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Abstract. Given an n-vertex digraph D and a labeling o : V(D) — [n], we say that an
arc v — v of D is a descent of ¢ if o(u) > o(v). Foata and Zeilberger introduced a
generating function Ap(t) for labelings of D weighted by descents, which simultaneously
generalizes both Eulerian polynomials and Mahonian polynomials. Motivated in part by
work of Kalai, we prove three results related to —1 evaluations of Ap(t): we give combi-
natorial interpretations of |Ap(—1)| for a large class of digraphs (such as digraphs whose
underlying graph is bipartite), we determine the maximum and minimum possible values
of |Ap(—1)| obtained by directed trees, and we obtain bounds on the mulitiplicity of —1 as
aroot of Ap(t).
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1. Introduction

Descents and inversions are two of the oldest and most well-studied permutation statistics dating
back to work of MacMahon [MacOl, Macl3]. A descent of a permutation o on the
set [n] := {1,2,...,n} is an index i € [n — 1] such that o(i) > o(i + 1), and an inversion
is a pair of integers (7, j) with 1 < i < j < n such that o(¢) > (7). The number of descents
and inversions of o are denoted by des(o) and inv(o), respectively. For example, if o = 23154
(written in one-line notation, meaning (1) = 2, 0(2) = 3...), then 2 and 4 are descents
whereas (1, 3), (2, 3), (4,5) are inversions, so des(c) = 2 and inv(c) = 3.

*This material is based upon work supported by the National Science Foundation Mathematical Sciences Post-
doctoral Research Fellowship under Grant No. DMS-2202730.
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If G, is the set of permutations of [n], then the generating functions

An(t) = 190 M (1) = Y )

oeGy, ceS,

are called the Eulerian and Mahonian polynomials respectively. Both of these polynomials are
important objects of study in many branches of combinatorics and have been generalized in many
different ways. In this paper, we consider a polynomial due to Foata and Zeilberger [FZ96] which
generalizes both the Eulerian and Mahonian polynomials via directed graphs.

A directed graph or digraph is a pair D = (V, E) consisting of a finite set V' of vertices and
asubset £ C V x V of (directed) edges or arcs. We will sometimes denote arcs (u,v) € E
by © — v or even uv where convenient. We further assume that D has no loops i.e. no arcs of
the form (v, v). We do not allow multiple directed edges from one vertex to another, though it
is easy to adapt our forthcoming definitions to accommodate this.

A permutation of an n-vertex digraph D = (V| E) is a bijection 0 : V' — [n]. We will
use the notation Sp, Sy, or G,, to denote the set of permutations of D). For a given directed
graph D = (V| E) and a permutation o of D, a D-descent (or just descent when D is understood)
is an arc u — v such that o(u) > o(v). The total number of D-descents of a permutation o is
denoted by desp(0); see Figure 1.1 for an example.

L4

|

Figure 1.1: Two labelings 7 : V(D) — [5] where descent arcs are marked by red dashed lines.

LR Bl I

Remark 1.1. We claim that the statistic desp generalizes both des and inv. To see this, let ?n be

the digraph with vertex set [n| and with arcs (,7 + 1) for i € [n — 1], and let Ezn be the digraph
with vertex set [n] and with arcs (i, 7) for integers 1 < ¢ < j < n. The reader can check that a

n-descent is a descent (in the classical meaning) and a ?n—descent is an inversion, and hence
desp (0) =des(o) desp (o) =inv(o).

See Figure 1.2 for an example.

Q= -XD—=Er D

(a) des(23154) = 2 (b) inv(23154) = 3

Figure 1.2: The Eulerian polynomial Ap(¢) captures both permutation descents and inversions.
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With all this in mind, we can now define the central object of study for this paper: the Eule-
rian polynomial of a digraph D = (V, E) is the generating function

Ap(t) =) tlenlo), (1.1)

ceGp

In particular, the previous remark implies Az:(t) = A, (t) and A= (t) = M, (t).

1.1. Main results

The primary objective of this paper is to study evaluations of Ap(t) at —1. This is a problem
in the area of combinatorial reciprocity, which studies combinatorial polynomials evaluated at
negative integers. For example, the classical Eulerian and Mahonian polynomials both have
good combinatorial interpretations for their evaluation at —1: the former being the number of
alternating permutations [FS06] and the later being the number of correct proofs of the Riemann
hypothesis'. Many more results on combinatorial reciprocity can be found in the book by Beck
and Sanyal [BS18].

In order to understand Ap(—1), we utilize the following key observation made by
Kalai [Kal02, Section 8.1].

Proposition 1.2. [f D, D' are orientations of the same graph G, then |Ap(—1)| = |Ap/(—1)|.

This result follows from the fact that if any arc of D is reversed, then the number of descents
for any permutation 0 € Gy changes by exactly 1. With Proposition 1.2 in mind, for any graph G
we can define
v(G) := |Ap(-1)],

where D is any orientation of G. The problem of studying v(G) was first introduced by
Kalai [Kal02] due to its relation with the Condorcet paradox in social choice theory, and the
value of v(G) was determined for disjoint unions of paths and cycles by Even-Zohar [EZ17]
as part of his work on the writhe of permutations. Outside of this, nothing seems to be known
about v((G) despite Kalai raising the problem over 20 years ago.

In this paper, we prove three types of results related to v(G): we give combinatorial interpre-
tations for v(G) for a large class of graphs GG, we determine the maximum and minimum values
achieved by v(G) amongst n vertex trees, and we consider the refined problem of determining
the multiplicity of —1 as a root of Ap(t).

1.1.1 Combinatorial interpretations for v (G)

A key observation towards understanding () is a result of Foata and Schiitzenberger [FS06]
(see also [Stall, Exercise 135]) which states that the Eulerian polynomial A, (¢) evaluated
att = —1isequal (up to sign) to the number of alternating permutations of size n, i.e. the number
of permutations o withn oddand o(1) < ¢(2) > o(3) < --- > o(n). Because 4,(t) = A3 (1)

!'As of the time of writing.
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for ?n the directed path, this result implies v(F,) is equal to the number of alternating permu-
tations of size n.

Given this observation, it is natural to expect () to count “alternating permutations for
graphs” for some generalized notion of alternating permutations. There are many such gener-
alizations one could consider, for example, one could force every maximal path of GG to be an
alternating permutation. However, it turns out that the definition we will want to consider is the
following (non-obvious) generalization.

Definition 1.3. Given an n-vertex graph G, we say that an ordering 7 = (my,...,7m,) of the
vertex set V' (G) is an even sequence if each of the subgraphs G[r, . .., m;] induced by the first
vertices of 7 have an even number of edges for all 1 < i < n. We let (G) denote the number
of even sequences of G.

® @ ® O—2—B

Ps5[3] P5[3,1] P53, 1, 2]

O—2—B ® O—2—0CB—1—B

P5[3,1,2,5] P5[3,1,2,5,4]

Figure 1.3: A depiction of the induced subgraphs Ps[my,...,m] for the ordering
7 = (3,1,2,5,4) of the path graph P5. Note that 7 is an even sequence since each of these
induced subgraphs have an even number of edges. We also observe that 771 = (2,3, 1,5,4) is
an alternating permutation; see Proposition 3.1.

For example, Figure 1.3 depicts an even sequence for the path graph on 5 vertices with vertex
set [5]. While not immediate, once can verify that even sequences for the path graph P, with
vertex set [n] are exactly inverses of alternating permutations of size n (see Proposition 3.1);
so v(P,) = n(P,) in this case. Our main result shows that this equality holds for a substantially
larger class of graphs.

To state this result, we remind the reader that a graph is complete multipartite if one can par-
tition its vertices into sets V7, ..., V; such that v and v are adjacent if and only if u € V;,v € V}
for some ¢ # j. We say that a graph is a blowup of a cycle if one can partition its vertices into
sets V1, ..., V. such that v and v are adjacent if and only if u € V; and v € V,; for some 7 (with
the indices written mod 7). With these definitions in mind, we have the following relationship
between v(G) and n(G).

Theorem 1.4. For all graphs G, we have
v(G) < n(G).

Moreover, v(G) = 1n(G) whenever G is either bipartite, complete multipartite, or a blowup of a
cycle.
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While the above shows v(G) = n(G) for a large class of graphs G, equality does not hold
in general: the simplest counterexample to this is the 4 vertex graph containing a triangle and a
vertex of degree 1, which has v(G) = 0 and 1(G) = 4. In fact, the following result shows that
the family of graphs from Theorem 1.4 is essentially the largest hereditary family of graphs for
which equality holds.

Theorem 1.5. If G is a connected graph such that v(G') = n(G') for all induced sub-
graphs G' C G, then G is either bipartite, complete multipartite, or a blowup of a cycle.

Our proof of Theorem 1.5 relies on a structural graph theory result which may be of inde-
pendent interest; see Definition 3.19 and Proposition 3.21 for a precise statement.

While we do not have a full understanding of v(G) for arbitrary graphs, we are able to prove
several other results regarding v(G); see Section 3.1 for more.

1.1.2 Extremal values of »(G) and n(G)

We next turn to the extremal problem of studying the largest and smallest possible
values of v(G) and n(G). For arbitrary n-vertex graphs this is an uninteresting problem,
since v(K,,) = n(K,) = n! and v(K,) = n(K,) = 0 for n > 2 are easily seen to achieve
the maximum and minimum possible values. However, this problem becomes non-trivial when
one looks at smaller classes of graphs. To this end, we consider these extremal problems for
trees.

To state our result, we recall that a tree is a star K ,, if there is a single-non leaf vertex. We
say that a tree is a hairbrush if it consists of a path vgv; - - - v, such that each vertex v; withz > 1
is adjacent to a leaf u;. That is, hairbrushes are “‘comb graphs” with an extra vertex v, attached

at the end; see Figure 1.4a.
(V—v)—v2—vy) ﬁ
W) (@) (u) Oy~ (v () (v0) W) o)
(a) The hairbrush Hs. (b) The star K1 6.

Figure 1.4: The two trees from Theorem 1.6.

Theorem 1.6. If T’ is a tree on 2n + 1 vertices, then
n12" < v(T) =n(T) < (2n)!

Moreover, equality holds in the lower bound if and only if T' is a hairbrush, and equality holds
in the upper bound if and only if T' is a star.

Note that the equality v(7") = n(T') follows from Theorem 1.4, and that v(T) = n(T) = 0
if 7" has an even number of vertices (since e¢(7) is odd), which is why Theorem 1.6 only considers
trees with an odd number of vertices.
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1.1.3 Multiplicity of roots

Lastly, we consider the problem of determining the multiplicity of —1 as a root of Ap(t),
and we denote this quantity by mult(Ap(t), —1). Note that studying mult(Ap(t), —1) is re-
lated to studying v(G) = |Ap(—1)| in the sense that a graph G has v(G) = 0 if and only
if mult(Ap(t), —1) > 0 for every orientation D of G

One of the first questions one might ask in this setting is to determine how
large mult(Ap(t), —1) can be amongst n-vertex digraphs. Trivially, mult(Ap(t), —1) < e(D)
(since the degree of Ap(t) is at most (D)), which implies mult(Ap(t), —1) < (3) if D has n
vertices. We prove a substantially stronger upper bound which turns out to be sharp.

Theorem 1.7. If D is an n-vertex digraph, then
mult(Ap(t), —1) < n — s9(n),

where sy3(n) denotes the number of 1’s in the binary expansion of n. Moreover, for all n, there
exist n-vertex digraphs D with Ap(t) = =2 (1 4 )72,

= gn—sg(n)

We also obtain a general lower bound on mult(Ap(t), —1).

Proposition 1.8. Let D be an orientation of an n-vertex graph G. If every matching in the

complement of G has size at most m, then mult(Ap(t), —1) > |5] —m.

Roughly speaking, Proposition 1.8 says that if G is “dense” (i.e. if the complement of GG
contains only small matchings), then mult(Ap(t), —1) will be large. While Proposition 1.8 is
not tight in general (consider either digraph in Figure 1.5, for example), it turns out to be tight
if D is an orientation of the complete graph.

Theorem 1.9. If D is a tournament on n vertices, then mult(Ap(t), —1) = [ 5].

Given Theorem 1.9 and the fact that |Ap(—1)| = |Ap/(—1)| whenever D, D' are orientations
of the same graph, it is perhaps natural to guess that mult(Ap(¢), —1) depends only on the
underlying graph of D. This turns out to be false; see Figure 1.5 for a counterexample.

1.2. Related works

Before presenting our proofs, we first comment on a variety of similar looking polynomials that
appear in the literature. This summary is by no means exhaustive, as there are countless objects
adopting the monikers of Eulerian numbers, Eulerian polynomials, descents or inversions; most
of which have little to no relation to the problems studied here.

As previously mentioned, Foata and Zeilberger [FZ96] were the first to define the above
polynomial Ap(t). They were primarily interested in finding digraphs D for which the statistic
desp has the same distribution on G as another statistic maj,, which is a generalization of the
classical “major index” permutation statistic. Their problem has a positive answer when D is
“bipartitional”, which in our terminology is a join of bidirected complete graphs and digraphs
with no edges. In our Proposition 2.1(d) we consider more general joins of digraphs which
recovers some of the results from [FZ96].
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Figure 1.5: Two orientations of the same graph with different —1 multiplicities. The di-
graph on the left has Ap, (t) = (1 4 ¢)*(1 + ¢t + 11¢* + ¢* + ¢*) while the one on the right
has Ap,(t) = (14 ¢)(1 + 5t + 16t* 4+ 16¢> + 16t* + 5¢° 4 ).

When D is acyclic, desp is a weighted-inversion statistic as in Kadell [Kad85] and
Degengardt—Milne [DMOO0] which is any function w : &,, = Z of the form

wio) = Y wiy

1<i<j<n
o(i)>0(j)

for some upper triangular matrix (w; ;). In fact, it is easy to see that desp encapsulates all
weighted inversion statistics w for which w; ; € {0,1} for all ¢, j.
Archer et al [AGGL20] define a Eulerian polynomial for a family ‘B, of digraphs as

bn(u) _ Z udes(D)

De®By,

where des(D) is defined by fixing a labeling wp : V(D) — [n] of the vertices of D for each D
and then counting the number of edges that go from larger label to smaller label. The polyno-
mial Ap(t) can be recovered from b, (u) by selecting B, to be all labelings of a fixed digraph,
although this particular choice of family of digraphs is not considered in [AGGL20]. The poly-
nomial Ap(t) also appears as specializations of the Ellzey chromatic quasisymmetric function
for digraphs [Ell17] as well as the Awan and Bernardi B-polynomial [AB20].

1.3. Organization of the paper

The rest of this paper is organized as follows. In Section 2, we lay out the necessary definitions,
notation and elementary properties of Ap(t) for the rest of the paper. In Section 3 we consider
evaluations of Ap(t) att = —1. In particular, we give basic properties of v(G) in Section 3.1,
we prove Theorem 1.4 in Section 3.2, and we prove Theorem 1.5 in Section 3.3. In Section 4
we study the bounds for v(7") for trees 7" and prove Theorem 1.6. In Section 5 we study the
multiplicity of —1 as a root of Ap(t) and prove Proposition 1.8 and Theorems 1.7 and 1.9. We
conclude the paper in Section 6 with a few remarks and open problems regarding Ap(t).
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2. Preliminaries

2.1. Notation

Graphs in this paper will always be finite and simple. An oriented graph is a digraph D obtained
by taking a graph GG and giving an orientation to each of its edges. In this case we say G is the
underlying graph of D and that D is an orientation of G.

We will often denote the vertex set of a graph or digraph by V (G) or V(D) respectively, or
simply V' whenever G or D is understood; and we similarly use the notation F(G) and E(D).
For a subset S C V/(D), we write D|[S] for the induced subgraph of D on S, and we write D — S
for the induced subgraph D[V \ S]. We write S for the complement V(D) \ S. For two
sets S, T C V(D), we write ep (S, T') for the number of arcs uv whose tail w is in .S and whose
head visin T

An integer composition o of n € N of length ¢ is a sequence @ = (g, ag,...,qp) of
positive integers such that a; + - -+ + ay = n, and for such a sequence we write o« = n. The
elements a, ..., ay of o are sometimes called the parts of a. If oy > a9 > ... = ay, we

say that « is an integer partition. The type of an integer composition «, denoted by A\(«), is
the integer partition given by sorting the parts of o in weakly decreasing order. We will use the

notation (n)™ to denote the integer partition (n, ..., n) that has m copies of n.

An ordered set partition of a set S is a sequence P = (By,..., By) of mutually disjoint
subsets B; of S called blocks such that Ule B; = S. The type of an ordered set partition P is
the type of the integer composition (|By|, ..., |B¢)|. An (unordered) set partition is an ordered
set partition with the order forgotten.

For positive integers ni,...,n, and n = ny + --- + n,, the t-multinomial coefficient is
defined to be

where [n)! = (1+ )1+t +12) - (1 +t+ 2+ + 1",

2.2. Basic properties

In this subsection, we prove a number of basic facts regarding Ap(¢) which will be used through-
out the paper. We begin by establishing a list of elementary properties for Ap(t). For this, we
recall that a polynomial f(t) = Y, a(k)t* is palindromic with center d/2 if a(k) = a(d — k)
for all k.

Proposition 2.1. Let D = (V, E) be a directed graph with n vertices and m arcs.
(a) The polynomial Ap(t) is palindromic with center m/2.
(b) If (u,v), (v,u) € E, then Ap(t) =1t - Ap—(uw)~(v,u)(t)-

(c) If D = | |;_, D; is a disjoint union of digraphs of orders ny, ... ,n,, then

Ap(t) = (nl,.é.,m) .EADi(t)'
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(d) If D is formed by taking the disjoint union of digraphs D, ..., D, of orders ny,...,n,
and then adding all arcs of the form u — v withu € V;, v € V; and with i < j, then

a00)=[,,. "] Lm0

We note that (b) and (c) allows us to reduce our problems to studying digraphs D which are
orientations of connected graphs.

Proof. For (a), consider the map ¢ : &p — &p which sends 0 € GptoT € Gp
with 7(u) = n — o(u) + 1 for all w € V. It is not difficult to see that this is an involution
and that 7 has k descents if and only if o has m — k descents. From this it follows that Ap(t) is
palindromic with center m /2.

For (b), we observe that for every permutation of D, exactly one of the arcs (u, v) and (v, u)
will be a D-descent, giving the result.

For (c), let D, D; and n; be as in the statement of the proposition. A permutation o € Gp
can be made by choosing an ordered set partition 7 = (By, ..., B,) of [n] of type (n,...,n,)
and then choosing a bijection o; : V(D;) — B; for each i € [r|. For each i, we can view o; as
an element of & p,. Since D is a disjoint union of digraphs, we have

desp(o) = desp, (o1) + - - - + desp, (0,).

Since there are (m " ) ordered set partitions of type (n1,...,n,), we have

ceGp Bji,...,By) i=1 \0;€6p,
For (d), we can again view 0 € & as a tuple (m,04,...,0,) of ordered set partition 7
of type (ny,...,n,) and permutations o; € &p,. Let M, . ,. be the set of words w with
ny 1’s, ng 2’s, etc. Ordered set partitions 7 of type (nq,...,n,) are in natural bijection with

words w € IM,,, . . by the map that sends 7 to the word w whose i-th letter is j if ¢ € B;.
Then, a D-descent (u,v) either has u,v € V; oru € V;,v € V; with i < j: the former are
counted by desp,(0;), and the latter are counted by the pairs (wg(y), Wo(v)) With w the word in
bijection with 7. Hence, we have

desp(o) = inv(w) + desp, (o1) + - - - + desp, (7).
Then we have
AD(t) _ Z tdesD(a) _ Z 2finv(w) H Z tdesDi(a,-) _ Z tinv(w) HADl
ceGp wemnl ,,,,, ny 1=1 UiEGDi wemnl ..... ny =1

The result then follows from the well-known result (see [Stall, Proposition 1.7.1]) that

> tmv(w)z{ " } 0
nl,...,nrt
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Next, we have a lemma which allows us to express the Eulerian polynomial of a digraph D
in terms of Eulerian polynomials of induced subgraphs of D.

Lemma 2.2. If D = (V| E) is an n-vertex digraph and k € [n], then

teD(S,g) + tCD(g,S)

Ap(t) = Z 5 Apis)(t)Ap-s(t).

Proof. For ease of notation we assume V' = [n]. Fix 0 € &p and let S C V(D) be the set such
that o(.S) is the interval [k] = {1,..., k}. We observe that if u — v is a descent for ¢ in D, then
one of the following must hold:

* Both v and v are in S
* Both v and v are in S
 visin S and u isin S (since o(S) = [k])
Therefore, if we set 7 = o|s and 7" = o|g, we have
desp (o) = ep(S, S) + desps) (1) + desp_s(7')

Hence we have

Ap(t) =) i@
0'6671,
- Y ¥ e
se(2) 752

P— Z Z teD(§75)+deSD[S] (T)+deSD_S(T,)

se(®) L4802

= Y P Apg(t) Ap_s(t)
se(')

If we repeat this same argument but consider o and S with o(S) = {n —k+1,...,n}, then we
get

Ap(t) = Y P9 Apg () Ap_s(t)
se(R)
By adding these two expressions for Ap(t) and dividing by 2, we find that
tSD(S,g) + teD(§7S)
Ap(t)= > 5 Apis|(t)Ap_s(t). O
se(®)
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O——O——O——0) ;p &&p&
—

F—)4> K?) ?401,.[?;

- —
Figure 2.1: The rooted product digraph P, o, K5 with the vertex v highlighted in black.

Finally, we consider a construction which will be useful for Theorem 1.7 and Proposition 3.8.
Given digraphs D1, D, and aroot vertex v € Dy, the rooted product digraph, denoted D o, D>,
is obtained by gluing a copy of D, at v to each vertex of Dy, see Figure 2.1 for an example.

This product was first defined by Godsil and McKay [GM78]. Here, we show that this oper-
ation plays nicely with the Eulerian polynomial.

Proposition 2.3. Let D, and D, be two digraphs on m and n vertices respectively. If v € D,
then

Apro,alt) = ~ (n m )~AD1(t)AD2(t)m.

m!\n,...,n

In particular, the polynomial is the same for any choice of root v € Ds.

Proof. To create a permutation o € G, we can do the following

1. Select a vector of permutations (o1, ...,0,,) € [[/~, ©p,.

2. Select an ordered set partition 7 = (By,..., By,) of [mn] of type (n)™. For each i, if
B; = {b; < by, -+ < by}, we think of 0; asamap o : V(Dy) — B, via 0;(vy,) = b; if
U(’Uk) = ]

3. Select a permutation 7 € Gp, .

4. For each u € Dy, if 7(u) = i, assign the permutation o; with the i-th largest value at the
root v to the copy of Ds at u.

Let T be the set of tuples (o1, ..., 0.,; T 7) of permutations o; of D, ordered partitions 7 of
type (n)™, and permutations 7 of D;. Then, the above defines a map

p: T — Gp.
For a given p € G,,,, we observe that two elements
(01, y0m; By, B T) and  (0p(1); - - -5 Opm); Bp1)s - -+ » Bpm)i T)

of T produce exactly the same element of G, under ¢. Hence, ¢ is an m/!-to-1 map.
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For ¢ € &p,let (01 ...,0,;m;T) be an element of the preimage ¢! (1)). The D-descents
of 1) come from either an edge in one of the copies of D5 or an edge in D;. The former are
exactly the Do-descents of the o; (thinking of them as elements of &p,). For the latter, (u,u’)
is a D-descent of 1) between two vertices of D, if and only if the edge is a D; descent of 7
because 1)(u) = o;(v) if and only if ¢;(v) is the 7(u)-th largest element of {o1(v),...,0;(v)}
(thinking of o; as a map o; : V(Dy) — B;). Hence, we have

desp (1)) = desp,(01) + - - - + desp, (o) + desp, (7).

Since there are (™" ) ordered set partitions of [mn] of type (n)™ and ¢ is m!-to-1, we have

Ap(t) = Z 4desp ()

YeGp
_ % Z tdeSD2(01)+"'+d€SD2 (om)-+desp, (7)
(0'1,...,0'm§7r§7—)€T
o 1 nm desp,, (o) desp, (1)
—m(n...n) 2 ) 3
) ) 0€Gp, 7€GDp,
1 nm m
L (n n) A, ()" Ap, (1) -

3. Combinatorial interpretations of v (G)

In this section, we prove our results regarding v(G) := |Ap(—1)| where D is any orientation
of the graph GG. As noted in the introduction, v(G) is intimately related to the quantity n(G),
which is the number of even sequences of G, i.e. the number of orderings 7 of V' (G) such that
the induced subgraphs G|[my, ..., m;] have an even number of edges for all i. As a warmup, we
formally establish the connection between alternating permutations and even sequences of paths
mentioned in the introduction.

Proposition 3.1. Let P, denote the path graph with vertex set [n|. A permutation 7 of [n] is an
even sequence of P, if and only if = is an alternating permutation.

Proof. For notational convenience we let 7 = 7. First assume 7 is an alternating permutation
(which in particular means n is odd), and define G; := P,[my, ..., m;].

Claim 3.2. Fix 1 < ¢ < nand let j = 7; (or equivalently 7; = ). If i is even
then e(G;) — e(G;_1) = 2, and if i is odd then e(G;) — e(G,-1) = 0.

Proof. First assume ¢ is even (which in particular means 1 < ¢ < n). Since 7 is an alternating
permutation, j := 7; > 7;_1, 7,1 1. This means both of 7’s neighbors in P, (namely i —1 and i+ 1)
liein {m,...,mj_1}, s0 e(G;) — e(G;_1) = 2 as claimed.

Now assume 7 is odd. Because 7 is an alternating permutation, 7; is less than all of the
neighbors of i in P, so e(G;) — e(G;_1) = 0 as desired. N
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Because e(G;) — e(G,_1) is even for all j, and since e(G;) = 0 is even, we conclude
that e(G;) is even for all j, proving that 7 is an even sequence.
Now assume 7 is an even sequence, i.e. that the induced subgraphs G; = P,[my,..., 7]

have an even number of edges for all 5. In particular, n must be odd in order for G,, = P, to
have an even number of edges.

Claim 3.3. Forall 1 <@ < n, ifiis odd then T; < 7,11, and otherwise T; > T; 1.

Proof. We prove the result by induction on ¢ starting with the base case ¢« = 1. Assume for
contradiction that 7» < 71 := j. This implies e(G;) —e(G;_1) = 1 (since w; = 1 has exactly one
neighbor amongst the set {7y, ..., 7;_;}, namely 2), contradicting e(G,), e(G;_;) both being
even. Thus we must have 71 < 7.

Inductively, assume we have proven the result up to some value ¢ > 1. If ¢ is odd
and 7,41 < 7; = j, then e(G;) — e(G,—1) = 1 (since m; = 4 has a unique neighbor
in {my,..., 7rj_1}, namely 7,1 due to the inductive hypothesis 7,_; > 7;), a contradiction. If ¢
isevenand 7,41 > 7; := j, then again e(G;) — e(G;_1) = 1 (since 7; = ¢ has a unique neighbor
in {my,...,m;_1}, namely 7,_; due to the inductive hypothesis 7,_; < 7;). With this we conclude
the claim. [

This claim, together with the observation that n must be odd, shows that 7 = 7! is an
alternating permutation, completing the proof. [

3.1. Basic properties of v(G)

In this subsection we prove several basic properties of v(G), some of which will be needed for
the proof of Theorem 1.4. We begin with a basic but important observation.

Lemma 3.4. If G has an odd number of edges, then v(G) = 0.

Proof. Let m = e(G) and D be any orientation of G. By Proposition 2.1(a), Ap(t) is palin-
dromic with center (m—1)/2. Since (—1)¥ = —(—1)™"" for m odd, it follows that Ap(—1) = 0.
]

The remainder of our proofs for this section rely heavily on the following special case of
Lemma 2.2.

Corollary 3.5. If D is an n-vertex digraph, then

tdngDr(v) 4 tdegg(v)
Aplt) = 3
veV

Proof. Applying Lemma 2.2 for £ = 1 gives

teD(S7§) +t6D(§,S)
Ap(t) = > 5 Apisi(t)Ap-s(t).
se(1)
Note that for S = {v}, we have ep (S, S) = deg},(v), ep(S, S) = degp(v), and Apg(t) = 1,
giving the result. O




14 Kyle Celano et al.

For ease of notation, we will often write the summation symbol » _,, in Corollary 3.5
simply as ) |, or even ) . This result immediately gives the following.

Corollary 3.6. We have v(G) < ) v(G —v).

Proof. Whent = —1, each term in the summation of Corollary 3.5 has coefficientsin {—1, 0, 1}.
Taking absolute values on both sides and using the triangle inequality gives for any orientation D

of (G that
v(@) = [Ap(-1)] < 3 [Ap-o(~D)] = ST 0(G — v).

v v

An analog of the result above holds for even sequences.

Lemma 3.7. If G is a graph with an odd number of edges, then n(G) = 0. Otherwise
n(G) =22, 1(G = ).

Proof. If e(G) is odd then there exist no even sequences (since e¢(G[my,...,m,]) = e(G) is
always odd), so n(G) = 0. Assume now that e(G) is even and let 7,(G) denote the num-
ber of even sequences of G with v,, = v. Then n(G) = > n,(G), and it is not difficult to
see 1,(G) = n(G — v) (since e(G[m,...,mh_1,v]) = e(G) is even for any permutation 7
of V(G) — v). This gives the result. O

Finally, we introduce two graph operations that play nicely with v(G). Given a set of
graphs G, ..., G, on disjoint vertex sets, the join \/;_, G; is the graph obtained by taking the
disjoint union of the G; graphs and then adding all possible edges between each of the GG; graphs.
Recall that graphs GG1, G5 and a root vertex v € (s, the rooted product graph G o, G5 is ob-
tained by gluing a copy of GG, at v to each vertex of G;. With all this established, we can state
the following results involving v(G).

Proposition 3.8. Let G be an n-vertex graph.
(a) We have v(G) < n(G).

(b) If G = | |;_, Gi is a disjoint union of graphs of orders ny, . .., n,, then

V(@) = (nb " n) : QU(Gi).

(c) If G = \/;_, G, is the join of graphs of orders ny, . .. ,n,, then

-y H(G)

(d) If G = Gy o, Gy with |V (G;)| = ny, then

v(G) =

U@ = i(

n1!

ning

)V(Gl)V(Gg)nl.

No, ..., N9y
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Proof. Parts (b) and (c) follow from Proposition 2.1, and (d) follows from Proposition 2.3. It
thus remains to prove (a), which we do by induction on V' (G).

The base case is trivial, so assume we have proven the result up to some order n and let G
be a graph of order n. If G has an odd number of edges then v(G) = n(G) = 0 by Lemmas 3.4
and 3.7. Otherwise by Corollary 3.6,

v(G) <Y v(G =) <Y (G —v) =n(G),

(2

where the second inequality used the inductive hypothesis and the equality used Lemma 3.7. [

Proposition 3.8 has a number of nice consequences. For example, (b) and (c) imply that to
determine v(G) for all graphs G, it suffices to do this for graphs G such that G and its complement
are both connected. We also have the following immediate consequences.

Corollary 3.9. Let G be an n-vertex graph.
(a) If G has a component with an odd number of edges, then v(G) = 0.
(b) If every vertex of G has odd degree, then v(G) = 0.

(c) If G has a vertex v of degree n — 1, then v(G) = 0 if n is even, and otherwise v(G) =
v(G —v).

We note that Corollary 3.9(a) also appeared previously in [EZ17, Lemma 10].

Proof. Part (a) follows from Proposition 3.8(b) and the fact that v(G) = 0 whenever G has an
odd number of edges by Lemma 3.4 (or alternatively by Proposition 3.8(a)).

For (b), we observe that for any ordering 7 of V' (G), either the graph G = G|y, ..., m,] or
the graph G[m, ..., m,_1] has an odd number of edges. Thus 7(G) = 0, and hence v(G) = 0
by Proposition 3.8(a).

For (c), we observe that (G is the join of K together with G'— v, so by Proposition 3.8(c) we
have v(G) = |[n]_1|- 1 - v(G — v), and this equals 0 if n is even and otherwise equals v(G — v)
as desired. ]

3.2. Proof of Theorem 1.4

In this section, we prove Theorem 1.4, which we recall says that v(G) < n(G), and that equality
holds if G is either bipartite, complete multipartite, or a blowup of a cycle, then v(G) = n(G).
We have already established the upper bound in Proposition 3.8(a), so it remains to address the
cases of equality.

The proofs for each of these cases follows the same basic strategy: We first show that for
some “natural” orientation D of G, we can easily predict the sign of Ap(—1). From this we
deduce v(G) = > v(G —v), and hence that v(G) = 7n(G) by Lemma 3.7 since the statistics v, 7
satisfy the same recurrence relation.

We begin with the following “natural” orientations for bipartite graphs.
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Lemma 3.10. Let D be a digraph such that one can partition its vertex set into U UV such that
everyarcu —vof D hasu € Uandv € V. Then

AD(_]') 2 07

and if D has an even number of arcs, then

AD(_l): Z Ava(—l)-

veV (D)

Proof. We first establish the equality for D with an even number of arcs. By Corollary 3.5, we
have

__1\deg™ (u) _1)deg™ (v)
Ap(en) = S EE L e D e,

uelU veV

We claim that for u € U, we have w/l[)_u(—l) = Ap_u(—1). Indeed, this is imme-
diate if deg™ (u) is even. If deg™ (u) is odd, then since D has an even number of arcs, D — u has
an odd number of arcs. By Lemma 3.4, Ap_,(—1) = 0, so again the claim trivially holds. An
analogous result holds for the v terms, and applying these claims to the inlined equation above
gives the result.

We next prove Ap(—1) > 0 by using induction on |V/(D)], the base case being trivial. If D
has an odd number of arcs then this quantity is 0 by Lemma 3.4, so we may assume D has an

even number of arcs. Thus, by the result proven above, we have

with the last step using the inductive hypothesis on each of the digraphs D — v (each of which
continues to satisfy the hypothesis of the lemma). This completes the proof. [

Corollary 3.11. If G is a bipartite graph with an odd number of edges, then v(G) = 0, and
otherwise v(G) = > v(G —v).

v

Proof. The result when G has an odd number of edges follows from Lemma 3.4, so assume G
has an even number of edges, and let D be an orientation of GG as in the previous lemma. Hav-
ing Ap(—1) > 0 implies

v(G) =Ap(—=1) = Ap_,(-1) =Y (G —w),

where the second equality used the second part of Lemma 3.10 and the last equality
used v(G — v) = Ap_,(—1) since this latter quantity is non-negative by Lemma 3.10. O

We next turn to orientations of complete multipartite graphs. We begin by establishing the
following simple criteria for determining if v(G) = 0.
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Lemma 3.12. Let G be a complete multipartite graph on V1 U - - - U V,.. If |V;| is odd for at least
two values of i, then v(G) = n(G) = 0.

Proof. We will show in this case that 7(G) = 0, i.e. that there exist no even sequences for G.
From this it will follow from the bound v(G) < n(G) of Proposition 3.8(a) that v(G) = 0 as
well.

Assume for contradiction that 7 is an even sequence of GG. Let j be the smallest integer such
that |V; N {m,...,m;}| is odd for at least two values of 7, noting that such a (smallest) integer
exists since this holds for j = n by hypothesis. Since j is the smallest integer with this property,
there must be exactly two integers ¢ such that |V;N {7, ..., 7, }| is odd, say this holds for i = a, b.
Since G is complete multipartite, the number of edges of G|y, . .., 7] is exactly

S oVin{m,m - Ve n{m, )
<3/

Exactly one term in this sum is odd, namely the one with {i,7’} = {a,b}. This
implies G[my, . . ., 7;] has an odd number of edges, contradicting 7 being an even sequence. [

We next turn to the “natural” orientation of complete multipartite graphs.

Lemma 3.13. Let D be a digraph with vertex set Vi U --- U V.. and arcs v — v if and only
ifue Vi, veVyandi < j. Then
AD(_l) > 07

and if |V;| is odd for at most one value of i, then
—1) =) Ap_,(-1)

Proof. As in the bipartite case, we begin by establishing the equality. Suppose at most one of
the parts of D has odd size. By Corollary 3.5 we have

—1)deg™ (v) —1)des™ (v)
Ap(—1) = Z (=1) —;( D) Ap_y(-1),

veV (D)

so it suffices to show that for each v € V(D), either deg®(v),deg™ (v) are both even
or Ap_,(=1) = 0. Suppose v € V;. Then deg”(v) = |U,.,; Vj| and deg™ (v) = | U]<1 Vil.
If |Vy| is even for all i’ # i, then deg™ (v) and deg™ (v) will be even. If |V is odd for some 4’ # 1,
then |V;| must be even by hypothesis, so |V; — v| is odd. This means D — v is the orientation of a
complete multipartite graph with two parts of odd size, namely V; — v and V;,. By the previous
lemma this implies Ap_,(—1) = 0, completing the proof of this part.

The proof that Ap(—1) > 0 follows essentially the same inductive proof as in Lemma 3.10.
We omit the details. ]

From these lemmas, the proof of Corollary 3.11 carries over to give the following.
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Corollary 3.14. If G is a complete multipartite graph with at least two parts of odd size,
then v(G) = 0, and otherwise v(G) =, v(G — v).

Finally, we prove our lemmas for graphs GG which are blowups of cycles, which we recall
means that one can partition the vertex set of ¢ into sets V1, ..., V,. (which we will call the parts
of (3) such that uv is an edge of G if and only if v € V; and v € V;,; for some ¢, where the
indices are taken modulo r. Again we begin with a simple criteria for having v(G) = 0.

Lemma 3.15. Let G be a blowup of a cycle with parts Vi, ..., V.. If |Vi||Vii1] is odd for an odd
number of integers 1 < i < r, then v(G) = n(G) = 0.

Proof. By the definition of G being a blowup of a cycle, we have e(G) = Y., |Vi||Vi41|. Thus
if |V;|Vi41| is odd for an odd number of integers, then e(G) is odd. This implies n(G) = 0 and
hence v(G) = 0 by Proposition 3.8(a). O

Our analog of Lemmas 3.10 and 3.13 will be slightly more complex in the setting of blowups
of cycles. For this, we define our “natural” directed analog of blowups of cycles as follows: we
say a digraph D is a blowup of a directed r-cycle if it has vertex set V; U - - - UV, and arcs of the
formu — vifand only ifu € V; and v € V;; for some i. For such a digraph, we define m(D) to
be the number of integers 1 < ¢ < 7 such that |V;| and |V, | are both odd, i.e. such that | V;||V;1|
is odd.

Lemma 3.16. Let D be a blowup of an r-cycle.
(a) If m(D) is odd, then Ap(—1) = 0.
(b) If m(D) is even, then
(—1)™P24p(~1) > 0

and

(1P Ap(=1) = 3 (=) A (1)

v

Note that the first statement implies that when m(D — v) is odd, Ap_,(—1) = 0. Hence, the
sum in the second statement is a well-defined real number.

Proof. For (a), note that if m(D) is odd, then D is an orientation of a graph G as in Lemma 3.15,
so Ap(—1) = 0 as desired. It thus remains to prove (b), and we begin by establishing the sum.
By Corollary 3.5, we have

Y

_1)desg™ (v) —1)deg™ (v)
AD(_l): Z ( 1) —;( 1> Ava(—l)

veV (D)

so to prove the desired sum, it suffices to show that for each v € V (D), either Ap_,(—1) = 0,
or deg™ (v), deg™ (v) both have the same parity as (m(D — v) — m(D))/2. Note that by (a) we
have Ap_,(—1) = 0if m(D —v) is odd, so from now on we may assume m (D —v) is even (and
hence it makes sense to talk about the parity of (m(D — v) —m(D))/2 since m(D) is assumed
to be even).
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Suppose v € V;, which means deg™ (v) = |V;11| and deg™ (v) = |V;_1]. If |[Vii1| 22 [Viga],
then m(D —v) = m(D)+1if |V;|iseven and m(D —v) = m(D) — 1 if |V;| is odd. Since m(D)
is even, m(D — v) is odd in either case, which we assumed not to be the case. Thus we must
have |V;_1| =2 |Viyq]-

If both |V;_;| and |V;, | are even, then m(D — v) = m(D), and hence deg™ (v) = |Vi 1],
deg™ (v) = |V;_1| have the same parity as (m(D—v)—m(D))/2. If instead both these quantities
are odd, then m(D — v) = m(D) + 2 if |V;] is even and m(D — v) = m(D) — 2 if |V}] is odd.
Hence, we have m(D — v) — m(D) = £2 and so

(m(D —v) =m(D))/2 = £1 = |Vis1| = deg™(v),

so again in this case the desired result follows. This completes the proof of the equality.
The proof that (—1)™(P?)/2A,(—1) > 0 again follows from essentially the same inductive
proof as in Lemma 3.10. More precisely, by the equality we just proved we find

(=12 Ap(~1) = S (1" Ap (1) > 0,

v

with this last inequality using the inductive hypothesis. 0
Again these lemmas give the following corollary.

Corollary 3.17. If G is a blowup of a cycle such that |V;||V;11] is odd for an even number of
integers i, then v(G) = 0, and otherwise v(G) = Y v(G — v).

Proof. Lemma 3.15 implies the first half of the result. Otherwise, if D is the directed blowup of
an r-cycle whose underlying graph is GG, then m(D) is even and Lemma 3.16 inductively gives

v(G) = ()" PAp(=1) = Y (1) P RAp(-1) =) w(G —v),

v v

completing the proof. [
We are now ready to prove our main result for this subsection.

Proof of Theorem 1.4. The upper bound v(G) < n(G) is established in Proposition 3.8(a), so it
remains to prove v(G) = n(G) whenever G is bipartite, complete multipartite, or a blowup of a
cycle. We first consider the case that GG is bipartite. We prove this result by induction on |V (G),
the base case v(K;) = n(K;) = 1 being trivial. By Corollary 3.11 and Lemma 3.7, if G has an
odd number of edges then v(G) = n(G) = 0, and otherwise

V(@)= v(G—v) = 1(G—v)=nG),

v

where the middle equality used the inductive hypothesis (and that G — v is bipartite whenever G
is).

Nearly identical arguments work for the cases when G is either complete multipartite or a
blowup of a cycle, completing the proof. [
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It is tempting to try to generalize the approach of this subsection by finding “natural” orien-
tations of other graphs in order to show v(G) = > v(G — v); see for example Conjecture 6.2.
However, we emphasize that Theorem 1.5 shows that the inductive proof of Theorem 1.4 can not
be extended beyond the class of graphs which are bipartite, complete multipartite, or blowups
of cycles.

Before moving on, we note the following cute consequence of our results for v(G) which
gives a combinatorial interpretation for ¢-multinomial coefficients evaluated at —1.

Corollary 3.18. If nq, ..., n, are positive integers and n = ny + - - - + n,, then
n 40 at least two parts of odd size
ni,..one| | (Lnl/Q\]n--/?ﬂnr/QJ) otherwise.

Itis likely that Corollary 3.18 is already well known in the literature, though the only concrete
source we are aware of is [Ajo07, Section 5.2] which solves the case » = 2 (from which the
general result can be derived).

Sketch of Proof. Let G be the complete multipartite graph with parts of sizes ni,...,n,.
Since G is the join of independent sets of size n;, Proposition 3.8(c) implies

On the other hand, by using ideas similar to those in Lemma 3.12, one can work out that the
number of even sequences 7((G) equals [ [ n;! times the number of words w consisting of ny 1’s,
ng 2’s, and so on, with the additional property that each prefix w; - - - w; has all but at most one
letter appearing an even number of times. This is equivalent to saying that w; = w;; for all
odd ¢ < ) nj, so the number of these words is O if n; is odd for at least two values of 7, and
otherwise equals (L /2] . By Theorem 1.4 we have v(G) = n(G), giving the desired

n1/2],...,[nr/2] )
result. ' [

v(G) =

ni+-+n,
Ny, ..., Ny 1

3.3. Proof of Theorem 1.5

In this subsection we characterize which graphs have v(G') = n(G’) for all induced sub-
graphs G’ C @. For this the following will be crucial.

Definition 3.19. We define the odd pan graph C3;  , to be the graph obtained by taking the
odd cycle U541 and then adding a new vertex u adjacent to exactly one vertex of Coyy1; see
Figure 3.1a. We say that a graph G is odd pan-free if it contains no induced subgraph which is
isomorphic to Cy, | for any £ > 1.

We note that some authors use the term “odd pan” only to refer to (5, , when k > 2, but
we emphasize that we include the paw graph C3 in our definition of odd pans. Our motivation
for this definition is the following lemma.

Lemma 3.20. We have v(C3,.. 1) # 1n(Csy,,q) forall k > 1.
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(a) C7. (b) An even sequence.

Figure 3.1

Proof. We prove this by showing v(C3,, ;) = 0 and (C5;,,,) > 0. Let vy, . .., vg41 denote the
vertices of the odd cycle of (3, , and u the pendant vertex, say with v adjacent to vy 1.

Define the sequence (1, ..., Tog o) by having 1 = w and x; = vy 9; o for all ¢ > 1, with
these indices for v written modulo 2k + 1; see Figure 3.1b. The first £ 4 1 elements

{xh s ka—i-l} - {U, Vk+2, Vk4+4, - - - avk—l}

form an independent set, and hence C3, [z1,..., ;] has no edges forall 1 < 7 < k + 1.
For 7 > k + 1, we have that

k42 —2=k+26i—k—1)420k+1)— 2=y k+2(—k—1)— 1.

Therefore, r; = Upp2i2 = Upyoi—k—1)—1 iS adjacent t0 T;_p_1 = Vpyo(i—k—1)—2
and ;_j, = Vpqo(i—k)—2. Thus C3 |21, ..., 2;] is even for all 4, so (21, ..., Tox42) is an even
sequence and n(Cs, . ;) > 0.

To show v(C3, ;) = 0, let D be an orientation of C3, ., such that v — vj11, V1 = Vopy1,
and for 0 < ¢ < k — 1, Upy14 — Upgi4(i+1) and Vgp1—; — Vpp1—(i+1)s see Figure 3.2a. Define
amap ¢ : Sy — Sy sending o to 7 := (o) defined by setting 7(u) = o(u) and

T(’Uk ) _ O'(Uk;Jrl,i) 1 < ‘Z’ < k
i o(vgy1)  otherwise

Then, ¢ is clearly an involution with no fixed points. By the orientation D of the graph, we
have that (Vg4 144, Ukt1+3+1)) is a descent of 7 if and only (Vkt14, Uk415(i+1)) iS a descent of o
and that (u, vy, 1) is a descent of 7 if and only if (u, v, 1) is a descent of o. Finally, we have
that (v, vex 1) is a descent of 7 if and only if (vy, vor41) is not a descent of o. Thus, ¢ changes the
number of descents by exactly 1 and hence it is a sign-reversing involution, proving Ap(—1) = 0.

]
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(a)o (b) 7 = (o)

Figure 3.2: The involution ¢.

Recall that Theorem 1.5 says that if G is a connected graph, then v(G') = n(G’) for all
induced subgraphs G’ C G if and only if G is bipartite, complete multipartite, or a blowup of a
cycle. In view of the lemma above, it will suffice to prove the following structural graph theory
lemma.

Proposition 3.21. If G is a connected graph, then GG is odd pan-free if and only if it is either
bipartite, complete multipartite, or a blowup of a cycle.

We will prove this proposition through the following two lemmas.

Lemma 3.22. If G be a connected graph which is odd pan-free and which contains a triangle,
then G is a complete multipartite graph.

Proof. Let r be the maximum size of a clique of (G, and note that > 3 by hypothesis. Let H
be a maximal induced subgraph of GG which is isomorphic to a complete r-partite graph with
non-empty parts, say with parts Vi, ..., V. Note that any r-clique of G is trivially a complete
r-partite induced subgraph, so such a maximal induced subgraph exists. We claim that H = G.

Suppose not, and let uw € G'\ H. Since G is connected, there is a path from u to H, so we
shall assume that « is adjacent to H. Now, w is not adjacent to some v; € V; for all ¢, as this would
imply that u together with the v; form an (r + 1)-clique in G. Hence without loss of generality,
we may assume u is not adjacent to any vertex in V; and that it is adjacent to some v, € V5. If u
is not adjacent to some vy, € V}, for k > 3, then u, vy, vo, vy, forms a copy of C in G, which is a
contradiction to GG being odd pan-free. Thus, u is adjacent to every element of Vj,..., V,, and
critically we observe that V3 # & since r > 3.

We claim that u is adjacent to every element of V5. Suppose there is some v, € V5 which
is not adjacent to u. Since V3 is nonempty, we can take any v3 € V3 (which is adjacent to u)
and form a C out of u, vy, v}, v3, which is a contradiction. Thus u is adjacent to every element
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of V5, as well as every element of V5, ..., V., and is not adjacent to any element of V. This
means {u} UV, Va, ..., V, forms an induced complete r-partite subgraph of G that contains H,
a contradiction to the maximality of H. We conclude that H = G, completing the proof. [

The next lemma deals with the case when G is triangle-free. Here we recall that a graph is a
blowup of a cycle if it has vertex set V; U- - - UV, and edges wv if and only if u € V; andv € V4
for some .

Lemma 3.23. If G be a connected graph which is odd pan-free and which is triangle-free but
not bipartite, then G is a blowup of a cycle.

Proof. Assume that the shortest odd cycle of GG has length 2k + 1, noting that such a cycle
exists with 2k + 1 > 5 by hypothesis of GG being non-bipartite and triangle-free. Let H be a
maximal induced subgraph of G which is isomorphic to a blowup of a cycle of length 2k + 1,
and let Vi, ..., Vo, be its parts. We claim that H = G.

Suppose not, and let u € G'\ H. Since G is connected, there is a path from u to H, so we
shall assume that u is adjacent to H, say that it is adjacent to v; € V.

We claim that « is not adjacent to any vertex in V5 U Vo, ;. Indeed, if « was adjacent to
some vy € V5, then u, vy, vo would form a triangle in GG, a contradiction. A symmetric argument
shows u can not be adjacent to any vertex in Vo 1.

We claim that u is not adjacent to any vertex in V; for 4 < ¢ < 2k — 1. Indeed, assume
for contradiction that v is adjacent to some v; € V;, and for each j # 1,4 let v; be some ver-
tex in V. Observe that if ¢ is odd, then the vertices v1, w, v;, viy1, .. ., Vog41 form an odd cy-
cle of length 2k + 1 — (i — 3) (since it excludes vertices from V5, ..., V;_; but includes w),
contradicting G having no odd cycles of length shorter than 2k + 1. Similarly if ¢ is even
then vy, u, v;,v;_1, ..., Vs gives a contradiction.

We claim that u can not be adjacent to vertices in both V3 and V5;. Indeed, say it were
adjacent to some v3 € V3 and v9, € Vo and let v; € V; for all other ¢. Then u, vs, vy, ..., vy iS
a cycle of length 2k — 1 in (G, a contradiction.

We claim that there exists some 7 # 1 such that u is adjacent to every vertex of V;. Indeed,
if for all 7 # 1 there existed a v; € V; which u was not adjacent to, then u, vy, . .., vor1 Would
induce a (5, in G, a contradiction.

With all of the claims above, we can assume « is adjacent to some v; € Vi, every vertex
of v3 € V3, and that it is adjacent to no vertices in | J; 21,3 Vi- A symmetric argument to the previ-

ous claim shows that u must be adjacent to every vertex of ;. Hence Vi, VoU{u}, Vi, ..., Vorig
induce a larger blowup of a cycle of length 2k+1 in (5, a contradiction. We conclude that H = G
as desired. [

With these two lemmas we can easily prove Proposition 3.21, and again we recall that this
immediately implies Theorem 1.5 when combined with Lemma 3.20.

Proof of Proposition 3.21. 1t is straightforward to verify that complete multipartite graphs,
blowups of cycles, and bipartite graphs are all odd pan-free (with this result also implicitly
following from Theorem 1.4 and Lemma 3.20). If G is a connected odd pan-free graph which
contains a triangle, then Lemma 3.22 implies that GG is complete multipartite. Otherwise G is
either bipartite or Lemma 3.23 implies that GG is a blowup of a cycle, completing the proof. []
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4. Optimal bounds on v(7") for trees

Here we prove Theorem 1.6, which we recall says that if 7" is a tree on 2n + 1 vertices, then
n12" <v(T) =n(T) < (2n)!,

with equality holding in the lower bound if and only if 7" is a hairbrush, and equality holding in
the upper bound if and only if 7" is a star.
To aid with our proofs, given a tree T, we define

X(T) = {z € V(T) : each component of 7' — z has an even number of edges},

and we will denote this simply by X whenever T is understood. Our motivation for this definition
is the following.

Lemma 4.1. If T’ is a tree with an even number of edges, then
v(T) = v(T - ).
zeX
Proof. By Corollary 3.11, we have
v(T)= > v(T-2)=) v(T-2)+ » v(l-2)=> v(T—-x), @l
zeV(T) zeX zeV(T)\X zeX
where the last equality follows from Corollary 3.9(a). [l

With this lemma in mind, the idea for the proofs of the upper and lower bounds is as follows:
we first apply Lemma 4.1 and then use induction to bound each of the terms v(7 — z) in the
sum. Finally, we bound our total sum in terms of |)? | and show that equality can only occur
when | X| = 1.

Throughout our proofs, we make heavy use of the fact that if 7" is a graph on 2n vertices
with connected components 77, ..., T, and n; = |V (7})|, then

2 -
w(T') = (m t ) 11, (42)
oo, ) A

which follows from Proposition 3.8(b).

4.1. Lower bound for v(7)

Here we prove that v(T') > n!2" for all trees T' with 2n + 1 vertices with equality when T is
the hairbrush H,. Recall from Section 1.1.2 that this graph H,, is obtained by starting with a
path vg — v; — -+ — v, and then adding a leaf u; to each v; for i € [n]; see Figure 4.1 for a
reminder of what this looks like. We begin by observing the following.

Lemma 4.2. Forn > 0, the hairbrush H, has v(H,) = n!2".
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Figure 4.1: The hairbrush Hs.

Proof. Note that v(Hy) = 1 = 0!2°, so from now on we assume n > 0. Since {vg, u1, ..., u,}
are leaves and e(H,,) is even, none of these vertices are in X. Fori € [n — 1], one of the
components of H,, — v; is the subgraph on {v;; 1, u;11, . .., Uy, Uy }, Which has an odd number of
edges, so v; ¢ X. On the other hand, H,, — v, = H,_, L {un},sov, € X. Hence X = {vn},
so by Lemma 4.1 and (4.2) we have

v(H,) =v(H, —v,) =v(Hp1 U{u,}) =2n-v(H,—1).

This provides a recurrence relation for v(H,,) for n > 1, which combined with the initial condi-
tion v(Hy) = 1 gives the desired formula. O

In view of Lemma 4.1, to show that v(T") > 0 (let alone that v(T") > n!2"), it is necessary
to show the following.

Lemma 4.3. IfT is a tree with an even number of edges, then X + .

Proof. We prove the result by induction on n = |V (T')|, the case n = 1 being trivial. Sup-
pose n > 1 and let z; - - - 1 be a longest path in 7. Note that every neighbor of x5 other than x3
is a leaf (as otherwise we could extend the path). If deg(x2) is even, then T" — x5 is the disjoint
union of deg(zy) — 1 copies of K and a tree 7" with e(T") — deg(z3) =2 0 edges, so o € X.
Thus we may assume deg(z5) is odd.

Let 7™ be T" after deleting all of the neighbors of x5 other than x35. Observe that 7™ is a tree
with an even number of edges and with strictly fewer vertices than 7" (since we have deleted x4, in
particular). By the inductive hypothesis, there exists some vertex y € X (1), i.e. y is such that
each connected component of 7™ — y has an even number of edges. Each component of 7™ — y
is either a component of 7" — y or it contains x5. In the later case, the component of 7' — y
containing x5 has deg(zy) — 1 more edges than that in 7% — y. Since deg(xs) — 1 is even by
assumption, we have y € X, completing the proof. 0

We will also need the following simple arithmetic inequality.

Lemma 4.4. Let n be a non-negative integer and (k1, . . . , k) a sequence of non-negative inte-
gers such that r is even, and such that n = r/2 + > k;. Then

T

k;! (n—1)!
s 1% 3o

i=1

with equality if and only if r = 2 and {k, k2} = {n — 1,0}
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Proof. Let k= (k1,. .., k) be asequence as in the hypothesis of the lemma such that | | %
is as small as possible. Without loss of generality, we may assume that k is weakly decreasing.
We will prove the result by first showing that k is of the form (k1,0,0,...,0),and then thatr = 2.

First assume for contradiction that k; > ko > 0, and define the sequence (£, ..., k)
by ki = k;if ¢ > 2and k] = k; + 1, ki, = ko — 1. Note that this sequence continues to
satisfy the hypothesis of the lemma. We claim that

d k;! - K2
H 2(2k; + 1)! ~ H 2(21<:’Z+ nr
i=1 g =1 i ’
Since k; = k; for i > 2, this is equivalent to saying

ey Vo) (ky 4+ 1)!(ky — 1)!
A2k + 1)1(2ky + 1)1 7 4(2ky + 3)1(2k — 1)I”

which further simplifies to

ks y ko + 1 SRS S
(2ks + 1)(2k2) ~ (2ky + 3)(2k, + 2) 2%+ 1 2k +3

and this last bound holds since k; > ko. This contradicts k being a minimizer, so we conclude
that k’g = 0.

Hence, we must have &k = (k1,0,...,0), where necessarily k; = n — r/2 by the hypothesis
of the lemma. In this case,

ﬁ k;! k! 1 (n—r/2)!
2

2k + 1) 22k + 1)1 270 2@n—r+ I

Thus, to conclude the result it suffices to show that this function is strictly increasing for
even r < n/2, i.e. that for r < n/2
(n—r/2)! (n—r/2—1)!
2r(2n —r+ 1)1 " 27P2(2n —r — 1)1

This is equivalent to saying

n—r/2 _ 1
Cn—r+1)2n—r) 4
and indeed this quickly follows since 2n —r +1 > 2n —r > 2. U

We now prove our lower bound for trees from Theorem 1.6, which we restate below as a
separate proposition.

Proposition 4.5. If T is a tree on 2n + 1 vertices, then v(T) > 2"n! with equality if and only
if T is the hairbrush H,,.

Proof. We prove the result by induction on n, the n = 0 case being trivial. Assume we have
proven the result up to some value n and let 7" be a tree on 2n + 1 vertices.
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Claim 4.6. For each z € X, we have v(T —x) = nl2" with equality only if T — x is the disjoint
union of K, and a hairbrush H,, .

Proof. let Ty, ..., T, be the connected components of 7' — z, say with n; = |V(T})|. Since
each T; has an even number of edges, n; = 2k; 4+ 1 for some non-negative integer k;. By (4.2)
and induction, we have

2n ! 2n ! ,
v(T —z) = (m . ) [[vT) > (m , ) I a2t (4.3)
O O

Using 0 ki = >, (n; —1)/2 = n—r/2, we see that the quantity above can be rewritten as

2n . (2n
ki!2k¢ — 2k1+ +kr k;!
(" L2 = H

i=1 1!

_ (2n) n—r/2
kD) (2 1) 2 /Hk'

) k!
= (2n)12"" H L o 1!

J k;!

= (2n)!2" /2 H S5 T

nirj2_ (0= 1)!
> (2n )2+/2(2n—_1)

= plontr/2=1 > n!2",

4.4)

where (4.4) used Lemma 4.4. This proves the desired inequality of the claim. Moreover,
Lemma 4.4 implies that equality in (4.4) can only occur if » = 2 and if, say, 7} has one vertex
and 75 has 2n — 1 vertices. Moreover, by induction we know (4.3) can only hold with equality
if 5 is a hairbrush, proving the claim. ]

By Lemma 4.1 and the claim above, we have

v(T) =Y (T —z) > |X] nl2" > nl2", (4.5)

zeX

with this last inequality using Lemma 4.3. This gives the desired lower bound on v(T').

Now suppose v(T') = n!2". This implies both inequalities of (4.5) are equalities, which can
only hold if | X| = 1, say with X = {z}; and if T —  consists of an isolated vertex y together
with a hairbrush H,, ;. It remains to show that this implies 7" must be the hairbrush H,, for
which it suffices to show that x is adjacent to v,,_; in H,_1.

If z is adjacent to some v; or u; with i € [n—2], then T'—v,,_; has 2 components each with an
even number of edges (2n and 0 respectively), so v,,_1 € X, a contradiction to X = {z}. Ifzis
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adjacent to u,, then T'—v;,_; has 2 components each with an even number of edges (2n —2 and 2
respectively), so v,,_1 € X. Thus, in all cases, unless x is adjacent to v,,_;, we have X # {z},
which is a contradiction. Hence, we conclude that 7" is H,,. Finally, Lemma 4.2 provides the
other direction. [

4.2. Upper bound for v(7")

We will prove that v(T") < (2n)! for all trees 7" with 2n + 1 vertices with equality only when T’
is the star graph K, »,, which consists of a center vertex vy adjacent to 2n leaves vy, . . ., Va,.

Lemma 4.7. Foralln > 0, v(K;2,) = (2n)l.

Proof. We prove K 5, has exactly (2n)! even sequences, from which the result follows by The-
orem 1.4 since K o, is bipartite. Let 7 be an ordering of the vertices of T". If 9,11 # o, then

the induced subgraph K o,,[m1, . . ., Ta,] is isomorphic to K 5,1 which has an odd number of
edges, so 7 is not an even sequence. Hence, all even sequences 7 have 7,11 = vy, and it is easy
to see that every m with this property is in fact an even sequence. [

We next prove some structural results regarding the set X.
Lemma 4.8. Let T’ be a tree with an even number of edges.
(a) No vertex r € Xisa leaf, and no two vertices of X are adjacent.

(b) Forz € X, let Ti,...,T,, be the connected components of T — x withn; = |V (T;)|. If T;
contains U; vertices of X, then n; > 2(; + 1 for each i € [r].

Proof. For (a), if x is a leaf, then T' — x is a connected graph with an odd number of edges,
so x ¢ X. Assume for contradiction that some =,y € X are adjacent. Let T, be the con-
nected component of 7" — y containing x and similarly let 7; be the component of T" — x
containing y; see Figure 4.2. Since z,y € X, we have e(T;),e(T,) even. However, it is
not difficult to see that every edge of 7" — xy appears exactly once in either 7, or 7,, which
implies e(1") = e(1,) + e(T},) + 1 is odd, a contradiction.

Q O

O

Figure 4.2: A tree with x,y € X adjacent and an odd number of edges. The tree 7 is in red
dashes, the tree T}, is in blue dots, and the edge xy is in solid purple.
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For (b), fix i € [r], set £ := ¢;, and write {yy,...,y,} = X N V(T}). Foreach j € [(], let U
be a neighbor of y; with distr(u;,z) > distr(y;, z), which always exists because y; is not a
leaf of T" by (a). Let v, be the unique neighbor of y, := x in 7;. Note that u; # y,; for any j, 5’
since y; and y;/ are not adjacent by (a). Also, observe that u; # u; for j # j', as otherwise we
would have distr(y;, x) = disty(y;, ) and that y;, y;; have a common neighbor u; = ;s not
equal to =, which would imply that 7" has a cycle if y; # y; (via considering u;, y;, y;» and the
paths from y;, y; to x). In total, we conclude that y1, ..., ys, uo, u1, . . . , ug are distinct vertices
in T}, proving the second part. [

We are now in position to prove our desired bound on v/(7).

Proposition 4.9. If T is a tree on 2n + 1 vertices, then v(T) < (2n)! with equality if and only
if T' is the star K op,.

Proof. We prove the result by induction on n, the n = 0 case being trivial. Fix z € X and
letTh, ..., T, be the connected components of 7' — z. By induction, we have

V(T — ) = (nl’ 2nn) gy(n) < (nl’ Q"H) H(n — 1) = I_EQL)' (4.6)

i=1 i=1""

With this and Lemma 4.8, we find

(2n)! o (2n)! _ (2n)!
[ 26+1) = 1+>50, 24 1+2(X|-1)

where the second inequality used repeated applications of the inequality (v + 1)(8 + 1) >

a+ 3+ 1 valid for any «, 8 > 0, and the equality used that each vertex of X — {x} appears in
exactly one 7; subtree. Using this together with Lemma 4.1 gives

V(T —x) <

= 14 — X —‘XV’
U(T)_gz -0 < 5

(2n)! < (2n)!,

proving the desired upper bound. If »(T") = (2n)!, then the inequalities above must be equalities,
which can only happen if | X| = 1, say with X = {z}, and if v(T' — z) = (2n)!. By (4.6), this
can only happen if n; = 1 for all 7, which means 7" — x consists of 2n isolated vertices. This
implies 7" is a star on 2n + 1, completing the proof. 0

In total, this proposition together with Proposition 4.5 completes the proof of Theorem 1.6.

Remark 4.10. Our proofs yield slightly stronger bounds on v(7") whenever X is large. For
example, (4.5) gives the lower bound v(T) > |X|n!2". Bounds of this form are known as
stability results in extremal graph theory, which roughly are results saying that bounds for a
graph T’ can be substantially improved if 7" is “far” from a unique extremal construction (in our
case, 1" being “far” from H,,, K 5, is measured by having | X| large).
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S. Multiplicity of —1

In this section, we prove Proposition 1.8 and Theorems 1.7 and 1.9 regarding the multiplicity
of —1 as aroot of Ap(t). We first prove Theorem 1.7 which we restate for convenience.

Theorem 1.7. If D is an n-vertex digraph, then
mult(Ap(t), —1) < n — s9(n),

where sy(n) denotes the number of 1’s in the binary expansion of n. Moreover, for all n, there

exist n-vertex digraphs D with Ap(t) = W(l 4 )2,

Proof. We first show the upper bound. Let m be the multiplicity of —1 as a root of Ap(t).
Observe that Ap(1) = nl. Since there is a polynomial p(t) such that Ap(t) = (1 + ¢)"p(¢)
and p(—1) # 0, we know that Ap(1) = 2™p(1) = nl. Since Ap(t) has integer coefficients
and (14-¢)™ also has integer coefficients, it follows that p(¢) has rational coefficients. By Gauss’s
lemma, it follows that p(¢) has integer coefficients. Hence p(1) is an integer. It follows that 2
must divide n!, which by Legendre’s formula implies m < n — sq(n).

For the lower bound, we first consider the case when n is a power of two. Let P, be the graph
on vertices vy, vo with a single arc v; — vs. Define the sequence of digraphs {L,, }.nen by

Li=PF and Lpi1 = Ly, 0, P,

where we recall that this expression for L,,; is the rooted product mentioned just before Propo-
sition 2.3. We observe that L,,, has 2™ vertices and 2™ —1 arcs. By Proposition 2.3 and induction,

we find 1
1+t -

Since $5(2™) = 1, this gives the desired construction when n is a power of two.

For an arbitrary n, let a4, ..., a, be the indices of the nonzero powers of 2 in the binary
expansion of n. Consider the digraph D given via the disjoint union of the digraphs L, , .. ., Lg,
defined previously. By Proposition 2.1,

400 (" ) I (") T (55)

=1
n!

- - on— s2(n)(]‘ +t)n S2(n)

giving the desired result. [
We next establish our general lower bound, which we restate for convenience.

Proposition 5.1. Let D be an orientation of an n-vertex graph G. If every matching in the

complement of G has size at most m, then mult(Ap(t), —1) > | 5] —m.
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Proof. We prove the result by induction on n, the base cases n = 0, 1 being trivial. Assume that
we have proven the result for n — 2, and let D be an orientation of an n-vertex graph G whose
complement has a maximum matching of size m. By applying Lemma 2.2 with £ = 2 we find

teD(S,g) T tep(g,S)

Apit)= Y 5 Apis)()Ap_s(0).

We claim that the polynomials Apg(t)Ap—s(t) in the sum above all have —1 as a root with
multiplicity at least | 5| — m, from which the result will follow.

First consider the case that S' is not an edge of G, which means it is an edge in the comple-
ment G. This implies that every maximal matching of G’ must use at least one vertex of .S (as
otherwise we could include the edge S into the matching), hence G — S is an n — 2 vertex graph
with maximum matching of size at most m — 1. Inductively this implies Ap_g(¢) has —1 as a
root with multiplicity at least | %52 | — (m — 1) = | 2| — m, giving the desired result.

Next consider the case that S is an edge in G. Observe that G — S is an n — 2 vertex graph

which continues to have no matching of size larger than m, so inductively Ap_g(t) has —1

as a root with multiplicity at least [252| — m = |2| — m — 1. Also note that since S is
an edge, Ap[g(t) = 1 + t, so combining these two terms gives the desired multiplicity. This
completes the proof of the claim, proving the result. [

In particular, Proposition 1.8 implies mult(Ap(t), —1) > |5 | for tournaments D, but prov-
ing this holds with equality requires a refinement of Lemma 2.2 which requires some additional
notation.

Let OP(«) denote the set of all ordered set patitions of type «, and let SP(\) denote the set
of all unordered set partitions with type A. For a digraph D and an ordered set partition P of the
vertices of D of length k and ¢ € [k], define the i-th forward sequence number of P to be

k
FSpp(i) = Z ep(F;, Pj)
j=i+1
and the i-th reverse sequence number of P to be

k

RSp p(i) = Z ep(Pj, P;)
Jj=i+1
where we set ['Sp p(k) = RSpp(k) = 0. Note that F'Sp p(i) = ep(F;, Py U -+ Py)
and RSD,P(Z.) = eD(Pi—i-l U--- Pk, R)
With this notation in hand, we have the following, which is a straightforward corollary of
Lemma 2.2.

Lemma 5.2. If D is a digraph on the vertex set [n] and « is an integer composition of n of
length k, then

1 k ' |
Ap(t) = o Y [T (Apipy(t) (75000 4 75000

PEOP(a) i=1
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With Lemma 5.2, we can now prove Theorem 1.9. We restate the theorem for convenience.

Theorem 1.9. If D is a tournament on n vertices, then mult(Ap(t), —1) = [ 5].

Proof. We first consider the case when n = 2k for some £ € N. By Proposition 1.8,
mult(Ap(t), —1) > n/2. By Lemma 5.2 applied to the partition (2)*, we have

1 .
k i
Ap(t) = (1+0) Z HtFSDP + tRSp.r@)
PcOP((
where here we used that App, (t) = 1+t for all sets P; of size 2 since D is a tournament. Let

k

1 i 7
p) =5 >, [0 4o,

PeOP((2)k) i=1
We claim that p(—1) # 0, from which the bound mult(Ap(¢), —1) < n/2 will follow from the
inequality above.
We first observe that F'Sp p(i) + RSp p(i) is always even, as both vertices in P; are adjacent
to every vertex in P U -+ - U Py. Thus for every P € OP((2)) and every i € [k],

(_1)F5D,P(i) 4 (_1)RSD,P(1') — 2(_1)FSD,P(7;).

Letting F'Sp p := ZZ L FSp p(i) and RSp p = Zle RSp, p(i) for convenience, it follows
that

p(—l):%k Z H 1)FSp.r(@)) = Z (—1)FSpr = Z Z 1)FSp.op,

PeOP((2)k) i=1 PeOP((2)k) PESP((2)F) 0€G),
where o P denotes the ordered set partition (P,1y, . .., Pyx)). We first establish the following
claim:
Claim 5.3. Forall 0 € Gy,
FSpep =2 F'Spp and RSp.p =2 RSp p. (5.1)

Proof. Because the symmetric group is generated by adjacent transpositions, it suffices to con-
sider the cases where

P:(Pl,...,Pa_l,Pa,Pa+1,Pa+2,...,Pk) P/:(Pl,...,Pa_l,Pa+1,Pa,Pa+2,...,Pk)
for some a € [k — 1]. We then have

FSpp—FSpp = Z FSpp(i) = FSpp(i)

= Z E (en(Pis By) = en(F], P)

i=1 j=it+1

= (eD(Pm Pa+1) - eD(P P(:+1))
= eD(Paa PaJrl) - eD(PaJrla Pa)
=9 0
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since ep(P,, Piy1) + ep(Pat1, P,) is the number of (undirected) edges from P, to P, 1, which
is always even. The result for RSp ,p follows by an identical argument. O

With claim (5.3) and the fact that |OP(2%)| = k!|SP(2F)

- =R YD (—)Fs

PeSP(2k)

, we can conclude that

Each P € SP((2)%)is a perfect matching on [2k], and there are (2k—1)!! such perfect matchings.
Since (2k — 1)!! is odd, it follows that p(—1) # 0 as desired.

Now when n = 2k + 1, we can apply the same reasoning as in the above proof to the integer
composition (2%, 1). The conclusion follows from the fact that there are (2k — 1)!! - (2k + 1)
maximum matchings in Ko 1. 0

6. Concluding remarks and open problems

In this paper we studied a notion of Eulerian polynomials Ap(t) for digraphs D and proved a

number of results related to evaluations at ¢ = —1. We conclude the paper by listing a number
of remaining open problems themed around interpreting v(G) and multiplicities of —1 as a root
of A D (t) .

Interpretations for (G). Recall that for any graph G we define v(G) = |Ap(—1)| where D
is any orientation of G. While Theorem 1.4 provides a combinatorial interpretation for v(G)
when G is bipartite, complete bipartite, or a blowup of a cycle, we are still far from understanding
this quantity for general graphs, which we leave as the main open problem for this paper.

Question 6.1. Can one give a combinatorial interpretation for v(G) for arbitrary graphs G?

In view of the bound v(G) < 7n(G) from Theorem 1.4, we suspect that in general v(G)
should count even sequences of G with some special properties, but what these properties are
remains a mystery.

To answer Question 6.1, it might be useful to establish which graphs G satisfy the rela-
tion v(G) = ), v(G — v), as recurrences of this form were a key step in proving Theorem 1.4.
Computational evidence suggests that the following could hold, where here we recall that a graph
is Eulerian if all of its degrees are even.

Conjecture 6.2. If G is an Eulerian graph, then v(G) = > v(G —v).

v

We have verified this conjecture for all Eulerian graphs on at most 7 vertices. We note that
Eulerian graphs have a “natural” orientation via orienting each edge according to an Eulerian
tour. Given that e.g. our proof of Corollary 3.11 relied on “natural” orientations of bipartite
graphs, it is plausible that this natural orientation for Eulerian graphs could be used to prove
Conjecture 6.2.

Our proof of Theorem 1.4 is non-combinatorial, and it would be interesting to have a more
direct combinatorial proof of this fact, say for bipartite graphs.
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Problem 6.3. For any bipartite graph G = ([n], E') and orientation D of G, construct an explicit
involution ¢ : G,, — &, such that

(a) The set of fixed points F,, of ¢ is the set of (inverses of) even sequences of G, and

(b) (_1)deSD(<f) = _(—1)desD(@0(")) forall o ¢ Fo.

Such an involution is known to exist when G = P, (i.e. when inverses of even sequences
are exactly alternating permutations), but this involution is somewhat complex; see [Stall, Ex-
ercise 135] for more.

Multiplicity of Roots. In Theorem 1.9 we showed every n vertex tournament D has —1 as
a root of Ap(t) with multiplicity exactly |5 |. A natural generalization of this result would be
the following.

Conjecture 6.4. If D is the orientation of a complete multipartite graph which has r parts of

odd size, then mult(Ap(t), —1) = [5].

Observe that the bound mult(Ap(t), —1) > |5 follows from Proposition 1.8, so the dif-
ficulty lies in proving the upper bound. We established this upper bound in the case when ev-
ery part of D has size 1 in Theorem 1.9. It is also easy to verify this bound when r = 0,1
since ¥(G) = n(G) > 0 in this case, and one can further check that this bound holds when-
ever D is given an acyclic orientation by using Proposition 2.1(d). Beyond this we have only
been able to verify Conjecture 6.4 for a few sporadic examples due to the large number of pos-
sible orientations of these digraphs.

Another direction is to look at the more general quantity mult(Ap(t), a), which is de-
fined to be the multiplicity of « as a root of Ap(t). For example, it is not difficult to see
that mult(Ap(t), 0) is equal to the minimum number of arcs that one must remove in D to obtain
an acyclic digraph. Such a set of arcs is known as a minimum feedback arc set, and determining
the size of such a set is well known to be an NP-Complete problem [Kar72].

This connection to feedback arc sets, together with the result of this paper, establishes a
number of results for mult(Ap(t), «) when o € {0, —1}, and it is natural to ask what can be
said about other integral values of a. An immediate obstacle to this is the following.

Question 6.5. Does there exist a digraph D such that Ap () has an integral root which is not
equal to either 0 or —17?

We have verified that no such digraph exists on at most 5 vertices. Perhaps the most naive
approach that one might think of to show that no such digraph exists would be to show that for
all D, every (real) root of Ap(t) always has magnitude less than 2. However, there exist plenty
of examples of digraphs with larger real roots, so a more clever approach is needed to deal with
the integrality condition. Lastly, we note that a negative answer to Question 6.5 might suggest
that it is difficult to study evaluations | Ap(n)| for negative integers n other than —1.
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