from 7\76’00 to [1,c]%.

We will describe the map perm® directly on a noncrossing partition 7 of the two-orbifold
disk. We first thicken each degenerate disk block to an actual disk (possibly containing an orb-
ifold point in its interior). We read a cycle from each block, consisting of the points of the signing
that we visit as we trace along the boundary, but we negate them and/or add a multiple of 2n as
we now describe.

Recall that in the centrally symmetric annulus, the date line is the vertical line at the bottom
of the annulus. Passing to the quotient, the date line in the two-orbifold disk is a vertical segment
downward from the bottom orbifold point that is shown in gray in the right picture of Figure 10.
Recall also that the foggle line is the vertical line connecting the two orbifold points.

To read a cycle from the boundary of a block £ of P, we start at some numbered point
on the boundary of £ and follow the boundary, keeping the interior of £ on the right. Up to
isotopy, we can assume that the boundary crosses the toggle line 0, 1, or 2 times. Each time we
reach a numbered point, we take that point or its negative, taking the negative if and only if we
have crossed the toggle line once but not a second time. Then we add 2wn, with w defined as
follows: We begin with w = 0. Each time we cross the date line, we add or subtract 1 to w.
Before crossing the toggle line, and after crossing the toggle line twice, clockwise crossings
of the date line add 1 and counterclockwise crossings of the date line subtract 1. When the
toggle line has been crossed once by not twice, clockwise crossings of the date line subtract 1
and counterclockwise crossings of the date line add 1. When we return to the numbered point
where we started, if we record the starting point again, then we have defined a finite cycle. (This
happens if and only if the block contains no orbifold points.) If we record the negative of the
starting point plus a zero or nonzero multiple of 2n, then we read around the boundary a second
time to produce a finite cycle. (This happens if and only if the block contains exactly one orbifold
point.) If we record the starting point plus a nonzero multiple of 2n, then we have defined an
infinite cycle. (This happens if and only if the block contains both orbifold points.) Thus we
record a cycle that, together with its negation and all mod-2n translates, is part of the cycle
notation for perm®(P).
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Figure 12: Kreweras complements of the noncrossing partitions from Figure 2.

Example 4.11. Labeling the noncrossing partitions shown in Figure 2 as Py, Ps, P3 from left
to right and labeling the noncrossing partition in Figure 11 as P,, we apply perm® to obtain the
following permutations in Cg:

perm“(Py) = (-~ 15 11 15 -+ )) (2))14 (4 6))14
perm®(P2) = (1 —1)14(2 8 12 6)14 (3 4)14 (5)1a
perm®(Ps) = (1 —2)14 (5 8 4 3)ua

perm® (Ps) = (1 2))14 (3))14 (4 33)14 (6 36))14

We conclude this section with a brief discussion of Kreweras complements in type C. The
Kreweras complement Krew on the symmetric annulus commutes with the symmetry ¢, and thus
restricts to an anti-automorphism of ]VE’CA"z’. By Theorem 3.36, we have perm(Krew(P)) =
perm(P)~tc for P € ]/V\éc“‘"i’. We can describe the map Krew® on noncrossing partitions of
the two-orbifold disk such that perm®(Krew” (P)) = perm®(P)~'c: For each point i in the
signing, choose a point ¢’ on the boundary of C' between i and ¢(i). (The point ¢(i) is the next
numbered point on the boundary clockwise from i.) To construct Krew” (P), we first make the
noncrossing partition P’ of C' with numbered points 1, ..., n’ whose blocks are the maximal
embedded blocks disjoint from the nontrivial blocks of P, together with trivial blocks {i'} for
every ¢’ contained in a block of P. Each orbifold point is contained in a block of P’ if and only if
it is not contained in a block of . We obtain Krew(P) from P’ by applying a homeomorphism
that fixes each orbifold point and rotates each i’ back to i, moving the interior of C' as little as
possible.

Example 4.12. Figure 12 shows the Kreweras complements of the noncrossing partitions of the
two-orbifold disk shown in Figure 2.

5. Factoring translations

In this section, we connect and compare our results on noncrossing partitions of affine types A
and C' to the results of McCammond and Sulway [MS17]. In particular, we highlight the role that
the factored translations of [MS17] play in motivating the decision to allow dangling annular
blocks in our construction. We also show that the combinatorial models lead to a different way
of factoring translations that is in some sense more natural.
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5.1. Factored translations in general affine type

We begin with a brief summary of background material related to factored translations. Unjus-
tified assertions in the background material that follows are proved in [McC15, MS17].

McCammond and Sulway work with a fixed affine reflection representation of an affine Cox-
eter group. We now explain the affine representation in our context.

When W is a Coxeter group of affine type, the dual representation restricts to an action on
the affine hyperplane {z € V* : (x,0) = 1}, acting by Euclidean motions. We refer to this affine
hyperplane as F and write E for the linear hyperplane {x € V* : (x,0) = 0} parallel to E. The
linear hyperplane £ can be identified with the span of the root system ®g, by identifying a
root 5 € ®g, with K (-, ).

In the action of W on F, a reflection t € W associated to a root ¢ = (5 + ko, with 8 € ®g,,
fixes the set {z € F : (x, 3) = k}, which is an (n — 2)-dimensional affine subspace of £, and
thus an affine hyperplane in E. The action of ¢ also negates the vector K ( -, 3) € Ej.

Given a Coxeter system (W, S), the associated Artin group is presented as the group gener-
ated by 9, subject to the braid relations that define 7/ but without the relations s> = 1 for s € S.
If W is finite or affine, then the associated Artin group is called spherical or Euclidean re-
spectively. When W is finite, the interval [1, ¢|r is a lattice [BWO08], and the lattice property
is the crucial point in proving various desirable properties of the Artin group [Bes03, BW02a].
When W is affine, [1, c|r need not be a lattice. McCammond and Sulway [MS17] (building on
work of Brady and McCammond [BM15, McC15] and earlier work of Digne [Dig06, Dig12])
proved the same desirable properties for Euclidean Artin groups by extending W to a larger
“crystallographic group” and showing that the analog of [1, ¢|; in the crystallographic group is
a lattice.

The translations in 1V are the elements that act on F as translations. In the cases where [1, c|r
is not a lattice, McCammond and Sulway construct the larger group by “factoring” some of the
translations in I/ and forming the group generated by W and the factors. We now explain their
factoring scheme.

Given a Coxeter element c, the Coxeter axis in F is the unique line in £ fixed (as a set) by
the action of c. This is the intersection of £ with the Coxeter plane in V*, defined in Section 2.4.
Recalling that the Coxeter plane is spanned by w,(d, - ) and w.(., - ), and noting that w.(d, - ) is
parallel to F because (w.(d, - ),0) = w.(d,d) = 0, we see that the direction of the Coxeter axis
is we(6, - ).

A horizontal reflection is a reflection in W whose reflecting hyperplane in E is parallel to
the Coxeter axis. Thus, if S + ko is a root in ¢ with 8 € Pg,, then the reflection orthogonal
to 5+ k¢ is horizontal if and only if {x € F : (x, 5) = k} is parallel to w.(d, - ), which is if and
only if w.(d, 5) = 0. The set of roots 3 € Pg, such that w.(d, 5) = 0 is a finite root system
called the horizontal root system. For every positive root (3 in the horizontal root system, there
are exactly two horizontal reflections in [1, ¢|7, the reflection orthogonal to § and the reflection
orthogonal to 0 — /3. By contrast, every non-horizontal reflection is in [1, ¢]7.

A root system is reducible if and only if it can be partitioned into two nonempty subsets
such that each root in one subset is orthogonal to each root in the other subset. Otherwise, the
root system is irreducible. For W affine, [1, c|7 is a lattice if and only if the horizontal root
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system is irreducible. In any case, if the irreducible components of the horizontal root system
are ¥y, ..., Uy, then write U; for the span of { K (-, ) : 8 € ¥, }. Writing also U for the span
of w.(d, -), the linear subspace Ej parallel to £ is an orthogonal direct sum Uy & - - - & U.

The subgroup of W consisting of translations is generated by products of two reflections in W
with adjacent parallel reflecting hyperplanes. If w is a translation in [1, ¢/, with translation vec-
tor A\, write A = \g+ A1 +-- -+ A\, with \; € U; fori =0, ..., k. Fixing real numbers q, . . ., g
with Zle qr = 1, we define k distinct factored translations associated to w, namely the transla-
tions by \;+q; Ao fors = 1,... k. The composition of these k factored translations is w. Write F'
for the set of all factored translations arising from all translations w € [1, |7 and write F=! for
the set of all factored translations and their inverses.

These translations on £ uniquely determine linear transformations on V*, which in turn de-
termine dual linear transformations on V. Identifying elements of F' with these linear maps,
the set 7' U F' generates a supergroup of IV (as it acts on V* and on V'). Define a length func-
tion /7, on the supergroup by setting reflections to have length 1 and factored translations to
have length % and computing lengths of words accordingly. Using this length function, we de-
fine a partial order on the supergroup analogous to the absolute order on W and write [1, ¢]7yr
for the interval between 1 and c in this partial order. (In type A, k is either 1 or 2, so if we
factor translations, there are no fractional lengths.) Each edge v < w in the interval is labeled
with ©~'w, which is an element of 7 U F*!.

The interval group associated to [1, ¢|rup is the group presented abstractly by the subset
of T'U F consisting of labels that appear in [1, ¢|rur, subject to relations that equate the label
sequences on different unrefinable chains with the same endpoints.

In [MS17], the constants g; are always set to % (so, in fact, constants ¢; are not mentioned ex-
plicitly), and the resulting interval group is the crystallographic group mentioned above. Guided
by the combinatorics of noncrossing partitions of the annulus, in Section 5.2, we make a different
choice of the ¢; in type A. Thus we are interested in the following theorem.

Theorem 5.1. Given two choices ¢1 + -+ qx = land q; + --- + q, = 1, let F and F' be
the corresponding sets of factored translations. Then the intervals |1, c|rur and [1, ¢|rup are
isomorphic as labeled posets. Thus the interval group constructed from [1, c|ryp is isomorphic
to the interval group constructed from 1, c|pypr.

In preparation for the proof of Theorem 5.1, we quote and rephrase some results of [MS17].
We begin with following proposition, which arises by combining facts from [MS17]. First,
[MS17, Proposition 6.3] says that every translation in [1, ¢|r is part of a “horizontal factoriza-
tion” of c¢. Then [MS17, Definition 6.6] defines a “diagonal translation” to be a translation that
occurs in a horizontal factorization and gives a simple argument that every diagonal translation
satisfies the conclusion of the following proposition (which we state without this intermediate
terminology).

Proposition 5.2. For every translation in [1, |7 and every i = 0, . .. | k, translation vector has
nonzero projection onto the component U; of the decomposition Ey = Uy @ - - - @ Uy.

As before, write Wy, ..., U, for the irreducible components of the horizontal root system
and U; for the span of { K (-, ) : p € U;}.
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Proposition 5.3. If x is a reflection associated to V; or a factored translation associated to U
and y is a reflection associated to V; or a factored translation associated to U; for j # 1,
then x and y commute.

Proof. All translations commute with each other. Horizontal reflections associated to different
irreducible components of the horizontal root system have orthogonal reflecting hyperplanes,
so they commute with each other. If f is a factored translation associated to U; and r is a
horizontal reflection associated to W; for j # 14, then the translation vector of f is in the span
of {K(-,8):8 €W} U{w:(d, -)}. (Recall that w.(d, - ) is the direction of the Coxeter axis
and spans Uj.) The reflecting hyperplane for r contains this span: It contains w.(J, - ) because r
is horizontal, and it contains { K'( -, 5) : 8 € ¥, } because every root in U, is orthogonal (in the
sense of K) to every rootin V. [

The following proposition gathers results of [MS17] on reduced words for c in the alpha-
bet U F'* (or in other words sequences of labels on maximals chains in [1, ¢]Jrur), also pointing
out that the results hold for arbitrary choices of the g;.

Proposition 5.4. For an arbitrary choice of real numbers q, . . ., q, summing to 1, suppose a
factored translation appears as one of the letters in a reduced word for c in the alphabet T U F'*.

1. Each reflection in the word is horizontal.

2. Each reflection in the word is contained in |1, c|r.
3. There are exactly n — 2 reflections in the word.
4. There are exactly k translations in the word.

5. The translations in the word are the k factors of some translation in [1, ¢|r. (In particular,
they are elements of I, whereas a priori they are in F'*.)

6. The reduced word can be reordered, by swapping letters that commute in the group, so
that, for each 1, all reflections associated to V; and all factored translations associated
to U; are adjacent to each other.

7. For each 1, let c; be the product of the subword consisting only of reflections associated
to V; and all factored translations associated to U;. Then c; depends only on c and the
constants q;, not on the choice of reduced word.

In Proposition 5.4.1, there is no assertion that the reflections are in the finite Coxeter group
associated to the horizontal root system, but only that they are orthogonal to roots 5 + ko for 3
in the horizontal root system.

Proof. Assertions 1 and 3 are proved as part of the proof of [MS17, Lemma 7.2]. Formally, the
proof there is given in the case where (in our notation) ¢; = % for all ¢, but the argument given
there is independent of that choice. (In the statement here, we correct for different definitions
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of n between the two papers.) Assertion 4 is not stated explicitly in that proof but is imme-
diate because each factored translation has fractional length (or “weight”) % in the definition
of [1, ¢]7ur given in [MS17].

We can move the k£ letters that are factored translations to be next to each other at the be-
ginning of the word by replacing instances of ¢, f by f, f~1tf for factored translations f and
reflections £. We obtain an expression for c as a translation 7 followed by a product of reflec-
tions. In particular, 7 € [1, ¢|r and the reflections are all in [1, ¢|7. This proves Assertion 2.

The horizontal reflections fix the Coxeter axis, so Assertion 1 implies that the component
of 7 in the direction of the Coxeter axis equals the translation component of the action of the
Coxeter element. For the same reason, this component is the same as the Ujy-component of any
translation in [1, c|7.

Proposition 5.2 says that the translation vector A for 7 has nontrivial projections to each of

the components Uy, ..., Uy of Ej. Since each factored translation has nonzero projection to U
for exactly one i in {1, ..., k}, we see that the k factored translations in the word are associated
to the k different components Uy, . .., Ug. Since these factored translation vectors add up to A,

they must in fact be the factors \; + ¢; Ao of A. We have proved Assertion 5.

Assertion 6 is immediate by Proposition 5.3.

The Coxeter element decomposes as a translation A\, along the Coxeter axis and an action in
the directions U; & - - - @ Uy, orthogonal to the Coxeter axis. In the factorization ¢ = ¢y - - - ¢4,
each ¢; is a translation ¢;\g along the Coxeter axis composed with a motion that only moves
points in U;. Thus the choice of fixed ¢; and c determines c; completely as the translation ¢; \g
composed with the action of c on U;. This is Assertion 7. U

Now we can prove that the choice of the ¢; does not affect the interval group.

Proof of Theorem 5.1. Let p : F — F’ be the map that sends a factored translation in F* with
vector \; + ¢; Ao to the factored translation in F” with vector \; + ¢;\g € F” for the same 4. This
map is well-defined because the translation vector for a factored translation f € F'has a nonzero
projection to U; for exactly one :.

We extend p to a map on label sequences on maximal chains in [1, ¢ r. The map changes
each factored translation by a multiple of w, (9, - ) (the vector spanning Uy). By Proposition 5.4.5,
the total change to all translation vectors is zero. By Proposition 5.4.1, the changes to the factored
translations commute with the reflections in the sequence, and thus cancel each other out. We see
that the map outputs the label sequence on a maximal chain in [1, ¢|7yp. The analogous map in
the opposite direction is the inverse, so the map is a bijection. This bijection on maximal chains
induces an isomorphism of labeled posets from the interval [1, c|r_r to the interval [1, ¢|ryp.
The assertion about isomorphism of interval groups follows. [

We will see in Section 5.2 that the choice of constants g; suggested by the combinatorics
of noncrossing partitions is the unique choice such that 7 U F'*! is closed under conjuga-
tion by elements of the supergroup. We now establish some general criteria for determining
whether T'U F'*! is closed. The following lemma is an immediate consequence of the fact that T’
is closed under conjugation by elements of 7" and F'* is closed under conjugation by elements
of F'.
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Lemma 5.5. TUF* is closed under conjugation in the group generated by T UF if and only if T
is closed under conjugation by elements of F and F*" is closed under conjugation by elements
of T.

The fundamental co-weights p;, ..., p, are the basis of V* that is dual to the simple

roots «v, . .., .

Lemma 5.6. Suppose W is an affine Coxeter group and f is a translation in W with translation
vector \. Then T is closed under conjugation by f if and only if \ has integer fundamental
co-weight coordinates.

Proof. Each reflection t € T is orthogonal to some root 5 + kd for § € &g, and k € Z. The
fixed hyperplane of tis {z € E : (z, 8) = k}. The fixed hyperplane of the reflection f¢f~" is the
hyperplane {x € E : (x,5) = k + (\, 5)}. This is the reflecting hyperplane for the reflection
orthogonal to 5+ (k+ (A, 5))d, whichis in T" if and only if 5+ (k+ (), 5))d is aroot, equivalently
if and only if (), §) is an integer. If A has integer fundamental co-weight coordinates, then (\, 3)
is an integer. On the other hand, if A = ) ¢;p)/ and some ¢; is not an integer, then the reflection s;
in Wy, is the reflection orthogonal to «; and (\, a;) = ¢; is not an integer. O

Lemma 5.7. Let () be a set of translations of the affine space E. The following are equivalent:
(i) The set () is closed under conjugation by T

(ii) For every w € W, the action of w on the linear subspace E permutes the set of trans-
lation vectors for Q).

(iii) For every s € Sgn, the action of s on Ey permutes the set of translation vectors for ().

Proof. Consider a translation ¢ on E with translation vector A € E; and consider a rigid mo-
tion m on E. The motion m extends uniquely to a linear map p on V'*, and this linear map must
fix the plane E as a set (or else, by linearity, it cannot fix the plane £ as a set). For any x € F,
we have mgm ™ (z) = p(p='(z)+A) = -+ (). Thus the conjugation of ¢ by m is a translation
with translation vector j(\) € Ej.

Each reflection ¢ € 7' is a linear map on V'* that restricts to a rigid motion on £ and thus
conjugating by ¢ changes a translation with vector \ to a translation with vector ¢(\). We see
that () is closed under conjugation by 7 if and only if each ¢t € T permutes the set of translation
vectors for (). Since T' generates W, this is if and only if each w € W permutes the set of
translation vectors for ().

Every reflection in 11 acts on £ as an affine reflection whose reflecting hyperplane is parallel
to the reflecting hyperplane for some reflection in IW4,,. Parallel reflections restrict to the same
reflection on Ey. Thus every ¢t € T' permutes the set of translation vectors for F'if and only if
every reflection in Wj5,, permutes the set of translation vectors. Since Sg, generates Wy, this is
if and only if every s € Sg, permutes the set of translation vectors. [
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5.2. Factored translations in affine type A

In this section, we relate the construction of ]VE'CA to the McCammond—Sulway factored trans-
lation construction in type /Nln_l. In what follows, we will use without comment the fact that in
type A, roots and coroots are the same, and weights and co-weights are the same.

In this case, the orthogonal decomposition £y = Uy @ --- b Uy hask = 1lor2 (ork =0
if n = 2). Given a choice of ¢, we will define subspaces U,,; and Uj,,, such that the decomposi-
tion is always Fy = Uy @ Uyyt @ Usnn, but possibly U, or Uiy, is the zero subspace. Similarly,
for the purposes of factoring translations, we will write g, and g, for the numbers ¢, . . ., gx.
We write #out for the number of outer points on the annulus corresponding to ¢ and #inn for
the number of inner points. We will prove the following theorems, which tie the work of this
paper to the results of McCammond and Sulway [MS17].

Theorem 5.8. Let ¢ be a Coxeter element of S,, represented as a partition of {1,... ,n} into
inner points and outer points. Fix numbers qon; = ﬁ and @i, = %

1. The set of factored translations is F' = {{; : i is outer} U {é;l RN inner}.
2. The supergroup of S, generated by T U F is Sz(mod n).

3. On the affine space E, the supergroup is generated by W and the translations by vectors
in Ey with integer fundamental-weight coordinates.

4. The interval (1, c|ryr coincides with |1, |1y, which is isomorphic to the lattice J/V\(f'CA

5. This choice of qow and iy, is the unique choice such that T U F*' is closed under conju-
gation by elements of the supergroup generated by T' U F'.

Remark 5.9. When the choice of ¢ corresponds to exactly one inner point or exactly one outer
point, the horizontal root system is irreducible, so [1, ¢|r is a lattice, and thus we do not need
factored translations in the setup of [MS17]. However, we can factor translations anyway, and
Theorem 5.8 is still valid in this special case.

Theorem 5.10. For any choice of qout + Ginn = 1, the interval [1, c|pyp is isomorphic as a
labeled poset to [1, c|ryr. Thus the interval group constructed from [1, c|ryp is isomorphic to
the interval group constructed from |1, c|ryp.

To prove these theorems, we begin by determining the horizontal reflections. The following
proposition is an easy consequence of Proposition 3.10, Theorem 3.25, and the fact
that @5, = {£(e; —€;) 1 1 < i < j < n}l
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Proposition 5.11. Ler ¢ be a Coxeter element of S,, represented as a partition of {1, ... ,n}
into inner points and outer points. Then

1. The horizontal root system is the set of vectors +(e; — e;) such that1 < i < j < nand i
and j are either both inner or both outer.

2. The horizontal reflections in S, are the reflections of the form (i j+kn),forl <i<j<n
such that i and j are either both inner or both outer and k € 7.

3. The horizontal reflections in [1,c|r are the reflections of the form (i j), or (i j — n),
Jor 1 <1 < j < nsuch that i and j are either both inner or both outer.

4. The horizontal reflections in |1, | are the elements perm(P) such that the only nontrivial
block of ‘P is an arc or boundary segment either connecting two distinct inner points or
connecting two distinct outer points.

We next characterize the translations in [1, ¢|7.

Proposition 5.12. Let ¢ be a Coxeter element of S, represented as a partition
of {1,...,n} into inner points and outer points. The translations in [1,c|r are the permuta-
tions (-1 i+n---)(--+j j—n ---) withiouter and j inner. The corresponding translation
vector on the affine space E is (p; — pi—1) — (pj — pj—1), with indices interpreted modulo n,
and the corresponding noncrossing partition of the annulus has exactly one nontrivial block, an
annulus containing i and j and no other numbered point.

Proof. The subgroup of S, consisting of translations is generated by elements of the
form7i; = (i j)u(i j4+n)n=(--iitn---)(---j j—n---)fori # j(modn). One easily
checks that a composition of such elements is perm(7P) for some P € NC if and only if it is a
single element 7;; with ¢ outer and j inner. Since we know how 7;; acts on the basis ey, ..., e,
of R™™!, we can compute its action on simple roots:

) ifk=7—-1 —0 ifk=j—-1
ap o+ —0 ifk=10r p» +<0 if k =1, or
0 otherwise 0 otherwise

Since § is Y., o, the matrix for 7;; acting on column vectors of simple root coordinates is
the identity matrix £ four matrices that consist of a column of 1’s, with 0’s elsewhere. The
same matrix acting on the right on row vectors of fundamental weight coordinates gives the dual
action of Tigl on V*. The action is py +— pr + pi—1 — pi — pj—1 + pj, SO T;; is a translation
by (p; — pi—1) — (pj — pj—1) onvectors in £ = {x € V*: (z,§) = 1}. O

Each translation in [1, |7 has an obvious factorization into a loop ¢; for i outer and a loop ﬁj’l
for j inner. The proof of Proposition 5.12 also shows that this factorization of group elements
corresponds to factoring the corresponding translation vector \ into p; — p;_1 and —(p; — pj_1).
To complete the proof of Theorem 5.8.1, we will show that these factors are Aoyt + Gout Ao
and )\inn + qinn)\0~
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For each ¢, define 0; = p; — p;_1, taking indices modulo n. Define U,,; to be the sub-
space {>_ c;0; : ; €R, > ¢; = 0} of Ey, where both sums are over the outer pointsin {1, ..., n}.
Define Uj,, the same way, but taking both sums over inner points instead. If there is exactly one
outer point, then Uy, = {0}, and if there is exactly one inner point, then Uy,, = {0}.

Proposition 5.13. The subspaces Uy, and Uy, are spans of sets {K (-, ) : € U} for (pos-
sibly trivial) irreducible components \V of the horizontal root system.

Proof. Proposition 5.11 implies that there is an irreducible component of the horizontal root
system spanned by vectors e; —e; = a; + -+ + ;1 for 1 < ¢ < j < n, both outer. The
vector K ( -, o+ - -+a;_1) has fundamental-weight coordinates given by multiplying the Cartan
matrix A on the left of a column vector with 1 in positions ¢ through 7 — 1 and 0 elsewhere. This
is 0; — 0;. It follows that Uy is the span of { K'( -, §) : 8 € W} for an irreducible component V.
The same argument applies to Uiy,,. U

As a consequence of Proposition 5.13, the orthogonal direct product decomposition used to
factor the translations is £ = Uy @ Uyut D Uipn.-

Proposition 5.14. Suppose i is outer and j is inner, and let \ = 0; — 0, so that the transla-
tion v — x + X on E isin (1, c|p. Write a for sw.(6, - ) and define

N — 1 N 1
0 #out  #inn “

1
)\ou =0, ——/—a
¢ #out
1
)\inn = —0; — " a
7 Hinn

The decomposition A= )\0 + )\out + >\inn has /\0 € UO, )\out € Uout: and >\inn € Uinn-

Proof. First, Ay € U, because U is the span of a. Proposition 3.7 says that a = & outer Tks
SO Aoyt i a linear combination of the o for k& outer with the sum of coefficients equal to 0.

Thus Aoy € Usy. Proposition 3.7 also says that a = — ), . oy, and we argue similarly
that A\j,n € Uinn. ]
Proposition 5.15. Let c be a Coxeter element of Sh, represented as a partition of {1,...,n}
into inner points and outer points. For qo. and g, as in Theorem 5.8, the factored translations
have translation vectors +(p; — pi_1) fori = 1,...,n, taking the + if i is outer or the — if i is
inner.

Proof. Proposition 5.12 says that the translation vectors for translations in [1, |7 are o; — 0
for ¢ outer and j inner. Using Proposition 5.14, we compute that Aoy + Gowtro = 0y
and )\inn + Qinn/\(] = —0j. O

We have proved Theorem 5.8.1. Now Theorem 5.8.2—4 follow because 7' U L genera-
tes Sz(mod n), because the group of translations by vectors in Ej with integer fundamental
weight coordinates is generated by the vectors o; = p; — p;_1, and because of Theorem 3.25.
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Proof of Theorem 5.8.5. For qu, and ¢,y as in Theorem 5.8, Proposition 5.15 implies that every
element of F' has integer fundamental weight coordinates. Furthermore, we calculate that a
simple reflection either fixes p; — p;_1, sends it to p,_1 — p;_o, or sends it to p; 1 — p;. Thus by
Lemmas 5.5, 5.6, and 5.7, T'U F'*! is closed under conjugation in the supergroup.

Now consider any choice of ¢/ . and ¢/, summing to 1, let F” be the associated set of factored
translations, and suppose 7" U (F”)*! is closed under conjugation.

Since fundamental weights and co-weights coincide in type A, Lemma 5.6 says that every
translation vector for an element of F” has integer fundamental weight coordinates. Continue
the notation a = %wc(é, -). Suppose A is the translation vector for some translation in [1, w]p,
suppose A factors as Aoyt + Ainn With respect to gout and ¢in,, and suppose A factorsas AL + Al

out
with respect to ¢/, and ¢;,,. Then A, = Aow + ka and X, = Ainn — ka, for some k € Q

mn
that is independent of which translation in [1,c|; was chosen. By Proposition 5.15, (F”)*!
consists of translations with vectors &(p; — p;—1 + ka). Proposition 3.7 says that « is a linear
combination of fundamental weights with coefficients 0, =1, so & € Z. We will prove that k£ = 0,
50 that g},; = Gout and ¢, = Ginn-

Lemma 5.7 says that every reflection ¢ € T permutes the set of translation vectors of (F”)
Choose 7 outer such that 7 4 1 is inner, so that, by Proposition 3.7, the p;-coordinate of a is 1.

Then

+1

si(pi — pi—1 + ka) = piy1 — pi + k(a + pi1 — 2pi + pic1) (5.1)
equals £(p; — p;_1 + ka) for some j.
If (5.1) equals —(p; — pj_1 + ka) for some j, then

2ka = (=1 —k)pip1 + 2k + 1)p; — kpi1 — pj + pj-1.
Since the p;-coordinate of 2ka is 2k, we must have j = i, and thus
2ka = (=1 — k)pip1 + 2kp; + (—k + 1)pi—1.

But every nonzero coordinate of 2ka is =2k, so —1 — k = +2k and —k + 1 = £2k. There are
no integer solutions to these equations, so (5.1) equals p; — p;_; + ka for some j. Thus

(k+ Dpiv1 + (=2k = 1)p; + kpi1 = pj — pj-1.

Looking at the term (k + 1)p;.1, we see that either k = 0 or k = —2. But k = —2 is impossible
because it gives a term 3p; on the left. We see that £ = 0. [

We now combine results to prove our main result, Theorem 5.10. Specifically, Theorem 5.8.4
gives a particular choice of goy; and ¢, such that the factored translations F'*! coincide with
the loops L, so that [1, ¢|ryr coincides with [1, ¢|ryr. Theorem 5.10 follows by Theorem 5.1.

5.3. (Non)Factored translations in affine type C

In affine type C, the horizontal root system is irreducible, so [1, c|r is a lattice. (The lattice
property in this case has been known since [Digl2].) Accordingly, the constructions of Mc-
Cammond and Sulway do not factor the translations in [1, ¢]7. We now use the model of non-
crossing partitions of the two-orbifold disk to characterize translations in [1, ¢|7 and explain how
the combinatorial model also suggests that we should not to factor these translations.
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Proposition 5.16. Let c be a Coxeter element of the Coxeter group §§n of type én_l, repre-
sented as a signing of {1,...,n —1}. Then the translations in [1,c|r are the permuta-
tions ((--+ i @+ 2n ---)) such that i is in the signing. The corresponding noncrossing parti-
tion of the two-orbifold disk has exactly one nontrivial block, a disk containing © and no other
numbered point, but containing both orbifold points.

Proof. The translation subgroup of W is is generated by elements

Tij = N j+20) =i i+2n---)(---7 j—2n---)

fori # j (mod 2n) and v; = (i —4)9,(i — @+ 2n)9, = (- @ i+ 2n ---)). One checks that
a composition of such elements is perm®(P) for some P € NC¢ if and only if it is v; with i in
the signing, and that P is the noncrossing partition described in the proposition. [

The cycle notation for translations in §§n suggests no reasonable factorization. One could
factor ((+-- ¢ ¢4 2n ---)) into two permutations (--- i i+2n ---)and (--- —7 —i—2n ---).
To see why such a factorization is unreasonable, one can construct a root system for ~§n and
the vector space V' spanned by the roots. (A construction of the root system and V' is found,
for example, in [Rea22, Section 2.2].) One can then show that the factors (--- ¢ i +2n ---)
and (--- —i —i—2n ---) cannot be realized as transformations of V. By contrast, in type A,

factored translations act on the space V' spanned by the root system.
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