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Abstract. We consider the generating series of oriented and non-oriented hypermaps with
controlled degrees of vertices, hyperedges and faces. It is well known that these series
have natural expansions in terms of Schur and Zonal symmetric functions, and with some
particular specializations, they satisfy the celebrated KP and BKP equations.

We prove that the full generating series of hypermaps satisfy a family of differential
equations. We give a first proof which works for an α deformation of these series related to
Jack polynomials. This proof is based on a recent construction formula for Jack characters
using differential operators. We also provide a combinatorial proof for the orientable case.

Our approach also applies to the series of k-constellations with control of the degrees of
vertices of all colors. In other words, we obtain an equation for the generating function of
Hurwitz numbers (and their α-deformations) with control of full ramification profiles above
an arbitrary number of points. Such equations are new even in the orientable case.
Keywords. Hypermaps, differential equations, Jack characters
Mathematics Subject Classifications. 05E05

1. Introduction

1.1. Maps

A connected map is a cellular embedding of a connected graph into a closed surface without
boundary, orientable or not. In this paper, a map is an unordered collection of connected maps.
We say that a map is orientable if each one of its connected components is embedded on a
orientable surface. We will use the word non-oriented for maps on general surfaces, orientable
or not. Maps appear in various branches of algebraic combinatorics, probability and physics.

https://www.combinatorial-theory.org
mailto:bendali@math.harvard.edu
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The study of maps involves various methods such as generating series, matrix integral techniques
and bijective methods, see e.g [LZ04, Eyn16, BC86, Cha11, AL20, CD22].

A hypermap is a map whose faces are colored in two colors (+) and (−), and such that
each edge is incident to two faces of different colors. Usually the faces of one color are called
hyperedges, and the faces of the other color are the faces of the hypermap. Hypermaps were first
introduced by Cori in [Cor75] and are in bijection with bipartite maps by duality [Wal75].

We consider generating series of hypermaps with three alphabets of variables controlling
the degrees of vertices, faces of color (+) and faces of color (−), see Equations (1.1) and (1.2)
below. Representation theory allows one to relate these generating series, in the orientable and
the non-orientable cases to Schur and Zonal symmetric functions, respectively [JV90, GJ96a].

The generating series in which we keep one alphabet p and we replace the alphabets q and r
by two variables u and v are well studied and are known to be functions of the KP hierarchy
(resp. BKP hierarchy) in the orientable (resp. the non-orientable) case; see [KMM+91, vdL01].

When we keep two alphabets and we only specialize the third one (see Section 1.3), the
hypermap series also satisfies differential equations related to the integrable 2-Toda hierarchy,
see e.g [AvM01, BMS02, EO07]. Moreover, it has been recently proved in [CD22] that the two-
alphabet series satisfies a family of decomposition equations, which are a sort of Tutte equations.

However, studying the full generating series of hypermaps i.e. without any specialization of
the three alphabets of variables, is known to be a hard problem: the usual decomposition a la
Tutte does not seem to exist and we are not aware of any differential equations satisfied by these
series.

The main contribution of this paper is to prove that the generating series of orientable and
non-orientable hypermaps satisfy a family of differential equations; see Theorem 1.5 below. We
also prove that these equations characterize the generating series. These results are established
for a more general series which depends on a deformation parameter α, and which gives the
series of orientable hypermaps when α = 1, and the series of the non-orientable hypermaps
when α = 2. The result is based on a recent result of Ben Dali and Dołęga about Jack charac-
ters [BDD23], see also Theorem 1.3.

1.2. Generating series of hypermaps

Throughout the paper, we use straight letters to denote series (H ,G,. . . ), and curved letters to
denote operators (B(α)

n , C(α)
ℓ , G(α),. . . ) or linear spaces (A, Sα,. . . ).

We start by some definitions related to hypermaps.

Definition 1.1. The size of a map M is its number of edges, and will be denoted |M |. If M is a
hypermap, then we associate to it three integer partitions of size |M |:

• its vertex type, denoted λ•(M), is the partition obtained by reordering the vertex degrees
divided1 by 2.

• its (+) type, denoted λ+(M), is the partition obtained by reordering the degrees of
the (+) faces.

1When we turn around a vertex in a hypermap, colors (+) and (−) alternate. By consequence, each vertex has
necessarily even degree.
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Figure 1.1: An example of a vertex labelled hypermap of profile ([3, 2, 2], [5, 2], [6, 1]). Faces of
color (−) are represented in blue, the root of the vertex vd,i is denoted by cd,i.

• its (−) type, denoted λ−(M), is the partition obtained by reordering the degrees of
the (−) faces.

The profile of M , is then the tuple of partitions (λ•(M), λ+(M), λ−(M)). Finally, we say that
a hypermap (oriented or not) is vertex labelled if:

1. for each d ⩾ 1, vertices of same degree 2d are labelled vd,1, vd,2, . . . .

2. each vertex has a marked oriented corner in a face colored (+). This corner is called the
vertex root.

When a map is orientable, we can choose for each one of the connected surfaces an orien-
tation, which will be called the direct orientation of the surface. Once this orientation is fixed,
we say that the map is oriented. An oriented hypermap is said vertex labelled if vertices are
numbered as in item (1) above, and if

(2′) each vertex has a marked (+) corner, oriented in the direct orientation, called the vertex
root.

We give in Figure 1.1 an example of an oriented vertex labelled hypermap. Notice that if we
start from a hypermap whose faces of color (−) have all degree 2, then we can glue the double
edges forming (−) faces in order to obtain a map with only (+) faces. Hence, simple maps
(maps with uncolored faces) can be seen as hypermaps for which λ− = [2, 2, . . . , 2].

Understanding hypermaps with controlled profile is a hard combinatorial problem. Indeed,
usual techniques to enumerate maps do not allow to control the three partitions of the profile
and the only known answer to this question is given by an algebraic approach, which provides
an expression of the generating series of hypermaps using symmetric functions.

In order to define these generating series, we consider a variable t and three alphabets of vari-
ables p = (pi)i⩾1, q = (qi)i⩾1 and r = (ri)i⩾1. For any integer partition λ := [λ1, λ2, . . . , λs],
we define pλ as follows;

pλ := pλ1pλ2 . . . pλs .
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We define qλ and rλ in a similar way. These three alphabets will be the respective weights of
vertices, (+) and (−) faces. More precisely, we consider the two generating series

H(1)(t,p,q, r) =
∑
M

t|M |

zλ•(M)

pλ•(M)qλ+(M)rλ−(M), (1.1)

H(2)(t,p,q, r) =
∑
M

t|M |

2ℓ(λ•(M))zλ•(M)

pλ•(M)qλ+(M)rλ−(M), (1.2)

where the sum runs over vertex labelled oriented (resp. non-oriented) hypermaps in Equa-
tion (1.1) (resp. Equation (1.2)). Here, zλ is a normalization numerical factor (see Section 2.1)
related to the labelling of vertices. By the remark above, the generating series of simple maps
are obtained from H(1) and H(2) by taking the specialization r2 = 1 and ri = 0 for i ̸= 2. It is
also worth mentioning that the series H(1) and H(2) are symmetric in the three alphabets p,q
and r: the symmetry between q and r is clear from the definition and symmetry between p and q
can be seen using a duality operation which exchanges vertices and (+) faces (see e.g [CD22,
Definition 2.4]).

Representation theory tools can be used to give an explicit expression of the series H(1)

and H(2) in terms of symmetric functions (Schur and Zonal functions); see Theorem 3.2. These
results use an encoding of hypermaps with permutations and matchings. The disadvantage of
this approach is that it is quite rigid and it is hard to generalize to the case of generating series
of maps with additional weights; an example of such a problem is given by the Matching-Jack
conjecture of Goulden–Jackson [GJ96a] (see also Conjecture 3.3 below).

The main contribution of this paper is to establish a differential equation for the generating
series of hypermaps (Theorem 1.5 below) and to solve this equation by giving a recursive formula
for the number of hypermaps with fixed profile (π, µ, ν), see Equation (6.6). This recursive
formula is given for a one parameter deformation related to Jack polynomials and also to the
enumeration of maps with non-orientability weights.

In order to understand the recursive structure of a family of coefficients indexed by three
partitions of the same size, it is sometimes convenient to start by introducing a generalized family
of coefficients indexed by partitions of arbitrary size (see [AF17] for an example of application
of this idea). It turns out that one way to make such a generalization in the case of hypermaps is
by marking faces of degree 1. This operation will be justified algebraically in Section 1.4 and a
natural combinatorial interpretation in terms of “partially constructed” hypermaps is given for
orientable maps in Section 5.

Definition 1.2. Let π, µ and ν be three partitions. We denote by OHπ
µ,ν (resp. Hπ

µ,ν)
the set of vertex labelled oriented hypermaps (resp. non-oriented hypermaps) of profile
(π, µ ∪ 1|π|−|µ|, ν ∪ 1|π|−|ν|), with |π| − |µ| marked (+) faces of degree 1, |π| − |ν| marked (−)
faces of degree 1, with the condition that in an isolated loop2, we can not have both the (+) face
and the (−) face marked. By definition, OHπ

µ,ν and Hπ
µ,ν are empty when |π| < max(|µ|, |ν|).

2An isolated loop is a connected component of a hypermap with exactly one edge and one vertex. It has neces-
sarily two faces, one colored (+) and one colored (−).



combinatorial theory 5 (1) (2025), #18 5

We then define the generating series of hypermaps with marked faces;

H̃(1)(t,p,q, r) =
∑
π,µ,ν

|OHπ
µ,ν |

zπ
t|µ|+|ν|−|π|pπqµrν ,

H̃(2)(t,p,q, r) =
∑
π,µ,ν

|Hπ
µ,ν |

2ℓ(π)zπ
t|µ|+|ν|−|π|pπqµrν ,

The integer |µ| + |ν| − |π| corresponds to the number of edges of the hypermap which are not
incident to a marked face. It is straightforward from the definitions that the series H(1) and H(2)

are respectively the homogeneous parts of H̃(1) and H̃(2). Conversely, H̃(1) and H̃(2) can be
obtained from H(1) and H(2) by simple operations (see Equation (3.5)).

1.3. Jack characters

In order to define a deformed series which interpolates between the series H̃(1) and H̃(2), we use
Jack polynomials. Jack polynomials J (α)

λ are symmetric functions introduced by Jack [Jac70].
They are indexed by an integer partition λ and depend on a deformation parameter α (See The-
orem 2.1 for a precise definition). They can be seen as generalization of Schur functions which
are obtained by setting α = 1. Jack polynomials have a rich combinatorial structure [Sta89,
KS97, CD22, Mol23] and are related to various models of statistical and quantum mechan-
ics [LV95, DE02, For10].

Jack characters are an α-deformation of the characters of symmetric group introduced by
Lassalle in [Las08]. They have been a useful tool to understand asymptotic behavior of large
Young diagrams under a Jack deformation of the Plancherel measure [DF16, Śni19, CDM23].
The Jack character θ(α)µ is the function on Young diagrams defined by:

θ(α)µ (λ) :=

{
0 if |λ| < |µ|,(|λ|−|µ|+m1(µ)

m1(µ)

)
[pµ,1|λ|−|µ| ]J

(α)
λ if |λ| ⩾ |µ|,

where m1(µ) is the number of parts equal to 1 in the partition µ, and pµ is the power-sum
symmetric function indexed by µ (see Section 2.2).

In [CD22], Chapuy and Dołęga have introduced a new family of differential operators B(α)
n

which can be used to construct an α deformation of the generating series of hypermaps3 with
controlled vertex degrees, (+) face degrees, and the number of (−) faces. This corresponds
to generating series in which we keep two alphabets p and q and replace each ri by the same
variable u for i ⩾ 1. The definition of operators B(α)

n (p, u) uses catalytic variables and will be
recalled in Section 4.1. These operators have also a combinatorial interpretation for general α
which we recall in Section 5.1 for α = 1. As an example, we give here the first two operators;

B(α)
1 (p, u) =

up1
α

+
∑
i⩾1

pi+1
i∂

∂pi
,

3Actually, they use bipartite maps which can be obtained from hypermaps by duality (a bijection which ex-
changes the vertices of the map with its faces).



6 Houcine Ben Dali

B(α)
2 (p, u) =

∑
i⩾1

(2αu+ (i+ 1)(α− 1)
)
pi+2 +

∑
j+k=i+2

j,k⩾1

pjpk

 i∂

∂pi

+
u2p2
α

+
u

α

(
(α− 1)p2 + p1,1

)
+ α

∑
i,j⩾1

pi+j+2
i∂

∂pi

j∂

∂pj
.

It turns out that Jack characters can be constructed using these differential operators, and
consequently they have a combinatorial interpretation in terms of a family of weighted maps
(see [BDD23, Theorem 1.4 and Proposition 4.6]).
Theorem 1.3 ([BDD23]). For any partitions µ and λ = [λ1, λ2, . . . , λs],

θ(α)µ (λ) = [t|µ|pµ] exp
(
B(α)
∞ (−t,p,−αλ1)

)
. . . exp

(
B(α)
∞ (−t,p,−αλs)

)
· 1.

where
B(α)
∞ (t,p, u) :=

∑
n⩾1

tn

n
B(α)
n (p, u).

1.4. Structure coefficients

Jack characters form a linear basis of the space of shifted symmetric functions, see Section 2.3.
Hence, their structure coefficients gπµ,ν(α) are well defined:

θ(α)µ θ(α)ν =
∑
π

gπµ,ν(α)θ
(α)
π . (1.3)

We now explain the connection between these coefficients and the enumeration of hyper-
maps. We introduce the series of the structure coefficients;

G(α)(t,p,q, r) :=
∑
π,µ,ν

gπµ,ν(α)

zπαℓ(π)
t|µ|+|ν|−|π|pπqµrν . (1.4)

Moreover, the coefficients gπµ,ν satisfy the following property (see Lemma 3.1),

gπµ,ν = 0 if |π| > |µ|+ |ν|. (1.5)

Hence, G(α) is well defined in the algebra A := Q(α)[t,p]Jq, rK. This is the space of formal
power series in the variables qi and ri, whose coefficients are polynomial in t and pi.

The series G(α) is actually an α-deformation of the generating series of hypermaps with
marked faces (see Section 3.4).
Proposition 1.4. For α ∈ {1, 2}, we have

G(α)(t,p,q, r) = H̃(α)(t,p,q, r).

The hope is to generalize the previous proposition for any α by considering maps counted
with α-weights as in [LC09, CD22, BDD23]. However, such a question seems to be out of reach
when we consider generating series with three alphabets p, q and r. The main goal of this paper
is to shed some light on the combinatorics of the series G(α)(t,p,q, r) by giving a family of
differential equations which characterize it.
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1.5. Main theorem

Let
(
B(α)
∞ (t,p, u)

)⊥
denote the adjoint operator of B(α)

∞ (t,p, u) with respect to the usual scalar
product of Q(α)[p], see Section 2.2. In Section 7.2, we provide a differential expression for this
dual operator.

We are interested in the operators B(α)
∞ (−t,q, u), B(α)

∞ (−t, r, u) as well as B(α)
∞

⊥
(−t,p, u).

These three operators are well defined as operators from A to AJuK, see Remark 4.1. We now
state the main theorem of the paper.

Theorem 1.5. The function G(α)(t,p,q, r) satisfies the following equation(
B(α)
∞ (−t,q, u) + B(α)

∞ (−t, r, u)
)
·G(α)(t,p,q, r) = B(α)

∞
⊥
(−t,p, u) ·G(α)(t,p,q, r). (1.6)

The proof of this result is based on the differential construction of Jack characters given in
Theorem 1.3. We also prove in Proposition 6.2 that Equation (1.6) characterizes the series G(α).

By extracting coefficients in the variable u, Equation (1.6) can be alternatively written as
a family of equations (independent of u) which are indexed by non-negative integers; see Sec-
tion 4.5.

Furthermore, we solve this differential equation and give an explicit expression of coeffi-
cients gπµ,ν(α) using some coefficients aλµ which are obtained from the operator B(α)

∞ and which
are known to count maps (see Theorem 6.1).

It may be more convenient to think of the differential equation Equation (1.6) as a commu-
tation relation that we now explain. Let G(α)(t,p,q, r) be the operator defined by

G(α)(t,p,q, r) : Q(α)[p] −→ Q(α)[q, r]JtK

pπ 7−→
∑
µ,ν

t|µ|+|ν|−|π|gπµ,ν(α)qµrν .

Actually, G(α) · pπ is polynomial in t of degree at most |π| (see Lemma 3.1). It turns out that
for α = 1, G(α) is a hypermap construction operator, which acts on a map by adding edges and
coloring faces (see Section 5.3). The following is a variant of the main theorem (the equivalence
between the two results follows from the definitions, see also Lemma 4.3).

Theorem 1.6. We have the following relation(
B(α)
∞ (−t,q, u) + B(α)

∞ (−t, r, u)
)
· G(α)(t,p,q, r) = G(α)(t,p,q, r) · B(α)

∞ (−t,p, u) (1.7)

between operators from Q(α)[p] to Q(α)[q, r]Jt, uK.

In Section 5, we give a combinatorial proof of this commutation relation for α = 1.
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1.6. Goulden–Jackson and Śniady conjectures

The Matching-Jack conjecture, introduced by Goulden and Jackson in [GJ96a], suggests that
when |π| = |µ| = |ν|, coefficients gπµ,ν satisfy positivity and integrality properties, and that they
count hypermaps with “non-orientability weights”; see also Conjecture 3.3. This conjecture is
still open, despite many partial results [DF16, CD22, BD22, BD23].

The following conjecture, due to Śniady [Śni19], can be thought of as a generalization of the
Matching-Jack conjecture to coefficients gπµ,ν indexed by partitions of arbitrary sizes.

Conjecture 1.7. ([Śni19, Conjecture 2.2]) For any π, µ and ν partitions, gπµ,ν is a polynomial
in b := α− 1 with non-negative integer coefficients.

In [DF16], Dołęga and Féray have proved that the coefficients gπµ,ν are polynomial in the
deformation parameter b. In Section 3, we deduce the integrality part in Conjecture 1.7 from a
similar result for the coefficients of the Matchings-Jack conjecture, see Corollary 3.7.

Unfortunately, we have not been able to use the explicit expression of coefficients gπµ,ν(α)
obtained in Theorem 6.1 to prove their positivity in b (the remaining part in Conjecture 1.7). It
is however possible to use a variant of the main theorem to give a positive differential expression
for the low degree terms of the operator G(α).

1.7. Low degree terms of G(α)

We consider the homogeneous parts of the operators G(α) defined for any k ⩾ 0 by

G(α)
k · pπ =

∑
|µ|+|ν|=|π|+k

gπµ,ν(α)qµrν . (1.8)

Note that from Equation (1.5), we have

G(α)(t,p,q, r) =
∑
k⩾0

tkG(α)
k (p,q, r).

In Section 5.3 we prove that for α = 1, the operator G(1)
k is an operator which acts on a map by

adding k edges satisfying some conditions.
We use Proposition 6.2 (a variant of the main theorem) to give a differential expression for

the operators G(α)
0 ,G(α)

1 and G(α)
2 . First, we introduce the operator

Ψ(p,q, r) : Q(α)[p] −→ Q(α)[q, r]

pπ 7−→
∏

1⩽i⩽ℓ(π)

(qπi
+ rπi

).

Combinatorially, when we think of pi (resp. qi, ri) as the weight of an uncolored face (reps (+)
face, (−) face) of degree i in a map, Ψ is the operator which chooses a color (+) or (−) for each
face.
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Theorem 1.8. We have the following differential expressions for G(α)
0 ,G(α)

1 and G(α)
2 .

G(α)
0 = Ψ, (1.9)

G(α)
1 =

∑
m⩾1

∑
m1+m2=m+1

m1,m2⩾1

qm1rm2 ·Ψ · m∂

∂pm
, (1.10)

and

G(α)
2 =

1

2

∑
m⩾1

∑
m1+m2=m+2

m1,m2⩾1

b(m1 − 1)(m2 − 1)qm1rm2Ψ
m∂

∂pm
(1.11)

+
1

2

∑
m⩾1

∑
m1+m2+m3=m+2

m1,m2,m3⩾1

(m1 − 1)(qm1rm2rm3 + rm1qm2qm3)Ψ
m∂

∂pm

+
1

2

∑
k,m⩾1

∑
i1+i2=k+m+2

i1,i2⩾1

αmin(m, k, i1 − 1, i2 − 1)qi1ri2Ψ
m∂

∂pm

k∂

∂pk

+
1

2

∑
m,k⩾1

∑
m1+m2=m+1

m1,m2⩾1

∑
k1+k2=k+1

k1,k2⩾1

qm1qk1rm2rk2Ψ
m∂

∂pm

k∂

∂pk
.

This theorem can actually be obtained combinatorially from the cases α = 1, α = 2 and a
polynomiality argument (all coefficients are polynomials of degree at most 1 in α). However,
this argument works only for k ⩽ 2 while the approach based on Theorem 1.5 which we present
here can be used, with more computations, to understand the operators G(α)

k for higher k.
Combining Theorem 1.8 and Corollary 3.7, we deduce the following special case of Conjec-

ture 1.7.

Corollary 1.9. Fix three π, µ and ν partitions such that |π| ⩾ |µ| + |ν| − 2. Then gπµ,ν is a
polynomial in b := α− 1 with non-negative integer coefficients.

We hope that a better understanding of the differential structure of the operator B(α)
∞ could al-

low one to generalize Theorem 1.8 in order to obtain a differential formula of G(α)
k for any k. This

would eventually give the missing positivity part in Conjecture 1.7 and in Goulden–Jackson’s
Matching-Jack conjecture.

1.8. k-constellations and Hurwitz numbers

k-constellations represent a family of maps whose vertices are colored in k+1 colors and from
which hypermaps can be obtained by setting k = 1. In the orientable case, k-constellations
are related to the factorizations of the identity in the symmetric group into k + 2 permuta-
tions [BMS00]. Recently, a model of constellations on non-orientable surfaces have been in-
troduced in [CD22]. In these two cases, generating series of constellations have been a useful
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tool to understand Hurwitz numbers by considering some particular specializations (see also
[BCD23, BN23]).

Moreover, orientable constellations with control of all color types are in bijection with the
ramified coverings of the sphere above an arbitrary number of points with the full ramification
profiles; see [LZ04, Section 1.2] (see also [CD22, Section 2.2] for the non-orientable case).

The approach used here to prove the main theorem applies to the case of constellations and
allows us to extend the differential equation to series with k alphabets; see Theorem 4.5.

1.9. Equations for connected series

In this paper, we are considering generating series of hypermaps not necessarily connected.
Nevertheless, it is possible to obtain the generating series of connected hypermaps by taking a
logarithm. More precisely, the series

Ĝ
(α)

(t,p,q, r) = α · log(G(α)(t,p,q, r))

is an α-deformation of the generating series of connected hypermaps with marked faces. The
homogeneous part of this series is the object of Goulden–Jackson’s b-conjecture (known also as
the hypermap-Jack conjecture) [GJ96a, Conjecture 6.3].

In Section 7, we derive from the main theorem a differential equation for Ĝ
(α)

, see Theo-
rem 7.5.

1.10. Outline of the paper

The paper is organized as follows. In Section 2, we give some preliminaries related to partitions,
symmetric and shifted symmetric functions. In Section 3, we establish some useful properties
of structure coefficients gπµ,ν , we discuss their connection to the Matching-Jack conjecture and
we prove Proposition 1.4. Section 4 is dedicated to the proof of the main theorem as well as its
generalized version Theorem 4.5 related to Hurwitz numbers. In Section 5, we give a combi-
natorial proof of Theorem 1.6 for α = 1 (this section is quite independent from the rest of the
paper). We use the main theorem in Section 6 to give an explicit expression for coefficients gπµ,ν
and to prove Theorem 1.8. Finally, we prove Theorem 7.5 in Section 7.

2. Preliminaries

2.1. Partitions

A partitionλ=[λ1, . . . , λs] is a weakly decreasing sequence of positive integersλ1⩾ . . .⩾λs>0.
We denote by Y the set of all integer partitions. The integer s is called the length of λ and is
denoted ℓ(λ). The size of λ is the integer |λ| := λ1 + λ2 + · · ·+ λs. If n is the size of λ, we say
that λ is a partition of n and we write λ ⊢ n. The integers λ1, . . . , λs are called the parts of λ.
For i ⩾ 1, we denote mi(λ) the number of parts of size i in λ. We then set

zλ :=
∏
i⩾1

mi(λ)!i
mi(λ).
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We denote by ⩽ the dominance partial order on partitions, defined by

µ ⩽ λ ⇐⇒ |µ| = |λ| and µ1 + · · ·+ µi ⩽ λ1 + · · ·+ λi for i ⩾ 1.

Finally, we identify a partition λ with its Young diagram, defined by

λ := {(i, j), 1 ⩽ i ⩽ ℓ(λ), 1 ⩽ j ⩽ λi}.

2.2. Symmetric functions

We fix an alphabet x := (x1, x2, ..). We denote by Sα the algebra of symmetric functions in x
with coefficients in Q(α). For every partition λ, we denote mλ the monomial function

mλ(x) :=
∑

β=(β1,...,βs)

∑
1⩽i1⩽...⩽is

xβ1

i1
. . . xβs

is
,

where the sum is taken over all reorderings β of the partition λ. Moreover, let pλ denote the
power-sum symmetric function, defined as follows; if n ⩾ 1 then

pn(x) :=
∑
i⩾1

xn
i ,

and if λ = [λ1, . . . , λs] then
pλ(x) = pλ1(x) . . . pλs(x).

We consider the associated alphabet of power-sum functions p := (p1, p2, ..). It is well known
that monomial functions and the power-sum functions both form bases of the symmetric function
algebra; therefore Sα can be identified with the polynomial algebra P := SpanQ(α){pλ}λ∈Y. If f
is a symmetric function in the alphabet x, it will be convenient to denote with the same letter
the function and the associated polynomial in p;

f(x) ≡ f(p).

We denote by ⟨., .⟩α the α-deformation of the Hall scalar product defined on Sα by

⟨pλ, pµ⟩α = zλα
ℓ(λ)δλ,µ, for any partitions λ, µ,

where δλ,µ denotes the Kronecker delta.
Macdonald has established the following characterization for Jack polynomials which we

take as a definition; see [Mac95, Chapter VI, Section 10].
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Theorem 2.1 ([Mac95]). Jack polynomials (J (α)
λ )λ∈Y are the unique family of symmetric func-

tions in Sα indexed by partitions, satisfying the following properties:

• Orthogonality:
⟨J (α)

λ , J (α)
µ ⟩α = 0, for λ ̸= µ.

• Triangularity:
[mµ]J

(α)
λ = 0, unless µ ⩽ λ.

• Normalization:
[p1n ]J

(α)
λ = 1, for λ ⊢ n, (2.1)

where 1n is the partition with n parts equal to 1.

Moreover, Jack polynomials form a basis of Sα.

We denote by j
(α)
λ the squared-norm of J (α)

λ ;

j
(α)
λ := ⟨J (α)

λ , J
(α)
λ ⟩α. (2.2)

Remark 2.2. Let θ(α)∅ denote the Jack character indexed by the empty partition. It follows from
Equation (2.1) that θ(α)∅ (λ) = 1 for any λ ∈ Y. Hence, g∅∅,∅(α) = 1.

2.3. Jack characters and shifted symmetric functions

Definition 2.3 ([Las08]). We say that a polynomial of degree n in k variables (s1, . . . , sk) with
coefficients in Q(α) is α-shifted symmetric if it is symmetric in the variables si − i/α. An α-
shifted symmetric function (or simply a shifted symmetric function) is a sequence (fk)k⩾1 of
shifted symmetric polynomials of bounded degrees, such that for every k ⩾ 1, the function fk
is an α-shifted symmetric polynomial in k variables and

fk+1(s1, . . . , sk, 0) = fk(s1, . . . , sk). (2.3)

We denote by S∗
α the algebra of shifted symmetric functions.

Let f be a shifted symmetric function and let λ = (λ1, . . . , λk) be a partition. Then we
denote f(λ) := f(λ1, . . . , λk, 0, . . . ).

Theorem 2.4 ([KS96]). Let n ⩾ 0. And let g be a function on Young diagrams. There exists a
unique shifted symmetric function f of degree less or equal than n such that f(λ) = g(λ) for
any |λ| ⩽ n.

In particular, a shifted symmetric function is completely determined by its evaluation on
Young diagrams (f(λ))λ∈Y. The following theorem due to Féray gives a characterization of
Jack characters as shifted symmetric functions satisfying some properties (see [BDD23] for a
proof).

Theorem 2.5 (Féray). Fix a partition µ. The Jack character θ(α)µ is the unique α-shifted sym-
metric function of degree |µ| with top homogeneous part α|µ|−ℓ(µ)/zµ · pµ, such that θ(α)µ (λ) = 0
for any partition |λ| < |µ|.
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3. Structure coefficients gπµ,ν(α) and proof of Proposition 1.4

The purpose of this section is to discuss some properties of coefficients gπµ,ν . In particular, we use
their connection with the coefficients of the Matchings-Jack conjecture to establish integrality
in Conjecture 1.7 and to prove Proposition 1.4.

3.1. Some properties

We start by proving some properties of the structure coefficients gπµ,ν .

Lemma 3.1. The coefficient gπµ,ν(α) is 0 unless max(|µ|, |ν|) ⩽ |π| ⩽ |µ|+ |ν|.

Proof. The upper bound is a direct consequence of the fact that θ(α)µ is a shifted symmetric
function of degree |µ| and the fact that (θ(α)π )|π|⩽d is a basis of shifted symmetric functions of
degree less or equal than d, see Theorem 2.5. In order to obtain the lower bound we use the
vanishing properties of θ(α)µ . Fix two partitions µ and ν. Set m := max(|µ|, |ν|) and

F := θ(α)µ θ(α)ν −
∑

m⩽|π|⩽|µ|+|ν|

gπµ,νθ
(α)
π (3.1)

=
∑
|π|<m

gπµ,νθ
(α)
π . (3.2)

From Equation (3.2), the function F is shifted symmetric with degree at most m−1. Moreover,
using Equation (3.1) and the definition of Jack characters, we get that F (λ) = 0 for any |λ| < m.
Applying Theorem 2.4, we deduce that F = 0. By consequence gπµ,ν = 0 for any |π| < m.

As a consequence of this lemma, we get that the series G(α) introduced in Equation (1.4) is
well defined in Q(α)[t,p]Jq, rK ∩Q(α)[t,q, r]JpK.

3.2. Goulden–Jackson’s Matchings-Jack conjecture

Goulden and Jackson have introduced in [GJ96a] the coefficients cπµ,ν(α) indexed by three par-
titions of the same size, and defined by the following expansion:

τ (α)(t,p,q, r) :=
∑
n⩾0

tn
∑
θ⊢n

1

j
(α)
θ

J
(α)
θ (p)J

(α)
θ (q)J

(α)
θ (r) =

∑
n⩾0

tn
∑

π,µ,ν⊢n

cπµ,ν(α)

zπαℓ(π)
pπqµrν . (3.3)

For α ∈ {1, 2}, this series is known to be the generating series of hypermaps.

Theorem 3.2 ([GJ96b]). Fix three partitions π, µ and ν of the same size. For α=1 (resp. α=2),
the coefficient cπµ,ν(1) (resp. cπµ,ν(2)) counts the number of oriented (resp. orientable or not)
vertex labelled hypermaps of profile (π, µ, ν). Equivalently, for α ∈ {1, 2} we have

τ (α)(t,p,q, r) = H(α)(t,p,q, r),
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These two cases are obtained using representation theory tools (the case α = 1 is a classical
result, while the case α = 2 is due to Goulden and Jackson [GJ96b]).

The Matching-Jack conjecture states that the coefficients cπµ,ν(α) still have a combinatorial
interpretation in terms of maps for any α.

Conjecture 3.3 ([GJ96a]). For any partitions π, µ and ν of the same size, cπµ,ν(α) is a polynomial
in the shifted parameter b := α − 1 with non-negative integer coefficients. Equivalently, there
exists a statistic ϑ on non-oriented hypermaps with non-negative integer values, such that

• ϑ(M) = 0 if and only if M is oriented,

• for any partitions π, µ and ν of the same size

cπµ,ν =
∑

M∈Hπ
µ,ν

bϑ(M).

In the next subsection, we use the following integrality result for coefficients cπµ,ν in order to
obtain a similar result for coefficients gπµ,ν .

Theorem 3.4 ([BD23]). The coefficients cπµ,ν are polynomials in b = α − 1 with integer coeffi-
cients.

3.3. Links between coefficients cπµ,ν and gπµ,ν

The following proposition has been proved by Dołęga and Féray [DF16, Proposition B.1].

Proposition 3.5. If π, µ and ν are of the same size then

cπµ,ν(α) = gπµ,ν(α).

As a consequence, Conjecture 1.7 is a generalization of Conjecture 3.3.
If π is a partition, we denote by π̃ := π\1m1(π) the partition obtained by deleting all parts

of size 1. The following proposition is a generalization of [DF16, Equation (19)]. The proof is
quite the same.

Proposition 3.6. For every partitions π, µ and ν such that π ⊢ n ⩾ |µ|, |ν|, we have

m1(π)∑
i=0

(
m1(π)

i

)
gπ̃∪1

i

µ,ν =

(
m1(µ) + n− |µ|

m1(µ)

)(
m1(ν) + n− |ν|

m1(ν)

)
cπµ∪1n−|µ|,ν∪1n−|ν| , (3.4)

Equivalently,

exp
( p1
tα

)
G(α)(t,p,q, r) = exp

(
∂

t∂q1
+

∂

t∂r1

)
τ (α)(t,p,q, r), (3.5)

where the last equality holds in Q(α)[t, 1/t,q, r]JpK.
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Proof. To simplify expressions, we denote µ̄ := µ ∪ 1n−|µ| and ν̄ := ν ∪ 1n−|ν|. We get from
the definition of Jack characters and Lemma 3.1 that for any partition λ of size n

θ(α)µ (λ)θ(α)ν (λ) =

(
n− |µ|+m1(µ)

m1(µ)

)(
n− |ν|+m1(ν)

m1(ν)

)
θ
(α)
µ̄ (λ)θ

(α)
ν̄ (λ)

=

(
n− |µ|+m1(µ)

m1(µ)

)(
n− |ν|+m1(ν)

m1(ν)

) ∑
n⩽|ρ|⩽2n

gρµ̄,ν̄(α)θ
(α)
ρ (λ).

Terms corresponding to |ρ| > n vanish since characters are evaluated at a partition of size n.
Hence

θ(α)µ (λ)θ(α)ν (λ) =

(
n− |µ|+m1(µ)

m1(µ)

)(
n− |ν|+m1(ν)

m1(ν)

)∑
ρ⊢n

gρµ̄,ν̄(α)θ
(α)
ρ (λ).

Using Proposition 3.5 we get that,

θ(α)µ (λ)θ(α)ν (λ) =

(
n− |µ|+m1(µ)

m1(µ)

)(
n− |ν|+m1(ν)

m1(ν)

)∑
ρ⊢n

cρµ̄,ν̄θ
(α)
ρ (λ). (3.6)

On the other hand, for any λ ⊢ n,

θ(α)µ (λ)θ(α)ν (λ) =
∑
|κ|⩽n

gκµ,ν(α)θ
(α)
κ (λ)

=
∑
|κ|⩽n

gκµ,ν(α)

(
m1(κ) + n− |κ|

m1(κ)

)
θ
(α)

κ∪1n−|κ|(λ)

=
∑
ρ⊢n

θ(α)ρ (λ)

m1(ρ)∑
i=0

gρ̃∪1
i

µ,ν (α)

(
m1(ρ)

i

) . (3.7)

The last equation is obtained by regrouping terms with respect to ρ := κ ∪ 1n−|κ|. We obtain
Equation (3.4) by comparing the coefficient of θ(α)π in Eqs. (3.6) and (3.7).

Let us now prove Equation (3.5). Let π, µ and ν be three partitions. We want to prove that
the coefficient of t|µ|+|ν|−|π|pπqµrν/(zπα

ℓ(π)) is the same in both sides of Equation (3.5). It is
easy to check that this is given by Equation (3.4) if |π| ⩾ max(|µ|, |ν|). Otherwise, each one
of these coefficients is 0; this is a consequence of Lemma 3.1 and the fact that τ (α)(t,p,q, r) is
homogeneous in the three alphabets p, q and r.

We deduce the following corollary.
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Corollary 3.7. The coefficients gπµ,ν are polynomials in b with integer coefficients.

Proof. Inverting Equation (3.5), we get

G(α)(t,p,q, r) = exp
(
− p1
tα

)
exp

(
∂

t∂q1
+

∂

t∂r1

)
τ (α)(t,p,q, r). (3.8)

By extracting the coefficient of t|µ|+|ν|−|π|pπqµrν/(zπα
ℓ(π)), we get

gπµ,ν =
∑

e⩽i⩽m1(π)

(−1)m1(π)−i

(
m1(π)

i

)(
|π̃|+ i− |µ|+m1(µ)

m1(µ)

)
(
|π̃|+ i− |ν|+m1(ν)

m1(ν)

)
cπ̃∪1

i

µ∪1|π̃|+i−|µ|,ν∪1|π̃|+i−|ν| ,

where π̃ := π\1m1(π) and e := max(0, |µ|−|π̃|, |ν|−|π̃|). We conclude using Theorem 3.4.

3.4. Proof of Proposition 1.4

Proof of Proposition 1.4. We prove the proposition for α = 1. The proof is exactly the same
for α = 2. Fix three partitions π, µ and ν. We want to prove that

gπµ,ν(1) =
∣∣OHπ

µ,ν

∣∣ , (3.9)

where OHπ
µ,ν is the set of hypermaps defined in Definition 1.2. Since Equation (3.4) fully char-

acterizes the coefficients gπµ,ν , it is enough to prove that

m1(π)∑
i=0

(
m1(π)

i

) ∣∣∣OHπ̃∪1i
µ,ν

∣∣∣ = (m1(µ) + n− |µ|
m1(µ)

)(
m1(ν) + n− |ν|

m1(ν)

)
cπµ∪1n−|µ|,ν∪1n−|ν|(1),

holds for any partitions π, µ and ν, with n = |π|. Using Theorem 3.2, we know that the
right-hand side of the last equation counts vertex labelled oriented hypermaps of profile
(π, µ ∪ 1|π|−|µ|, ν ∪ 1|π|−|ν|), with |π| − |µ| marked (+) faces of degree 1 and |π| − |ν| mar-
ked (−) faces of degree 1 (unlike in Definition 1.2, it is possible here to have both faces of
isolated loops marked).

On the other hand, the set of such maps M with a fixed number j of isolated loops with
both (+) and (−) faces marked, can be obtained as follows:

• choose the labels of black vertices of degree 2, which form the isolated loops with two
marked faces; there are

(
m1(π)

j

)
such possible choices,

• choose a hypermap in OHπ̃∪1|π|−j

µ,ν and associate to black vertices of degree 2 the labels
not chosen in the first step.

Summing over all i := m1(π) − j between 0 and m1(π), we obtain the left hand-side. This
finishes the proof of the proposition.
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We conclude this section by the following table, which summarizes the different results
proved or recalled in this section.

Series τ (α) (homogeneous) G(α) (non-homogeneous)

Combinatorial interpretation
for α ∈ {1, 2}

[GJ96a] (see also
Theorem 3.2)

Proposition 1.4 (see also
Proposition 5.10 for α = 1)

Relations between the series Propositions 3.5 and 3.6

Integrality of the coefficients
(Conjecture 3.3)

[BD23] (see also
Theorem 3.4) Corollary 3.7

4. Proof of the main theorem

4.1. Differential operators

The purpose of this subsection is to recall the definition of operators B(α)
n from [CD22]. These

operators are defined using an extra catalytic alphabet Y := (yi)i⩾0. We recall that P :=
SpanQ(α){pλ}λ∈Y = Q(α)[p]. We also consider the spaces

PY := SpanQ(α) {yipλ}i∈N,λ∈Y and P̃Y := P ⊕ PY .

We recall that b := α− 1. Set the catalytic operators;

Y+ =
∑
i⩾1

yi+1
∂

∂yi
: PY → PY ,

ΓY = (1 + b) ·
∑
i,j⩾1

yi+j
j∂2

∂yi−1∂pj
+
∑
i,j⩾1

yipj
∂

∂yi+j−1

+ b ·
∑
i⩾1

yi+1
i∂

∂yi
: PY → PY ,

and ΘY :=
∑
i⩾1

pi
∂

∂yi
: PY → P .

For n ⩾ 0, and u a variable, the operator B(α)
n (p, u) is defined by

B(α)
n (p, u) := ΘY (ΓY + uY+)

n y0
1 + b

: P → P [u] (4.1)

and the operator B(α)
∞ by

B(α)
∞ (t,p, u) :=

∑
n⩾1

tn

n
B(α)
n (p, u) : P → PJu, tK.
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Remark 4.1. Note that the operator B(α)
n is homogeneous of degree n; namely for any λ, we have

that B(α)
n ·pλ is a linear combination of uℓpµ for µ of size |λ|+n and ℓ ⩽ n. Similarly, if n ⩽ |λ|,

then
(
B(α)
n

)⊥
· pλ is a linear combination of uℓpµ for µ of size |λ| − n and ℓ ⩽ n.

Hence, B(α)
∞ (t,p, u) · pλ is a combination of t|µ|−|λ|uℓpµ for |µ| ⩾ |λ| and ℓ ⩾ 0. More-

over, B(α)
∞

⊥
(t,p, u) · pλ is a linear combination of t|λ|−|µ|pµu

ℓ for |µ| ⩽ |λ| and ℓ ⩾ 0. Conse-
quently, operators

B(α)
∞ (t,p, u) : Q(α)[t]JpK −→ Q(α)[t]Jp, uK

B(α)
∞

⊥
(t,p, u) : Q(α)[t,p] −→ Q(α)[t,p]JuK

are well defined. We deduce that operators B(α)
∞ (t,q, u),B(α)

∞ (t, r, u) and B(α)
∞

⊥
(t,p, u) are well

defined from A to AJuK.

4.2. Skew Jack characters

Before proving Theorem 1.5, we introduce a skew4 version of Jack characters.
Definition 4.2. We consider a sequence of variables u1, u2 . . . . For any partitions µ and ν sat-
isfying |µ| ⩾ |ν|, we define the coefficient θ(α)µ/ν which depends on one variable v, by

θ(α)µ (v, u1, u2 . . . ) =
∑
ν

θ
(α)
µ/ν(v)θ

(α)
ν (u1, u2 . . . ).

This expansion is well defined, since θ
(α)
µ (v, u1, u2 . . . ) is a shifted symmetric function in the

variables u1, u2 . . . , and (θ
(α)
ν )ν∈Y is a basis of S∗

α.
We then have the following lemma.

Lemma 4.3. For any partitions µ, ν, π one has∑
κ

gκµ,νθ
(α)
κ/π(v) =

∑
ρ,ξ

gπρ,ξθ
(α)
µ/ρ(v)θ

(α)
ν/ξ(v).

Proof. We have∑
π

θ(α)π (u1, u2 . . . )

(∑
κ

gκµ,νθ
(α)
κ/π(v)

)
=
∑
κ

gκµ,νθ
(α)
κ (v, u1, u2 . . . )

= θ(α)µ (v, u1, u2 . . . )θ
(α)
ν (v, u1, u2 . . . )

=
∑
ρ,ξ

θ
(α)
µ/ρ(v)θ

(α)
ρ (u1, u2 . . . )θ

(α)
ν/ξ(v)θ

(α)
ξ (u1, u2 . . . )

=
∑
π

θ(α)π (u1, u2 . . . )

(∑
ρ,ξ

gπρ,ξθ
(α)
µ/ρ(v)θ

(α)
ν/ξ(v)

)
.

We conclude by extracting the coefficient of θ(α)π (u1, u2, . . . ).
4This is not the usual definition of skew characters in which we consider skew diagrams in the argument of the

character; θ(α)µ (λ/ρ).
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The following proposition gives a differential construction for skew characters.

Proposition 4.4. For any partitions µ and ν one has

θ
(α)
µ/ν(v) = [t|µ|−|ν|pµ] exp

(
B(α)
∞ (−t,p,−αv)

)
· pν , (4.2)

and
αℓ(µ)zµ
αℓ(ν)zν

θ
(α)
µ/ν(v) = [t|µ|−|ν|pν ] exp

(
B(α)
∞

⊥
(−t,p,−αv)

)
· pµ. (4.3)

Proof. Fix k ⩾ 0. From Theorem 1.3, we have∑
ν

t|ν|θ(α)ν (u1, . . . , uk)pν = exp
(
B(α)
∞ (−t,p,−αu1)

)
. . . exp

(
B(α)
∞ (−t,p,−αuk)

)
· 1.

By applying exp
(
B(α)
∞ (−t,p,−αv)

)
and using Theorem 1.3 for k + 1, we get∑

ν

(
exp

(
B(α)
∞ (−t,p,−αv)

)
· t|ν|pν

)
θ(α)ν (u1, . . . , uk) =

∑
µ

t|µ|θ(α)µ (v, u1, . . . , uk)pµ.

Taking the limit over k and extracting the coefficient of pµ, we get

[pµ]
∑
ν

(
exp

(
B(α)
∞ (−t,p,−αv)

)
· t|ν|pν

)
θ(α)ν (u1, u2, . . . ) = t|µ|θ(α)µ (v, u1, u2, . . . ).

We obtain Equation (4.2) by extracting the coefficient of θ(α)ν (u1, u2 . . . ). This equation can be
rewritten as follows

t|µ|−|ν|θ
(α)
µ/ν(v) =

〈
exp

(
B(α)
∞ (−t,p,−αv)

)
· pν ,

pµ
zµαℓ(µ)

〉
=

〈
pν , exp

(
B(α)
∞

⊥
(−t,p,−αv)

)
· pµ
zµαℓ(µ)

〉
= [pν ] exp

(
B(α)
∞

⊥
(−t,p,−αv)

)
· zνα

ℓ(ν)

zµαℓ(µ)
pµ.

4.3. Proof of the main theorem

Proof of Theorem 1.5. We have from Equation (4.2)

exp
(
B(α)
∞ (−t,q,−αv)

)
exp

(
B(α)
∞ (−t, r,−αv)

)
·G(α)(t,p,q, r)

=
∑
π,µ,ν

(∑
ρ,ξ

gπρ,ξ(α)

zπαℓ(π)
θ
(α)
µ/ρ(v)θ

(α)
ν/ξ(v)

)
t|µ|+|ν|−|π|pπqµrν .

On the other hand, Equation (4.3) gives

exp
(
B(α)
∞

⊥
(−t,p,−αv)

)
·G(α)(t,p,q, r) =

∑
π,µ,ν

(∑
κ

gκµ,ν
zκαℓ(κ)

θ
(α)
κ/π(v)

)
t|µ|+|ν|−|π|pπqµrν .
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Combining these two equations with Lemma 4.3, we deduce that

exp
(
B(α)
∞ (−t,q,−αv) + B(α)

∞ (−t, r,−αv)
)
·G(α)(t,p,q, r)

= exp
(
B(α)
∞

⊥
(−t,p,−αv)

)
·G(α)(t,p,q, r). (4.4)

Since B(α)
∞

⊥
(−t,p,−αv) commutes with each one of the operators B(α)

∞ (−t,q,−αv)

and B(α)
∞ (−t, r,−αv) as operators in O(A)JvK, we obtain by induction that for any ℓ ⩾ 1

exp
(
B(α)
∞ (−t,q,−αv) + B(α)

∞ (−t, r,−αv)
)ℓ ·G(α)(t,p,q, r)

= exp
(
B(α)
∞

⊥
(−t,p,−αv)

)ℓ
·G(α)(t,p,q, r).

This allows to take the logarithm of the operators in Equation (4.4). We get that(
B(α)
∞ (−t,q,−αv) + B(α)

∞ (−t, r,−αv)
)
·G(α)(t,p,q, r) = B(α)

∞
⊥
(−t,p,−αv)·G(α)(t,p,q, r).

We conclude by replacing v by −u/α.

Let us now prove Theorem 1.6.

Proof of Theorem 1.6. Using Equation (4.2), Lemma 4.3 can be rewritten as the following com-
mutation relation

exp
(
B(α)
∞ (−t,q,−αv) + B(α)

∞ (−t, r,−αv)
)
· G(α)(t,p,q, r)

= G(α)(t,p,q, r) · exp
(
B(α)
∞ (−t,p,−αv)

)
.

Finally, we “take the logarithm” of operators as in the proof of Theorem 1.5.

4.4. Generalization to constellations

The purpose of this subsection is to briefly explain how to generalize the differential equation of
the main theorem to series with finitely many alphabets, and how these are related to constella-
tions.

Fix an integer k ⩾ 1. We consider k+2 alphabets p, q(0), q(1), . . .q(k) and we introduce the
following generalization of the series G(α);

G
(α)
k (t,p,q(0), . . . ,q(k)) :=

∑
π,µ(0),...,µ(k)

gπ
µ(0),...,µ(k)(α)

zπαℓ(π)
t|µ

(0)|+...|µ(k)|−|π|pπq
(0)

µ(0) . . . q
(k)

µ(k) ,

where gπ
µ(0),...,µ(k) are defined as the structure coefficients;

θ
(α)

µ(0) . . . θ
(α)

µ(k) =
∑
π

gπµ(0),...,µ(k)(α)θ
(α)
π .

We emphasize that the series G(α)
k (or more precisely the closely related series τ (α)k below)

gives access to all Hurwitz numbers (and their b-deformation in the sense of [CD22]) with control
on their full ramification profile.

Using the same arguments as in the case of three alphabets, we obtain the following theorem.
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Theorem 4.5. For any k ⩾ 1, we have,(
B(α)
∞ (−t,q(0), u) + · · ·+ B(α)

∞ (−t,q(k), u)
)
·G(α)

k (t,p,q(0), . . . ,q(k))

= B(α)
∞

⊥
(−t,p, u) ·G(α)

k (t,p,q(0), . . . ,q(k)).

As mentioned in the introduction, such an equation seems to be new even in the classical
case b = 0. We now explain the connection of G(α)

k to the series of k-constellations. As in
Section 3.2, we consider the series

τ
(α)
k (t,p,q(0), . . . ,q(k)) :=

∑
n⩾0

tn
∑
θ⊢n

1

j
(α)
θ

J
(α)
θ (p)J

(α)
θ (q(0)) . . . J

(α)
θ (q(k)).

It turns out that τ
(α)
k corresponds to the series of orientable k-constellations

when α = 1 [JV90], and to the series of all k-constellations (orientable or not) introduced
in [CD22] when α = 2; see [BD22]. On the other hand, extending the proof of Proposition 3.6
to k + 2 alphabets, we get

exp
( p1
tα

)
G

(α)
k (t,p,q(0), . . . ,q(k)) = exp

(
∂

t∂q
(0)
1

+ · · ·+ ∂

t∂q
(k)
1

)
τ
(α)
k (t,p,q(0), . . . ,q(k)).

4.5. Operators C(α)
ℓ

For ℓ ⩾ 0 we consider the operator C(α)
ℓ (t,p) given by

C(α)
ℓ (t,p) := [uℓ]B(α)

∞ (t,p, u) : P → PJtK.

The differential equation Equation (1.6) of the main theorem is then equivalent to the equa-
tions(

C(α)
ℓ (−t,q) + C(α)

ℓ (−t, r)
)
·G(α)(t,p,q, r) = C(α)

ℓ

⊥
(−t,p) ·G(α)(t,p,q, r), for ℓ ⩾ 0.

Similarly, Theorem 1.6 is equivalent to(
C(α)
ℓ (−t,q) + C(α)

ℓ (−t, r)
)
· G(α)(t,p,q, r) = G(α)(t,p,q, r) · C(α)

ℓ (−t,p) for ℓ ⩾ 0. (4.5)

We deduce the following corollary which will be useful in the solution of the differential
equation of the main theorem in Section 6.1.
Corollary 4.6. For any partition λ = [λ1, . . . , λs], we have∏
1⩽i⩽s

(
C(α)
λi

(−t,q) + C(α)
λi

(−t, r)
)
· G(α)(t,p,q, r) = G(α)(t,p,q, r) ·

∏
1⩽i⩽s

C(α)
λi

(−t,p). (4.6)

Actually, the product in Equation (4.6) can be taken in any order, since the operators C(α)
ℓ

satisfy the following commutation relations; see [BDD23, Theorem 6.6].
Theorem 4.7. [BDD23] Let m > 0. Then[

C(α)
ℓ , C(α)

m

]
=

{
0 if ℓ > 0,

(m+ 1)C(α)
m+1 if ℓ = 0.
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5. Combinatorial proof of the differential equation for α = 1

The purpose of this section is to give a combinatorial proof of the commutation relation Equa-
tion (4.5) (equivalently the differential equation Equation (1.6)) for α = 1. To this purpose,
we start by recalling the combinatorial interpretation of the operators C(1)

ℓ given in [BDD23],
see Proposition 5.2. We then use Proposition 1.4 to obtain a combinatorial interpretation of the
operator G(1), see Corollary 5.13.

We believe that the combinatorial constructions of Subsections 5.2 and 5.3 are of indepen-
dent interest and might be useful to shed some light on the combinatorics of hypermaps with
controlled profile.

All maps considered in this section are orientable.

5.1. Interpretation of the operator C(α)
ℓ for α = 1

It will be more convenient at some steps of the proof to work with maps with labelled edges
rather than labelled vertices.

Definition 5.1. We say that a map M is labelled if its edges are numbered 1, 2, . . . , |M |. We say
that a map is bipartite if its vertices are colored in white and black and each edge connects two
vertices of different colors. If M is a bipartite map of size n, then its face-type is the partition
of n obtained by reordering the face degrees divided by 2.

The following proposition is a special case of [BDD23, Proposition 4.5]. Since we consider
here a different convention of map labelling, we briefly explain the main ideas of the proof.

Proposition 5.2 ([BDD23, Proposition 4.5]). Fix an integer ℓ ⩾ 0, a partition π, and let N be
a labelled orientable bipartite map of face-type π. Then,

ℓ!C(1)
ℓ (−t,p) · pπ

|π|!
=
∑
n⩾ℓ

(−t)n
∑
M

pface-type(M)

|M |!
, (5.1)

where the second sum is taken over labelled orientable maps M obtained from N as follows:

• we add a black vertex v and ℓ new white vertices w1, w2,. . . ,wℓ.

• we add n edges all incident to v and such that each new white vertex wi is connected to v
by at least one edge (we do not put any restriction on the degrees of the new vertices wi).

• we relabel the edges of M in any way.

An example of maps N and M is given in Figure 5.1.

Proof. We recall that the operator C(α)
ℓ is defined by

C(1)
ℓ (−t,p) = [uℓ]

∑
n⩾1

(−t)n
B(1)
n (p, u)

n
. (5.2)
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Figure 5.1: Example of the action of C(1)
2 on a map N . On the left the map N , and on the right

a map M obtained by adding one black vertex v, two white vertices w1 and w2 and 6 edges
(represented in blue).

where
B(1)
n (p, u) := ΘY

(
Γ
(α=1)
Y + uY+

)n
y0

see Section 4.1 for the definitions of the operators ΘY , ΓY and Y+.
In order to understand the combinatorics of these operators, we consider rooted maps. A

map is rooted if it has a marked corner c called the root corner. We associate to a rooted map
the weight

weight(M, c) := ydeg(fc)
∏
f ̸=fc

pdeg(f) ∈ PY ,

where deg(fc) denotes the degree of the root face, and the the product runs over all faces of M
different from fc. When α = 1, the operator B(1) can be interpreted as follows:

B(1)
n (p, u) · pface-type(N)u

|V◦(N)| =
∑
M

pface-type(M)u
|V◦(M)|,

where |V◦(.)| denotes the number of white vertices and where the sum is taken over orientable
maps M obtained from N by adding a black vertex v of degree n with a rooted corner.

Let us briefly explain this equation. First, we add an isolated root vertex, this corresponds to
multiplication by y0. We then add consecutively n edges to the root corner: the added edge can
be connected to a new white vertex (this corresponds to the term uY+) or to an existing white
vertex in the map (ensured by the operator ΓY ). Finally we apply ΘY to obtain the weight of
an unrooted map; ΘY · weight(M, c) = pface-type(M). We refer to [BDD23, Section 4.2] for more
details about the combinatorics of these operators.

If N and M are now labelled maps then the previous equation becomes

B(1)
n (p, u)

n
·
pν⋄(N)

|N |!
u|V◦(N)| =

∑
M

pν⋄(M)

|M |!
u|V◦(M)|.
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Indeed, we have |M |! ways to choose new labels for the edges of M , and then we divide by |N |!
to “forget” the old labels in N , and by n to forget the root of the added black vertex v.

Since in Equation (5.2) we take the coefficient of [uℓ], then the operator Cℓ(−t,p) acts on a
map by adding a black vertex using ℓ new white vertices with an extra weight −t for each added
edge. Finally, multiplying by ℓ! in Equation (5.1) corresponds to having a total order on the new
added white vertices w1, w2, . . .wℓ.

5.2. BFC maps and pre-hypermaps

We start by introducing a family of maps which allows to encode the hypermaps with marked
faces defined in Definition 1.2.

Definition 5.3. We say that a map is bipartite face-colored (BFC map) if its vertices are colored
in black and white, its faces are colored in two colors (+) and (−), and such that each edge
connects two vertices of different colors (but it does not necessarily separate two faces of different
colors).

Moreover, a BFC map will be called a pre-hypermap if it satisfies the following additional
conditions:

1. white vertices have degree at most 2.

2. all white vertices of degree 2 are incident to two faces of different colors.

Remark 5.4. Notice that a hypermap can be seen as a pre-hypermap; we color all the vertices of
the hypermap in black and add in the middle of each edge a white vertex of degree 2. Hence,
hypermaps are pre-hypermaps maps with only white vertices of degree 2. Conversely, if we
delete all white vertices of degree 1 in a pre-hypermap we obtain a hypermap.

We distinguish two types of edges in a BFC map.

Definition 5.5. An edge is said bicolor if it is incident to two faces of different colors. We have
two types of bicolor edges in a BFC map (see Figure 5.2):

• Type 1: on the (+) side-face, we see the white vertex and then the black one when we
travel along the edge-side in the direct orientation.

• Type 2: on the (+) side-face, we see the black vertex and then the white one when we
travel along the edge-side in the direct orientation.

By definition, all non bicolor edges will be considered of type 1.

Remark 5.6. Note that the types can be equivalently defined by conditions around vertices. For
instance, when we turn around a black vertex in the direct orientation, then edges of type 2 are
exactly those who separate faces (−)/(+) in this order. Consequently, a vertex which is not
monochromatic (i.e. incident at least to one (+) and one (−) face) is necessarily incident to a
type 2 edge.
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Figure 5.2: Types of bicolor edges in a BFC map.

It is easy to check that each black vertex of a pre-hypermap has even number of white neigh-
bors of degree 2 (see e.g Remark 5.4). This allows to define the degree of a black vertex v in a
pre-hypermap as follows

deg(v) =
1

2
|{neighbors of v of degree 2}|+ |{neighbors of v of degree 1}| (5.3)

= |{incident edges to v of type 1}|. (5.4)

We now extend the notion of profile to pre-hypermaps.

Definition 5.7. Let M be a pre-hypermap. We denote by λ•(M) the partition given by black
vertices degrees (as defined in Equation (5.3)). We also denote by λ+(M) (resp. λ−(M) the
partition given by the (+) face (resp. the (−) face) degrees divided by 2. We call the profile
of M the triplet of partitions (λ•(M), λ+(M), λ−(M)).

One can check that the profile of a hypermap as defined in Definition 1.1 coincides with its
pre-hypermap profile as defined in Definition 5.7.

Definition 5.8. We say that a pre-hypermap is vertex labelled if:

• for each d ⩾ 1, vertices of same degree d are numbered 1,2,. . . .

• each black vertex has a marked corner, oriented in the direct orientation and followed by
an edge of type 1.

Fix three partitions π, µ and ν. We define OPHπ
µ,ν as the set of vertex-labelled oriented pre-

hypermaps of profile (π, µ, ν).

The following lemma connects pre-hypermaps to hypermaps with marked faces.

Lemma 5.9. Fix three partitions π, µ and ν. There is a bijection between OHπ
µ,ν (defined in

Definition 1.2) and OPHπ
µ,ν .

Proof. First, notice that each degree 2 face of a pre-hypermap (degree 1 face in the associated
hypermap) is incident exactly to one edge of type 1 and one edge of type 2. Notice also that the
only case in which an edge is incident to two faces of degree 2 is the case of an isolated loop.
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Figure 5.3: Deleting edges of a hypermap with marked faces to obtain a pre-hypermap.
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Figure 5.4: On the left a labelled hypermap with one marked face; (−) faces are represented in
blue and the marked face is crossed. On the right the associated pre-hypermap.

As in Remark 5.4, we can think of M as a pre-hypermap which we denote M ′. First, notice
that each degree 2 face in M ′ (degree 1 face in M ) is incident exactly to one edge of type 1 and
one edge of type 2. Notice also that the only case in which an edge of type 2 is incident to two
faces of degree 2 is the case of an isolated loop.

By deleting in M ′ all edges of type 2 incident to a marked face and forgetting the colors of
these faces, we obtain a map N in OPHπ

µ,ν , see Figure 5.3. Indeed, in this procedure the degree
of a black vertex (as defined in Equation (5.3)) is unchanged. Moreover, each one of the faces
of N inherits a color from M ′ and its degree is unchanged.

Conversely, from N ∈ OPHπ
µ,ν we obtain a map M ∈ OHπ

µ,ν as follows; first we transform
each white leaf into a loop, we mark the formed 2-degree face and we color it so that the added
edge is bicolor.

An example of the correspondence described above is given in Figure 5.4.

Proposition 5.10. For any partitions π,µ and ν, we have

gπµ,ν(1) = |OPHπ
µ,ν |.

Equivalently, (|µ|+ |ν|)!/zπgπµ,ν(1) is the number of labelled orientable pre-hypermaps of pro-
file (π, µ, ν) (see Definition 5.1).

Proof. We know from Lemma 5.9 that |OPHπ
µ,ν |= |OHπ

µ,ν |. On the other hand gπµ,ν(1)= |OHπ
µ,ν |

by Equation (3.9), this gives the first part of the proposition.
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Figure 5.5: On the left an oriented pre-hypermap, faces colored in (−) are represented in blue.
Bicolor edges of type 2 are represented in red. On the right the [3, 2, 2]-star map obtained by
deleting edges of type 2.

To obtain the second part, we start by noticing that a pre-hypermap of profile (π, µ, ν)
has |µ| + |ν| edges. Moreover, to pass from a vertex-labelled hypermap of vertex type π to
a labelled hypermap, we start by labelling edges and then we forget vertex labels which corre-
sponds to multiplying by (|µ|+ |ν|)!/zπ.

5.3. Combinatorial interpretation of G(1)

In this subsection, we give a second combinatorial interpretation for gπµ,ν(1) which generalizes
Proposition 5.10. This interpretation consists in seeing the series of hypermaps as an operator
(see Corollary 5.13) rather than a “static” generating series.

Fix a partition π. We call π-star map the unique bipartite map with only white vertices of
degree 1 and black vertices of type π. Notice that labelled π-star maps are in bijection with
permutations of cyclic type π. In particular, there are |π|!/zπ such maps.

Lemma 5.11. Let M be a pre-hypermap of profile (π, µ, ν). Then the map obtained by deleting
all edges of type 2 is the π-star map.

Conversely, let M be a BFC map such that λ+(M) = µ and λ−(M) = ν. Assume that M
is obtained by adding |µ| + |ν| − |π| edges to the π-star map and by coloring the faces, such
that the added edges are bicolor of type 2. Then all white vertices of M have degree 1 or 2,
white vertices of degree 2 are incident to two faces of different colors, and λ•(M) = π. In other
terms, M is a pre-hypermap of profile (π, µ, ν).

Proof. We start by proving the first assertion. Let M be a pre-hypermap of profile (π, µ, ν) and
let N be the map obtained by deleting all edges of type 2 (an example is given in Figure 5.5). By
definition all white vertices of M have degree 1 or 2. Moreover, each white vertex of degree two
is incident to one edge of type 1 and one edge of type 2. Hence, N is a star map. Furthermore,
the degree of a black vertex in a pre-hypermap is given by the number of incident edges of type 1
(see Equation (5.4)), and is then unchanged by deleting edges of type 2. By consequence the
type of black vertices in N is the same as in M , that is π.

Let us now prove the second assertion. Let M be a BFC map obtained from the π-star map
as above. Since all added edges are of type 2, we can not add two edges incident to the same
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white corner. Hence, all white vertices in M have degree 1 or 2. Moreover, white vertices of
degree 2 are incident to two faces of different colors since the added edges are bicolor. This
proves that M is a pre-hypermap. The type of black vertices of M is π by the same argument as
above. This finishes the proof of the lemma.

We deduce a combinatorial interpretation of gπµ,ν(1) which generalizes Proposition 5.10.

Proposition 5.12. Fix three partitions π, µ and ν, and set m := |π| and n := |µ| + |ν| − |π|.
Let N be a labelled orientable bipartite map of face-type π. Then n!

m!
gπµ,ν(1) is the number of

ways of obtaining a labelled BFC map M from N by:

1. adding |µ|+ |ν| − |π| edges to N to obtain a map of face type µ ∪ ν,

2. coloring the faces such that the added edges are bicolor of type 2, and such that the ob-
tained BFC map M satisfies λ+(M) = µ and λ−(M) = ν,

3. relabelling all the edges.

Note that the number of ways of obtaining a BFC M by the three operations described above
from a bipartite map N depends only on the face-type of N but does not depend on its structure
as will be shown in the proof.

Proof. We start by proving the result when N is a labelled π-star map. We know from Propo-
sition 5.10 that the number of labelled pre-hypermaps of profile (π, µ, ν) is n!/zπgπµ,ν(1). We
now count in a different way the number of labelled pre-hypermaps of profile (π, µ, ν).

Let fπ
µ,ν be the number of ways of realizing the steps (1), (2) and (3) described above starting

from a fixed labelled star map of face-type π.
In order to obtain a pre-hypermap of profile (π, µ, ν), we start by choosing a labelled π-

star map (we have m!/zπ choices), we then have fπ
µ,ν ways to add edges to obtain a labelled

pre-hypermap of profile (π, µ, ν) (we use here Lemma 5.11). Hence

n!/zπg
π
µ,ν(1) = m!/zπf

π
µ,ν .

We deduce that fπ
µ,ν = n!

m!
gπµ,ν(1). This finishes the proof for star maps.

In order to obtain the assertion for any bipartite labelled map N of face-type π, we prove that
the number of ways to realize the steps (1), (2) and (3) on a map N depends only on the face-
type of the map and not on its structure. Indeed, when we have two maps of the same face-type,
one can always find a bijection between the corners of the two maps which preserves the face
structures; two corners are consecutive when we travel along a face (in the direct orientation) in
the first map, if and only if their images in the second map satisfy the same property. Once such
bijection is fixed, each way of adding edges and coloring faces on one map can be copied on the
second map in a unique way which respects the bijection of the corners. The two maps obtained
have necessarily the same (+) and (−) types (but not necessarily the same vertex degrees). We
give an example in Figure 5.6.

Given Proposition 5.12, it is possible to think of pre-hypermaps as partially constructed
hypermaps. Indeed, hypermaps are obtained by adding a maximal number of edges on π-star
maps. We now deduce a combinatorial interpretation of G(1).
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Figure 5.6: The plain edges represent two initial maps with the same face-type. The labels Wi

and Bi give a bijection between the corners of the two maps which preserves the face structure.
The two dashed edges are added and faces colored with respect to this bijection; an edge between
corners (B4,W3) and an edge between (B1,W5). Corners incident to a face of color (−) are
marked with a sign (−).

Corollary 5.13. Fix a partition π of size m ⩾ 0. Let N be a labelled orientable bipartite map
of face-type π. Then,

G(1)(t,p,q, r) · pπ
m!

=
∑
M

t|M |−|N | qλ+(M)rλ−(M)

|M |!

where the sum is taken over all ways to add edges to N and to color faces, in order to obtain
a BFC orientable map M such that the added edges are of type 2.

5.4. End of the combinatorial proof

Through this subsection, we fix once and for all an integer ℓ ⩾ 0, a partition π and a labelled
bipartite map N of face-type π. Our goal is to use Proposition 5.2 and Corollary 5.13 to prove
that, for α = 1, both sides of Equation (4.5) act in the same way on the weight of N given
by pπ

|π|! =
pface−type(N)

|N |! . This would imply the commutation relation of Equation (4.5) since power-
sum functions are a basis of Sα.

The following definition will be useful in the combinatorial proof of Equation (4.5); all
along this subsection, M will be the (infinite) set of labelled BFC maps which are be obtained
from N by

• adding one black vertex v and ℓ white vertex w1, w2, . . . , wℓ,

• adding some edges, such that each one of the new vertices is incident at least to one edge,

• choosing a color for each face,

• relabelling edges.
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Moreover, in such a map we the added edges are marked.
Fix a BFC map M in M. We denote by Ev(M) the set of edges incident to v in M , and we

denote T2(M\N) the set of edges of type 2 in M not contained in N .
On one hand, we have

ℓ!
(
C(1)
ℓ (−t,q) + C(1)

ℓ (−t, r)
)
· G(1)(t,p,q, r) · pπ

|N |!

=
∑
n⩾ℓ

(−1)n
∑
M

t|M |−|N | qλ+(M)rλ−(M)

|M |!
, (5.5)

where the second sum is taken over BFC maps in M obtained from N as follows

• Step 1: We add edges to N and we color the faces of the obtained map, such that the
added edges are of type 2.

• Step 2: We start by choosing either the (+) or the (−) part of the map, and we add a black
vertex v of degree n and ℓ white vertices only connected to v, such that all added edges
are incident to faces of the chosen color.

After each one of these operations we relabel all the edges.
Note that in this construction we can not obtain a map M ∈ M in two different ways, since

all edges added in Step 1 are bicolor while those added in Step 2 are not. More precisely, the
right-hand side of Equation (5.5) can be rewritten as follows∑

M∈M(1)

(−1)|Ev(M)| qλ+(M)rλ−(M)

|M |!
,

where

M(1) := {M ∈ M such that an added white vertex wi is only connected to v

and such that E(M\N) = T2(M\N) ⊎ Ev(M), the union being disjoint.}

Actually, the following lemma allows us to simplify the definition of M(1).

Lemma 5.14. Fix a BFC map M ∈ M. If

E(M\N) = T2(M\N) ⊎ Ev(M) (5.6)

then the new white vertices wi are all only connected to v.

Proof. Let us suppose that there exists an added white vertex wi which is incident to a black ver-
tex different from v. Since added edges are either incident to v or of type 2 (see Equation (5.6)),
this implies that wi is incident to a bicolor edge e, and by consequence is incident to faces of
different colors. As e is of type 2, wi can not have degree 1. Let e1 and e2 denote the edges
forming a corner in wi with e (e1 and e2 are not necessarily distinct). But since we can not have
two consecutive edges of type 2 around a vertex, then e1 and e2 are both incident to v, and are
besides incident to faces of different colors. We deduce that v is also incident to faces of different
colors. By Remark 5.6 we get that v is incident to an edge of type 2, this contradicts the fact that
the union is disjoint in Equation (5.6).
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We deduce that

M(1) := {M ∈ M such that E(M\N) = T2(M\N) ⊎ Ev(M)} .

On the other hand, we have

ℓ!G(1)(t,p,q, r) · C(1)
ℓ (−t,p) · pπ

|N |!
=
∑
n⩾ℓ

(−1)n
∑
M

t|M |−|N | qλ+(M)rλ−(M)

|M |!
(5.7)

where the second sum runs over the set of labelled BFC maps obtained from N as follows;

• Step 1’: we add a black vertex v of degree n and ℓ white vertices only connected to v.

• Step 2’: we add edges and color faces such that the edges added in this step are bicolor
and of type 2.

Note that all these maps are in the set

M(2) := {M ∈ M such that E(M\N) = Ev(M) ∪ T2(M\N),
the union not necessarily disjoint} .

It is straightforward that M(1) ⊆ M(2). Our goal is to prove that the total contribution of
maps in M(2)\M(1) in Equation (5.7) is 0. Indeed, any map in M ∈ M(2) contributes in
Equation (5.7) with a coefficient ∑

E(M\N)=I(1)⊎I(2)

(−1)|I
(1)| qλ+(M)rλ−(M)

|M |!
, (5.8)

where the sum runs over all possible ways to decompose the set edges of M\N into I(1)

and I(2) such that I(1) ⊆ Ev(M) and I(2) ⊆ T2(M). The only edges for which we have a choice
(they can be either in I(1) or in I(2)) are exactly the edges in T2(M\N) ∩ Ev(M).
Let r(M) := |T2(M\N) ∩ Ev(M)|. Then, Equation (5.8) can be rewritten as follows

r(M)∑
i=0

(−1)i+(|M |−|N |−T2(M\N))

(
r(M)

i

)
qλ+(M)rλ−(M)

|M |!

=

{
0 if r(M) > 0

(−1)|Ev(M)| qλ+(M)rλ−(M)

|M |! if r(M) = 0.
(5.9)

This finishes the combinatorial proof of Theorem 1.6 for α = 1.
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6. Solution of the differential equation

The main purpose of this section is to solve the differential equation of the main theorem to give
an explicit expression of the structure coefficients gπµ,ν(α), see Theorem 6.1. As a byproduct
of this result we construct an algebra isomorphism between the space of symmetric functions
and space of shifted symmetric functions (Corollary 6.3). Finally, we prove Theorem 1.8 in
Section 6.3.

6.1. Explicit expression of coefficients gπµ,ν
We define the coefficients aλξ for any partitions λ and ξ by

aλξ : = [t|ξ|pξ]

ℓ(λ)∏
i=1

αλiC(α)
λi

(t,p)

 · 1.

Note that by Theorem 4.7, the product in the last equation can be taken in any order. Using
the combinatorial interpretation of the operators C(α)

ℓ given in [BDD23] (see Section 5.1 for the
case α = 1), it is possible to give a combinatorial interpretation for the coefficients aλξ in terms
of layered maps introduced in [BDD23].

We also consider the coefficients dλµ,ν defined by

dλµ,ν :=
∑

ξ∪π=λ

aξµa
π
ν = [t|µ|+|ν|qµrν ]

∏
1⩽i⩽ℓ(µ)

αλi

(
C(α)
λi

(t,q) + C(α)
λi

(t, r)
)
· 1,

where the sum is taken over all possible ways of grouping the parts of λ into two partitions ξ
and π.

It follows from the definition of operators C(α)
ℓ that

[tk]C(α)
ℓ (t,p) =

{
0 if k < ℓ

pℓ/(αℓ) if k = ℓ,
(6.1)

see also Equation (6.10a) for details. We deduce that,

aλξ =

{
0 if |ξ| < |λ|
δλ,ξ if |ξ| = |λ|. (6.2)

Similarly, dλµ,ν = 0 if |µ|+ |ν| − |λ| < 0. We now state the main result of this section.

Theorem 6.1. For any partitions λ, µ and ν we have

gλµ,ν = (−1)|µ|+|ν|−|λ|
∑
m⩾0

(−1)m
∑

π1,...,πm
|λ|<|π1|<···<|πm|

aλπ1
aπ1
π2
aπ2
π3
. . . aπm−1

πm
dπm
µ,ν , (6.3)

The term m = 0 in the second sum is interpreted as dλµ,ν .
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Proof. We fix µ and ν, and we proceed by induction on |µ| + |ν| − |λ|. If |µ| + |ν| − |λ| < 0
then the equality holds since gλµ,ν = 0 (see Lemma 3.1). Using Corollary 4.6, we write∏
1⩽i⩽s

(
C(α)
λi

(−t,q) + C(α)
λi

(−t, r)
)
· G(α)(t,p,q, r) · 1 = G(α)(t,p,q, r)

∏
1⩽i⩽s

C(α)
λi

(−t,p) · 1.

But from Remark 2.2 and Lemma 3.1, we know that

G(α)(t,p,q, r) · 1 = 1. (6.4)

Hence, ∏
1⩽i⩽s

(
C(α)
λi

(−t,q) + C(α)
λi

(−t, r)
)
· 1 = G(α)(t,p,q, r)

∏
1⩽i⩽s

C(α)
λi

(−t,p) · 1.

We multiply by
∏

1⩽i⩽1 αλi and we extract the coefficient of [t|µ|+|ν|qµrν ]. Using Equation (6.2)
and Lemma 3.1 we obtain

(−1)|µ|+|ν|dλµ,ν =
∑

κ
|λ|⩽|κ|⩽|µ|+|ν|

(−1)|κ|aλκg
κ
µ,ν (6.5)

= (−1)|λ|gλµ,ν +
∑

κ
|λ|<|κ|⩽|µ|+|ν|

(−1)|κ|aλκg
κ
µ,ν .

Using the induction hypothesis we get

gλµ,ν =(−1)|µ|+|ν|−|λ|dλµ,ν −
∑

κ
|λ|<|κ|⩽|µ|+|ν|

(−1)|κ|−|λ|aλκg
κ
µ,ν (6.6)

=(−1)|µ|+|ν|−|λ|dλµ,ν−∑
κ

|λ|<|κ|⩽|µ|+|ν|

(−1)|µ|+|ν|−|λ|aλκ
∑
m⩾0

(−1)m
∑

π1,...,πm
|κ|<|π1|<···<|πm|

aκπ1
aπ1
π2
aπ2
π3
. . . aπm−1

πm
dπm
µ,ν

=(−1)|µ|+|ν|−|λ|
∑
m⩾0

(−1)m
∑

π1,...,πm
|λ|<|π1|<···<|πm|

aλπ1
aπ1
π2
aπ2
π3
. . . aπm−1

πm
dπm
µ,ν .

We recall that we define G(α)
i is the homogeneous part of degree i in G(α) (see also Equa-

tion (1.8)). We deduce from the last proof the following proposition.

Proposition 6.2. Fix n ⩾ 0. Then, Equation (6.4) and equations

[tk]
(
C(α)
ℓ (−t,q) + C(α)

ℓ (−t, r)
)
· G(α)(t,p,q, r) = [tk]G(α)(t,p,q, r) · C(α)

ℓ (−t,p), (6.7)

for ℓ ⩾ 1 and ℓ ⩽ k ⩽ n+ ℓ, characterize the operators G(α)
i for i ⩽ n.

Note that by definition, the lowest term in C(α)
ℓ as a formal power-series in t has degree ℓ.

Hence, the previous equations involve only operators G(α)
i for i ⩽ n.
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Proof. Fix n ⩾ 0. First notice that Eqs. (6.7) imply by induction that for any parti-
tion λ = [λ1, . . . , λs] for any |λ| ⩽ k ⩽ |λ|+ n, we have

[tk]
∏

1⩽i⩽s

(
C(α)
λi

(−t,q) + C(α)
λi

(−t, r)
)
· G(α)(t,p,q, r) = [tk]G(α)(t,p,q, r) ·

∏
1⩽i⩽s

C(α)
λi

(−t,p).

In the proof of Theorem 6.1 these equations are used to obtain the explicit formula (6.3) of gλµ,ν
for 0 ⩽ |µ|+ |ν| − |λ| ⩽ n. In particular, they characterize operators G(α)

0 , . . . ,G(α)
n .

Actually, the operators C(α)
ℓ for ℓ ⩾ 1, can be generated using only operators C(α)

0 and C(α)
1

(see Theorem 4.7). One can use this result to show that Equations (6.7) for ℓ ∈ {0, 1}
and 1 ⩽ k ⩽ n + 1 also characterize the operators G(α)

i for i ⩽ n. In particular, each oper-
ator G(α)

i is characterized by finitely many equations.

6.2. gπµ,ν as structure coefficients of symmetric functions

We denote for every µ

A(α)
µ :=

∑
λ

(−1)|µ|aλµpλ.

With this definition, multiplying Equation (6.5) by pλ and summing over all λ gives

A(α)
µ · A(α)

ν =
∑
κ

gκµ,νA
(α)
κ .

When pλ is thought of as a power-sum symmetric function in an underlying alphabet x (see
Section 2.2), A(α)

µ becomes a symmetric function. We then have the following corollary.

Corollary 6.3. The map
Sα −→ S∗

α

A
(α)
µ 7−→ θ

(α)
µ

is an algebra isomorphism between Sα and S∗
α.

For α = 1, such an isomorphism has been obtained in [CGS04] using a different approach.

6.3. A differential expression for the lower terms of G(α)

In this section we prove Theorem 1.8. This proof represents no difficulty but involves some
lengthy computation. For any ℓ, k ⩾ 0, we consider the operator

C(α)
ℓ,k (p) = (ℓ+ k)[tk+ℓ]C(α)

ℓ (t,p).

If X and X ′ are two vector spaces, we denote by O(X ,X ′) the space of linear operators
from X to X ′. We also set O(X ) := O(X ,X ). Let O be an operator in one alphabet such
that O(p) ∈ O (Q(α)[p]), and let P (p,q, r) ∈ O (Q(α)[p],Q(α)[q, r]). We introduce their
three alphabet commutator [O,P ]q,rp ∈ O (Q(α)[p],Q(α)[q, r]) defined by

[P,O]q,rp := P (p,q, r) ·O(p)− (O(q) +O(r)) · P (p,q, r).
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If Q1 ∈ O (Q(α)[p]) and Q2 ∈ O (Q(α)[q, r]), it is easy to check that this commutator
satisfies the relation

[Q2 · P ·Q1, O]q,rp =[Q2(q, r), O(q)] · P ·Q1 + [Q2(q, r), O(r)] · P ·Q1 (6.8)
+Q2(q, r) · [P,O]q,rp ·Q1(p) +Q2(q, r) · P · [Q1(p), O(p)] .

We denote by G̃(α)
0 , G̃(α)

1 , G̃(α)
2 the differential operators given respectively by the right-hand

sides of Equations (1.9) to (1.11). Our goal is to prove that G(α)
i = G̃(α)

i for 0 ⩽ i ⩽ 2. Applying
Proposition 6.2, it is enough to show that for any ℓ ⩾ 1 and 0 ⩽ i ⩽ 2∑

0⩽j⩽i

(−1)ℓ+j

ℓ+ j

[
G̃(α)
i−j, C

(α)
ℓ,j

]q,r
p

= 0 (6.9)

The following lemma gives a differential expression for the operators C(α)
ℓ,j for j ⩽ 2, which

does not involve the alphabet Y . The proof is given in Appendix A.

Lemma 6.4. For any ℓ ⩾ 1, we have

C(α)
ℓ,0 = pℓ/α, (6.10a)

C(α)
ℓ,1 =

(
ℓ+ 1

2

)
b

α
· pℓ+1 + (ℓ+ 1)

∑
m⩾1

pm+ℓ+1
m∂

∂pm
+

ℓ+ 1

2α

∑
1⩽i⩽ℓ

pipℓ+1−i, (6.10b)

C(α)
ℓ,2 =

1

3α

(
ℓ+ 2

2

) ∑
i1+i2+i3=ℓ+2

i1,i2,i3⩾1

pi1pi2pi3 +

(
ℓ+ 2

3

)
(3ℓ+ 5)b2

4α
pℓ+2 (6.10c)

+ α

(
ℓ+ 2

2

) ∑
k,m⩾1

pℓ+k+m+2
m∂

∂pm

k∂

∂pk
+

(
ℓ+ 2

2

)∑
m⩾1

b(ℓ+m+ 1)pm+ℓ+2
m∂

∂pm

+
∑

i1+i2=ℓ+2
i1,i2⩾1

b · (ℓ+ 2) ((ℓ+ 1)2 − i1i2)

2α
pi1pi2 +

(
ℓ+ 3

4

)
pℓ+2

+

(
ℓ+ 2

2

)∑
m⩾1

∑
i1+i2=ℓ+m+2

i1,i2⩾1

pi1pi2
m∂

∂pm
.

In the following lemma we establish some useful commutation relations for the operator Ψ.

Lemma 6.5. We have the following relations between operators in O(Q(α)[p],Q(α)[q, r])

Ψ · pℓ = (qℓ + rℓ) ·Ψ, i.e. [Ψ, pℓ]
q,r
p = 0

Ψ · ∂

∂pℓ
=

∂

∂qℓ
·Ψ =

∂

∂rℓ
·Ψ.
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Moreover, [
Ψ, pi

∂

∂pj

]q,r
p

=

[
Ψ, pi

∂

∂pj1

∂

∂pj2

]q,r
p

= 0,

[Ψ, pi1pi2 ]
q,r
p = (qi1ri2 + ri1qi2)Ψ,[

Ψ, pi1pi2
∂

∂pj

]q,r
p

= qi1ri2Ψ
∂

∂pj
+ ri1qi2Ψ

∂

∂pj
.

Proof. The first equation is immediate from the definition of the operator Ψ. Let us show the
second equation. Fix a partition λ. If mℓ(λ) = 0 then

Ψ · ∂

∂pℓ
pλ =

∂

∂qℓ
·Ψpλ = 0.

Otherwise, we denote by µ the partition obtained from λ by erasing a part of size ℓ. Then

Ψ · ∂

∂pℓ
pλ = mℓ(λ)Ψpµ = mℓ(λ)

∏
i∈µ

(qi + ri).

On the other hand,

∂

∂qℓ
·Ψpλ =

∂

∂qℓ

∏
i∈λ

(qi + ri) = mℓ(λ)
∏
i∈µ

(qi + ri).

The last three equations follow from the first ones.

We now prove Theorem 1.8.

Proof of Theorem 1.8. From Lemma 6.5 and Equations (6.10a) and (6.10b), we have

1

ℓ

[
G̃(α)
0 , C(α)

ℓ,0

]q,r
p

= 0,

1

ℓ+ 1

[
G̃(α)
0 , C(α)

ℓ,1

]q,r
p

=
1

α

∑
m1+m2=ℓ+1

m1,m2⩾1

qm1rm2Ψ =
1

ℓ

[
G̃(α)
1 , C(α)

ℓ,0

]q,r
p

.

These two equations together with Proposition 6.2 give Equations (1.9) and (1.10). Let us now
prove Equation (1.11). Using Lemma 6.5 and Equation (6.10c), we get

1

ℓ+ 2

[
G̃(α)
0 , C(α)

ℓ,2

]q,r
p

=
ℓ+ 1

2α

∑
i1+i2+i3=ℓ+2

i1,i2,i3⩾1

(qi1qi2ri3 + qi1ri2ri3) ·Ψ

+
∑

i1+i2=ℓ+2
i1,i3⩾1

b · ((ℓ+ 1)2 − i1i2)

2α
qi1ri2 ·Ψ

+ (ℓ+ 1)
∑
m⩾1

∑
i1+i2=ℓ+m+2

i1,i2⩾1

qi1ri2 ·Ψ · m∂

∂pm
.
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Moreover,

1

ℓ

[
G̃(α)
2 , C(α)

ℓ,0

]q,r
p

=
1

2α

∑
m1+m2=ℓ+2

m1,m2⩾1

b(m1 − 1)(m2 − 1)qm1rm2Ψ

+
1

2α

∑
m1+m2+m3=ℓ+2

m1,m2,m3⩾1

(m1 − 1)(qm1rm2rm3 + rm1qm2qm3)Ψ

+
∑
m⩾1

∑
i1+i2=m+ℓ+2

i1,i2⩾1

min(ℓ,m, i1 − 1, i2 − 1)qi1ri2Ψ
m∂

∂pm

+
1

α

∑
m⩾1

∑
k1+k2=ℓ+1

k1,k2⩾1

∑
m1+m2=m+1

m1,m2⩾1

qm1qk1rm2rk2Ψ
m∂

∂pm
.

Applying Equation (6.8), we get[
G̃(α)
1 , C(α)

ℓ,1

]q,r
p

=
∑
m⩾1

∑
m1+m2=m+1

m1,m2⩾1

(
[qm1rm2 , C

(α)
ℓ,1 (q)] ·Ψ · m∂

∂pm
+ [qm1rm2 , C

(α)
ℓ,1 (r)] ·Ψ · m∂

∂pm

+qm1rm2 ·
[
Ψ, C(α)

ℓ,1

]q,r
p

· m∂

∂pm
+ qm1rm2 ·Ψ ·

[
m∂

∂pm
, C(α)

ℓ,1 (p)

])
.

Hence,

1

ℓ+ 1

[
G̃(α)
1 , C(α)

ℓ,1

]q,r
p

=
∑
m⩾1

∑
m1+m2=m+1

m1,m2⩾1

(
− (m1qm1+ℓ+1rm2 +m2qm1rm2+ℓ+1) ·Ψ · m∂

∂pm

+
1

α
qm1rm2

∑
k1+k2=ℓ+1

k1,k2⩾1

qk1rk2Ψ
m∂

∂pm

+
b(ℓ+ 1)ℓ

2α

∑
m1+m2=ℓ+2

m1,m2⩾1

qm1rm2 ·Ψ

+
∑
m⩾1

∑
m1+m2=m+ℓ+2

m1,m2⩾1

(m+ ℓ+ 1)qm1rm2 ·Ψ · m∂

∂pm

+
1

α

∑
m1+m2+m3=ℓ+2

m1,m2,m3⩾1

(m1 +m2 − 1)(qm1rm2qm3 + qm1rm2rm3) ·Ψ.

The last sum can be symmetrized as follows

1

2α

∑
m1+m2+m3=ℓ+2

m1,m2,m3⩾1

(2m1 +m2 +m3 − 2)(rm1qm2qm3 + qm1rm2rm3) ·Ψ.

One may also notice that for any m, ℓ, i1, i2 ⩾ 1, such that i1 + i2 = m+ ℓ+ 2 we have

m− 1i1⩾ℓ+2(i1 − ℓ− 1)− 1i2⩾ℓ+2(i2 − ℓ− 1) = min(m, ℓ, i1 − 1, i2 − 1).
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Using these two remarks and combining the three equations above, we get

1

ℓ+ 2

[
G̃(α)
0 , C(α)

ℓ,2

]q,r
p

− 1

ℓ+ 1

[
G̃(α)
1 , C(α)

ℓ,1

]q,r
p

+
1

ℓ

[
G̃(α)
2 , C(α)

ℓ,0

]q,r
p

= 0.

which gives Equation (6.9) for n = 2 and finishes the proof of the theorem.

7. Equations for connected series

In this section we consider a connected version Ĝ
(α)

of the series G(α). We establish some gen-
eral properties about the series Ĝ

(α)
and we derive from the main theorem a family of differential

equation for this series.

7.1. Connected series

We introduce the two series

Ĝ ≡ Ĝ
(α)

(t,p,q, r) := α · log(G(α)(t,p,q, r)),

and
τ̂ ≡ τ̂ (α)(t,p,q, r) := α · log(τ (α)(t,p,q, r)),

where τα is the series defined in Equation (3.3). The series Ĝ and τ̂ are well defined in the
space Q(α)[t,p]Jq, rK ∩Q(α)[t,q, r]JpK, since

[p∅]G
(α) = [p∅] τ̂

(α) = [q∅r∅]G
(α) = [q∅r∅]τ

(α) = 1,

where ∅ denotes the empty integer partition (see Lemma 3.1).
By Proposition 1.4 and Theorem 3.2, the series τ (α) (resp. Ĝ

(α)
) is a generating series of

connected hypermaps (resp. connected hypermaps with marked faces) when α ∈ {1, 2}. These
two series are related by a variant of Equation (3.8).

Lemma 7.1. We have,

Ĝ(t,p,q, r) = −p1/t+ exp

(
∂

t∂q1

)
exp

(
∂

t∂r1

)
τ̂(t,p,q, r).

Proof. First, notice that the operator exp
(

∂
t∂q1

)
is well defined on Q(α)[q, r, t, 1/t]JpK, and for

any A,B ∈ Q(α)[q, r, t, 1/t]JpK,

exp

(
∂

t∂q1

)
· (AB) =

(
exp

(
∂

t∂q1

)
· A
)(

exp

(
∂

t∂q1

)
·B
)
.
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Since τ̂(t,p,q, r) ∈ Q(α)[q, r, t]JpK ⊂ Q(α)[q, r, t, 1/t]JpK, we get

exp

(
∂

t∂q1

)
exp

(
∂

t∂r1

)
· τ(t,p,q, r) = exp

(
∂

t∂q1

)
exp

(
∂

t∂r1

)
·
∑
k⩾0

τ̂(t,p,q, r)k

αkk!

=
∑
k⩾0

1

k!

(
exp

(
∂

t∂q1

)
exp

(
∂

t∂r1

)
· τ̂(t,p,q, r)

α

)k

= exp

(
exp

(
∂

t∂q1

)
exp

(
∂

t∂r1

)
· τ̂(t,p,q, r)

α

)
.

We conclude by substituting this formula in Equation (3.8).

The coefficients hπ
µ,ν , introduced in [GJ96a] are defined by

τ̂(t,p,q, r) =
∑
n⩾1

tn
∑

π,µ,ν⊢n

hπ
µ,ν(α)

n
pπqµrν .

The coefficients hπ
µ,ν are the object of the hypermaps-Jack conjecture (known also as the b-

conjecture); see [GJ96a, Conjecture 6.3]. Similarly, we consider the coefficients ĝπµ,ν(α)

Ĝ(t,p,q, r) =
∑
π,µ,ν

ĝπµ,ν(α)

|π|
t|µ|+|ν|−|π|pπqµrν .

The following polynomiality result is due to Féray and Dołęga.

Theorem 7.2 ([DF17]). For any partitions π, µ, ν ⊢ n ⩾ 1, the coefficient hπ
µ,ν is polynomial

in b and
deg(hπ

µ,ν) ⩽ n+ 2− (ℓ(π) + ℓ(µ) + ℓ(ν)) .

We deduce the following corollary.

Corollary 7.3. For any partitions π, µ and ν, the coefficients ĝπµ,ν is polynomial in b, and

deg(ĝπµ,ν) ⩽ 2 + |µ| − ℓ(µ) + |ν| − ℓ(ν)− (|π|+ ℓ(π)).

Proof. From Lemma 7.1, we get that for any |π| ⩾ max(|µ|, |ν|), the coefficient ĝπµ,ν is given by

ĝπµ,ν =

{
0 if (π, µ, ν) = ([1], [0], [0])(
m1(µ)+|π|−|µ|

m1(µ)

)(
m1(ν)+|π|−|ν|

m1(ν)

)
hπ
µ∪1|π|−|µ|,ν∪1|π|−|ν| , otherwise.

From Theorem 7.2, we get that ĝπµ,ν is polynomial and

deg
(
ĝπµ,ν
)
= deg(hπ

µ∪1|π|−|µ|,ν∪1|π|−|π|)

⩽ |π|+ 2−
(
ℓ(π) + ℓ

(
µ ∪ 1|π|−|µ|)+ ℓ

(
ν ∪ 1|π|−|ν|) )

= 2 + |µ| − ℓ(µ) + |ν| − ℓ(ν)− (|π|+ ℓ(π)).
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7.2. Dual operators

The purpose of this subsection is to give a differential expression of dual operators B(α)
n . For

this, we introduce the scalar product ⟨, ⟩Y on P̃Y (see Section 4.1), defined by
⟨pλ, pµ⟩Y = δλ,µα

ℓ(λ)zλ = ⟨pλ, pµ⟩;
⟨pλ, yipµ⟩Y = 0;
⟨yipλ, yjpµ⟩Y = δi,jδλ,µα

ℓ(λ)+1zλ,

for any λ, µ ∈ Y and i, j ⩾ 0.
If AY is an operator on PY , then we denote by A⊥

Y its dual operator with respect to ⟨, ⟩Y . We
deduce from the definitions the following differential expressions for the catalytic operators;

(yi)
⊥ =

α∂

∂yi
, for any i ⩾ 0.

Y ⊥
+ =

∑
i⩾2

yi−1
∂

∂yi
,

Θ⊥
Y (p) =

∑
i⩾1

yi
i∂

∂pi
,

Γ⊥
Y (p) =

∑
i,j⩾1

yi−1pj
∂

∂yi+j

+ (1 + b) ·
∑
i,j⩾1

yi+j−1
j∂2

∂yi∂pj
+ b ·

∑
i⩾2

yi−1
(i− 1)∂

∂yi
,

B⊥
n (p, u) =

∂

∂y0

(
Γ⊥
Y + uY ⊥

+

)n
Θ⊥

Y . (7.1)

We recall that b := α− 1.

7.3. Differential equation for the series of connected maps

We denote for each m ⩾ 1

Ĝ
[m]

p =
m∂

∂pm
Ĝ , Ĝ

[m]

q =
m∂

∂qm
Ĝ , Ĝ

[m]

r =
m∂

∂rm
Ĝ .

Proposition 7.4. Fix n ⩾ 1. Then, we have the equality between operators in O(A)

B(α)
n (q, u) ·G(α) = G(α).ΘY (q)

(
ΓY (q) + uY+ +

∑
i,j⩾1

yi+j
∂

∂yi−1

Ĝ
[j]

q

)n
y0

1 + b
.

Here, G(α) acts on A by multiplication. Similarly,

B(α)
n

⊥
(p, u) ·G(α)

= G(α) · ∂

∂y0

(
Γ⊥
Y (p) + uY ⊥

+ +
∑
i,j⩾1

yi+j−1
∂

∂yi
Ĝ

[j]

p

)n(
Θ⊥

Y (p) +
∑
i⩾1

yi Ĝ
[i]

p

)
.
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Proof. This is a consequence of the catalytic differential expressions of operatorsB(α)
n andB(α)

n

⊥

given resp. in Equation (4.1) and Equation (7.1). We also use the fact that[
(1 + b)

j∂

∂pj
, G(α)

]
= (1 + b)

j∂G(α)

∂pj
= G(α). Ĝ

[j]

p and
[

∂

∂yi
, G(α)

]
= 0.

We deduce from Theorem 1.5 and Proposition 7.4 the following theorem.
Theorem 7.5. The series Ĝ satisfies the following differential equation:∑

n⩾1

(−1)n

n

∂

∂y0

(
Γ⊥
Y (p) + uY ⊥

+ +
∑
i,j⩾1

yi+j−1
∂

∂yi
Ĝ

[j]

p

)n(∑
i⩾1

yi Ĝ
[i]

p

)
· 1

=
∑
n⩾1

(−1)n

n
ΘY (q)

(
ΓY (q) + uY+ +

∑
i,j⩾1

yi+j
∂

∂yi−1

Ĝ
[j]

q

)n
y0

1 + b
· 1

+
∑
n⩾1

(−1)n

n
ΘY (r)

(
ΓY (r) + uY+ +

∑
i,j⩾1

yi+j
∂

∂yi−1

Ĝ
[j]

r

)n
y0

1 + b
· 1.

A. Proof of Lemma 6.4

We prove in this appendix Lemma 6.4. In order to obtain an explicit differential expression for
operators C(α)

0 , C(α)
1 and C(α)

2 we develop the catalytic expressions given in Section 4.1 for these
operators. Since the computations are lengthy for the operator C(α)

2 , we explain the important
steps of the proof without giving all the details.

It is direct from the definitions that for any i ⩾ 0 we have

Y i
+

y0
α

=
yi
α
, as operators on PY .

We apply ΘY to obtain Equation (6.10a). By applying ΓY on the last equation we get;

ΓY Y
i
+

y0
α

=
ib

α
yi+1 +

∑
m⩾1

yi+m+1
m∂

∂pm
+

1

α

∑
1⩽j⩽i

yi−j+1pj,

Hence, for any i1, i2 ⩾ 0, we have

Y i2
+ ΓY Y

i1
+

y0
α

=
i1b

α
yi1+i2+1 +

∑
m⩾1

yi1+i2+m+1
m∂

∂pm
+

1

α

∑
1⩽j⩽i1

yi1+i2−j+1pj. (A.1)

We apply ΘY and we sum over all tuples (i1, i2) such that i1 + i2 = ℓ to obtain

C(α)
ℓ,1 =

b

α
pℓ+1

∑
i1+i2=ℓ
i1,i2⩾0

i1 + (ℓ+ 1)
∑
m⩾1

pℓ+m+1
m∂

∂pm
+

1

α

∑
j2+j2=ℓ+1

j1,j2⩾1

pj1pj2
∑

i1+i2=ℓ
i1,i2⩾0

1i1⩾j1

=
b

α

(
ℓ+ 2

2

)
pℓ+1 + (ℓ+ 1)

∑
m⩾1

pℓ+m+1
m∂

∂pm
+

1

α

∑
j2+j2=ℓ+1

j1,j2⩾1

pj1pj2j2.
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In order to obtain Equation (6.10b), we symmetrize the last sum with respect to (j1, j2);

∑
j2+j2=ℓ+1

j1,j2⩾1

pj1pj2j2 =
1

2

 ∑
j2+j2=ℓ+1

j1,j2⩾1

pj1pj2j2 +
∑

j2+j2=ℓ+1
j1,j2⩾1

pj1pj2j1


=

1

2

∑
j2+j2=ℓ+1

j1,j2⩾1

pj1pj2(ℓ+ 1).

This idea will be used repeatedly in the proof of Equation (6.10c) which we now explain. We
start by applying ΓY on Equation (A.1);

ΓY Y
i2
+ ΓY Y

i1
+

y0
α

=
b2

α
i1(i1 + i2 + 1)yi1+i2+2 + i1b

∑
k⩾1

yi1+i2+k+2
k∂

∂pk

+
i1b

α

i1+i2+1∑
j=1

yi1+i2−j+2pj + b(i1 + i2 +m+ 1)
∑
m⩾1

yi1+i2+m+2
m∂

∂pm

+ α
∑
m,k⩾1

yi1+i2+m+k+2
m∂

∂pm

k∂

∂pk
+
∑
m⩾1

i1+i2+m+1∑
j=1

yi1+i2+m+2−jpj
m∂

∂pm

+
b

α
(i1 + i2 − j + 1)

∑
1⩽j⩽i1

yi1+i2−j+2pj +
∑

1⩽j⩽i1

∑
k⩾1

yi1+i2−j+k+1
k∂

∂pk
pj

+

i1∑
j=1

i1+i2−j+1∑
j′=1

yi1+i2−j+1pj′pj.

Fix three integers i1, i2, i3 ⩾ 0 such that i1 + i2 + i3 = ℓ. We apply Y i3
+ on the last equation and

we regroup the terms of the same type. We get

Y i3
+ ΓY Y

i2
+ ΓY Y

i1
+

y0
α

=
b2

α
i1(i1 + i2 + 1)yℓ+2 + (2i1 + i2 +m+ 1)b

∑
m⩾1

yℓ+m+2
m∂

∂pm

+
b

α

ℓ+1∑
j=1

(i11j⩽i1+i2+1 + (i1 + i2 − j + 1)1j⩽i1)yℓ−j+2pj

+ α
∑
m,k⩾1

yℓ+m+k+2
m∂

∂pm

k∂

∂pk
+
∑
m⩾1

ℓ+m+1∑
j=1

1j⩽i1+i2+m+1yℓ+m+2−jpj
m∂

∂pm

+
∑
1⩽j⩽ℓ

∑
k⩾1

yℓ−j+k+21j⩽i1(pj
k∂

∂pk
+ kδk,j)

+
∑
j,j′⩾1

j+j′⩽ℓ+1

1j⩽i11j′⩽i1+i2−j+1yℓ−j+2pj′pj.



combinatorial theory 5 (1) (2025), #18 43

By applying ΘY and taking the sum over all tuples (i1, i2, i3), we get5

C(α)
ℓ,2 =

(
ℓ+ 2

3

)
(3ℓ+ 5)b2

4α
pℓ+2 + b

(
ℓ+ 2

2

)∑
m⩾1

pm+ℓ+2(m+ ℓ+ 1)
m∂

∂pm

+
b

2α

∑
j1+j2=ℓ+2

j1,j2⩾1

j2((ℓ+ 1)2 − j1j2)pj1pj2 + α

(
ℓ+ 2

2

) ∑
m,k⩾1

yℓ+m+k+2
m∂

∂pm

k∂

∂pk

+

(
ℓ+ 2

2

)∑
m⩾1

∑
j1+j2=ℓ+m+2

j1,j2⩾1

pj1pj2
m∂

∂pm
+

∑
j1,j2,j3⩾1

j1+j2+j3=ℓ+2

j3(2j2 + j3 − 1)

2
pj1pj2pj3

+

(
ℓ+ 3

4

)
pℓ.

In order to conclude, we first symmetrize the third sum; we use the fact that (ℓ+1)2−j1j2)pj1pj2
is symmetric in j1 and j2. Moreover, we symmetrize the last sum in two steps as follows;
j3pj1pj2pj3 is symmetric in j1 and j2, hence

1

2

∑
j1,j2,j3⩾1

j1+j2+j3=ℓ+2

j3(2j2 + j3 − 1)pj1pj2pj3

=
1

4

∑
j1,j2,j3⩾1

j1+j2+j3=ℓ+2

j3pj1pj2pj3(2j2 + j3 − 1 + 2j1 + j3 − 1)

=
1

2

∑
j1,j2,j3⩾1

j1+j2+j3=ℓ+2

j3pj1pj2pj3(ℓ+ 1).

Finally, notice that pj1pj2pj3 is symmetric in j1, j2 and j3. We then take the average between
the three indexing tuples (j1, j2, j3), (j2, j3, j1), and (j3, j1, j2). This finishes the proof of Equa-
tion (6.10c) and hence the proof of the lemma.
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