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Abstract. An n-sided die is an n-tuple of positive integers. We say that a die (ay, ..., a,)
beats a die (b1, ..., by) if the number of pairs (4, j) such that a; > b; is greater than the
number of pairs (7, ;) such that a; < b;. We show that for a natural model of random n-
sided dice, if A, B and C are three random dice then the probability that A beats C' given
that A beats B and B beats C' is approximately 1/2. In other words, the information that A
beats B and B beats C has almost no effect on the probability that A beats C'. This proves a
statement that was conjectured by Conrey, Gabbard, Grant, Liu and Morrison for a different
model.
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1. Introduction

It is an amusing fact, first observed by Bradley Efron in the 1960s, that there can be four
dice Ag, Ay, Ao, Az, each with six sides but with non-standard numberings such that if they
are all rolled, then each of the four events “A; shows a higher number than A;,," occurs with
probability 2/3 (where 7 + 1 is interpreted mod 4). Thus, if we say that one die beats another
if it has a better-than-50% chance of showing a higher number, then the relation “beats" is not
transitive.

Much more recently, Conrey, Gabbard, Grant, Liu and Morrison [CGG™16] decided to in-
vestigate how common a phenomenon intransitivity is. They defined a notion of random n-sided
dice, defined a suitable relation “beats" for such dice, and did some computer experiments that
indicated, to their surprise, that if A, B and C are three random dice, then the probability that A
beats C' given that A beats B and B beats C' is, for large n, approximately equal to 1/2. That is,
the information that A beats B and B beats C' gives almost no clue about whether A beats C'.

The definition they gave of a random n-sided die, which we shall refer to as the multiset
model, is as follows: they define an n-sided die to be a multiset with n elements that add up
to n(n + 1)/2 (or equivalently average (n + 1)/2), and a random n-sided die is simply an n-
sided die chosen uniformly at random. An equivalent definition is that a random n-sided die is a
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random non-decreasing sequence (a1, . .., a,) of positive integers between 1 and n that add up
to n(n + 1)/2. For example, the 4-sided dice are (1,1,4,4),(1,2,3,4),(1,3,3,3),(2,2,2,4),
and (2,2,3,3).

Given two random n-sided dice A = (ay,...,a,) and B = (by,...,b,), we say that A
beats B if the number of pairs (4, j) such that a; > b; is greater than the number of pairs (7, j)
such that a; < b;. For example, the die A = (1,1, 4, 4) beats the die B = (1, 3, 3, 3) because
there are eight pairs (i, j) with a; > b; and only six with a; < b;. If the two numbers are equal
we say that A ties with B.

Conrey, Gabbard, Grant, Liu and Morrison [CGG ™ 16] made the following two conjectures.

Conjecture 1.1. Let n be a positive integer and let A and B be independent random n-sided
dice in the multiset model. Then the probability that A ties with B is o(1).

Conjecture 1.2. Let n be a positive integer and let A, B and C' be independent random n-sided
dice in the multiset model. Then the probability that A beats C' given that A beats B and B
beats C'is § + o(1).

They also conjectured a strengthening of Conjecture 1.2, which is the following. Recall that
a tournament is a complete graph for which every edge is given a direction. We shall regard it as
a set T' of ordered pairs of distinct elements of a set V' such that for any two distinct elements v, w
of V exactly one of (v, w) or (w, v) belongs to 7.

Conjecture 1.3. Let 7' be a tournament with vertices 1,2,... k. Then if Ay,..., A
are independent random n-sided dice in the multiset model, then the probability that for
each 1 < i < j < k we have that A; beats A; if and only if (¢, j) € T is 2o-(2) + o(1).

The conclusion about the tournament 7' is stating that it is quasirandom in a sense introduced
by Chung and Graham [CG91]. It turns out to be equivalent to the statement that for all but a
fraction o(1) of the pairs of vertices x, y, the fraction of vertices z such that either (z, ) and (y, 2)
belong to T or (z,z) and (z,y) belong to T'is 5 + o(1). There are many different equivalent
conditions for quasirandomness: the one conjectured to hold by Conrey, Gabbard, Grant, Liu
and Morrison states that all small tournaments occur in 7" with approximately the frequency one
would expect in a random tournament.

Conrey, Gabbard, Grant, Liu and Morrison also looked at other models, and the experimen-
tal evidence was surprisingly sensitive to the model chosen, with Conjecture 1.2 (and hence also
Conjecture 1.3) appearing to be false for most of them. However, there was one other model for
which it seemed to be true, which we shall refer to as the balanced sequences model. Here an n-
sided die is simply a sequence (ay, . .., a,) of elements of {1, 2, ..., n} thatadds up to n(n+1)/2
and a random n-sided die is an n-sided die chosen uniformly at random. Note that permuting a
sequence does not affect which other sequences it beats. If we say that two dice that are permu-
tations of one another are equivalent, then the difference between the balanced sequences model
and the multiset model is that the multiset model gives the same weight to each equivalence
class, while the balanced sequences model gives the same weight to each individual sequence.

The main results of this paper are that Conjectures 1.1 and 1.2 are true for the balanced
sequences model.
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Theorem 1.4. Let n be a positive integer and let A and B be independent random n-sided dice
in the balanced sequences model. Then the probability that A ties with B is o(1).

Theorem 1.5. Let n be a positive integer and let A, B and C' be independent random n-sided
dice in the balanced sequences model. Then the probability that A beats C' given that A beats B
and B beats C'is 5 + o(1).

The method of proof can be summarized as follows. We begin by showing that Theorem 1.5
is equivalent to the statement that almost every random die beats approximately half the other
dice and is beaten by approximately half the other dice (and therefore ties with almost no dice).
We then argue that unless a die A has a very “atypical” distribution, then it is indeed the case that
it beats approximately half the other dice and is beaten by approximately half the other dice. We
can regard this last statement as the claim that if (by, ..., b,) is a random sequence of elements
of {1,2,...,n}, then the probability that it is beaten by A given that it sums to n(n + 1)/2 is
approximately 1/2, as is the probability that it beats A given the same condition. It turns out
that this is true provided that a certain sum of independent random variables with values in Z
is sufficiently close to a discrete Gaussian distribution. In order to prove this, we need a rather
explicit quantitative local central limit theorem, which we prove by standard Fourier-analytic
means, using probabilistic arguments to prove that the behaviour we need the Fourier transform
(or characteristic function) to satisfy holds for almost all dice A.

1.1. Subsequent work

A work [CH20] subsequent to the initial draft of this paper has disproved Conjecture 1.3 in the
balanced sequences model where the faces are uniform real numbers in [0, 1] (or, equivalently,
in [0,n]). A couple of arguments from [CH20] have been incorporated into the proofs in this

paper.

2. The preliminary reduction

We begin with a lemma about tournaments, or rather about near tournaments, by which we
mean subgraphs of tournaments with n vertices and (1 — o(1))(}) edges. Given a triple of
vertices (z,y, z), we shall call it intransitive if the subgraph induced by the three vertices is
a directed cycle of length 3, and transitive if it is a triangle but not a directed 3-cycle. The
out-degree d, (z) of a vertex x is the number of vertices y such that (z,y) is an edge, and the

in-degree d_(x) is the number of vertices y such that (y, ) is an edge.

Lemma 2.1. Let T be a subgraph of a tournament with n vertices and (1—o(1)) (%) edges. Then
the following two statements are equivalent.

1. The probability that a random triple of vertices is intransitive is i + o(1).

2. If x is a random vertex, then d_.(x) = (1 + o(1))n with probability 1 — o(1).
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We shall apply this lemma to the tournament of three randomly chosen dice. Note that,
assuming Theorem 1.4, if the first statement of the lemma holds for this tournament, then The-
orem 1.5 follows.

Proof. Write x — yif (z,y) is an edge of T'. First let us count the number of triples (z, y, z) such
that + — y — 2. A directed triangle xyz in T gives rise to three such triples,
namely (x,y, z), (v, z,x) and (z,z,y). Any other triangle gives rise to just one: for example,
ifr - y,z — zand y — z, then the only triple we obtain is (z,y, z). Since the number of
triangles is (1 — o(1))(}), we find that the number of triples (z,y, z) such that z — y — =z
is (1 —o(1))(5) plus twice the number of directed triangles. Note that (%) = (1 + o(1))n*/6.
But the number of such triples is also > d.(y)d_(y). Since the number of edges

is (1 — o(1))(), this is equal to (Zy d.(y)(n — d+(y))) + o(n®). Also, Yo, d.(y) =
(1 =0(1)(5) = (1 = o(1))n?/2, so this is n*/2 + o(n®) — 3 d(y)*. Therefore, twice the
number of directed triangles is n*/3 + o(n’®) — >° d, (y)*.

If a random triple of vertices has a probability 71; + o(1) of being intransitive, then twice the
number of directed triangles is also (5 4 0(1))(3) = (75 +o(1))n®. It follows that )~ d. (y)* =
(3 + o(1))n?, and therefore that E,d (y)*> = (3 + o(1))n®. But E,d,(y) = (5 + o(1))n, so
var(d, (y)) = o(n?), which implies that d. (y) = (3 + o(1))n with probability 1 — o(1).

The steps in the previous paragraph can also be reversed, so the lemma is proved. 0

3. A random variable related to an n-sided die and a second reduction

Write [n] for the set {1,2,...,n}. Given an n-sided die A = (ay,...,a,) (in fact the defini-
tion we are about to give applies to any sequence in [n]™) we define a cumulative distribution
function f4 by

Fali) = i € o] 01 < )] + 5113 € [o] - 0 = 5}

We typically expect fa(j) to be around j — %, so it is convenient also to define a

function g4 by ga(j) = fa(j) — j + 5. For a fixed A, we shall be interested in the random
variable (ga(j), 7 — (n+1)/2), which is defined on [n]. More precisely, we choose j uniformly
from [n] and evaluate the pair (g4(j),j — (n +1)/2).

To see why this is useful to look at, let us do a few simple calculations.

First of all,

Z fa(j) = Z Z(ﬂ[am + %ﬂ[az:ﬂ)

= Z Z(ﬂ[&i<ﬂ + %ﬂ[ai_jo
(Y
= Z(n —a;+1/2)

=n?/2,
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where the last equality follows from the fact that A is an n-sided die and therefore
> . a; =n(n+ 1)/2. This gives us that

ZgA(j) =n’/2=) (j—1/2) =n’/2=n(n+1)/2+n/2 =0,

J

and therefore that the mean of the random variable (g4(j),j — (n 4+ 1)/2) is (0, 0).
Next, let B = (b, . .., b,) be another n-sided die. Then

ZfA(bj) = ZZ@[“KM + %ﬂ[aizbjo = {(i,5) @i < b} + %H(ﬁj) La; = b}l
But

J

D galb)) =D (falby) —bj+1/2) = > falby) —n*/2,
J J
where the last inequality follows from the fact that > ;b= n(n + 1)/2. It follows that
. Ly
S 9a(by) = {0 @i < b} + 5 G 4) s = by} — /2
J

Since there are n* pairs (i, j), this tells us that ). g4 (b;) > 0 if and only if

Y

|{(l7]) ca; < b]}’ + %’{(Zaj) Fa; = b]}‘ > }{(27.7) Lap > b]}{ + %H(%]) L4 = b]}

which is true if and only if B beats A. Similarly A beats B if and only if > ga(b;) < 0.
We will therefore be done with Theorems 1.4 and 1.5 if we can prove the following claim.

Claim 3.1. If A is a random n-sided die, then with probability 1 — o(1) we have that the pro-
portion of n-sided dice B = (b, ..., b,) with 3, ga(b;) > 0is 1 +0(1).

The proof that this claim is sufficient requires one small observation. Given a die
A= (ai,...,a,),define the complementary die A to be the sequence (n+1—ay, ..., n+1—a,).
Then A beats B if and only if B beats A. So if the claim is true, then with probability 1 — o(1),
the proportion of B such that B beats A is % + 0(1) and the proportion of B such that B beats A
is also 5 + o(1), which implies that the proportion of B such that A ties with B is o(1).

4. A heuristic argument for Claim 3.1

We begin by explaining why one would expect Claim 3.1 to be true. Once we have done that,
we shall turn our heuristic argument into a rigorous one. It is at that point that we shall need to
prove a local central limit theorem with sufficiently explicit bounds.

Let (by,...,b,) be a purely random sequence belonging to [n]™ — that is, one where the b;
are chosen uniformly and independently from [n] and there is no restriction on the sum. Then to
prove Claim 3.1 for a fixed A we need to show that

P[ZgA(bj) >0 ‘ > by =nln+t 1)/2] - % +o(1),
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which is equivalent to the assertion that
1
P> 0ab) > 0| 300 — (0 1)/2) = 0] = 5 +o(1).
J J

But by, . .., b, are uniformly and independently chosen from [n]. Thus, if we write (X}, Y;) for
the random variable (g4(b;),b; — (n + 1)/2), then (X1,Y3),...,(X,,Y,) are n independent
copies of the random variable (g4(j),j — (n + 1)/2) mentioned earlier, and we are concerned
with the sum 37 | (X, Yj), which we shall write as (X, Y").

The central limit theorem suggests that the distribution of this sum will be approximately
Gaussian, and since each (X, Y;) has mean (0, 0) we would in particular expect that the distribu-
tion would be approximately symmetric about the origin. Also, we would expect a typical value
of ga(j) to have magnitude around /n, so the standard deviation of X ought to be around n.
Also Y has standard deviation of order n°/2 and the two random variables, though correlated,
will probably not be too heavily correlated.

If all these heuristics are correct, then the probability that X = 0 given that Y = 0 should be
of order n™!, and certainly o(1). The symmetry should imply that P[X > 0]Y = 0] ~ P[X <
0]Y" = 0], and these statements taken together would give us that P[X > 0|Y = 0] = 1 + o(1)
and P[X < 0]Y = 0] = 5 + o(1), which is equivalent, as we have seen, to the statement that the
proportion of dice that beat A is £ + o(1) and the proportion of dice that A beats is 5 + o(1).

The reason this heuristic argument cannot immediately be turned into a proof is that the
central limit theorem is too blunt a tool. There are two reasons for this. The first is that although
it tells us that a sum of i.i.d. random variables will converge to a Gaussian, it does not tell us how
fast that convergence will occur, and we need it to have occurred (to within a small error) when
we take a sum of n copies of (g(j),j). And we cannot just let n tend to infinity because the
random variables themselves depend on n. This second problem applies not just to the central
limit theorem but also to the Berry—Esseen theorem, which gives a rate of convergence in the
central limit theorem, but with a constant that (necessarily) depends on the random variable.

A second problem is that the notion of convergence in the central limit theorem and the
Berry—Esseen theorem is not suitable for our purposes. We need to be able to estimate the
probability that (X, Y’) belongs to the positive x-axis, which is a “probability zero event" from
the point of view of the central limit theorem and Berry—Esseen theorem. Instead, we need a
local central limit theorem, the name given to versions of the central limit theorem that can give
us estimates for the density function at individual values. Unfortunately, the local central limit
theorems that appear in the literature tend still to involve inexplicit constants that depend on the
random variable, again necessarily. (We did find an exception to this in [GW17], but it proved a
one-dimensional theorem where we need a two-dimensional one.)

In the end, we have proved for ourselves a local central limit theorem that is tailored to
our application. It is not hard to prove using Fourier analysis, which is one of the standard
methods for proving such results, but it requires the random variable to have certain properties,
as we shall explain later, in order for us to be able to make the implied constant
explicit. So the rest of the proof splits into two parts: first we shall prove that the random
variable (U, V) = (ga(j),j — (n 4+ 1)/2) has certain properties with high probability (when A
is a random n-sided die). Then we shall use those properties to establish a suitable local central
limit theorem, after which the argument will essentially be finished.
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5. Properties of the random variable (U, 1)

From now on we shall write (U, V) for an instance of the random variable (g4(j), j) for a fixed
die A. In this section we shall obtain an upper bound for the essential supremum of U and an
upper bound on the size of the characteristic function of (U, V). All these bounds will hold with
probability 1 — o(1) when A is a random n-sided die in the balanced sequences model.

5.1. An upper bound for ||U]||

We begin with an almost standard fact (Lemma 5.2 below), but for convenience we provide a
complete proof. (The fact and its proof could be thought of as a weakening of a very special case
of a one-dimensional local central limit theorem.) First we prove an even more basic lemma.

Lemma 5.1. Let I, be the set {—(n—1)/2, —(n—3)/2,...,(n—3)/2,(n—1)/2} and let f be de-
fined on 37 by taking f(x) = n~' ifx € I, and f(x) = 0 otherwise. (Thus, f(z) =P[V = x].)
Then the k-fold convolution f** of f is supported on Z except if k is odd and n is even, in which
case it is supported on 7 + % In all cases, ** is an even function, and its non-zero values
increase when x < 0 and decrease when x > 0.

Proof. The statements about the support and the symmetry are trivial. To prove the increasing
and decreasing properties, we note that they follow easily by induction. Indeed, let g be any even
function supported on an arithmetic progression of common difference 1 that increases towards
the middle, and let x > 0. Then the inner product of g with I,, 4+ z is greater than or equal
to the inner product of g with I,, + = + 1, since g(z — (n — 1)/2) > g(x + 1 + (n — 1)/2).
Therefore, g * f decreases when x is positive, and by symmetry it increases when x is negative
(when we restrict to appropriate supports). [

What we care about here is that when £ = n, the maximum of f*” is attained at zero. And
all we really need from the next lemma is that the probability that Y = 0 is not tiny.

Lemma 5.2. Let (a,...,a,) be an element of [n|" chosen uniformly at random. Then the
probability that y_, a; = n(n + 1) /2 is at least n=>/? /4.

Proof. The probability that Y . a; = n(n + 1)/2 is f*"(0). Equivalently, it is the probabil-
ity that Y = 0, where Y is the sum of n independent copies of V. The variance of V' is at
most n? /4, so the variance of Y is at most n> /4. Therefore, by Chebyshev’s inequality, the prob-
ability that |Y'| > n3/? is at most 1/4, which implies that the probability that |Y| < n3/? is at
least 3/4. Since 0 is the most likely value of Y, it follows that Y = 0 with probability at

least m 2 n_3/2/4. O]

We shall now obtain an upper bound for ||U|| . Our method is to obtain an upper bound that
holds with such high probability for a purely random element of [n]™ that it continues to hold
with high probability even when we condition on the sum being n(n + 1) /2.

Lemma 5.3. Let A be a random n-sided die. Then with probability 1 — 8n~"'/? we have that

max; |ga(7)| < 2v/nlogn.



8 D. H. J. Polymath

Proof. Let (ay,...,a,) be a purely random sequence — that is, an element of [n]™ chosen uni-
formly at random. For each j, let n4(j) be the number of ¢ such that a; < j. Note that f4(j) is
the average of n4(j — 1) and na (7).

Now n4(j) is a sum of n independent Bernoulli random variables of mean j/n. By Cher-
noff’s bounds, the probability that [n4(j) — j| = m is at most 2 exp(—2m?/n). Therefore, the
probability that there exists j such that |[n(j) — j| = m is at most 2n exp(—2m?/n). Set-
ting m = 2v/nlogn, this is at most 2nexp(—8logn) = 2n~". By Lemma 5.2, if we now
condition on the event that 3", a; = n(n + 1)/2, then this probability rises to at most 8n /2.

If no such j exists, then for every ;7 we have that

[(na(j = 1) +na(j)/2 — (j — 1+5)/2| < 2¢/nlogn,

by the triangle inequality. The left-hand side of this inequality is |g4(j)]|- O

5.2. Tools for bounding the characteristic function

In this section we gather a few tools that will be useful for bounding the characteristic function
of (U, V). We start by stating Azuma’s inequality.

Lemma 5.4. Let the random variables Yy, . ..,Y, form a bounded difference submartingale
adapted to a filtration Fy, . . ., F,, that is, the random variable Y; is measurable with respect to
the o-algebra F; for each i, and almost surely E [Y;11 — Y; | Fi] = 0and |Y;11 —Yi| < c. Then,
for every n and every € > 0,

2
]P[Yn < }/E) - 6] < €xXp <_€_> :
2cn
In fact, we need a small modification of Lemma 5.4. Roughly speaking, Lemma 5.4 works
fine except if certain events of very low probability occur, so we now prove a variant of the
lemma that shows that low-probability events do not mess up the conclusion by too much.

Lemma 5.5. Let Yy, ..., Y, be random variables adapted to a filtration Fy, ..., F, and with
bounded differences |Y; 1 — Y;| < 1. Furthermore, for each i let D; denote the event

Di] |
=1

Proof. The only difference between this statement and Lemma 5.4 is that the random vari-
ables Yp, ..., Y, do not always satisty the submartingale property. To fix this, let Y;,... Y,
be a sequence of random variables given by Y = Y{ and fori > 1,

ElY; = Y1 | Fima] <O.

Then for every € > (),

2
PlY, <Y, —¢ <exp (—E—> + Pr
2n

i

Vi — {Yi if none of events Dy, ..., D, happen,

Y! | otherwise.
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Keeping in mind the definitions of D; and Y/, by induction we see that Yy, . . ., Y, form a bounded
difference submartingale with respect to the filtration Fy, . . ., F,,. Consequently, by Lemma 5.4,

€2
Pr[Y! <Yy —¢ < —— .
<Yy - d <o (-5
On the other hand, if none of D, ..., D, happened, then Y, = Y,,. Hence,

n

Un

i=1

]

" n

2
PrY, < Yo —¢ <Pr[Y, <Yy —¢ +Pr[Y, #Y,] <exp <—2€ )—i—Pr

We shall also need to show that certain sums of independent random variables lie in certain
ranges with probability bounded away from zero. The Berry-Esseen theorem is sufficient for
this. (More elementary approaches are possible too, but a bit more cumbersome.) The version
of the Berry—Esseen theorem we shall use is the following.

Theorem 5.6. Let X1, ..., X, be independent and identically distributed random variables
with EX; = 0, EX? = 0% and E|X;|*> = p for eachi. Let X = X + -+ + X,,, let x be a
real number, and let Y be a random variable with the standard normal distribution. Then

P

Berry and Esseen obtained the same theorem but with a larger absolute constant on the right-
hand side. The constant of 1/2 (in fact, slightly better) was obtained by Shevtsova [She14].

Corollary 5.7. Let X, ..., X, and X be as in the previous lemma. Then
P

1
P[aﬁéXéZa\/ﬁ]>g— 3
g

B

and

1 p
P[—20vn < X < —ov/n] > 8

Proof. By Theorem 5.6, the first probability differs from P[1 < Y < 2] by at most p/o>\/n.

But a standard normal lies in the interval [1, 2] with probability greater than 1/8, which gives the
first estimate. The second is proved in the same way. [

Finally, we shall need a quantitative version of the Poisson limit theorem for sums of inde-
pendent random variables with small expectations. For this version see (1.1) in [BH84].

Theorem 5.8. Let X, ..., X, be independent and identically distributed Bernoulli random
variables with EX; = \/n. Let X = X, + ...+ X,,, let S be a subset of integers and let Y be
a random variable with the Poisson distribution with mean \. Then

PX € S]—-Pr[Y € S]| < \?/n .

In particular, P[X = 0] > e — A\2/nand P[X = 1] > Xe™ — \?/n.
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5.3. Bounding the magnitude of the characteristic function away from 1

As in many proofs of central-limit-type theorems, we shall use characteristic functions, or equiv-
alently Fourier analysis. Recall that the characteristic function of (U, V') is the function

fla, B) = Be(al + V),

where e(z) is shorthand for exp(2miz). We shall say more about the importance of the char-
acteristic function later, but for now we simply ask the reader to take it on trust that it will be
useful to us to bound |f(«, 3)| away from 1, except when o and 3 are very small. (Note that
when a = 5 = 0 then f (cr, B) = 1, so some dependence is necessary.)

We shall also make use of the following small technicality.

Lemma5.9. Let 61,05, 03, 0, and € be real numbers such that the distance from 0, — 0y — 03 + 0,
to the nearest integer is at least €. Then |e(61) + e(62) + e(63) + e(64)] < 4 — €%

Proof. First note that for any 6 and ¢ with |§ — ¢| < 1/2 we have the inequality
le(0)+e(9)]* = 2+2cos(2m(0—¢)) < 4—(2m)*(0—9¢)*+(2m)"(0—9)" /12 < 4(1-(0-9)*)?,

and therefore

le(0) +e(d)] < 2(1— (0 - ¢)*).
Since adding an integer makes no difference, we may assume that |#; — 65| and |03 — 0, are both
at most 1/2. It follows that

’6(91) + 6(02) + 6(03) + 6(94)’ < 4 — 2(91 — 62)2 — 2(93 — 94)2 < 4 — (61 — 92 — 93 + 94)2,
which proves the result, since |0; — 0 — 03 + 04] > €. O

Since (U, V') = (ga(j), 7) for a randomly chosen j € [n], it follows that

n

fla, By =n""Y " elaga(j) + Bj)-

Jj=1

Note that if j; — jo = j3 — js and € < |a(ga(j1) — ga(j2) — 9a(js) + ga(ja))| < 1/2 for
some € > 0, then for every  we have that

J1elagatin) + B) + e(agaliz) + B2) + e(agalis) + Bs) + e(agalin) + i)l < 1 - /4.

This follows by setting 0; = ag(j;) + 5j; and observing that since 5(j; — jo — js + ja) = 0, the
distance from 6; — 6, — 603 + 6, to the nearest integer is the same as the distance
from a(ga(j1) — ga(j2) — ga(J3) + ga(js)) to the nearest integer, which by hypothesis is at
least €. This allows us to apply Lemma 5.9.

Our strategy now will be to prove that with high probability there are many non-overlapping
quadruples (j1, jo, J3, ja) With j1—jo = js—js and e < |a(ga(j1) —ga(j2) —9a(Js) +94(ja))| <1/2
for appropriately chosen e.
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Lemma 5.10. For large enough n the following holds. Let j,m, « be such that 10° < m <
n/logn, 7 +3m < n/2and |aly/m < 1/12. Let z = |[{h : ap, < j + 2m}| and assume
that z < 2n/3.

Then, if A is a random sequence in [n|", after conditioning on the value of z, with probability
at least 1/10, the distance from o(ga(j) — ga(j +m) —ga(j+2m)+ga(j+3m)) to the nearest
integer is at least |a|\/m/6.

Proof. After conditioning on z, we have
. . . 1 .
fa(j +3m) :z+‘{h:]+2m<ah<]+3m}‘+§‘{h:ah:j+3m}|7

which is a sum of n — 2 independent random variables X1, ..., X,,_,, each of which takes the
value 1 with probability (m — 1)/(n — j — 2m), 1/2 with probability 1/(n — j — 2m), and 0
with probability (n — j — 3m)/(n — j — 2m).

We shall now apply Corollary 5.7 to these random variables. Back-of-envelope calculations
give the bounds 02, p < 4m/n and 0 > m/2n for sufficiently large n. Therefore, writing X
for X; + .-+ X,,_., we have that

P

P —2< X -EX 2 -z = —
[ovn — z ovn — z| PN

ol —

and

1 p
Pl-20vn —2< X -EX<—ovn—z>-- "
[—20vn — 2z ovn — z| Ry
Note that p/(03v/n — 2) < 1/40 (since z < 2n/3 and m > 10°), so both these probabilities are
at least 1/10.
Since fa(j) — ga(y) = j — 1/2 for every j € [n], we have

9a(j) —ga(G+m)—ga(j+2m)+ga(j+3m) = fa(j) = fa(j+m)— fa(G+2m)+ fa(j+3m)

for every j € [n].

Let n = |a|oy/n — z. From the above, there is a probability of at least 1/10 that a(ga(7) —
ga(j+m)—ga(j+2m)+ga(j+3m)) € [M +n, M + 2] for some M and also a probability
of at least 1/10 that a(ga(j) — ga(j +m) — ga(j + 2m) + ga(j + 3m)) € [M — 2n, M — n].

Since we assumed |a|/m < 1/12, we have that n < 2|aly/m < 1/6. It can be easily
checked that for any M and 0 < n < 1/6, for at least one of the intervals [M — 21, M — 1)
and [M +n, M + 27, its distance from integers must be at least r). From this it follows that with
probability at least 1/10, the distance from a((ga(j) — ga(j +m) — ga(j +2m) + ga(j + 3m))
to the nearest integer is at least 7, which is at least |«|/m/6. H

Because of the assumptions |a|v/m < 1/12 and m > 10°, Lemma 5.10 cannot be applied
if || > 1/(12 - 10?). For that case we shall need an analogous lemma which sets m = 1 and
applies Theorem 5.8.
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Lemma 5.11. For large enough n the following holds. Let o be such that |o| < 1/2. Let j be
such that j +3 < n/2. Let z = |{h : ap, < j + 2}| and assume that z < 2n/3.

Then, if A is a random sequence in [n|", after conditioning on the values of z, with probability
at least 1/10, the distance from o(ga(j) — 9a(j + 1) — ga(j +2) + ga(j + 3)) to the nearest
integer is at least |a| /4.

Proof. In a similar way to what we did in the proof of Lemma 5.10, after conditioning
on the value of z, we write f4(j +3) = 2z + (1/2) > X, where each of the indepen-
dent random variables X; is Bernoulli with EX; = 1/ (n — j —2). Let X = Y "X,
and A = EX = (n — z)/(n — j — 2). Due to the assumptions z < 2n/3 and j + 3 < n/2 we
have that 1/3 < A < 2. Then, by Theorem 5.8, for large n,

min{Pr[X = 0], Pr[X = 1]} > min{e™2,e""/3/3} —4/n > 1/10.

Therefore, there exists a value M such that a(ga(j) —ga(j+1) —ga(j +2)+ga(j+3)) = M
with probability at least 1/10 and a(ga(j) —ga(j+1) —ga(j +2) +ga(j +3)) = M + |«a|/2
also with probability at least 1/10. Since || < 1/2, for at least one of those values the distance
to the nearest integer is at least |a/|/4. O

The main result of this subsection is the following.

Lemma 5.12. For large enough n the following holds. Let « be such that |a] < 1/2.
Then, with probability at least 1 — n~1° over the choice of a random die A, for every 3 we

have | f (o, B)| < 1 — 6, where § = min <10 1410~ 120‘”)

logn

Proof. In fact, we shall prove the statement with probability at least 1 — n~'2 for A chosen
as uniform random sequence from [n]™. The statement for a random die with probability at
least 1 — n !0 follows by Lemma 5.2.

To do this, we first choose some parameters following Lemmas 5.10 and 5.11. More pre-
cisely, if |a| > 1/(12-10%) let m = 1 and € = || /4, and otherwise let m = |min(1/(144a?),
n/(4 - 10°logn))] and € = |a|y/m/6. Then pick k& maximal such that 4km < n/2 and
let Sy, ..., Sk be consecutive intervals of length 4m: thatis, S; = {4(:—1)m—+1,...,4im}. For
each 7, let F; be the event that at least m /20 out of m indices j € {4(i—1)m+1,..., (4i—3)m}
have the property that the distance from a(ga(j) — ga(j +m) — ga(j + 2m) + ga(j +3m)) to
the nearest integer is at least e. We shall apply Lemma 5.5 to show that with high probability at
least k /30 of these events occur.

To that end, let ¢, = {j : a; < s}. Note that the event £; depends only on the values of ¢,
for s < 4im. We shall define D as the event that ¢,/ > 5n /8. This event has probability
at most e~"/32, by Hoeffding’s inequality. Now let D/ be the event that tai—1ym > dn/8. Our
objective is to show that

PIE; | t1, ... tag—1ym, ~D;] = 1/24 .

Once this is proved, it follows by Lemma 5.5 applied to the indicator random variables
of E1,..., E} that at least k/30 events E; occur except with probability e=*/28800 1 ¢=n/32,
which is less than n =12 since k > 4 - 10° log n.
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But if event E; does occur, then, as discussed, by Lemma 5.9 and by triangle inequal-
ity (4m)~ 3 cq e(aga(j) + B4)| < 1 — €/80. If E; holds for at least k/30 values of ,
then since 4km > n/2.01 we have that n='| 37", e(aga(j) + 85)] < 1 — €*/5000, which is
less than 1 — ¢ by a quick case analysis.

It remains to obtain a lower bound for the probability P[E; | ¢1, ..., taG—1)m, 7Dj]. We shall
do this as follows. Let j € {4(i — 1)m + 1,...,(4i — 3)m}. Let s = 4m(i — 1) and let r = ¢,.
Since D] does not hold, r < 5n/8. Let z = t;9,,. If we condition on r, then the expected value
of zisr+ (j —s+2m)(n—r)/(n —s) < r+ 6m. Since z > r, it follows from Markov’s
inequality that z < r + 36m < 2n/3 with probability at least 5/6.

If m = 1, then the lower bound on the conditional probability follows from Lemma 5.11. In
the other case where m > 10°, by Lemma 5.10, the expected number of j € {s+1, ..., (4i—3)m}
for which the distance from a(ga(j) — ga(j +m) — ga(j +2m) + ga(j + 3m)) to the nearest
integer is at least |a|/m/6 is at least m/10. If follows that with probability at least 1/20 this
property holds for at least /20 values of j. Overall, the conditional probability of F; is at
least 5/6 - 1/20 = 1/24. O

Corollary 5.13. Let A be a random die and let f be the characteristic function of the random
variable (U, V'), which is uniformly distributed on the set {(gA( ), —(n+1)/2): 5 € [n]}.
Then, for sufficiently large n, with probability at least 1 — n™=> over the choice of A we have the
bound

fla, B <n'0
for every (a, B) € [—1/2,1/2]% such that either |a| > 107 logn/n or |3| = 10°(logn/n)>/2.

Proof. We first need to address the fact that the bound in Lemma 5.12 holds with high probability
for a fixed a, whereas we need the bound to hold with high probability for all .. Let o; = i/2n?
fori € {—n?,...,n?}. By a union bound, except with probability 3n~® over the choice of a
random die, the bound in Lemma 5.12 holds for all values of o; and /5. More precisely, for those

values we have that | f(a;, )| < 1 —min (10 1410712 gg") which is less than 1 — 20logn/n

for all values of i such that |a;| > 10" logn/n. Furthermore, by Lemma 5.3, with probability
at least 1 — 8n~'1/2 the sampled die is such that ||U||. < 2v/nlogn. From now on we fix
a die which satisfies all those bounds. Note that indeed such a die occurs with probability at
least 1 — n~° for sufficiently large 7.

Consider another o with absolute value at least 107 log n/n and let i be such that |o;| > |«
and the distance between a and «; is minimized. In particular, |o; — o < 1/2n?. If we
show |f(as, 8) — f(a, B)] < 10logn/n, then |f(a, )| < 1 — 10logn/n and |f(a, B)" <
(1 — 10logn/n)™ < n~ ', as claimed. Indeed, by the definition of characteristic function, it
follows that

[f(ai, 8) = fla, B)] = [E[e(asU + V) (1 = e((a = a,)U))]| < EJL = e((@ — a;)U)| -

Since |1 — e(z)|? = 2(1 — cos2mz) < 47222, it indeed follows that |f(c, 8) — f(a, 8)| <
27|a; — af - [|U]|oo < 10logn/n.

Now suppose that || < 107 log n/n. Suppose first that || < n~'/2and let m = |n/2]. For
each j < m let us obtain an upper bound for |e(ga(j)a+75)+e(ga(j +m)a+ (5 +m)B)|. By
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our bound on |a, we have that |g4(j)a| and |g4(j +m)a| are both at most 2- 107 (log n)*/2 /{/n.
It follows that

|94(7)a + 3B = (9a(j +m)a+ (j +m)B)| = n|f|/3 — 4107 (logn)*?/v/n.

Our lower bound for | 3| implies that this is at least n|3|/6. We also have that
|9a(i)a + 55 — (9a(i +m)a + (j +m)B)| < n|Bl/2+4-107(logn)*?/v/n < n|B| < 1/2.

The proof of Lemma 5.9 included the inequality that |e(0) + e(¢)] < 2(1 — (0 — ¢)?)
when |0 — ¢| < 1/2, so using this and the two bounds just noted, we find that

le(gali)er+38) + e(ga(i + m)a+ (j +m)B)| < 2(1 —n°5?/36),

from which it follows that | f(a, 8)] < 1 — n22/40 when n is sufficiently large. (The slight
worsening of the absolute constant is to allow for the fact that n may be odd, in which case we
do not get an exact partition of [n] into pairs {j,j + m}.)

Using our lower bound on | 3| again, we find that n?32/40 > log® n/n, from which it follows
readily that | f (o, 8)[" < n=1°.

If 1/4 > |B] > n~'/2, then the proof is similar, but this time we choose m maximal such
that m|3| < 1/4. Note that m < n/2 if we do this. It follows that we can partition [n] into at
least n/3 disjoint pairs {j, j + m}. For each such pair we have that

|ga(j)e+ jB = (9a(G +m)a+ (j+m)B)| = m|B] — 4-107(logn)*?/v/n > 1/10

and also

\9a(i)e+ jB — (ga(j +m)a+ (j +m)B)| <m|B| +4- 107(logn)*?/v/n < 1/3,

when n is sufficiently large. It follows that
le(ga(i)a +jB) + e(ga(j +m)a + (j +m)B)| < 2(1 - 1/100),

and hence that | f (e, 5)| <298,/300, which for sufficiently large n gives us that | f (e, 8)[" <n 0.

If 1/4 < |B] < 1/2 then we can argue very similarly but taking m = 1. We can
bound | f (e, 3)| away from 1 by an even better absolute constant and the required estimate holds
with a lot of room to spare. [

6. A local central limit theorem for (U, V)

At this point, we note that if we choose a random n-sided die A, then with probability 1 —
o(1) (where the o(1) term is bounded by 2n~°) we have the conclusions of the main results of
the previous section, Lemma 5.3 and Corollary 5.13. The first of these gives an upper bound
for ||| and the second shows that | f(c, 5)|" is small when (v, ) lie outside a small box about
the origin.
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Given these properties, it is now reasonably easy to follow the standard Fourier method to
prove a local central limit theorem for the sum of n independent copies of (U, V') that will be
strong enough and explicit enough to enable us to prove our main result. So let us fix an n-
sided die A that has the properties, and let (U, V') be the random variable defined earlier that we
associate with A.

Let us briefly recall a few standard facts about characteristic functions. One is that if f is the
characteristic function of (U, V'), then the characteristic function of the sum of n independent
copies of (U, V) is f" This follows from the convolution law in Fourier analysis (since if we
regard (U, V) as a function f from Z? to R, then f is its Fourier transform, and the function
corresponding to the distribution of the sum of n independent copies of (U, V') is the n-fold
convolution of f). For similar reasons we have the inversion formula

P(UV) = (@y)] = | feBe(—az = fy) dadp.

We shall also need to know that the characteristic function of (U, V') relates in a simple way
to its moments. We have that
6r+s

o048

and evaluating this at zero we get (27)"T*E(U"V*).
We shall use the following estimate, which follows from Taylor’s theorem and the observation
about the partial derivatives. (We also use the fact that (U, V') has mean (0, 0).)

Lemma 6.1. Let f be as above. Then
fla, B) =1 = 2n%(&®EU? + 208EUV + B2EV?) + R(«, B),
where | R(a, B)| < %5=(|a| - [Ulleo + 8] [V [|o)*. O

fla, B) = @iy E(UTV e(al + BV)),

From Lemma 6.1, we see that for small «,f, f (o, B)™ is approximately equal
to exp(—nQ(a, B)), where Q(a, 8) = 272(a*EU? + 2aSEUV + B*EV?), which is a posi-
tive semidefinite quadratic form in o and 3. Next, we prove two small technical lemmas in order
to help us determine sufficient conditions for this approximation to be a good one.

Lemma 6.2. For every integer n > 2 and every pair of real numbers x,y such that x* < 1/4n
and |y| < 1/4n, we have the inequality

exp(—nx) exp(—n(|y| +22° +2y*)) < (1 — 2 +y)" < exp(—nz) exp(n(|y| + 22° + 2y°)).

It follows that the ratio of (1 — x + y)" to exp(—nx) lies between 1 — 4n(|y| + 2?)
and 1 + 4n(|y| + x?).

Proof. For every u with |u| < 1/2, we have the inequality —u — u* < log(1 — u) < —u + u?,
which implies that exp(—n(u + v?)) < (1 — u)" < exp(— (u — u?)). Applying this
with v = x — y and noting that u? < 2(z? + y?), we obtain the first pair of inequalities.

Also, since nz? and n|y| are both at most 1/4, n(|y| + 222 + 2y?) < 2n(|y| + 2?) < 1.
But when |w| < 1 we have 1 — 2|w| < e < 1+ 2|w|, and the statement about the ratios
follows. [
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Lemma 6.3. For every integer n > 2, every real number x and every complex number y such
that v* < 1/80n and |y| < 1/80n, we have the inequalities

(1—z+y)"

< 40 2y,
o~ n(ly| + )

-

‘  exp(—na)
(I—z+y

Proof. Letus writtey = a+ fiandlet L = (1 — x4+ y)" and z = 1 — L/ exp(—nzx). We
proceed to estimate the imaginary part of z:

S0 ) o

<> (})a- >Z (SYialt1ap = o+ ol 4161 = 1=

k=1

[SL| =

Applying Lemma 6.2 to (1 — z + |a| + |§])™ and (1 — z)", we obtain

’%Z| — |‘5 | < ( x+|a|+|ﬂ|) o ( :L‘) <1—|—4n(2|y[—|—x2)—1+4n1’2
exp(—nx) exp(—nx) exp(—nx)
= 8n(ly| +27) .

By a similar argument, the real part of L is bounded by |RL — (1 —z)"| < (1 — 2z + |a| +
16)" = (1 — )" and

o Q=) (I-2)" = RL
[z = '1 exp(—nx) * exp(—nx) '
0w | (-atla ) Q-
S ‘1 exp(—nx) exp(—nx) exp(—nx) < Ln(lyl+27) -

Together, the bounds on the real and imaginary parts of z imply

(1—z+y)"

< 20 2y,
)| < 20yl +27)

-

Finally, the inverse inequality is obtained with

exp(—nx)

exp(—nx) o 20n(ly| + 2?)
(1—z+y)n

L—x+yl = 1-20n(y| + 22)

< 40n(ly| + 2?) . O

= ||

|

Combining the above lemmas with Corollary 5.13, we obtain the following result, which
tells us that in a suitable sense f” is approximated by a Gaussian.

Lemma 6.4. Let f be the characteristic function of (U, V). Define a function h : R* — R by
setting h(a, B) = f(a, B)" when |a| < 1/2 and || < 1/2 and h(a, B) = 0 otherwise. And
let g be the two-dimensional Gaussian

g(a, B) = exp(—2m*n(a*EU? + 205EUV + F*EV?)).
Then ||h — g||1 < 10°°(logn)7/n®.
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Proof. Since the conclusion of Lemma 5.3, is satisfied, we have ||U||» < 2v/nlogn. We also
have that ||V|| < n for trivial reasons.
It follows that for any o and 5 we have

2% (a*EU? 4 2aBEUV + BPEV?) < 272(2ay/nlogn + Bn)? < 160a’nlogn + 408*n>.
Also, in Lemma 6.1 we have that

IR(a, A)] < 50(2laly/mlogn + |BIn)* < 200(8Jaf*(nlogn)*" + |8'%)
< 2Mal*(nlog n)3/2 + 2°%|8)*n®.

Setting Q(a, B) = 27%(a?EU? + 2a8EUV + B2EV?), so g(a, B) = exp(—nQ(«, 3)), we have
that

f(avﬁ) =1- Q(avﬂ) + R(Oé,ﬁ),
and therefore by Lemma 6.3 that

"1_ g(a, B)

N

fla, B)"
g9(a, B) fla, B

provided that Q (o, 8) < 1/4v/5n and |R(«, 8)| < 1/80n.

For Q(a, ) to be at most 1/4v/5n it is enough if 160anlogn < 1/8v/5n and 403%n? <
1/8+/5n, and for that it is enough if || < 1/64n*4/logn and |3| < 1/32n°/“. For R(a, B) to
be at most 1/80n it is enough if 2!*|a|*(nlogn)3/2 < 1/160n and 2%|3]>n3 < 1/160n, and for
that it is enough if || < 1/128n%/%/logn and | 3| < 1/64n*/3. The second pair of conditions is
more stringent, so provided that they hold, we have the required bounds on Q(«, /) and R(«, ().

To bound || — g||;, we shall look at the contribution within a small box and outside it. Corol-
lary 5.13 tells us that | f (e, 8)]" < n=° when |o| > 10" logn/n or |3] > 10°(log n/n)3/2. For
sufficiently large n, 107 logn/n < 1/200n°/5y/logn and 10°(logn/n)*? < 1/16n*/3. It fol-
lows that on the boundary of the box B = [~107logn/n, 107 logn/n] x [-10°(logn/n)3/?,
10°(log n/n)/?] we have that |f (v, 8)]" < n~'° and g(a, ) < n (1 + 40n(|R(a, B)| +
Q(a, £)?)). For sufficiently large n this implies that g(«, 3) < 20n 'Y everywhere on the bound-
ary.

We shall now estimate the integral of g(«, ) outside the box B. Note that for
each («, ) on the boundary of B, we have that g(t«, t3) is a Gaussian in ¢ that takes the value at
most ' when ¢ = 1. Therefore, it is bounded above by exp(—10¢? logn). The area of B is at
most 4 - 10'9(log n/n)°/2. Performing the appropriate substitution, we see that (again assuming
that n is sufficiently large)

L < 40n(|R(a, B)| + Q(a, B)?)

8-10(1 5/2 00
/ g(a, B)dadf < (5;)28; n) / texp(—10t*logn) dt < n 2.
(c,8)¢B n 1

Since h = 0 outside [—1/2,1/2]? and |h| < n~'° outside B, we also have that

| has)ldads <.
(a,3)¢B



18 D. H. J. Polymath

For all («, 3) we have that | f(«, 8)"| < 1. Therefore, our estimate for the ratio of g to f implies
that for all (a, 5) € B we have that

l9(cv, B) — fla, B)"| < 40n(|R(c, B)] + Q(cv, B)?).

Recall that we have previously estimated Q(a,3) < 160a’nlogn + 406%n? and
|R(a, B)| < 2"l (nlogn)®? 4 28|]3n3. Applying these bounds inside B one can check that
Q(a, B) < 10?°(logn)?3/n for n sufficiently large, and hence that Q(«, 3)* < 10%°(logn)®/n?.
Also, |R(a, B)] < 10%(logn)®/2 /n3/2. So, for sufficiently large n, we have the bound

l9(ev, B) — f(a, B)"| < 10%2(logn)*/?/v/n

everywhere in B. Since B has area at most 4 - 10'%(log n/n)°/2, it follows that the contribution
to ||g — hl|; from inside B is at most 10*(logn)"/n3.

Combining these estimates gives us the bound stated (as always, assuming that n is suffi-
ciently large). [

In the statement of the next result, we shall write (U*", V*") for (31, U;, >, V;), where
each (U;, V;) is independently and identically distributed according to the distribution of (U, V).
We also refer to a “discrete Gaussian". By this we mean a function defined on Z? with a formula
of the form f(z,y) = cexp(—Ag(x,y)) for some positive semidefinite quadratic form g.

Corollary 6.5. There is a discrete Gaussian G such that
[P[(U™, V™) = (2,y)] = G(z,y)| < 10”(logn)" /n’
for every (x,y) € Z2. Furthermore, P[(U*",V*™) = (0,0)] < 10'7(logn/n)%/2.

Proof. We have

BU™ V™) = @yl = | fla, B)re(—ax — By)dadB = | h(, B)e(—ax — By) dadf.

RQ

By Lemma 6.4 and the fact that e(—az — By) has modulus 1 for every x,y, if we replace h
by g on the right-hand side, the difference to the integral is at most 10°°(logn)”/n3.
But [, g(a, B)e(—ax — By) dodf has a Gaussian dependence on (z,y), since it is the Fourier
transform of a Gaussian (the Gaussian being defined on R? even if we are evaluating its Fourier
transform at points of Z?). This proves the first part.

For the second part, recall from the proof of Lemma 6.4 that the integral of / outside the
box B is at most n 1% and that B has area at most 4 - 10'%(log n/n)°/2. It follows that

P(U™, V™) = (0,0)] = / h(a, B) dadf < 10* (logn/n)*2.

RQ

when n is sufficiently large. (Indeed, this is a bound for P[(U*", V*") = (x,y)] forall (z,y).) O
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7. The main theorems

As before, we consider a fixed die A that satisfies the conclusions of Lemma 5.3 and Corol-
lary 5.13. Recall that P[V** = 0] > n~%/2/4, by Lemma 5.2. Hence, by Corollary 6.5, the
probability that A ties with a random die B, which is equal to P[U*" = 0 | V" = 0], is at
most 10'%(logn)*2/n. Since this conclusion holds for 1 — o(1) fraction of dice A, we have
directly established Theorem 1.4.

We are also almost ready to prove Theorem 1.5. However, a uniform bound on the proba-
bilities is not quite enough for our purposes. As is customary, we need to combine it with tail
estimates. However, this is straightforward.

Lemma 7.1. P[|U*"| > 2Cn+/log n] < 2exp(—C?/2).

Proof. The distribution of U*" is given by the sum of n independent copies of U, which has mean
zero. Since ||Ul|» < 2y/nlogn, Hoeffding’s inequality gives us the required estimate. O

Theorem 7.2. The probability that A beats another random die is 5 + o(1).

Proof. As remarked earlier, we will be done if we can prove that
*N *N ]'
B[U™ > 0| V™" = 0] = 5 +o(1).

First, recall again that P[V*" = 0] > n=%/2/4,
Next, note that by Corollary 6.5 we have for every « that

IP[(U™, V") = (2,0)] = P[(U™,V*") = (—2,0)]| <2-10"(logn)"/n?,

since G is an even function. Thirdly, Lemma 7.1 gives us that P[|U*"| > 8nlogn] < 2n~5.

Putting these estimates together, we find that

[P[U" > 0A V™ =0] —P[U" <0AV*™ =0]| < (8nlogn)(2-10*(logn)"/n’) + 2n~°
< 10%(logn)®/n?,

and therefore that
IP[U** > 0[V*" = 0] —P[U*" < 0| V* =0]| <10?(logn)®/v/n.
As discussed before, we also have that
P[U*™ =0 | V*" = 0] < 10"(logn)>?/n.
The result follows. 0

As observed at the end of Section 3, since this statement holds for 1 —o(1) fraction of dice A,
Theorems 1.4 and 1.5 follow from it.
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