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Abstract. For p prime, let H" be the linear span of indicator functions of hyperplanes
in (Z/p*Z)™. We establish new upper bounds on the dimension of H™ over Z/pZ, or equiv-
alently, on the rank of point-hyperplane incidence matrices in (Z/p*Z)" over Z/pZ. Our
proof is based on a variant of the polynomial method using binomial coefficients in Z/p*7Z
as generalized polynomials. We also establish additional necessary conditions for a function
on (Z/p*Z)™ to be an element of H".
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1. Introduction

Let p be a prime number, and let k € N. We define R := Z/p*Z, the ring of integers modulo p*,
and use R* to denote the multiplicative group of invertible elements of R. For z € R", we
write z = (z1,...,2,) in terms of coordinates. We also define the inner product on R" as the
R-valued function (z,y) = z1y1 + -+ + Ty Yn-

Recall that the projective space P(Z/pZ)"~! is the quotient space ((Z/pZ)" \ {0})/ ~,
where ~ is the equivalence relation

b~b < b=\ forsome )\ € (Z/pZ) \ {0}.
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When k£ > 1, the projective space over R" must be defined a little bit more carefully. Let R™*
be the set of all elements of 2" that have at least one invertible component. We then define

PR"' = R™*/R*.

We will refer to the elements of PR"™! as nondegenerate directions in R™. Thus, two ele-
ments b, b’ of R™* define the same direction if and only if

b= AV for some \ € R*. (1.1)

This is how directions in R" are often defined in the literature, see e.g. [HW18]. All directions
will be assumed to be nondegenerate unless explicitly stated otherwise.
A (nondegenerate) hyperplane is a set of the form

Hy(a) ={z € R": (x —a,b) =0},

for some a € R™ and a nondegenerate direction b € PR"~1. (Note that the equality (z—a, b) = 0
should hold in R and not just modulo p.) When a = 0, we write H, = H,(0). We will sometimes
refer to Hy, as homogeneous hyperplanes, and to Hy,(a) as affine hyperplanes.

By convention, we will refer to nondegenerate hyperplanes as simply hyperplanes; whenever
we work with degenerate hyperplanes (as in Definition 1.1 (i) below), we will say so explicitly.
We also define

H" = spang,,z{1n,) : a € R",b € PR" '},

considered as a linear space of functions from R" to Z/pZ. We will refer to the elements of H"
as hyperplane functions.

Definition 1.1. Let R = Z/p*Z, where p is a prime and k € N.

(i) The point-hyperplane incidence matrix of R™ is the matrix W ,, with rows indexed
by b € R™ and columns indexed by x € R", such that

(kavn)bvl’ B { 0 otherwise.

(ii) The reduced point-affine hyperplane incidence matrix of R" is the matrix .A;k ,,» With rows
indexed by (a,b) € R" x PR"! and columns indexed by x € R", such that

i [ 1 ifz € Hya),
(At ) (ab).e = { 0 otherwise.

(iii) The reduced point-hyperplane incidence matrix of R" is the matrix W;k ,, With rows in-
dexed by b € PR"! and columns indexed by z € R™, such that

1 ifx e Hy,
0 otherwise.

(W e = {
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Note that the equation (b,z) = 0 in (i) does not define a hyperplane in our sense if b is
not a nondegenerate direction; however, we use the terminology above for consistency with the
existing literature such as [DD21].

We are interested in upper and lower bounds on the rank of these matrices over Z/pZ. This
also provides bounds on the dimension of H", since we have directly from the definition

dimz,,z(H") = rankg,z (A ).

For k = 1, the rank of W, ,, is known as a special case of the results in [GD68, MM68,
Smi69].

Theorem 1.2 ([GD68, MM68, Smi69]). For p prime andn € N,

+n—-2
rankZ/pZ(Wp,n) - (p n—1 ) + 1.

Theorem 1.2 can be deduced from a characterization of hyperplane functions in F) in terms
of polynomials. Specifically, when k = 1, H" is identical to the space of all polynomial functions
on 7 of total degree at most p — 1. Moreover, the subspace Hy spanned by homogeneous
hyperplanes is identical to the linear span of all homogeneous polynomial functions of degree
exactly p — 1, together with the constant function. Counting such polynomials produces the
bound in Theorem 1.2. We provide the full argument in Section 5.2.

Our interest in hyperplane functions for £ > 2 is motivated in part by the work of Dhar and
Dvir [DD21], where a connection was established between point-hyperplane incidence matrices
and the Kakeya problem. For £ = 1, Dhar and Dvir used Theorem 1.2 to give a new proof
of Dvir’s lower bound [Dvi09] on the size of Kakeya sets in (Z/pZ)™, and then extended their
argument to prove the Kakeya conjecture in (Z/NZ)"™ for squarefree N.

For k > 2, Dhar and Dvir were still able to bound' the size of Kakeya sets in R" from below
by the [F,-rank of W;kn Unfortunately, hyperplane functions in R"™ with £ > 2 are less well
understood. Dhar and Dvir [DD21, Lemma 5.3] observed that the rank of W ,, is bounded from
below by the size of a maximal matching vector family in R". Combining this with the results
of [DGY11, YGK12] yields a lower bound on the rank of W ,, of the order P2, which is not
sufficient for good lower bounds on Kakeya sets.

On the other hand, the rank of W;,C’n is trivially bounded from above by the number of direc-
tions in PR, therefore by the number of vectors in R" with at least one coordinate equal to 1,
which we may bound from above by np*"~1). Together with the easy estimate in Proposition 2.2
below, this yields the bound

ranky s,z (W ) < 1+ knpF=1, (1.2)

The Kakeya conjecture in R was eventually resolved by Arsovski [Ars24], based on a com-
parison of the size of Kakeya sets to the rank of a related but different matrix M, ,, (we define it
in (2.14)). Subsequently, Dhar [Dha24] proved the Kakeya conjecture in Z/NZ for general N,

'In [DD21, Theorem 1.6], the authors refer to the rank of Wk . but their proof uses the matrix W;k n instead.

The two ranks are not equal, but they are comparable; see Lemma 2.1 and Proposition 2.2.
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with further progress in [Dha22, Dha23b]. In [Dha23a, Lemma 2.2.14], Dhar used a modifica-
tion of Arsovski’s method to prove that

n—1

k _
rankz (Wi ) > (“’ [kl +n 1). (1.3)

Dhar also noted an upper bound on rankyz,z (W, ,,) that can be obtained by similar methods;
however, that bound has the order of magnitude p*", which is weaker than (1.2). We provide the
details in Section 2.2.

We are interested in obtaining upper bounds on ranky/,z (W, ,,) that come closer to (1.3).
For k > 2, the conventional polynomial method is less feasible than for £ = 1, basically because
there are not sufficiently many polynomial functions to span all hyperplane functions. When
working modulo p as we do here, any polynomial function from R to Z/pZ can be represented
by a polynomial of degree at most p — 1 in each variable by Fermat’s Little Theorem. Working
modulo p* instead would not fix the problem: since the polynomial (z” — z)* is null mod p*,
any polynomial function R — R can be represented by a polynomial of degree O(kp) in each
variable (see also [Kem21, Li05, Wil06] for a more detailed analysis). We remedy this by using
binomial coefficients as generalized polynomial functions from R to Z/pZ. This allows us to
define generalized polynomials of degree up to p* — 1, which is sufficient to span H".

Itis well known (going back at least to the work of Fréchet [Fré09]) that polynomial functions
admit a characterization based on the calculus of finite differences. This gave rise to broad
generalizations of the concept of polynomial functions to settings where polynomials in the
classic sense might not be well defined. General frameworks for polynomial functions on groups
were developed and used by various authors, including Leibman [Lei02], Laczkovich [Lac04],
Aichinger and Moosbauer [AM21], Clark and Schauz [CS22, CS23].

Binomial coefficients are a natural choice of generalized polynomials, thanks to Pascal’s
identity which regulates their behaviour under discrete derivatives. A systematic treatment of
binomial coefficients from this point of view was given by Schauz [Sch14] (who referred to
linear combinations of binomial coefficients as “polyfracts”) and continued by Clark and Schauz
in [CS23]. Binomial coefficients were also used in lieu of polynomials in [BCC*17] for the
purpose of extending the Ellenberg—Gijswijt bound on cap sets [EG17] to R"; see also [Pet16]
for an argument based on a more abstract concept of generalized polynomials, and [Spe16] for a
third approach to cap sets in R and a discussion of the relationship between these methods. We
are not aware, however, of any previous applications of similar methods to studying hyperplane
functions.

In Proposition 5.7, we prove that hyperplane functions in R" are, in this sense, generalized
n-variate polynomial functions of degree up to p* — 1. This implies our first theorem.

Theorem 1.3. For p prime and k,n € N, we have

F—1+n
ranks (A% ) < (p ) . (1.4)
’ n
However, unlike for £ = 1, hyperplane functions in R" with £ > 2 need not span all such
generalized polynomials. In fact, we have the following bound, which is strictly lower than that

in Theorem 1.3 when k > 2 and n is small relative to p*.
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Theorem 1.4. Let p be prime, and let k,n € N. Then

< (Qn)<tp’“/2j (=1 -1 +n)7 (15)

rankz,/,z (A ,,) < .

Theorems 1.3 and 1.4 imply upper bounds on the ranks of W;k ,, and W, via the next
proposition.

Proposition 1.5. Letn € N, n > 2. Then
ranky/pz(Wye ) <14k - rankz,/,z(Wyi ,,),

rankZ/pZ(W;k7n+1) <2(k+1) ‘rankZ/pZ<A;"m)‘

Theorem 1.4 raises the question of how we can tell whether a given generalized polynomial
of degree at most p* — 1 is a hyperplane function. Our generalized polynomials share many
geometric properties of hyperplane functions. For example, if L, L’ are two parallel lines in R",
then |LNH| = |L'N H| mod p for any hyperplane H; we prove in Proposition 9.3 that an appro-
priate analogue of this holds for generalized polynomials of degree up to p* — 1. Nonetheless,
we are able to find a class of functions on R™ we call fans that are orthogonal over Z/pZ to all
hyperplane functions, but not to some of our generalized polynomials of degree up to p* — 1.
Essentially, this test identifies generalized polynomials that behave like hyperplane functions on
each scale separately, but the directions are not consistent between the scales. Since the state-
ment of the result requires some notation, we postpone it to Section 9. While a generalized
polynomial must satisfy our orthogonality condition in order to be a hyperplane function, we do
not know whether this condition is also sufficient.

This paper is organized as follows. We study the relationships between the ranks of the
different incidence matrices in Section 2. Proposition 1.5 follows from Propositions 2.2 and 2.3.
In Sections 3, 4, and 5.1, we define our generalized polynomials based on binomial coefficients
and study their basic properties. (Many of them are special cases of the results in [AM21, CS22,
CS23].) In Section 5.2, we prove that hyperplane functions in R" have degree at most p* — 1.
In particular, Theorem 1.3 follows from Proposition 5.7.

A major difficulty in working with binomial coefficients is that they do not have good multi-
plicative properties. This is one reason why there is no straightforward way to adapt the methods
from the k£ = 1 case to our setting (and why, for the time being, we are only able to prove partial
results). This turns out to be more than just a technical issue. Our results in Section 6 show
that the behaviour of our generalized polynomials is genuinely different than that of classical
polynomials. For example, (zy)™ = z™y™ is a bivariate polynomial of degree 2m; on the other
hand, if f is a generalized polynomial of degree m on R, then the degree of f(xy) can never be
greater than m + 2(p — 1) (Proposition 6.2). This degree reduction is the main idea behind the
proof of Theorem 1.4 in Section 7.

Finally, in Sections 8 and 9 we study the geometric properties of lines and hyperplanes in R",
and develop the geometric test mentioned above.

Throughout this article, we will observe the following conventions. Arithmetic operations
and equalities for elements of R will be defined in R, that is, modulo p*. For example, ifa, b € R,
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the equality @ = b will mean that « = b mod p*. When we work with functions with values
in Z/pZ (such as the ¢,, functions defined in (3.1)), all arithmetic operations and equalities
involving such functions will be understood to hold in Z/pZ. In expressions such as af(x),
where a,x € R and f is a function R — Z/pZ, we will interpret a as the function a — (a
mod p), so that af(z) refers to the function (a mod p) f(x) with values in Z/pZ. The inner
productin R is an R-valued function, so that {x,y) = c means that x,3; + - - +2,¥, = cmod p"
and not just mod p. On the other hand, if f, g are two functions from R"™ to Z/pZ, their inner
product
(f.9) =Y _ fx)g(x)
TER™

takes values in Z/pZ. (We refer to (f,g) as the inner product, but this is a slight abuse of
terminology, since for k£ > 2 it is not true that (f, f) = 0 if and only if f = 0. )

In line with our use of functions with range in Z/pZ, whenever we refer to the rank of a
matrix, the span of a set of vectors, or the dimension of a linear space of functions, this rank,
span, or dimension is taken over Z/pZ unless explicitly stated otherwise.

For m € N, we write [m|] = {0,1,...,m — 1} C Z. We will distinguish between R,
a ring with addition and multiplication mod p*, and [p*], a set of integers where addition and
multiplication are inherited from Z (so that [p*] is not closed under these operations). Exponents,
indices, etc. will always be integers unless stated explicitly otherwise. For example, if ¢ is the
degree of a polynomial or a generalized polynomial, we will write £ € [p*] and not ¢ € R.

We use the notation |S| to denote the cardinality of a set S. Whenever we mention the p-
adic expansion or p-adic digits of a number z, we refer to the unique expansion x = Z?;S P’
with z; € {0,1,...,p — 1} for all j. We use subscripts 1,...,n to denote both the coordi-
nates x = (1, ...,x,) of a point z € R" and the p-adic digits in the expansion z = Z?;é ;P
of an element z € R. This should not cause confusion, since we will only use one of the above
at a time and the meaning will be clear from context. If a is either an integer or an element of R,
we write p’ || a to mean p’/ | a but p’*! { a. Similarly, for z = (xq,...,2,) € R" or Z", we
write p’ || z if p’ | z; foralli € {1,...,n} and p’*! | z; for at least one 1.

2. Preliminary results

2.1. Relationships between incidence matrices

We first observe that
rank(W) ) < rank(W ), (2.1)

since the rows of W;k ,, form a subset of the rows of W ,,. Lemma 2.1 shows that the inequality
can be strict for & > 2.

Lemma 2.1. Ifk € Nand k > 2, then rank(Wp o) > rank(W), ,).

Proof. All directions in R? can be represented by one of the elements of the set

D={(1,i):i € R}U{(jp,1):j€{0,1,...,p"t —1}}.
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Lety = (0,p"!), then the indicator function of H, := {x € R" : (z,y) = 0} is arow of W,
We claim that
1y, & span(H).

Assume towards contradiction that there are scalars «;, 3; such that

p—l kll

L, (@ Z il ( Z BiLttp (2.2)
We first evaluate (2.2) at x = (1, —pj) for j € {0,...,p"! — 1}. Since (1, —pj) € H, but
(17 _pj) € H(l,i)u (17 _p]) ¢ H(pé,l) lfj 7é ga
it follows that 8; = 1 for all j. Now evaluate (2.2) at z = (p"!,0). Since

(pkfl, 0) & H(y, for all ¢, but (pkil, 0) € Hyjqy forall j,

we have
pk_l pk71—1
1 0 k—1 1 0 k—1\ __ k—l_o d
> iy, (0,05 + Y B, (0,057 =p* = 0mod p.
i=0 §=0
This is a contradiction, as (p*~1,0) € H,. L]

In the next proposition, we provide a partial converse to the inequality in (2.1).

Proposition 2.2. Letn > 2 and k > 1. Then
rank(We,,) < 1+ Zrank ) (2.3)
and consequently,

rank(We ,,) < 1+ k - rank(W) ). (2.4)

Proof. Recall that the columns of T ,, are indexed by b € R". Partition these columns by the
sets
Bj={V € R":V =p'b, b+ 0mod p},

and let W) be the submatrix of Wk, consisting of columns indexed by b" € B;. Then

rank(W (g )

M;r

rank(W,
]:0

Note that the only vector in B, is the zero vector, and so W*) is a just a column of
all 1s, which has rank 1. Thus to prove the proposition, it suffices to show that for j € [k],
we have rank (W )) < rank(W,; ). We show that this actually holds with equality.
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Let j € [k]. The column of WU) corresponding to ¥ € B; is the indicator vector
of {x € R": (x,1/) = 0 mod p*}. Recalling that b’ = p’b for a direction b, we have

(z,V') = 0mod p* if and only if (x,b) = 0 mod p*~. (2.5)

Notice that the latter equation only depends on x mod p*~7; we will use this observation to
partition the rows of W),
For ¢ € [k], let RZ be the set of x € R™ so that for each i > /, the i-th p-adic digit of each
component of x is zero. Consider the sets
X, = up" +}_fZ_j, u € E;L
Let W be the submatrix of W) consisting of rows indexed by x € X,. By definition,

for each u, the set {x mod p*~7 : = € X,} can be identified with R}_;. Similarly, the
set {b: p’b € B;} can be identified with the set of directions of R} ;- Combining these ob-

servations with the equivalence in (2.5), we see that Wﬁj ) is the same matrix as W;k, i - Asthis

is true for each w, the matrix W) is formed by vertically concatenating copies of W;‘k, j - Thus
it has the same rank as W;k,jvn, as claimed.

Now inequality (2.4) follows from the bound rank(W}; ) < rank(W), ) for j < k, which
can be established by considering the submatrix of W;‘k ., consisting of rows indexed by z € R"
that are zero mod p*—7. O

Proposition 2.3. Letn € N, n > 2. Then

rank (A",

p 7n

) <rank(Wp 1) < 2(k +1) - rank(A ). (2.6)
Proof. We write directionsb € R"*'asbh = (57 bni1)s with b € R™. By a mild abuse of notation,
we identify b with an element of PR"™. We use a similar convention for points x € R"*1.

We first prove that rank(.A;k,n) < rank(W;k’n +1)- Any affine hyperplane in R" can be
written as

i, — {5 € R": (7,0) = —bnﬂ} , 2.7
where b € PR"! is a direction, and b, € R. For any such (Z, bnyi1), let
Hy = {2 = w01) € B2 (5 0) + buorwnn =0}, 2.8)

so that H, x {1} = Hyn{x € R""! P T = 1}. Consider the submatrix of W;k,nﬂ

obtained by restricting to rows indexed by (b, b,41) € B := PR"™! x R and columns indexed
by z € R" x {1}. By the above correspondence, this submatrix is a copy of A”, . giving the
desired bound.

When considering the converse of this argument, it might be possible for a set of columns
of the submatrix defined above to be linearly dependent even if the corresponding columns of
the larger matrix W;’“,n are linearly independent. We remedy this by considering linear indepen-
dence on each scale separately.
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Forj € {0,1,...,k},let X; = {x € R™" : 2,1 = p’y, y # 0 mod p}. Let W) be the
submatrix of W;k i1 formed by restricting to the columns with = € X;. Then
k
rank(W7 ) < Zrank(W(j)).

pFn+1
j=0

We will show that rank (W 1)) < 2. rank(A7, ) foreach j € {0,1,..., k}, implying the second
bound in (2.6). ’

Let Wl(j ) be the submatrix formed by restricting to the rows indexed by b € B, and let W2(j )
be the submatrix consisting of the remaining rows. Clearly,

rank(W9) < rank(W) + rank(W,?).
It therefore suffices to prove that

rank(W7) < rank(A%. ) fori = 1,2. (2.9)

We first prove (2.9) for i = 1. Foreach b = (b,b,41) € B, let H, = {x € R"™ : (x,b) = 0},
and let B B '
Hy; ={z € R": (2,b) = —=p’bp1},

sothat Hy; x {p’} = H, N {x € R : x,,4 = p’}. We first note that
rank(W\”) < dim (span{lpy,x, : b € B;}), (2.10)

where B; = {b € B : b,y1 € [p"7]}. This is because, for z € X, the value of 1y, () is

determined uniquely by b and the first £ — j digits in the p-adic expansion of b, ;. Next, we
prove that

dim (span{lpg,x, : b € B;}) < dim (Span{lﬁbj b€ Bj}> : (2.11)

For j = k, we have X}, = {(%,0) : # € R"} and B, = {(b,0) : b € R"}, so that for b € B;,
we have H, N X}, = Hp, x {0} and the claim is clear.
We now assume that j < k — 1. Suppose that there are scalars ¢, so that

> a1 i, =0 (2.12)

bEBj
We will show that Zbij colu,nx; = 0 as well. For s € [(p*77], s # 0 mod p, define
Xj,s = {l’ S Xj P Tpy1 = Sp]}
First, we note that as s is invertible,

HyN X, = {(sT,sp’) : T € Hy,} (2.13)
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and as the X; ; form a partition for X,
leﬁXj = Z 1HbﬂXj,s'
S

Then

E ly,nx, = E Cbg lunx,, = E E ly,nx;,

bEBj bEB]‘ s s bGBj

But each term in the outermost sum of the right-hand side of this equation is equal to zero,
by (2.13) and (2.12). Thus Zbij cylm,nx, = 0, proving (2.11).
Combining (2.10) and (2.11), we get

rank(W7) < dim (Span{1~ :be B; }) rank (A ).

as claimed. N B

To prove (2.9) for i = 2, we observe that if b = (b, b,,1) & B, then b is not a direction in R",
hence none of by, ..., b, are invertible. Since b is a direction in R™ 1, we have b,,; € R*, so
that b = (b1, b) for a direction b € R". The desired bound follows by the same argument as
above with the first and last coordinates interchanged. [

2.2. Hyperplane matrices and Arsovski’s matrix

Following [Ars24, Ars21], we define the matrix M«

Pk ns
elements of R", and with entries in F,,[z]/(2*" — 1) given by

with both rows and columns indexed by

Mk, (u,v) = 20 mod 2 — 1 (2.14)

for (u,v) € R"™ x R". Arsovski [Ars21] proved that the rank of M., over Z/pZ is at
least p*™(kn)~". Dhar [Dha24] improved this to

k
rank(M,:.,) > ((p /K] +”). (2.15)

n

Furthermore, in [Dha23a, Lemma 2.2.14, Observation 2.4.11] Dhar proved that
rank (M ,,—1) < rank(Wr ,,) < rank(Mpr ;). (2.16)

The purpose of this section is to compare (2.16) to our upper bounds in Theorems 1.3 and 1.4.
We will focus on W ,, since this is the matrix appearing in (2.16), but the bounds on the rank
of W* ,, and .A* are comparable via (2.1), Proposition 2.2, and Proposition 2.3.

We start w1th upper bounds. By (2.15), any upper bound from (2.16) must be at least

[P*/k] + n)

n

Uy (k,n) == (
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Meanwhile, from (2.4), (2.6), and (1.4) we get

p*+n—2
rank(Wye ) < 1+ 2k(k 4 1)rank(Ayr,,—1) < 2k(k + 2)< ) > =: Us(k,n).
n j—
We have
Us(k,n) (P +n—-2)p"+n-3)...pk
< 2k(k+2
Uy(k,n) (k + )n(p’fk—1 +n)(pPkt+n—1)... (pPk~1 + 1)
(" +n)"!
<2k(k+2)——F—

<26 (k+2) (1+ np*k)nflp*k.

With n fixed, the bound Us(k, n) is better than U, (k,n) by a factor of the order k" "2p~* for
large p and k. Even if we used the easy bound (1.2) instead of Us(k, n), the outcome would be
similar.

On the other hand, Theorem 1.3 shows that the lower bound in (2.16) provides the correct
order of magnitude in p*, up to constants depending on k and n. We have from (2.16) and (2.15)

rquﬁ@>(WWjjf_§::Mhm,

and

P +n=2)(p" +n-3)...p"
(PPt 4+n—1)(prk~14+n—2)...(pFk~1 4+ 1)

< 2k(k +2)

< 2k"(k 4+ 2).
When p” is large relative to n, the bound in Theorem 1.4 improves this by an additional factor
of up to 2"~1. We provide the detailed calculation at the beginning of Section 7.

3. The binomial phi functions

In this section, we work in R = Z/p*Z. Our starting point is Lucas’s Theorem, which allows us
to define binomial coefficients mod p as functions on R with values in Z /pZ.

Theorem 3.1 (Lucas’s Theorem). [Luc78] Let p be prime. Let m,n be nonnegative integers

with p-adic expansions m = Zﬁ:o mj and n = Zf’:o n;p’, where m;,n; € [p|. Then

(") H(m) mod .

with the convention that (8) = 1and (‘;) = 0 whenever a,b € [p| satisfy a < b.
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Definition 3.2. For m € [p*], we define the functions ¢,,, : R — Z/pZ by

Sm(z) = (}Z) mod p, 3.1)

with the same convention as in Theorem 3.1. We also define for all x € R,

dm(z) = 0if m < 0orm > p". (3.2)
Proposition 3.3. If z,y € Z satisfy x = y mod p*, then (:1) = (gL) mod p. Consequently,
Om are well-defined as functions on R. They satisfy the recurrence relations

¢o(x) =1forallz € R, ¢,,(0) =0 forallm # 0,
Om(x+1) = 6m(x) = b (x) for m € [p*].

Furthermore, if m € [p*] and x € R have the p-adic expansions m =Y m;p' and x = Y ;p,
then

(3.3)

k—1
Sm(x) = [ [ & (22)- (34)
=0

Proof. The first conclusion is trivial when m < 0 or m > p*, since then ¢,,(z) = 0 for all x.
Assume now that m € [p¥] and that = y mod p* for some z,y € Z-o. Then the p-adic
expansions z = Y ;77 and y = Y y;p’ satisfy 2; = y; for 0 < j < k — 1, and the conclusion
follows from Lucas’s Theorem.

Part (3.3) follows directly from (3.1), (3.2), and Pascal’s identity for binomial coefficients.
Finally, (3.4) is Lucas’s Theorem again. [

Form =0,1,...,p—1, each ¢, coincides with the evaluation mod p of a polynomial in R|[z]
of degree m. For m > p, (3.1) defines additional functions that can be thought of as “generalized
polynomials” of degree m thanks to (3.3). An abstract framework for generalized polynomial
functions on groups, defined as functions whose appropriate discrete derivatives are null, was
developed by various authors, notably including [Lei02, Lac0O4, AM21, CS22]. A systematic
study of binomial coefficients from this point of view was undertaken in [Sch14, CS23]. A large
part of our analysis will follow theirs. However, for our purposes it will be important to consider
multiplicative properties of binomial coefficients, which are significantly more complicated and
were less studied in the literature (see the comments after equation (17) in [Sch14]).

We note that ¢o(z) = 1 and ¢;(x) = =z for all z, but ¢, with 2 < m < p are neither
homogeneous nor monic. Unlike for actual polynomials, there is no canonical choice of homo-
geneous generalized polynomials on R". For example, we could have defined ¢,,(z) := (xjnm)
instead of (3.1), and all our proofs would have been essentially the same with only slightly more
complicated calculations.

For k = 1, the polynomials 1,x, 22, ... zP~! are linearly independent functions on Z/pZ,
therefore form a linear basis for the space of all functions on Z/pZ. We now prove that the same
is true for the functions ¢,, for general k. This can be proved using the framework of discrete
derivatives outlined in Section 4, but here we present a short and direct proof based on Lucas’s
Theorem.
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Lemma 3.4. (Linear independence of ¢,) We order the elements of R
as R=1{0,1,2, ..., p" — 1}. Let ® be the p* x p* matrix with columns indexed by x € R and
rows by m € [p¥], and with entries

Then ® is a nonsingular upper triangular matrix, with ®,, ,, = (2) =1and ®,, , =0 for x <m.
Consequently, the functions {qu}me[pk} are linearly independent over 7./ pZ, and form a basis
for the space of all functions from R to 7./ pZ.

Proof. We clearly have ®,,,, = () = 1forall m € [p*]. If z,m € [p*] with z < m,
then at least one p-adic digit of x must be smaller than the corresponding p-adic digit of m, so
that (”) = 0 by Lucas’s Theorem. It follows that ® is an upper triangular matrix, nonsingular
since all its diagonal entries are equal to 1. Since the m-th row of ® is the list of values of ¢, ()
as * € R, the linear independence of the rows of ® implies the linear independence of ¢,,
with i € [p*]. In particular, the linear span of {@y, },,c[,4 over Z/pZ has dimension p”. Since
this is also the dimension of the the space of all functions from R to Z/pZ, the last statement

follows. u

Vandermonde’s identity (3.5) is the phi-function analogue of the binomial expansion
of (x +y)™.

Lemma 3.5. (Vandermonde’s Identity) For m € [p*] and z,y,b € R, we have

m

ST+ 1) =D Gi(2)dmi(y). (3.5)

i=0

Proof. Equation (3.5) is known in the literature. A short proof is as follows: the left side of (3.5)
can be interpreted as the number of ways we can choose m balls from a basket of « white and y
black balls, and the right side breaks this down into the numbers of ways we can choose 7 white
balls and m — 7 black balls for each . ]

Lemma 3.6. Form € [p*~]and j € {1,... k — 1}, we have
Gpim (P T) = P (). (3.0)
Additionally, ¢,,(p’z) = 0 if p’ does not divide m.

Proof. This is an immediate consequence of (3.4). L]

4. Discrete derivatives

In this section we study the properties of the phi functions with respect to discrete derivatives.
Many of the properties we need may be found in [AM21] in a more general setting, and in [CS23,
Sch14] specifically for binomial coefficients. Since the proofs are short, we include them for the
reader’s convenience.
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Definition 4.1. For m € [p"], define Q,,, := span{¢, : 0 < £ < m}. We say that

* f has degree at most m if f € Q,,,

* f has degree equal to m if f € Q. \ Qp_1,

* two functions f, g are equal up to degree ( if f — g € ()y; we write this as f =, g.
For convenience, we set €2,,, := {0} for m < 0.

We define discrete derivatives as follows. For a function f : R — Z/pZ, let
A.f(z):= f(x+¢)— f(x) forc € R. 4.1)
For short, we will also write Af = Ay f. It follows from (3.3) that

vm € [p*], Apm = dm1- (4.2)

By Lemma 3.4, any function f : R — Z/pZ has an expansion f = ) c;¢;. It follows
from (4.2) that
Vm e [p*], feQm e Af € Q.

Lemma 4.2. Let m € [p*] and c € R. Then A, — chpm_1 € Qpn_o. Consequently, if f € Q,y,
then A.f € Q,,_1 forall c € R.

Proof. If m = 0, then A.¢,, = 0 for all ¢ € R and the lemma is satisfied trivially. Assume now
that m > 0. By (3.5), we have

Om (4 €) = dm(2) = > dms()de(x) — dm(x)
/=0

= hr()+ S b r()n(),
/=0

where we used that ¢(c) = 1 and ¢ (c) = ¢. This implies the lemma. O

A function f : R — 7Z/pZ has “functional degree” m > 0 in the sense of [AM21] if m
is the smallest number such that A™*! f is the zero function. Lemma 4.3 below states that this
coincides® with the notion of the degree of f in Definition 4.1. The equivalence between (ii)
and (iii) is a special case of [AM21, Lemma 2.2], and the equivalence between (i) and (ii) is
contained in [Sch14, Theorem 3.1].

2Except for the zero function: in [AM21] it has degree zero, while we find it more convenient to assign it a
negative degree.
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Lemma 4.3. Form € [p*] and f : R — 7/pZ, the following are equivalent:
(i) f€ Qo
(it) A™f =0,
(iii) For any choice of ¢y, ...,c;m € Rwe have A, ... A, f = 0.

Proof. The implication (i) = (iii) follows by iterating Lemma 4.2 m times and using
that Q_; = {0}. Clearly (iii) implies (ii), by letting ¢; = --- = ¢, = 1.

To prove that (ii) implies (i), we argue by contrapositive. Assume that f : R — Z/pZ has
degree exceeding m — 1. Then there is some ¢ > m, a non-zero constant ¢, and some function g
of degree at most ¢ — 1 so that f = c¢, + g. By (4.2), we have

A" f = cpm + AMg.

Since A™g € Qy_1_,, and ¢ # 0, it follows from linear independence of the phi functions
that A™ f is not the zero function. 0

The remaining results in this section will be useful in studying the multiplicative properties
of phi functions later on. Lemma 4.4 (i) is a special case of the periodicity results in [CS23,
Section 2], [Sch14, Section 3]. Parts (ii) and (iii) are similar, but apply to functions that depend
only on higher-order digits in the p-adic expansion of their variable.

Lemma 4.4. Let f : R — 7Z/pZ be a function, and let v = Zf;é x;p’ be the p-adic expansion
of the variable v € R. Let ¢ € {0,1,...,k — 1} Then:

(i) f € Que_q if and only if f(x) can be written as a function of the first { digits of x, so
that f(x) = g(zo,x1,...,20_1) for some g : (Z/pZ)" — Z/pZ;

(ii) if f(x) = g(x¢) for a function g of degree m € [p|, then f € span{¢o, dpe, Pope, - - - s Pupt }5

(iii) f(x) depends only on x, (that is, f(x) = g(x,) for some function g : Z./pZ — 7./ pZ) if
and only if f € span{ o, dpt, Papt, - - - s Pp—1)pt -

Proof. We start with (i). Suppose that f has degree at most p’ —1. Then f is a linear combination
of functions ¢,, (z) withm < p‘—1, sothatm; = Oforalli > /. By Lucas’s Theorem, f depends
only on xg, 1, ..., %s_1.

To prove the converse implication, we use dimension counting. There are p’ functions ¢,,
with m < pz — 1, all linearly independent, so that Qpe_l has dimension pﬁ. On the other hand,
the space of all functions of (g, 21, ...,7_1) € (Z/pZ)* also has dimension |(Z/pZ)‘| = p*.
This proves (i).

For (ii), assume that g = ¢; for some j < m < p — 1. Then

s =gten = (") = (1) =owt

by Lucas’s Theorem, implying (ii). Part (iii) follows by observing that any function
g : Z/pZ — 7/pZ has degree at most p — 1 (Lemma 4.3 with £ = 1) and then applying
(ii) withm =p — 1. [
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Lemma 4.5. Let {,m € Z=q. Then ¢y - ¢y € Qpyn, With

14
Gr* Pm =e4m—1 ( ;m) Ooym- (4.3)

We emphasize that ¢, - ¢,,, has degree ar most ¢ + m but not necessarily equal to it, since
the coeflicient of ¢, in (4.3) could be zero. For example, if /,m < p’ — 1 for some j < k,
then, by Lemma 4.4 (i), both ¢,(x) and ¢,,(x) depend only on the first j p-adic digits of z.
Therefore so does ¢y ()P, (z). By Lemma 4.4 (i) again, ¢,¢,, also has degree at most p’ — 1,
even if £ +m > p’.

Proof of Lemma 4.5. The function ¢,,, : R — Z/pZ is the reduction mod p of the polyno-
mial (i ) € Q[X] with leading coefficient (m!)~*. The polynomials

) (7) e (7))

in Q[X] both have degree ¢ + m and both have the same leading coefficient (m!¢!)~!, so that
their difference has degree at most ¢ +m — 1. The function ¢¢¢,, — (") e is the reduction
mod p of that difference, therefore also has degree at most ¢ + m — 1 as claimed. [

Lemma 4.6. Let ¢, - R — 7Z/pZ and b € R*. Then
Qbm(bx) —m—1 bmgbm(x)

Proof. The argument is similar to that in the proof of Lemma 4.5. The func-

tion ¢,,(bz) — b™ ¢, () is the reduction mod p of (l;z) — b™(2), which is an integer-valued
polynomial (with rational coefficients) of degree at most m — 1 in x. Therefore its reduction
mod p also has degree at most m — 1. [

The next lemma is a phi-function analogue of the fact that the coefficients of a polynomial
can be computed by evaluating its derivatives at 0. It has appeared in [Sch14, Theorem 2.6] (see
also [Sch14, Theorem 2.7] and [CS23, Theorem 2.8 (b)] for a multivariate version).

Lemma 4.7. Suppose that f : R — 7./pZ has the representation f = Z?kzgl cj¢;. Then
co = A'f(0) forall £ € [p¥]. (4.4)
Proof. By (4.2), we have

pF-1

Agf = Z Cj¢j_g.
j=t

We now evaluate this at z = 0. Since ¢,(0) = 1 and ¢;(0) = 0 for all j > 0, we get (4.4). [
Corollary 4.8. Let a € R and m € [p"]. Then

Pm(az) = Z Am,e(a) de(),

where Ay, (a) = AL, (0).
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Proof. For f : R — Z/pZ and a € R, define f*(x) = f(ax). Then

(Af)(x) = flax +a) — flax) = (Auf)(az),

and, by iteration,
(A f9) (2) = (AL f)(ax) for all £ € [pF]. (4.5)

The corollary follows by applying Lemma 4.7 to f = ¢¢, and then using (4.5). [

5. Phi functions on R"

5.1. Phi functions as generalized polynomials

For a = (o, ..., a,) € [p*]", we define ¢, : R" — Z/pZ by

Qba(‘r) = qb@él(xl) T ¢ocn (xn)

Let also
Q= span{¢, : |a] < m},

where || = >, ;. We say that a function f : R" — Z/pZ has degree at most m if f € Q..
By convention, we set 2} := {0} for m < 0.

Lemma 5.1. The functions {¢,, : o € [p*]"} are linearly independent over 7./ pZ.

Proof. We induct on n. The case n = 1 is given by Lemma 3.4. Assume now that n > 1 and
that the lemma holds in dimensions less than n. Suppose that there exist ¢, € Z/pZ such that

Z CaPalT1,. .., xn) = 0.

ae[pk]n
Write a = (a, «v,), where @ = (v, ..., ,—1). For fixed 21, ..., 2,_1 € R, we have

pF-1

0=> [ > caantal@ .. 2n1) | G, (@)

an=0 &G[pk]"_l

This is true for all x,, € R, so by the linear independence of the functions ¢, , we have

Z C(a,an)¢a(ﬂf1,--~a$n—1) =0

ae[pk]n—l

for all a,. Since this holds for all z;,...,z,_1 € R, it follows by the inductive hypothesis
that ¢z o,) = 0 for all @, a,,. That is, ¢, = 0 for all a. O

Corollary 5.2. For m < p* — 1, the dimension of Q" over 7./ pZ is (m:;")
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Proof. By Lemma 5.1, the functions ¢, with || < m are linearly independent. Therefore
the dimension of Q" over Z/pZ is equal to the number of o € [p*]" such that |a| < m. By
Lemma 5.3 below, this number is equal to ("™"). O

n

Lemma 5.3. Let M, L € N and suppose that L < M. Then

L+n
#{Mb.“,&)e[Aﬂ":&—%~-+£n<1}::( " ).
Proof. What we seek is equivalent to the number of (n + 1)-tuples (¢4, ..., 0, 1) € [M]"T!
such that ¢; 4+ --- + ¢,41 = L. This in turn is equivalent to the following counting problem:
given L + n balls arranged in a row, colour L of them black and the remaining n white, so that
the black balls divide the n white balls into L + 1 subsets, with empty subsets permitted. The

number of ways to do that is (LZ") O
Proposition 5.4. Let g : R* — Z/pZ and m € {0,1,...,n(p" — 1)}. Then the following are
equivalent:

(i) g € QF,

(ii) g has functional degree at most m, in the sense that for all x € R and for
all v D) ¢ R™ we have

Ar(l) e Ar(nl+1)f($> = O,
where A, f(z) := f(x +71) — f(x) forz,r € R™

We note here that, by [AM21, Lemma 8.1], the largest possible functional degree of a func-
tion g : R — Z/pZ is n(p* — 1); hence the upper bound on m in the proposition.

Proof of Proposition 5.4. It follows from [AM21, Lemma 6.2] that ¢,, has functional degree at
most |«|. This proves that (i) implies (ii). For the converse, it suffices to prove that any function g
of functional degree at most m may be represented as a linear combination of ¢,, with || < m.
Such representation is provided by [CS23, Theorem 2.8 (b)] and [Sch14, Theorem 2.7].
Alternatively, one can also give a self-contained proof by induction in n, starting with
Lemma 4.3 for n = 1 as the base case and then following essentially the same argument as

in Lemmas 4.2 and 4.3 for the inductive step. The details are left to the reader. [
Corollary 5.5. Let g : R" — Z/pZ and d € {0,1,...,p — 1}. Then g € Qly if and only if g is
a polynomial in R[xq,. .., x,] of degree at most d.

In particular, since {¢,, : |a| < d} is a basis for 7, it follows that each ¢, with |o| < p—1
is a polynomial of degree ||

Proof. Ttis well known, and easy to check directly, thatif f is a polynomial of degree d then A f
is a polynomial of degree at most d — 1 for any ¢ € R. By iteration, it follows that every
polynomial g of degree d < p — 1 has functional degree at most d. By Proposition 5.4, we
have g € 2. Moreover, 2} and the space of all polynomials in R[zy,...,z,] of degree at
most d have the same dimension (dzn) (the number of distinct multiindices o = (ay, ..., ay)
with || < d; see Lemma 5.3 above). Therefore the two spaces are equal. O
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5.2. Phi functions and hyperplanes
Recall that
H" :=span{ly,m) : a € R",be PR"™ 1} (5.1

is the linear span of indicator functions of affine hyperplanes. We will refer to functions in H"
as hyperplane functions in R".

We are interested in characterizing hyperplane functions and, in particular, determining the
dimension of ‘H". To this end, we first find a spanning set in terms of the phi functions.

Lemma 5.6. We have
H™ = span{¢¢((x, b)) : £ € [p*], b € PR"'}.
Proof. It suffices to prove that for each b € PR"!,
span{lp, () : a € R} = span{f((x,b)) : f € (Z/pZ)"}
= span{¢y((z,b)) : £ € [p*]}.

The second equality in (5.2) follows from Lemma 3.4. We now prove the first one. For
any b € PR" ! and a € R, we may write

1a,)(®) = Lioy({x — a,b)) = 1yan ((z,0))

which shows that 1y, ,) can be written as a single-variable function of (z, b) as claimed. Con-
versely, let f : R — 7Z / pZ be a function. Then

= f(e)1y, hence f({(z,b)) =Y f(c)1ey((x,b))
ceER ceER

Since b € PR™!, there exists i € {1,2,...,n} such that b; is invertible. For each ¢ € R,
let ¢ € R"™ be the vector whose i-th coordinate is cb; ' and all other coordinates are 0.
Then (¢, b) = ¢, so that

(5.2)

Ly ({2, 0)) = Laye(2)-
Hence every function f((z,b)) can be written as a linear combination of hyperplane functions
with the normal vector b. This ends the proof of (5.2), and of the lemma. ]

Proposition 5.7. We have H" C sz_l forall k > 1. In particular,

k _
rank(A’. ) = dim(H") < (p bt n) (5.3)

n

Proof. We prove that H C Q;Lk_l for all £ > 1. By Lemma 5.6, it suffices to prove

that ¢, ((b, z)) € QF for all £ € [p*] and b € PR"!. This follows from [AM21, Theorem 4.3].
An alternative self-contained proof is as follows: we use (3.5) to write

¢€ b (L’ Z gbou blxl ¢an (bnxn) (54)
|| <2

Lemma 4.6 implies that ¢, (b; - ) € €,, for each i. Hence each term on the right side of (5.4)
has degree at most |«|, which in turn implies that ¢,((b, z)) € Q} as claimed. The bound (5.3)
follows from Corollary 5.2 with m = p* — 1. [
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For k = 1, we have the following stronger statement.
Proposition 5.8. Let k = 1. Then H" = Q) ,, and (5.3) holds with equality.
The relation between polynomials and hyperplane indicator functions for £ = 1 is well under-
stood in the literature, see [GD68, MM68, Smi69]. The proof below is provided for completeness
and for comparison with the case k£ > 2. We start with two preparatory lemmas. For d € [p],
let P2, := (Z/pZ)|xy, ..., Tn)<q be the space of polynomials in n variables of degree at most d
over Z/pZ, and let P” ; be the subspace of homogeneous, degree d polynomials in PZ,

Lemma 5.9. Let k = 1. Foranyn € Nandanyd € {0,1,...,p — 1},
span { (z,b) : b € P(Z/pZ)" '} = P2,

Proof. We proceed with induction on n. The case n = 1 is immediate. Suppose that the state-
ment holds in all dimensions lower than n. We show that

z® € span {(z,b)* : b € P(Z/pZ)" "}

for all v € [p]™ with |a| = d.

For x € (Z/pZ)", we write © = (T, z,,), where T = (xy,...,x,-1). Write also a = (5, a,,),
where 5 = (v, ...,a,_1), so that % = z{* - - - 20" = xﬂxk’““. Let ¢ = ||. By the inductive
hypothesis, we may write

TP = Z a. (T, c)lao.

c€P(Z,/pZ)n—2
Therefore it suffices to show that
(@, )zl € span {(z,b) : b € P(Z/pZ)" "}
for all ¢ € P(Z/pZ)™2. To this end, it is enough to prove that
{@,cfxt7:j=0,1,....,d—1} Cspan{(z,(c,i)) — (iz,)" :i =1,....d}, (5.5
where (c,1) = (c1,...,¢,-1,1) € P(Z/pZ)"~'. Note that

(z,(c,i))* — (iz,)* = C‘l:l (j) (T, ) Il

We consider this as a system of d linear equations with (7, ¢)4~xJ. The coefficient matrix of
this system has the determinant

[ing

11 1 - 1
d—1 2 d—1 d—1
d) 12 2% ... 2 ( )
. det . == 1 — ])a
<_71;[0 (‘7 ) : ]H 1<g<d
1 d d* - d*!
where we evaluated the determinant of the Vandermonde matrix. Since ( ) #0ford<p-—1,

our coefficient matrix is nonsingular, so that we can solve for (Z, ¢)¢~7xJ as claimed in (5.5). [
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Lemma 5.10. Let k = 1. Foranyd € {0,1,...,p — 1}, we have
span{(z — a,b) : b € P(Z/pZ)" ", a € (Z/pZ)"} = PZ,.
Proof. By Lemma 5.9, it suffices to show that
span{(z — a,b)? : a € (Z/pZ)"} = span{(z,b)* : £ € N, £ < d}.

For any a ¢ H,,, we know that (a, b) is non-zero, and so a unit. Then {(ca, b) will range over all
values in Z /pZ as c ranges over all values in Z/pZ. Consequently,

{{lx —a,b)?:ac (Z/pZ)"} = {({z,b) —c)*:c=0,...,p—1}.
Consider the system of equations

d

(. b) =) => (j)cj@, by e=0,....d,

Jj=0

with (x, b)4~7 as the unknowns. The coefficient matrix of this system has the determinant

100 --- 0
d 111 --- 1 d d
( (C.i)>det 1222 ... 2 =H<d>Hc (u —v).
j=0 J j=0 J c=2 1<u<v<d
1 d & - d
This is non-zero as in the proof of Lemma 5.9, hence we can solve for {x, b)4~7. O

Proof of Proposition 5.8. Let k = 1. Observe that the indicator function of a hyperplane H;(a)
may be written as 14,(,)(z) = 1 — (z — a,b)?"* mod p. By Lemma 5.10 with d = p — 1, we

have H" = PZ, ;. It follows by Corollary 5.5 that H" = 2 |, as claimed. ]

Proof of Theorem 1.2. Let Hf = span{ly, : b € P(Z/pZ)" '} be the span of homogeneous
hyperplane functions. The same argument as above, but using Lemma 5.9 instead of 5.10, shows
that H{ is spanned by homogeneous polynomials of degree p — 1 together with 1(z/,7)n, the
function identically equal to 1. To prove the converse, it suffices to verify that 1(z,,7)» can be
represented as a linear combination of homogeneous hyperplane functions. Such representation
is provided by

p—1
1(Z/pZ)” = 1461:0 + Z 1a:2:cac1-
c=0

Note that this equality needs only to hold modulo p: the subspace z; = x5 = 0 appears in
all p + 1 hyperplanes above, for a contribution 1 mod p. 0
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6. Degree lowering for products

Lemma 6.1. Let f(z,y) = ¢un(ziy;) for some m € [p*] and i,j > 1, where x = Y xp*

andy = > y,p’ are the p-adic expansions of x,y € R. Then f has degree at most mp**7, with
equality attained only whenp =2 and i = j =m = 1.

Proof. By Lemma 4.4 (ii), we have

flz,y) = an¢a1($)¢a2 (y),

«

where the summation is over o« = (v, ap) with

Qp € {0>pia2pia SRR (p_ 1)pl}7 Qg € {0>pj72pja ceey (p_ 1)]7]}
Thus the combined degree of each ¢, (x)da,(y) is at most
(p—=1p' +(p—1p =p™* +p —p' —p.

We may assume that 7 < j.
e Ifi < j, then p™ < p, so that p'™! + p/ T — pb — pf L P/ —pt < Pt
o Ifi = j > 2, then 2p't! — 2p! < 2p*tt L pit2 L piti,
e Ifi = j = 1, then 2p* —2p < 2p* = 2p**J. This is at most mp*™7 unless m = 1. However,

if m = 1, then

P1(r1y1) = 21y1 = 9p(7)Pp(y)

has degree 2p < p?, with equality only when p = 2. [

Our next goal is to determine the degree of f(xz,y) = ¢,,(zy) as a function of 2 variables

for m € [p"]. Recall from Corollary 4.8 that

m

Om(2y) =Y Ame(y) del), (6.1)
=0
where A, o(y) = Aldn(0) = Zf:o(_l)l“ (f) ®m(iy). By Lemma 4.6, ¢,,,(1y) is a function of
degree at most m in y for each 7. Hence ¢,, (zy) has degree at most m in each variable separately.
We will see below that the combined degree of ¢,,(xy), considered as a function of two
variables, cannot be much larger than m. This is in sharp contrast to polynomials over Z, where
the combined degree of (zy)™ = x™y™ is always 2m.

Proposition 6.2. Let f(z,y) = ¢, (xy) for some m € [p*] and v,y € R. Then f has degree at
most m + 2(p — 1). Specifically, we have

gbm (ZEy) = Z Crm,a ¢a1 ($)¢a2 (y)7 (62)

[0}

where the coefficients c,, o, satisfy ¢y, o = 0 if |a] > m + 2(p — 1).
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Proof. Letm € [p*],and letz = > ;p' and y = > y;p' be the p-adic expansions of z,y € R.
By (3.5) and Lemma 3.6, we have

Om(2Y) = Om ( Z piﬂ%y]’)

i+j<k—1

= Z H ¢mij (xiyj)a

mo 4

where the summation is over all % = (m;;);i+.<x_1 such that > . . m;:p"t7 = m. Fix m, and
J IS 1,] J
consider the corresponding term in the sum above:

k—1 k—1
H ¢mij («sz]) = (H ¢m0j (l’oyj)) (H ¢m¢o (‘rly())) < H ¢mij (xlyj)>
i j=0 i=0 ig>1
=: PP Ps,

By Lemma 6.1, P5 has degree at most
> mypt. (6.3)

Next, we consider P. By (6.1) and Lemma 4.4, each factor ¢, (zoy;) has degree at most p — 1
in  and at most my; in y;, therefore at most mq;p’ in y. In other words, we can write Bimo; (Toy;)
as a linear combination of terms of the form ¢g, (zo)ds,(y), where B2 < mg;p’. Taking the
product, and applying Lemma 4.4 to the factors involving xy and Lemma 4.5 to the factors
involving vy, we see that P, has degree at most

(p—1)+ > mep. (6.4)

Similarly, P, has degree at most (p — 1) + ZZ miop'. Combining this with (6.3) and (6.4), we
get the desired bound. 0

7. An upper bound on the rank of hyperplane functions

In this section we prove our upper bound on the rank of the reduced point-affine hyperplane
incidence matrix, which we state again for the reader’s convenience.

Theorem 7.1. Let p be prime, and let k,n € N. Then

p*/2] + (n—=1)(p—1) + n)

n

rank (A7, ) < (2n) < (7.1)



24 Izabella Laba, Charlotte Trainor

Before starting the proof of the theorem, we compare (7.1) to the upper bound (” * _nH”) given
by (5.3). Suppose that 7 is small relative to p*~!, with n < ep*~! for some ¢ > 0. Then

2]+ (n=1)(p—1) +n\ _ (p"+2(n—1)(p—1)+2n)" p"(1+4e)"
(Qn)( n ) s 27 —1(n — 1) 9n—1(n — 1)I’

k kn
p'—1+n }p_‘
n n!

Hence, for n < ep~!, the estimate in (7.1) improves on that in Proposition 5.3 by a factor of at
least n2~ (=D (1 4 4¢)".

Meanwhile, we have

Proof of Theorem 7.1. Recall that the rows of .A;k ,, are given by indicator functions of hyper-
planes Hy(a) with a € R™ and b € PR""!. Hence its rank is equal to the dimension of H"
over 7 /pZ, where H™ was defined in (5.1). By Lemma 5.6, we further have

H™ = span{py((x, D)) : £ € [p*], b € PR"'}. (7.2)
Any b € PR™ ! has a representative in R" with at least one component equal to 1. Hence
rank(AS. ) <n - rank(H®™), (7.3)

where H™ is the matrix with rows indexed by (m,a) € [p*] x R""!, columns indexed
by © = (Z,z,) € R", and entries

HY = om((@,7) + 7).

Leta = (aj,...,a,_1) € R" ' and m € [p*]. By (3.5) and then Proposition 6.2, we have

Pm({a,T) + x5) = > be, (a121) -~ be,y (An—1Tn-1)Pp, (Tn)
b+l 14+Br=m o (7.4)
= > > (@, B)da(@)ds(x),
bt Aln1+frn=m 7 3
where we write
a=(a1,...,0, 1) € [pk]”fl,
B=(B,8a) = (B,....Bn) € [P,
C=(ly,... lpy) € [P,
and »
(0.7, 8) =] ety 8- (7.5)
j=1

where ¢, (o, 5,) are the coefficients in the expansion (6.2).
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Let ® be the matrix with rows indexed by 3 € [p*]", columns indexed by z € R",
and entries ®3, = ¢p(x). Let also ¥ be the block-diagonal matrix with rows indexed
by (m,a) € [p*]", columns indexed by (u, @) € R", and entries

Yima),(ua) = lm=uPa(@).
Then (7.4) can be written in matrix form as
H® — \IJIB%(")(I),

where B(™ is the matrix with rows indexed by (m, @) € R", columns indexed by 3 € [p*]", and
entries

B 5= > (L@, 3).

b+l 1+Bn=m

Since both ® and ¥ are nonsingular by Lemma 5.1, it follows that H(™ and B have the same
rank. The next proposition completes the proof of Theorem 7.1. 0

Proposition 7.2. We have

rank (B™) < 2(Lp’“/2J +(n —nl)(p —1)+ n)

Proof. We claim that B{"” 5 = 0forall m, @, § such that

(m,@)
n—1 n
Yo+ B >m+2n—1)(p-—1). (7.6)
j=1 j=1
Indeed, assume that m, «, 3 satisfy (7.6), and consider a contributing term
" " n—1
7(& 527 B) = H ij,(aj,ﬁj) with gl + -+ fn,1 + 571 =m.
j=1

By (7.6), we have

n—1 n—1
D (g +B8) +Bu>D L+ Bu+2(n—1)(p—1).
j=1 =1

Hence there is at least one j such that a; + §; > ¢; + 2(p — 1). By Proposition 6.2, we
have ¢y, (a;,8,) = 0 for that j, so that ~v(¢, &, B) = 0. Since this is true for all contributing terms,

the claim follows.
Write |a| = Z;:ll a; and || = 7", B; for short. We choose A € [p*], to be determined,

and decompose B into two matrices, IB%(") and IB%(") with rows and columns indexed as for B(",

<A >N\
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Let IB%;"A) be defined so that for any row indexed by (m, &) with m — |a| < A, the (m, @)-row
of IB%;"A) matches the (m, &)-row of B(™. All other rows are zero. Then define B A) so that

B™ =B + BY. (1.7)

First consider IB%(S”/\) . All its non-zero entries lie in rows indexed by (m, &) withm — |a] < A

By (7.6), any column indexed by [ satisfying |3| > A+ 2(n — 1)(p — 1) is the zero vector. Thus
bounding the rank of the matrix by its number of non-zero columns, we obtain

rank(BY)) < #{8 € [p"" : 8] < A+ 2(n - 1)(p— 1)}
:(/\+2(n—1)(p—1)+n)

n
by Lemma 5.3.

Now we consider IB%(> /\), for this, we bound the rank of the matrix by its number of non-zero
TOWS:

rank(BU}) < #{(m, &) € [p"] x [p"]"" 1 m - [a] > A}
=#{(m, &) € p"] < P (" —1—m) +]al <p" —1- A}

B pF—A—24n
N n

by Lemma 5.3 applied with ¢/, = p* — 1 —m and {; = «; fori > 1.
Taking A = [p*/2] — (n —1)(p — 1), and applying the subadditivity of rank to (7.7), we see
that

rank(B™) < (LP’“/QJ +(n=1)(p—-1)+ n) N (p’c — P2+ (n=D(p—1)—2+ n)

n n

<2_(Lp’“/2J+(n—1)<p—1>+n)' 0

= n
8. The basics of finite p-adic geometry

We saw in Theorem 7.1 that functional degree provides only a partial characterization of hyper-
plane functions. In order to develop additional geometric conditions, we need some basic facts
about lines, planes, and their intersections in finite p-adic geometry. The material here is likely
familiar to experts (p-adic scales are used in a similar way in the literature on variants of the
Kakeya problem, see e.g. [HW 18, Section 4.3]), but we did not find a self-contained exposition
of all the facts we need, so we provide them with proofs in this section. The language of angles
and distances, defined below, provides the geometric intuition for setting up and understanding
the constructions in Section 9.
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8.1. Lines, planes, distances, angles

Recall that R = Z/p*Z. To simplify the multiscale notation below, we will also
write R, = Z/p'Z for 1 < { < k, so that R, = Rand R, = Z/pZ.
We define distances and angles in R as follows. For x = (z1,...,2,) € R", we recall

that p’ ||  means that p’ | z; forall i € {1,...,n} and p’*! t z; for at least one i. We will say
that the p-adic distance between two distinct points x,y € R is p~7 if p’/ || x — y, and write it
as ||z —yl| = p~7.

The angle between two directions b, b’ is the p-adic distance between b and o' in PR" 1.
Equivalently: given two distinct directions b, b’ € PR"!, we say that the p-adic angle be-
tween b and b’ is at most p~, and write Z(b, V') < p~, if there exist representatives rb and '/
with r,7" € R* such that p’ | (rb — r'b'). We say that Z(b,b') = p~7 if Z(b,V)) < p™?
but Z(b,b') £ p~~1. The following simple observation will be used in the sequel.

Lemma 8.1. (cf. [Carl8, Corollary 1.11]) Let b,b' € PR"™'. Then Z(b,V/) = 1 if and only if

by by ... b,
rankz/pz (bi bz b/>:2

Proof. The equation above is equivalent to the statement that no linear combination cb + ¢t/
with ¢, € R* is congruent to the zero vector mod p, which is a restatement of the definition
of angle 1. 0

It will be convenient to say that ||z — x|| = p~* and Z(b,b) = p~*; with that convention,
results such as Lemma 8.2 below continue to hold when j = k. In the sequel, we will usually
say “angle” and “distance” for short instead of “p-adic angle” and “p-adic distance”.

For 0 < ¢ < k, define a p~‘-cube to be a set of the form

Q=Quz)={yeR":p"|(y—ua)}

for a fixed z € R". This is the set of those elements of R" whose distance from z is at most p—*.
In dimension n = 2, we refer to () as a square. Note that a 1-cube Qy(x) is the entire R", and
a p~F-cube Qi (z) is the singleton {x}.

We can visualize (Z/p*Z)?* as a p-adic grid; in the table below, we give an example
with p = 2, k = 2, where points can be organized according to four p~!-squares, Q;(0,0),

®1(1,0), @1(0,1), and Q1(1,1):

W= NO

A line in a nondegenerate direction b € PR"! is a set of the form

Ly(a) ={a+tb: t € R} forsome a € R".
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Figure 8.1: Examples with (a) two lines with p-adic angle equal to 1, and (b) two lines with
p-adic angle equal to p~!. In (a), the two lines share the point (0, 0). In (b), the lines share the
three points (0, 0), (3,0), (6,0).

In this article, we only consider lines as defined above, with b € PR"!. Thus a line L;(a) is
always assumed to be nondegenerate and always has |R| = p” distinct elements; furthermore,
if ¥ = a + tb, then p*|(x — a) = tb if and only if p*|¢, so that

Ly(a) N Qe(a) = {a +tb: p'It}, (8.1)

and in particular
|Ly(a) N Qela)] = pFtfor0 < ¢ < k.

If L and L’ are lines with directions b and b’ respectively, we define the angle between them to
be Z(L,L") = Z(b, V).

In Figure 8.1, we give an examples of pairs of lines in Z/3%Z with p-adic angles equal to 1,
and then angle equal to 37*. The lines in the first example have directions (1, 0) and (4, 1), while
in the second, the lines have direction (1,0) and (1, 6).

A 2-plane in R" is a set of the form

I, (a) ={a+tv+t: t,t' € R}

for some @ € R" and v,v" € PR" ! such that Z(v,v") = 1. In other words, it is a coset of a
subgroup of R™ with two generators and maximal size |R|? = p**.

The next two lemmas justify our geometric terms for angles and distances. Analogous results
hold in R™ if one replaces lines by tubes® of small but positive radius. For example, if the central
axes of two such tubes intersect at an angle 6, then the intersection of the tubes has volume
inversely proportional to 6 and is contained in a O(#~!)-neighbourhood of the intersection point
of the axes; Lemma 8.2 is the analogous result in our setting. Lemma 8.3 is a similar statement
about lines intersecting hyperplanes at an angle.

3This is often done in projection theory and Kakeya-type problems.
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Lemma 8.2. (¢f. [HWIS, Lemma 4.5]) Let L, L' C R" be lines. Assume that L and L' have
a point in common, so that L. = Ly(a) and L' = Ly (a) for some a € R* and some choice of
directions b,V. If Z(L, L") = p™ for some 0 < j < k, then

LNL =LNQkj(a) =L NQk(a).
In particular, |L N L'| = p/.

Proof. Let L = Ly(a) and L' = Ly(a), with b, b’ chosen so that p~7 || (b — V'). We first prove
that

LNL CQpja). (8.2)

Suppose that z € L N L’ satisfies * # a and p* || (v — a) for some 0 < ¢ < k. We

have © = a + tb = a + sb/ for some s,t € R. Since © — a = tb = sb’ and b, b’ are both

nondegenerate, we must have p’ || ¢ and p* || s. Therefore there exists ¢ € R* such that ¢ = cs.
Let b = ¢!V, then V" represents the same direction as b’ and

r=a+th=a+sb =a+s(c")=a+1t)
Hence tb = tb”, and by the definition of angle, p’ is the highest power of p that may divide b—0".
It follows that p*~7|¢, so that p*~7 | tb = x — a, as claimed.

Itis left to prove that LNQy_;(a) C LNL', and similarly for L'. Letx = a+tb € LNQy—;(a).
By (8.1), we have p*~J|t. Then (a + tb) — (a + tV') = t(b — V') is divisible by p*p’ = pF,
hence is the zero element in R". It follows that z = a + t' € L’. The same argument applies
with L and L’ interchanged. O

Lemma 8.3. Let L C R™ be a line in direction b, and let H C R" be a hyperplane with
normal direction v. Assume that a € L N H, and that (b,v) = cp’ for some invertible c € R*
and 0 < j < k. Then LN H = LN Qx_;(a), and in particular |L N H| = p’.

Proof. Leta € LN H,sothat L = {a+th:t € R'}and H = {z : (z — a,v) = 0}.
Then L N H consists of points x = a + tb with ¢ € R such that

0= (r—a,v) =t(b,v) = tcp’ mod p*.
This holds if and only if p*~/ | ¢, and the conclusion follows from (8.1). O]
Lemma 8.4. The following are true:
(i) Let L, L' be lines in R%. If Z(L,L') =1, then |LN L'| = 1.
(ii) Let 11 be a 2-plane and H a hyperplane in R}. Assume that I1 N H # @&. Then either
II C H, orelsell N H is a line.
Proof. For (i), let L= L,(a) and L' = Ly (a’). We need to verify that the equation a+tb=a’+sb',

or equivalently

bl —bll t o a’l —

bg —bl2 S - CL/2 — Q9
has a unique solution (¢, s) € R?. This follows from Lemma 8.1.

For (ii), let H = H,(b) and II = II, ,(a) for some a € R}. If (v,0) = (v',b) = 0,
then IT C H. Otherwise, it is easy to check that 1N H = L, (a), where

u = (v,b)v" — (v, b)v. O
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8.2. Projections and scaling
For 0 < ¢ < k, define the projection map 7, : R" — R} by
mo(z) = = mod p’.

Clearly, the mappings 7, are linear, and 7,(x) = m,(y) if and only if ||z — y|| < p~*. The projec-
tion 7, induces a mapping PR"~! — PR}~ that we will also denote by ,, with 7,(b) = (')
if and only if Z(b,t’) < p~‘. In terms of p-adic digit expansions: given ¢ as above, any ele-
ment z € R" may be represented uniquely as

z =z, + p‘a* mod p*, where z, € [p']", z* € [p"~]". (8.3)

With this notation, we have m,(x) = (2, mod p) € R},

We will continue to use our notation for lines, 2-planes, and hyperplanes on lower scales:
for example, if @ € R} and b € PR}, we will write L;(a) to denote the line {a +tb: t € R,}
in Ity.

Lemma 8.5 (Properties of my). Let0 < { < k—1,a € R", and b,b' € PR" ! with Z/(b,V) = 1.
Then:

(i) m(Lo(@)) = Loy (me(a)),
(ii) mo(Hy(a)) = Hr,)(me(a)),
(iii) Ty (a)) = M, ),m, o) (Te(a))-
Proof. By linearity, if L = {a + tb : t € R} is a line, then
(L) = {mi(a) + tme() : t € Ry}
This proves (i). For (ii), we use the representation (8.3) for x, a, b. Then
(x —a,b) = (x, — a,,b.) + p'({x, — a., b)) + (x* — a*,b)).

If 2 € Hy(a), it follows that (x, — a,, b,) = 0 mod p’, so that m(z) € H,,)(m,(a)). Conversely,
suppose that =, € [p'] satisfies (x, — a.,b,) = 0 mod p’. Then for any x* satisfying

(zy — ay,b*) + (z* — a*,b) = 0 mod p*~*,

we have z := z, + 2*p’ € H (notice that such an 2* must exist as b is non-zero mod p). This
completes the proof of (ii). The proof of (iii) is similar. L]

Lemma 8.6. Let L, L' C R" be lines. Assume that /(L,L") = 1, and that L and L' both
intersect a p~*-cube Q. Then LN L' C Q.

Proof. Suppose L and L' intersect at a point in some p~'-cube @)'. Then the lines (L)
and 71 (L) in R} pass through both of the points ¢’ = 7;(Q’) and ¢ = 7 (Q). But Lemma 8.5
implies that 71 (L) and 7 (L’) make angle 1, hence intersect uniquely. Therefore ¢ = ¢/, which
means that () = Q'. O
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Next, we establish a canonical identification of a p~‘-cube in R" with R} ,. Let Q be a p~*-
cube. We recall the representation (8.3) of elements of R". Note that if x, y € (), then (with the
obvious notation) we have y, = x,. This allows us to define the map ¢ : Q) — R}}_, via

1g(z) = (z* mod p*~*).

Clearly, ¢ is not a linear mapping, since () is not closed under addition or scalar multiplication
to begin with. However, it is a rescaling, and it maps intersections of affine subspaces with () to
affine subspaces in I?;_,. The precise statement is given in Lemma 8.7 below.

Lemma 8.7. (Properties of 1)) Let Q be a p~“-cube in R" for some 0 < { < k — 1. Leta € Q
and b,b' € PR ! satisfy Z(b,b') = 1. Then:

(i) If L = Ly(a) C R", then 1q(Q N L) = Ly, 1 (tg(a)) is a line in R},_,.
(i) If H = Hy(a) C R", then 1o(Q N H) = Hy,_,)(1q(a)) is a hyperplane in R} _,.
(iii) If1l =1y (a) C R", then 1o(Q N1I) =11+, ), v)(a) is a 2-plane in R}}_,.
Proof. We recall the representation (8.3) of elements of R". For (i), we have by (8.1)
QNL="{a+ (\p")b: )€ Ry},

so that
1Q(@NL) = {a" + Am_o(8) : A € Rig} = Loy (10(a)) C R,

as claimed. Next, similar to (8.1) we have
QNH={a+y:y=p"y", (y.b) =0mod p"} = {a+p'y*: (y*,b) = 0 mod p*~*}

and so
w@NH)={a"+y" : (y", m—e(b)) =0} C Ry_,.

The proof of (iii) is similar. ]

9. Geometric test for hyperplane functions

9.1. Fans
We saw in Proposition 5.7 that hyperplane functions have degree at most p* — 1. In other words,
if f € H", then for any choice of a,r1,..., 7+ € R? we have

<f, Z(—1)‘€‘1x€> —0, 9.1)
where the summation is over all € = (ey, ..., e,x) € {0, 1}, and

pk

pk
€] :ZGj, :Eg:a+ZejTj. 9.2)
j=1

=1
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However, Theorem 7.1 tells us that A" is in general significantly smaller than the linear space of
functions of degree less than p*. This raises the question of what other functions ¢ : R" — 7Z/pZ
might be orthogonal to ", in the sense that ( f, 1)) = 0 forall f € H"™. We now define one class
of such functions. We continue to use the notation from Section 8.

Definition 9.1 (Fans). Let 0 < ¢/ < k—2. Fora € R",letQ = Qu11(a), Q" = Q¢(a), and let TT
be a 2-plane passing through a. Let Ly, . .., L, be lines passing through a, contained in 11, and
satisfying Z(L;, L;) = 1 for each i # j. Then the set

p

X =Jmn)Q

=0
is a fan on scale /.

By Lemma 8.4, for all i # j we have L; N L; = {a} C @, so that

(LinX)N(L;NX)=wgfori#j. (9.3)
We also note that, by (8.1),
|X] = Z (L@ Q= (p+ D" —p ) (9.4)
Theorem 9.2. Assume that k > 2. Let f € H" be a hyperplane function, and let X C R" be a
fan. Then
Z f(z = 0 mod p.
TER™

To prove the theorem, it suffices to prove that |/ N X | = 0 mod p for any hyperplane H and
any fan X. We prove this in Section 9.2 for n = 2 and ¢ = 0, and in Section 9.3 in the general
case.

We prove in Section 9.4 that there are functions ¢,, with |a| < p* — 1 that are not orthogonal
to appropriately selected fans. Thus, fans can (at least sometimes) distinguish between genuine
hyperplane functions and functions that have degree bounded by p* — 1 but are not in H". This
also proves that fans do not belong to the linear span of the test functions in (9.1)-(9.2).

It is an interesting question to determine whether there are any functions, other than linear
combinations of fans and test functions from (9.1)—(9.2), that are orthogonal to all hyperplane
functions. It could also be interesting to determine the dimension of the linear span of fans.
However, this would not be likely to lead to an improved upper bound on the dimension of H".
First, the dimension of the linear span of fans appears at least as difficult to determine as that
of H". Second, even if we could determine the former, the inner product in 2" does not have
the property that (f, f) = 0 if and only if f = 0. (For example, we have (f, f) = 0 if f is the
indicator function of any set of cardinality divisible by p.) Hence the dimension of a space of
functions from R" to Z/pZ is not determined by the dimension of its orthogonal complement.

We note that functions of degree at most p* — 1 share some of the geometric properties of hy-
perplane functions. For example, if L,L’ are two lines in R"™ with Z(L,L") < 1,
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then |L N H| = |L’ N H| mod p for any hyperplane H. In Section 9.5, we prove a similar
statement for functions of degree up to p* — 1. This also implies that Theorem 9.2 would remain
true if we allowed a more general definition of fans where, instead of all lines passing through
the same point ¢ and lying in a fixed 2-plane II, we only required all L; to pass through () and
lie in the p~*~!-neighbourhood of II.

We are not aware of any instance of fans defined or used previously in the literature in any
similar context. We do not know whether they have a functorial interpretation, similar to the
association of the test functions in (9.1)—(9.2) with discrete derivatives. That could be another
interesting question to consider.

9.2. Proofforn =2and ¢/ =0

Leta € R? Let L = {Ly, Ly, ..., L,} be a collection of p + 1 lines in R? such that a € L; for
allj € {0,1,...,p}, and that Z(L;, L;) = 1 for any ¢ # j. Note that if B is the set of directions
of the lines in £, then

{bmodp: be B} ={(0,1),(1,0),(1,1),...,(1,p— 1)},

so that B is a maximal 1-separated set of directions in PR.

Let @ = Qi(a), and X = J'_,L; \ Q. Since hyperplanes in R? are lines (recall our
convention that both hyperplanes and lines are nondegenerate unless specified otherwise), we
need to prove that for any line L in R? we have

|LN X|=0mod p.
Let L be a line in R2. By (9.3), we have

p
ILNX[=) |LNLnX]|. (9.5)

=0

Note also that there is a unique line L; in £ such that Z(L, L;) < 1; without loss of generality,
assume ¢ = 0.

First suppose that L N Q = &. By Lemma 8.4, for each i € {1,...,p}, L inter-
sects L, at a unique point p; ¢ @, sothat |[L N L, N X| = 1fori = 1,...,p. Next, we
have |L N Lo N X| = S |L N Ly N Q|, where the summation is over all p~*-squares Q # (). By
Lemma 8.2, each term |L N Lo N Q| is 0 mod p, hence |L N Ly N X| = 0 mod p. Combining
this all with (9.5), we obtain |L N X| = 0 mod p, as desired.

Now suppose L N ) # &. Then by Lemma 8.6, fori = 1, ..., p, we have that LN L; C @,
andso L N L; N X = &. Therefore X N L = X N LN Ly, and by the same argument as in the
previous case, the cardinality of this set is 0 modulo p.

9.3. Proof in the general case

Define X and all its associated objects as in Definition 9.1, and let /1 be a hyperplane. We need
to prove that
|[HNX|=0 mod p. (9.6)
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We first consider the case when ¢ = 0, so that Q' = R™. If H N X = &, there is nothing to
prove. Otherwise, we have H N1l # &. By Lemma 8.4, either [1 C H, or else II N H is a line.
In the first case, we have H N X = X, and

HNX|=|X|=({@+1)p"-p""),

which is divisible by p since £ > 2.

Assume now that IT N H is a line. Suppose that IT = I, ,/(a) for some v,v’ € PR"!
with Z(v,v") = 1. By Lemma 8.1, there is a nonsingular linear transformation F' : R" — R"
such that F'(v) = e; := (1,0,...,0) and F(v') = ey := (0,1,0,...,0). Then F'(X) is a fan
in F(I), and F(IT N H) is a line in F'(IT). Identifying F(II) with R? in the obvious way, and
applying the result for n = 2, we get that (9.6) holds in this case.

Finally, if £ > 0, let oy : Q' — R~ be the identification mapping defined in Section 8.2.
By Lemma 8.7, 1o/(X) is a fan on scale 0 in R¥~*, and 1o/(H) is a hyperplane in R*~*. By
the ¢ = 0 case of the theorem, we have |vg (H) Nt/ (X)| = 0 mod p. Since ¢y is a bijection,
(9.6) follows.

9.4. An example

We letn = 2, k > 2, and use (,y) to denote elements of R? so that z,y € R. Let

f(xa y) = ¢pkfp’“_1 (x)¢pk’—1fp’“_2 (y) = ¢p71(xk71)¢p—1<yk—2)7 9.7)

where © = Y, z;p' and y = >, y;p" are the usual p-adic expansions of z and y. Thus f is the
indicator function of the set

V={(z,y) ER*: zj_1=p—1, ypa =p— 1}

As a specific example, let p = k& = 2. We list the values of ¢; (2, y) in the following table, with
rows indexed by y € Z /47 and columns by x € Z/47Z:

W =N O

We used dashed lines in the table to partition (Z/47)? according to its four squares on scale 1.

Observe that ; (Y) = {(0,1), (1,1)} C (Z/27Z)? is aline in the direction (1,0), whereas for
each square () on scale 1, the set 1 (Y N Q) is either empty or else a line in the direction (0, 1).
In this sense, Y is a line both globally on the rough scale and locally on each square on scale 1,
but the directions on the two scales are inconsistent with each other.

One could ask if there might be a way to represent ¢,; as a linear combination of
several hyperplane functions. Theorem 9.2 shows that this is in fact impossible. Take () to be
the square containing the point (0,1). Let Ly, L;, Lo be lines in directions (1,0), (1,1),
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and (0, 1), respectively, all passing through the point (0,1). Let X = (Lo U L; U Ls) \ Q.
Then X NY = {(3,1)}, and so

Z ¢o1(z,y) =1 # 0 mod 2.

(z,y)eX

More generally, the function f defined in (9.7) has degree p* — 1. However, Theorem 9.2
shows that is not a hyperplane function. Let / = k — 2 and a = (p* — p*=1 pF~1 — p*=2).
Let Lo, L1, ..., L,1, L, be the lines through « in the direction of (1,0), (1,1),...,(1,p — 1),
and (0, 1), respectively. Let X be the fan

X = Cj (Li N Qk_Q(@) \ Qu_1(a).

Then L, N X NY =gfori=1,...,p,and LN X NY =p— 1. Hence
(f,1x)=|XNY|=p—1% 0mod p.

One can use (9.7) to construct similar examples in higher dimensions. For instance,
the same argument would apply to a function F'(xy,...,2,) = f(z1,22) on R", where f
is as in (9.7). Further examples could be constructed by changing variables via nonsingu-
lar (mod p) linear mappings. However, we should point out that a function in H" could have
a phi function expansion where some of the phi functions appearing with nonzero coefficients
are not, by themselves, in H". As an example, we invite the reader to verify that the func-
tion ¢1o + P9y : (Z/AZ)* — 7Z/27 is in fact a hyperplane function.

9.5. Nearly-parallel lines

Any hyperplane H in R" has the following property. Let () be a cube on some scale ¢, and
let L, I be two parallel lines in R™, both passing through @) and making an angle / (L, L') <p~'.
Then

ILNQNH|=|L'NnQNH| mod p.

We prove in Proposition 9.3 that a similar property holds for phi functions of degree at
most pF — 1.

Proposition 9.3. Let () be a cube on scale { for some 0 < { < k — 1. Let L, L' be two lines
in R". Assume that both L and L' pass through Q, and that /(L,L') < p~'. Then for any

function f € sz_l we have

(1zno, f) = (Ang, f) mod p.

Proof. We prove the proposition under the assumption that () = R". The general case can be

deduced from this by rescaling as in Section 9.3. The details are left to the interested reader.
We first claim that it suffices to consider the case when L is a line in the direction

of e; = (1,0,...,0). Indeed, let b € PR""! be the direction vector for L. Without loss of
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generality, we may assume that by € R*. Define a linear mapping U : R" — R" by say-
ing that U(e;) = b and (with the obvious notation) U(e;) = e; for 2 < j < n. In the ba-
sis eq, ..., e,, U is represented by the matrix

bp 0 O 0
b, 1 0 - 0
bs 0 1 0
b, 0 0 --- 1

Since the determinant of this matrix is b; € R*, U is invertible. Moreover, U ~! maps lines in
the direction of b to lines in the direction of e¢;. By iterated applications of (3.5) and Lemma 4.6,
f(z) and f(Ux) have the same degree. This proves the claim.

It therefore suffices to prove the following. Let L be a line in the direction of ey, and let L'
be a line making an angle at most p~! with L. Then for any a with |« < p¥ — 1 we have

<1L7 ¢a> = <1L’7 ¢a> mod 2 (98)

Let L be the line {(y,z) : y € R} for some z € R" ! Letalso a = (3,7) with 8 € [p]
and y € [p*]"~!. Then

(11, ¢0) = (Z@ )

yeER

If 0 < B < p* — 1, then by (3.3),

> dsy) =D (dpraly+1) — dpia(y)) = 0. 9.9)

yeER YyER

Suppose now that 3 = p* — 1. Since 8 + |y| = |a| < p* — 1, it follows that |y| = 0, so
that ¢, (z) = 1. But then ¢, is the indicator function of the hyperplane z; = p* — 1.
Similarly, we may write L' as {(y, z + pvy) : y € R} for some z,v € R""!. Then

1L7 ¢a Z gbﬁ gbw z+ pvy)

yeER

—Z Z Gp(y) by () (Pvy)

yeR v "=y

=Y > s (2)u(vy),

YER v/ +pr="

by the obvious extensions of (3.5) and (3.6) to multiindices. @ We expand each func-
tion ¢3(y)d, (vy) in terms of ¢;(y) with j < B + |v|. By (9.9), each such term will sum to 0
in y unless j = p* — 1. Since 3 + p|v| < |a| < p* — 1, the only way we can get a contributing
term with j = p¥ — 1is when v = 0 = v and 3 = p* — 1. As above, this implies that ¢, is the
indicator function of the hyperplane z; = p* — 1.
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We now conclude the proof as follows. If both of the expressions (1, ¢, ) and (1, ¢,,) are
zero mod p, then (9.8) is clearly true. On the other hand, if at least one of the above is nonzero
mod p, then ¢,, is the indicator function of the hyperplane x; = p* — 1. But in that case, (9.8)
is again true with both sides equal to 1. This proves the proposition. [
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