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Abstract. A poset is called upper homogeneous, or “upho,” if every principal order filter of
the poset is isomorphic to the whole poset. We study (finite type N-graded) upho lattices,
with an eye towards their classification. Any upho lattice has associated to it a finite graded
lattice called its core, which determines its rank generating function. We investigate which
finite graded lattices arise as cores of upho lattices, providing both positive and negative
results. On the one hand, we show that many well-studied finite lattices do arise as cores,
and we present combinatorial and algebraic constructions of the upho lattices into which
they embed. On the other hand, we show there are obstructions which prevent many finite
lattices from being cores.
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1. Introduction

Symmetry is a fundamental theme in mathematics. A close cousin of symmetry is self-similarity,
where a part resembles the whole. In this paper, we study certain partially ordered sets that are
self-similar in a precise sense. Namely, a poset is called upper homogeneous, or “upho,” if every
principal order filter of the poset is isomorphic to the whole poset. In other words, a poset P
is upho if, looking up from each element p € P, we see another copy of P. Upho posets were
introduced recently by Stanley [Sta20a, Sta24]. We believe they are a natural and rich class of
posets which deserve further attention.

Upho posets are infinite. In order to be able to apply the tools of enumerative and algebraic
combinatorics, we need to impose some finiteness condition on the posets we consider. Thus,
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we restrict our attention to finite type N-graded posets. These infinite posets P possess a rank
function p: P — N for which we can form the rank generating function

F(P;x) = Z 2P,

peEP

Henceforth, upho posets are assumed finite type N-graded unless otherwise specified.
The big problem concerning upho posets that we are interested in is the following.

Problem 1.1. Classify upho lattices.

Problem 1.1 is likely a hard problem, perhaps even impossible. But let us explain why there
is some hope of making progress on this problem. It was shown by Gao, Guo, Seetharaman, and
Seidel [GGSS22] that there are uncountably many different rank generating functions of (finite
type N-graded) upho posets. This prevents us from being able to say much about upho posets
in general. However, the situation is different for lattices: in [Hop22b] we showed that the rank
generating function of an upho lattice is the multiplicative inverse of a polynomial with integer
coeflicients.

More precisely, we made the following observation about the rank generating function of an
upho lattice. Let £ be an upho lattice, and let L := [O, $1V---Vs,] C L denote the interval in £
from its minimum O to the join of its atoms sy, . . ., s,. We refer to the finite graded lattice L as
the core of the upho lattice £. We showed in [Hop22b] that

F(L;x) = x*(L;x) ", (1.1)

where X*(L;x) = > ;. 11(0, p)z*®) is the (reciprocal) characteristic polynomial of L. In this
way, the core of an upho lattice determines its rank generating function.'

The core does not determine the upho lattice completely. That is, there are different upho
lattices with the same core. Nevertheless, to resolve Problem 1.1 we would certainly need to
answer the following question.

Question 1.2. Which finite graded lattices are cores of upho lattices?

Question 1.2 can be thought of as a kind of tiling problem: our goal is to tile an infinite,
fractal lattice £ using copies of some fixed finite lattice L, or show that no such tiling is possible.
Question 1.2 is the main problem we pursue in this paper. In addressing Question 1.2 here, we
provide both positive and negative results.

On the positive side, we show that many well-studied families of finite graded lattices are
cores of upho lattices. Our first major result is the following.

Theorem 1.3. Any member of a uniform sequence of supersolvable geometric lattices is the core
of some upho lattice.

'In fact, since the flag f-vector of any upho poset is determined by its rank generating function (see [Sta24, §31),
the core of an upho lattice determines its entire flag f-vector.
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Figure 1.1: Partitions of sets of the form {1, 2, ..., n} into 2 blocks, ordered by refinement. This
is an upho lattice with core II5.

Supersolvable lattices were introduced by Stanley in [Sta72], and uniform sequences of lat-
tices were introduced by Dowling in [Dow73a]. These two notions represent two different ways
that a finite lattice can have a recursive structure. Examples of uniform sequences of supersolv-
able geometric lattices include:

* the finite Boolean lattices B, i.e., the lattices of subsets of {1,2,...,n};

the g-analogues B,,(q) of B,, i.e., the lattices of IF,-subspaces of [ ;

the partition lattices II,,, i.e., the lattices of set partitions of {1,2,...,n};

the Type B partition lattices 17
hyperplane arrangements;

i.e., the intersection lattices of the Type B, Coxeter

n?

(generalizing the previous two items) the Dowling lattices [Dow73b, Dow73a] Q,,(G)
associated to any finite group G.

Hence, these are all cores of upho lattices. We discuss these examples in detail, providing explicit
descriptions of the upho lattices for which they are cores. Figure 1.1 depicts one upho lattice
produced via our construction.

In addition to combinatorial constructions, we also explore algebraic constructions of upho
lattices. Monoids provide one algebraic source of upho lattices, as the following lemma explains.

Lemma 1.4 (cf. [GGSS22, Lemma 5.1]). Let M be a finitely generated monoid whose defining
relations are homogeneous. If M is left cancellative and every pair of elements in M have a least
common right multiple, then (M, <) is an upho lattice, where <, denotes the partial order of
left divisibility.

A class of monoids satisfying the conditions of Lemma 1.4 are the (homogeneous) Garside
monoids [DP99, DDG*15]. The core of a Garside monoid consists of its simple elements.
Examples of lattices of simple elements in Garside monoids include:

* the weak order of a finite Coxeter group W;

* the noncrossing partition lattice of a finite Coxeter group .
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Figure 1.2: The dual braid monoid (a, b, ¢ | ab = bc = ca) associated to the symmetric group Ss.
This is an upho lattice with core the noncrossing partition lattice of .Ss.

Hence, these are also cores of upho lattices. Figure 1.2 depicts an upho lattice of this form. We
review these examples coming from Garside and Coxeter theory in detail.

On the negative side, we show that there are various obstructions which prevent arbitrary
finite graded lattices from being realized as cores of upho lattices. There are restrictions on the
characteristic polynomial of the lattice coming from the equation (1.1). There are also some
structural obstructions, requiring the lattice to be partly self-similar. These obstructions allow
us to show, for instance, that the following plausible candidates cannot in fact be realized as
cores:

* the face lattices of the n-dimensional cross polytopes and hypercubes, for n > 3;
* the bond lattice of the cycle graph C,,, for n > 4;
* (extending the last item) the lattice of flats of the uniform matroid U (k, n), for2 < k < n.

The upshot is that Question 1.2 is quite subtle: it can be difficult to recognize when a given
finite graded lattice is the core of an upho lattice. Many well-behaved finite lattices are cores of
upho lattices, but many too are not.

To conclude this introduction, let us also discuss future directions we are pursuing. A ques-
tion naturally suggested by our work here is the following.

Question 1.5. For a finite graded lattice L, let (L) denote the cardinality of the collection of
upho lattices £ with core L. How does this function (L) behave?

Notice that Question 1.5 essentially asks how big the difference between answering Ques-
tion 1.2 and resolving Problem 1.1 is. In work in progress joint with Joel Lewis [HL25], we
address Question 1.5. On the one hand, we will show that «(L) is finite if L has no automor-
phisms, suggesting that possibly (L) is finite for all finite lattices L. On the other hand, we will
show that (L) is unbounded even when we restrict to lattices L of rank two.

Finally, if completely resolving Problem 1.1 is too difficult, we might instead hope to classify
some subvarieties of upho lattices. Two of the most important subvarieties of lattices are the
distributive lattices and the modular lattices. In planned future work, we will explore distributive
and modular upho lattices.
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It is easy to see from the representation theorem for locally finite distributive lattices that
the only upho distributive lattices are N¢. Upho modular lattices are more interesting. Stanley
observed that if R is a discrete valuation ring with finite residue field, then the lattice of full rank
submodules of the free module R gives an upho modular lattice (see [Stal9] and [GGSS22,
Conjecture 1.1]). Slightly extending this observation, we can show any (sufficiently symmetric)
affine building gives rise to an upho modular lattice. Conjecturally, all upho modular lattices are
of this form.

The rest of the paper is structured as follows. In Section 2, we go over some definitions
and preliminary results. In Section 3, we construct upho lattices from uniform sequences of
supersolvable lattices. In Section 4, we explain how monoids give rise to upho lattices. Finally,
in Section 5, we discuss obstructions to realizing a finite graded lattice as the core of an upho
lattice.

2. Preliminaries

In this section, we review some basics regarding posets and upho posets. We generally stick to
standard notation for posets, as laid out of instance in [Stal2, §3]. We use N := {0,1,...} to
denote the natural numbers, Z to denote the integers, (Q the rationals, and R the reals.

2.1. Poset basics

Let P = (P, <) be a poset. We use standard conventions like writing y > x to mean = < v,
writing r < ytomean x < y and x # y, and so on. We also routinely identify any subset S C P
with the corresponding induced subposet S = (.5, <).

2.1.1 Basic terminology

An interval of P is a subset [x,y] = {2z € P:x < z < y} forz < y € P. The poset P is
locally finite if every interval of P is finite.

For z,y € P, we say z is covered by y, written x < y, if < y and there isno z € P
with x < z < y. If P is locally finite, then the partial order < is the reflexive, transitive closure
of the cover relation <.

The Hasse diagram of P is the directed graph whose vertices are the elements of P with an
edge from x to y when x < y. We draw the Hasse diagram of P in the plane, with = below y if
there is an edge from z to y (and therefore we do not draw the arrows on the edges). Since every
locally finite poset is determined by its Hasse diagram, and the posets we study will be locally
finite, we will represent posets by their Hasse diagrams.

A chain of P is a totally ordered subset, i.e., a subset C' C P for which any two elements
in C' are comparable. An antichain of P is a subset A C P for which any two elements in A
are incomparable. We say a chain is maximal if it is maximal by inclusion among chains, and
similarly for antichains.

An order filter of P is an upwards-closed subset, i.e., a subset /' C P such thatif z € F
and z < y then y € F. Dually, an order ideal of P is a downwards-closed subset, i.e., a
subset I/ C P suchthatify € I and x < y then x € I. An order filter (respectively, order ideal)
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is principal if it is of the form V}, .= {q € P: p < ¢} (resp., of the form A, == {q € P: ¢ < p})
for some p € P.

A minimum of P, which we always denote by 0 € P, is an element with 0 < z forall 2 € P.
Dually, a maximum, denoted 1e P, is an element with z < 1 forall z € P. Clearly, minima
and maxima are unique if they exist. If P has a minimum 0, then we call s € P an atom if 0 < s.
Dually, if P has a maximum i, then we call t € P a coatom if t < 1.

2.1.2 New posets from old

The dual poset P* of P is the poset with the same set of elements but with the opposite order,
i.e.,, z <p+ yifand only if y <p =.

Now let () be another poset. The direct sum P + () of P and () is the poset whose set of
elements is the (disjoint) union PUQ, withx <p g yifeitherz,y € Pandz <p y,orz,y € Q
and x <¢ y. For an integer n > 1, we denote the direct sum of n copies of P by n - P.

Meanwhile, the ordinal sum P& () of P and () is the poset whose elements are the (disjoint)
union P U Q, with z <pgq yifeitherz,y € Pandz <p y,orz,y € Qandx <g y,orx € P
and y € ). In other words, P + () is obtained by placing P and () “side-by-side,” while P & @)
is obtained by placing P “below” ().

The direct product P x () of P and () is the poset whose set of elements is the (Cartesian)
product P x @), with (p1, ¢1) <pxq (P2, ¢2) if p1 <p p2 and ¢; <¢ ¢o. For an integer n > 1, we
denote the direct product of n copies of P by P".

2.1.3 Mobius functions

Suppose for the moment that P is locally finite, and let Int(P) denote the set of intervals of P.
The Mébius function p: Int(P) — Z of P is defined recursively by

p(x,z) =1forall x € P; ple,y) = — Z p(x, z) forallz <y € P,

r<z<y

where we use the standard notational shorthand p(z,y) = p([z,y]). The most important ap-
plication of Mobius functions is the Mdbius inversion formula (see [Stal2, §3.7]), a kind of
generalization of the principle of inclusion-exclusion to any poset.

The Mobius function of a product of posets decomposes as a product of Mobius functions. In

other words, tpxq((P1, q1), (D2, @2)) = pp(p1,p2) - 1o(q1, ¢2) forall (pr, ¢1) < (p2,¢2) € PXQ
(see [Stal2, Proposition 3.8.2]).

2.1.4 Lattices

For z,y € P, an upper bound of z and yisa z € P withz < zand y < z, and the join (or least
upper bound) of x and y, denoted = V y, is the minimum among all upper bounds of = and y, if
such a minimum exists. Dually, a lower bound of x and yisa z € P with 2z < z and z < y, and
the meet (or greatest lower bound) of x and y, denoted = A y, is the maximum among all lower
bounds of x and y, if such a maximum exists. If = \V y exists for every z,y € P, then P is a join
semilattice. Dually, if z A y exists for every z,y € P, then P is a meet semilattice. The poset P
is a lattice if it is both a join and meet semilattice.
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Now let L be a lattice. The operations of VV and A are associative and commutative, and
therefore for any finite, nonempty subset .S = {a:l, .., Tn} € Lwecanset\/ S = T VeV,
and A\ S =az1 A A \ T If L has a minimum O then by convention we set \/ & = 0, and dually
if L has a maximum 1 we set A\ @ := 1. A finite lattice L always has a minimum 0 = A L and
a maximum 1 =\/ L.

If L has a minimum 0 and a maximum 1, then a complement of an element z € Lisay € L
withz Ay=0andzVy = 1.

The lattice L is distributive if the operation of meet distributes over that of join, that
is,tA(yVz) = (xAy)V(rAz) forall z,y,z € L. It is well-known that this is also
equivalent to join distributing over meet, i.e., x V (yAz) = (x Vy) A (zV z) forall z,y, z € L.

Example 2.1. For any poset P, we use J(P) to denote the poset of order ideals of P, ordered
by inclusion. Then, J(P) is always a distributive lattice, where the operations of join and meet
are union and intersection, respectively. As a variant of this construction, we use Js,(P) to
denote the finite order ideals of P, which again always gives a distributive lattice. We note
that J(P + Q) = J(P) x J(Q) and similarly Jg,(P + Q) = Jaun(P) X Jan(Q).

The lattice L is modular if whenever z < y € L, wehave z V (2 Ay) = (z V 2) Ay for
all z € L. Observe that modularity is a weaker condition than distributivity: all distributive
lattices are modular, but most modular lattices are not distributive.

We note that the product L; x Ly of two lattices L, and L, remains a lattice, and similarly if
we append the adjectives “distributive” or “modular.” Also, any interval in a lattice is a lattice,
and similarly if we append the adjectives “distributive” or “modular.” These properties follow
from the fact that lattices, distributive lattices, and modular lattices, are varieties in the sense of
universal algebra.

2.1.5 Convention for finite versus infinite posets

We will routinely work with both finite and infinite posets, although the posets will always be
at least locally finite. For clarity, we now use the following convention: normal script letters
(like P or L) denote finite posets, while caligraphic letters (like P or £) denote infinite posets.

2.2. Finite graded posets

Let P be a finite poset. For a nonnegative integer n > 0, we say that P is n-graded if P has a
minimum 0, a maximum 1, and we can write P = |_| o P as a disjoint union such that every
maximal chain of P is of the form 0 = To <X < - < z, = 1 with z; € P,. In this case, the
rank function p: P — N is defined by setting p(x) = i for x € P,. Equivalently, p(0) = 0
and p(y) = p(z) + 1 whenever z < y € P.

Example 2.2. For any positive integer n > 1, we let [n] = {1,2,...,n}. We view [n] as
a poset, with the usual total order. This chain poset [n] is the most basic example of a finite
(n — 1)-graded poset.

We say that the finite poset P is graded if it is n-graded for some n. In this case, we say that
the rank of P is n and, slightly abusing notation, write p(P) := n. If P and () are two finite
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graded posets, then their product P x () is also graded of rank p(P x Q) = p(P) + p(Q). Also,
any interval in a finite graded poset is graded.

2.2.1 Generating polynomials for finite graded posets

Now assume that P is graded. The rank generating polynomial of P is

F(P;z) = Z 2P,

peP

The characteristic polynomial of P is

X(Pia) =y u(0,p) a0,

peEP

The exponent of z in each term of the characteristic polynomial y(P;z) records the
corank p(P) — p(p) of the element p € P. Using the corank in the characteristic polynomial
is very standard, but, for reasons that will become clear soon, we need a version of the char-
acteristic polynomial where the exponent records the usual rank instead. Hence, we define the
reciprocal characteristic polynomial of P to be

X (Pra) =) pu(0,p) .
peP
Observe that x*(P; z) = 2°") . x(P;271).
These invariants of finite graded posets all play nicely with products. Namely, we
have FI(P x Q;x) = F(P;x) - F(Q;x) and x™ (P x Q;2) = x*(P; x) - x*(Q; 2).

2.2.2 Finite graded lattices

Here we are most interested in finite graded lattices.

Example 2.3. The rank n Boolean lattice B, is the poset of subsets of [n], ordered by inclusion.
B,, is a finite graded lattice, with p(S) = #S for all S € B,. Its Mobius function is given
by (S, T) = (—1)#"\ forall S < T € B,. Hence, F(Bn;z) = >, (})aF = (1 + )"
and x*(By; ) = > p_o(—=1)*(})a" = (1 — 2)™. These formulas can also be seen from the fact
that B,, = J(n - [1]) = [2|™.

Example 2.4. Birkhoft’s representation theorem for finite distributive lattices says that every
finite distributive lattice L has the form L = J(P) for a unique finite poset P, the subposet of
join-irreducible elements of L; see [Bir67, §3.3] or [Stal2, §3.4]. So let L = J(P) be a finite
distributive lattice. Then L is graded, with p(I) = #I for I € J(P). Its Mobius function is
given by

u(I, 1) = (=1)#IN S \I.is an antichain of P;
0 otherwise,
for I < I' € J(P) (see [Stal2, Example 3.9.6]). So F(L;z) = ZIEJ(P) o

and X*(L;x) = 3 e ey (—2)7 = (1 - x)#™n(P) " where min(P) is the set of minimal
elements of P. Observe how this example generalizes Example 2.3.



COMBINATORIAL THEORY 5 (2) (2025), #6 9

Example 2.4 explains that all finite distributive lattices are graded. More generally, all finite
modular lattices are graded. In fact, a finite lattice L is modular if and only if L is graded
and p(p) + p(q) = p(pV q) + p(p A q) forall p,q € L (see, e.g., [Bir67, §2.8] or [Stal2, §3.3]).

Example 2.5. Let ¢ be a prime power, and [F, the finite field with ¢ elements. We denote
by B,,(q) the poset of IF;-subspaces of the vector space [}, ordered by inclusion. This subspace
lattice B,(q), also known as the g¢-analogue of B,, is a finite modular lattice. Its
rank function is p(U) = dim(U), and its Mobius function is pu(U, V) = (—1)’“q(§) where
k=dim(V) — dim(U) (see, e.g., [Stal2, Example 3.10.2]). Hence, F(By(q); x)=>"3_, [}], 2"

and x*(Bu(q):o) = Sio(-DHE [ ok = (1= 2)(1 = g2)(1 = g%) - (1= ¢"'a).

Here we used the standard notation for the g-binomial coefficient [Z]q = m,

where [n], = ((11__%;;) =14+q+¢+---+¢ tand [n],! = [n], - [n— 1], [1],

There are variants of the modular property for finite lattices that are very interesting from
a combinatorial point of view. A finite lattice L is (upper) semimodular if it is graded and
satisfies p(p) + p(q) = p(p V q) + p(p A q) for all p,q € L. The lattice L is atomic if every
element is a join of atoms. Finally, L is geometric if it is both semimodular and atomic. For
example, the modular lattices B,, and B, (q) are geometric, since they are atomic. However,
most geometric lattices are not modular. Geometric lattices are intensely studied, because they
are precisely the lattices of flats of matroids (see [Stal2, §3.3]). Any interval in a semimodular
lattice is semimodular, and, less obviously, any interval in a geometric lattice is geometric (see,
e.g., [Bir67, §8.9, Exercise 7] and [Stal2, Proposition 3.3.3]).

Example 2.6. Recall that a partition of a set X is a collection 7 = {Bj, ..., By} of nonempty
subsets of X (& C By,..., By C X) that are pairwise disjoint (B; N B; = @ for ¢ # j) and
whose union is X (U¥_, B; = X). The sets B; € 7 are called the blocks of 7. The partition
lattice 11,, is the poset of partitions of [n], ordered by refinement. In other words, for two par-
titions 7 and 7’ of [n], we have m < 7’ if every block B € r satisfies B C B’ for some block
B’ € ©'. The partition lattice is a geometric lattice of rank p(II,,) = n — 1, with p(7) = n — #n
for 7 € II,,. Hence, F/(IL,;z) = >.;_, S(n,n — k)z*, where S(n, k) are the Stirling number
of the second kind. Furthermore, it is well-known that x*(IL,;;z) = >} _;s(n,n — k)z* =
(1 —-2)(1—=2x)---(1 — (n —1)x), where s(n, k) are the (signed) Stirling number of the first
kind (see [Stal2, Example 3.10.4]).

2.3. Infinite graded posets

Let P be an infinite poset. We say P is N-graded if P has a minimum 0 and P = LJ:2, P; canbe
written as a disjoint union where every maximal chain of P is of the form 0= To<T<To<<---
with z; € P;. In this case, the rank function p: P — N is defined by setting p(z) =i forz € P,.
Equivalently, p(0) = 0 and p(y) = p(z) + 1 whenever z < y € P.

If P and Q are N-graded, then P x Q is N-graded. Also, any interval in a locally finite
N-graded poset is a finite graded poset.
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2.3.1 Generating functions for infinite graded posets

Let P be an N-graded poset. In order to define sensible analogues of the rank generating and
characteristic polynomials for P, we need to make a further finiteness assumption. So let us say
that P is finite type if {p € P: p(p) = i} is finite for each i € N. Observe that a finite type
N-graded poset is locally finite.

So now assume that P is a finite type N-graded poset. Then we define the rank generating

function of P to be
F(P;x) = Z:cp(p),
peEP

a formal power series in the variable z. And we define the characteristic generating function

of P to be )
X(Pix) = p(0,p) 2",

pEP

again, a formal power series. We write x*(P; x) with an asterisk to emphasize that the charac-
teristic generating function of an infinite poset P uses rank in the exponent, like the reciprocal
characteristic polynomial x*(P; z) of a finite poset P.

Again, these invariants play nicely with products: F(P x Q;z) = F(P;z) - F(Q;x)
and x*(P x Q;x) = x*(P;x) - x*(Q; ).

Example 2.7. The set of natural numbers N = {0,1,...}, with their usual total order,
is the most basic example of an N-graded poset. In fact, N is a finite type N-graded lattice
with F(N;z) = > 77 2% = +& and x*(N;z) = 1 — x. Hence, for any positive integer n > 1,
N" is a finite type N-graded lattice with F'(N™; x) = ﬁ and x*(N";2) = (1 — z)".

2.4. Upho posets

We say that poset P is upper homogeneous, or “upho,”’ if for every p € P, the principal order
filter V,, = {¢ € P: q > p} is isomorphic to P. To avoid trivialities, let us also require that PP
has at least two elements; then, it must be infinite.

Example 2.8. The natural numbers N form an upho poset. Similarly, the nonnegative rational
numbers >, the nonnegative real number R, and indeed the nonnegative numbers in any
ordered field, form upho posets.

Example 2.9. Let X be any infinite set. Then the poset of finite subsets of X, ordered by
inclusion, is upho.

In this paper we are primarily concerned with upho posets (in fact, upho lattices). In order
to be able to apply the tools of enumerative and algebraic combinatorics to study these posets,
we must impose some finiteness conditions on them. Hence, from now on, all upho posets are
assumed finite type N-graded unless otherwise specified. Of the preceding examples, only N
is finite type N-graded.

The product P x Q of two upho posets P and Q remains upho. So, for instance, N" is an
upho lattice for any n > 1. We will soon see many more examples of upho lattices, but for
now N" is a good prototypical example to have in mind.
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Remark 2.10. Upho posets were introduced by Stanley [Sta20a, Sta24]. Stanley was mainly in-
terested in planar upho posets (i.e., those with planar Hasse diagrams). In particular, for various
planar upho posets P, he was interested in counting the maximal chains in [0, p] forp € P.
When P = N2, these numbers form Pascal’s triangle. Thus, Stanley used these chain counts for
other planar upho posets to produce analogues of Pascal’s triangle [Sta20b, Sta24]. All planar
upho posets are meet semilattices, but most are not lattices. In fact, it is not hard to see that N
and N? are the only planar upho lattices. Planar upho posets have a rather simple structure, as
described in [GGSS22]. We will see that upho lattices can have a very intricate structure.

2.4.1 Rank and characteristic generating functions of upho posets

The following important result on rank generating functions of upho posets can be proved by a
simple application of Mdbius inversion.

Theorem 2.11 ([Hop22b, Theorem 1]). For any upho poset P, F(P;x) = x*(P;z)~ L.

2.4.2 Upho lattices and their cores

Now suppose L is an upho lattice. We define the core of L to be L := [0, s1VsaV---Vs, | CL,
where si, ..., s, are the atoms of £. Evidently, the core of an upho lattice is a finite graded
lattice. The point of the core is the following corollary, which can be proved for instance using
Rota’s cross-cut theorem (see [Stal2, Corollary 3.9.4]).

Corollary 2.12 ([Hop22b, Corollary 6]). Let L be an upho lattice with core L.
Then x*(L;x) = x*(L; x). Hence, from Theorem 2.11, we conclude F'(L;z) = x*(L;x) .

Note that Corollary 2.12 was stated as equation (1.1) in the introduction.

Example 2.13. For any n > 1, N"” is an upho lattice with core B,, and indeed
F(N" 2) = =g = X" (Bn; )™

o (=)

With all the terminology and preliminary results fully explained, we now return to Ques-
tion 1.2: which finite graded lattices L arise as cores of upho lattices £? For example, we just
saw that the Boolean lattices B,, do. We will explore this question in the next three sections.

3. Upho lattices from sequences of finite lattices

In this section, we will develop a method for producing upho lattices from limits of sequences
of finite graded lattices which are appropriately embedded in one another. In order to make
“appropriately embedded in one another” precise, we will need two notions from the theory of
finite lattices: supersolvability, as introduced by Stanley in [Sta72], and uniformity, as introduced
by Dowling in [Dow73a].
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3.1. Supersolvable semimodular lattices

Let L be a (finite) semimodular lattice. We say p € L is modular if p(p)+p(q) =p(pV ¢)+p(pAq)
for all ¢ € L. For example, if L is modular, then every element is modular. An important
property of modularity is that it is transitive on “lower” intervals:

Proposition 3.1 (See [Sta71] or [Sta07, Pfoposition 4.10(b)]). Let L be a semimodular lattice.
If x is modular in L and y is modular in [0, x|, then y is modular in L.

The semimodular lattice L is supersolvable if it possesses a maximal chain
0 =xy<z <---<x, = 1 of modular elements. As suggested by Proposition 3.1, we can
build up a maximal chain of modular elements from the top down, coatom-by-coatom. For this
reason, supersolvable lattices have a recursive structure. Moreover, as shown by Stanley [Sta72],
they enjoy many remarkable enumerative properties, the most prominent being that their char-
acteristic polynomials factor.

Theorem 3.2 (Stanley [Sta71] [Sta72, Theorem 4.1]). Let L be a supersolvable semimodular
lattice with maximal chain of modular elements vy < v, < --- <x,. Fori=1,... n, set

a; = #{atoms s € L: s < x;,s L x;_1}.
Then x*(L;z) = (1 — aqz)(1 — agx) - - - (1 — a,x).

Example 3.3. The partition lattice II,, is a supersolvable geometric lattice.  Indeed,
Mg << 7 < -+ <m,_1 € 1l, is a maximal chain of modular elements, where

mo={{1,2,...,i+ 1}, {i+2},{i+3},--- ,{n}}

for: = 0,1,....,n — 1. Here aq; = 7 forv = 1,...,n — 1, so Theorem 3.2 gives
that x*(IL,; ) = (1 —z)(1 — 2z) - - - (1 — (n — 1)x), in agreement with what we said earlier.

Remark 3.4. In [Sta72], Stanley defined the notion of supersolvability more generally for any
finite lattice, not necessarily semimodular. It is possible that the results in this section could be
extended to this broader class of (not necessarily semimodular) supersolvable lattices. However,
the examples that we know all involve geometric lattices, so it is unclear, at the moment, what
this greater generality would buy us.

Next, we describe a procedure for “trimming’ a supersolvable semimodular lattice to produce
another one. Although this procedure is quite natural, we have not seen it anywhere in the
literature. We use this trimming procedure later to guarantee that a certain limit poset is finite
type N-graded.

Let L be a supersolvable semimodular lattice with a fixed maximal chain of modular ele-
ments zo << <---<x,. Relative to this chain, we define v: L — Nby v(z) = min{i: = < z;}
for all z € L. And then for a positive integer £ > 1, we define

LW = {z e L:v(z)—p(x) <k}

For instance, L") = {xg, 71,...,2,} and L™ = L. Note that L) C LU) fori < j.
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Figure 3.1: The “trimmed” partition lattice Hf).

Lemma 3.5. Forany k > 1, the subposet L") of L is again a supersolvable semimodular lattice,
with maximal chain of modular elements xo < x1 < --- < Ty,

The rank of an element in L) is the same as its rank in L. And the join of two elements
in L) is the same as their join in L. But the meet of two elements in L(*) may be different than
their meet in L, so L*) is not in general a sublattice of L.

Example 3.6. Again consider the partition lattice 1I,,, with maximal chain of modular ele-
ments 7y << T < - - - < m,_1 as described above. Then, for any k£ > 1,

II™ = {7 € II,,: max{i: i is in a non-singleton block of 7} < n + k — #n}.

(Recall that a block is called a singleton if it has one element. Also, above we use the conven-
tion max(@) = 0.) For instance, Figure 3.1 depicts Hf). In this figure we use the shorthand of
writing a partition 7 = { By, ..., By} as By | Bo | - - - | By. The perceptive reader may compare
this figure to Figure 1.1.

Proof of Lemma 3.5. We start with two important claims.
Claim 1 : Forz,y € L™, the join z \V y, taken in L, is in L(*).

Claim2 :Forz € L™ andi=0,1,...,n, the meet z A z;, taken in L, is in L),

Proof of Claim 1: Let z,y € L®. Set ¢ = max(v(z),v(y)), d = max(p(x), p(y)).
Since v(z) — p(z) < k and v(y) — p(y) < k, we have ¢ — d < k. And since z. is an upper
bound for x and y, we have v(x V y) < c. Similarly, since x V y is greater than or equal to = and
to y, we have p(z Vy) > d. Thus,v(z Vy) —p(zVy) <c—d < k.

Proof of Claim 2: Letz € L™ andi € {0,1,...,n —1}. If 2 < =z, thenaz A 2; = 2
and the claim is clear. So suppose that x £ x;. Since x,(,) is an upper bound for x and z;, we
have p(z V ;) < v(x). And since x; is modular, we have p(x) + p(z;) = p(x V x;) + p(z A z;),
ie., p(x Ax;) = p(x)+ p(x;) — plx Vx;) = p(x) +i— v(x). Meanwhile, since z; is an upper
bound for z A x;, we have v(x A ;) < i. Thus, v(x A z;) — p(x A x;) < v(z) — p(x) < k.

We proceed to prove the lemma. First, let us explain why L*) is a lattice. Notice Claim 1
already implies that L(*) is a sub-join semilattice of L. Then, since L*) is a finite join semilattice
with a f), it is a lattice (see, e.g., [Stal2, Proposition 3.3.1]).
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Next, let us explain why L(*) is graded. Let yp < y1 < 42 < -+ < ym € L be any chain.
We will show that we can extend this chain to a chain of length n. To that end, let L’ denote the
sublattice of L generated by {xo,...,Zn, Y0, -, Ym}. An important result of Stanley [Sta72,
Proposition 2.1] says that ' is a distributive lattice (in fact, this leads to an alternative character-
ization of supersolvable lattices). Since L' is distributive, every element in L’ can be written as
a join of elements of the form z; A y;. Hence, Claims 1 and 2 combine to imply that L' C L®),
Then, again since L' is distributive and hence graded, the chain yy < y; < yo < -+ < ¥, can
be extended in L’ (and thus in L(*)) to a maximal chain of length n. So indeed L* is graded,
and in fact each element in L(**) has the same rank as it does in L.

Next, we show that L(*) is semimodular. Let =,y € L*). As mentioned, the join of z and y
in L) is the same as its join in L. On the other hand, the meet of x and y in L*) can only
be lower than in L. So, the quantity p(x V y) + p(x A y) is smaller when computed in L*)
versus L. Thus, the inequality p(z) + p(y) = p(x Vy) + p(x Ay) remains true in L*), and L®*)
is semimodular.

Finally, we explain why L* is supersolvable, with the same maximal chain of modular
elements 1y < o1 < --- < x,. Lety € L and i € {0,1,...,n — 1}. Claims 1 and 2 imply
that z; Vy and ; Ay are the same in L) as they are in L, s0 p(x;) + p(y) = p(x; Vy)+ p(z; Ay)
remains true, and thus z; is modular in L*), O

3.2. Uniform sequences of geometric lattices

A sequence of finite posets Fy, Py, P, ... is a uniform sequence if (foreachn = 0,1,...):

* P, is n-graded;

* [a, 1p,] is isomorphic to P,_; for all atoms a € P,.

From now on in this section, Lg, L1, . .. is a uniform sequence of geometric lattices.
Uniform sequences also enjoy many remarkable enumerative properties, as first observed by
Dowling [Dow73a]. For 0 < j < i, define the numbers V' (i, j) and v(i, j) by

SV = F(lga) Y w(ija’™ =X (Liw).
j=0 J=0

These numbers V' (7, j) and v(i, j) are called the Whitney numbers of the second and first kind,
respectively, for our sequence of lattices L,,. By convention, we also set V (i, j) = v(7,j) := 0
for j > 1.

Theorem 3.7 (Dowling [Dow73a, Theorem 6]; see also [Stal2, Exercise 3.130]). The infinite,
lower unitriangular matrices [V (i, j)]o<i j<co and [v(%, j)]o<i j<co are inverses.

Example 3.8. Taking L,, = II,,,; gives a uniform sequence of geometric lattices. In this case,
we have V(i,j) = S(i+ 1,5 + 1) and v(i,j) = s(i + 1,7 + 1), the Stirling numbers of the
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second and first kind. Thus, the two infinite, lower unitriangular matrices in Theorem 3.7 are:

1000 - 1 0 o0 o0
110 0 - -1 1 0 0
(S, k) icnrcoo = |1 3 1 0 | and [s(n, k)icppcca=| 2 =3 1 0
1761 - -6 11 —6 1

It is a classical result that these matrices of Stirling numbers are inverses.

When the geometric lattices L,, in our uniform sequence are supersolvable, Theorems 3.2
and 3.7 combine to yield a very strong enumerative corollary, as we now explain. First, we need
a preparatory result about symmetric polynomials. Recall that the complete homogeneous and
elementary symmetric polynomials in variables 1, . .., x,, are, respectively, given by

hi(xq, ... x,) = g Tiy Tiy +* * Tiy s

1< <ia << <n.

er(zy, ..., x,) = E Tiy Tiy -+ Ty

1<in <ig < <ig<n

for k£ > 0. By convention, we let ho(z1,...,x,) = eo(x1,...,x,) = 1 and hg(zq,...,2,) =
ex(zy,...,x,) = 0fork <O0.

Proposition 3.9. Let A = [a; j|o<i j<oo and B = [b; j|o<i j<oo be the infinite, lower unitriangular
matrices with

i 5 = hi—j(fl, cee 7$j+1);
(

bi,j = —1)i_j€i,j(33’1, Ce ,l’i),
forall 0 < 1,j. Then A and B are inverses.

Proof. Define the matrix C' = [¢; j|o<i j<co Dy C = BA. Clearly, ¢,,,, = 0 form > n. And
for m < n,

n—m

Crm = Z(—l)iei(l’l, ey T i (T, o Ta1)-

i=0
If m = n, this certainly equals 1. So now suppose m < n. Then ¢, ,, is the coefficient of 2"~
in

<Z<_1)k€k($1, o ,xn)zk> (Z el wmﬂ)z}g) -Hoeo]l 1 —151%2’

k=0 i=1 i=1

which is 0 (since the right-hand side is a polynomial in z of degree n — m — 1). Therefore, C'is
the identity matrix, and A and B are inverses. O]
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We return to our uniform sequence of geometric lattices Ly, L1, . ... Set
a, = #{atoms s € L, } — #{atoms s € L,,_1},
forn=1,2,....

Corollary 3.10. Suppose that all the geometric lattices L,, in our uniform sequence are super-
solvable. Then their Whitney numbers of the second and first kind are

V(i,7) = hi—j(a1,...,a541);
U(l,]) = (_]‘>Z_]ei—j(a’17 s 7ai)7

for 0 < j <. Inparticular, x*(L,;x) = (1 — a12)(1 — agx) - - - (1 — a,x) for all n.

Proof. Fix n > 1. Our first goal is to show x*(L,;z) = (1 — a12)(1 — aszx) -+ (1 — a,x).
Solet0 = Tog<xTL <o << Ty = 1 be a maximal chain of modular elements in L,,. Consider
the modular coatom x,,_;. Because 1 is the join of the atoms in L,, (since L, is atomic), there
must be some atom s € L,, with s € x,,_1. This s is a complement of x,, 1, i.e., sV x, 1 = 1
and s A z,_1 = 0. Since z,_; is modular, there is thus a canonical isomorphism from [s, i]
to [0, z,_1] given by z — x A x,,_1 (see [Bir67, §4.2]). But, by assumption, s, i] is isomorphic
to L,_1, s0 [0, z,,_1] is isomorphic to L,,_; as well. Then by induction, each [0, ;] is isomorphic
to L;. Thus, #{atomss € L,: s < x;,8 € z;_1} = a;. So by Theorem 3.2, we indeed
have x*(L,;x) = (1 — a1x)(1 — agx) - - - (1 — a,x).

The previous paragraph tells us that v(i, j) = (—1)"7e;_;(a1, ..., a;) for all 7, j. We know
from Theorem 3.7 that the matrices [V (4, 7)] and [v(4, j)] are inverses. But we also know from
Proposition 3.9 that the inverse of the matrix [v(7,j)] is the matrix [h;_;(aq,...,a;+1)]. We
conclude V' (i,7) = hi—;(as,...,a;j41) forall 4, j. O

Example 3.11. Let us continue our running example with L,, = II,,.1. As we saw earlier, these
partition lattices are supersolvable and we have a,, = n in this case. So Corollary 3.10 tells us
that

S(n, k) =h,—r(1,2,....k); s(n, k) = (=1)"e, x(1,2,...,n—1).

These are classical formulas for the Stirling numbers.

3.3. Uniform sequences of supersolvable geometric lattices

Continue to fix a uniform sequence of geometric lattices Lg, L1, . ... Observe that, by induction,
the interval [z, i] C L, is isomorphic to L,_ ) for all z € L,. So, in a sense, L, is as close
to being upho as a finite graded lattice can be: the principal order filters for all elements of the
same rank are isomorphic. It is therefore reasonable to try to build an upho lattice by taking a
limit of the L,, in some way. This is indeed what we will do, but to do it correctly requires some
technical precision.

As we have already hinted, in order to take a limit of the L,, we will need to combine the
notion of uniformity with that of supersolvability. But we will also need to make sure that the way
our lattices are supersolvable is compatible with the way they form a uniform sequence. We saw
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in the proof of Corollary 3.10 that when the L,, are supersolvable there are many isomorphic
copies of L, sitting inside of L,: for each atom s € L, the “upper” interval [s, 1 L] is
isomorphic to L,,_1, and also for each modular coatom ¢ € L,, the “lower” interval [()Ln, t]
is isomorphic to L, ;. We will need to fix all of these isomorphisms and make sure they are
compatible with one another.

So, abusing terminology, by a uniform sequence of supersolvable geometric lattices we will
mean a uniform sequence of geometric lattices L, L1, . . . together with (foreachn = 0,1,...):

* an isomorphism 6;: [s, 1 L,] = Ly for each atom s € L,;
* an embedding (isomorphism onto its image) ¢,,: L, — L,11,
satisfying (foreachn = 0,1,...):
* (tn_1005)(x) = (0,,(5) © tn)(x) for each atom s € L, and all x € [s, 1y, ];
* the image of ¢,, is [6 Lni1s tn), where t,, € Ly, is a modular coatom.

The requirement that the image of ¢,, is [f) Lns1s tn) implies in particular that all the embeddings ¢,
are rank-preserving, i.e., p(t,(x)) = p(x) forall x € L,,.

Remark 3.12. Notice how in the definition of uniform sequence we required the “upper” in-
tervals [s, 17,] to be isomorphic to L,_; for all atoms s € L,, whereas here we only require
that there be some (modular) coatom ¢,,_; € L, for which the “lower” interval [0 Loy bn—1] 1S
isomorphic to L,,_;. This is a crucial distinction!

Example 3.13. Let us continue with the case L,, = II,,.1. We can upgrade this sequence to a
uniform sequence of supersolvable geometric lattices by defining embeddings ¢,, : 11,11 — 1L, 1o
and isomorphisms 6, [s, 1r,,,] — TI,, as follows. First of all, we set ¢,(7) :== 7 U {{n + 2}}
for all m € II,,, ;. Next, note that any atom s € II,, ., has a unique non-singleton block, of the
form {i, j} for1 < i < j < n+1. Letus denote this atom by s; ;. Thenform = {By, ..., B,,} €
(854, 1m,.,, ] we set O, () = Uj_ {f(k): k € B¢\ {j}}, where f(k)iskifk < jand k — 1
if £ > j. In other words, to obtain ¢, . () from 7, we delete j from whichever block it appears
in (necessarily together with 7) and then re-index by subtracting one from all numbers greater
than j. It is straightforward to verify that these ¢,, and 6, satisfy the requirements listed above.

From now on in this section, let us assume moreover that our sequence L, L1, . . . is auniform
sequence of supersolvable geometric lattices. So we now have embeddings ¢,,: L,, — L1,
and isomorphisms 6;: [s, 1 L,] — L,_; for each atom s € L,,. First of all, let us justify our
terminology by explaining how this additional structure indeed forces the L,, to be supersolvable
geometric lattices.

Proposition 3.14. Forn = 0,1, ..., the geometric lattice L, is supersolvable.

Proof. Let x; == 11 0---0;11(t;) € L, fori = 0,1,...,n — 1, where t,,, € Ly,11 is
the distinguished modular coatom for which the image of ¢, is [0z, 1> tm], and let z,, == 1.
Since the t,,, are modular, and the embeddings ¢, are rank-preserving, repeated application of
Proposition 3.1 shows that g < 21 < --- <z, € L, is indeed a maximal chain of modular

elements. L
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Henceforth, each supersolvable geometric lattice L,, comes together with the maximal chain
of modular elements z(y < r; < --- < x,, from the proof of Proposition 3.14. This lets us, for
instance, speak of v: L, — N and Lff), as defined in Section 3.1. Notice that in addition to
preserving rank, the embeddings ¢,, preserve the v statistic, i.e., v(t,(x)) = v(x) forall z € L,,.
Therefore, the embeddings ¢,, restrict to embeddings ¢,, : LY - Lgﬁl forany £ > 1.

3.4. Limits of uniform sequences of supersolvable geometric lattices

Continue to fix a uniform sequence of supersolvable geometric lattices Lo, L1, .... We will
now take the limit of this sequence, which we will denote by L.. Since we have distinguished
embeddings ¢,,: L,, — L1, it makes sense to define L, = UZO:1 L,.

More precisely, we define L, = 1ii>n Ly, the direct limit of the directed system formed by
the L,, together with the ¢,,. That is, we let L, = |_|Z°:1 L,/ ~, the disjoint union of all the
finite lattices L,, modulo the equivalence relation ~ generated by = ~ ¢, () for all x € L,, and
alln = 0,1,.. .. Denoting the equivalence class of an element z € | |~ | L,, by [x], the partial
order on L, is [z] < [y] if 2/ < ' in some L,, for some 2’ € [z],y € [y].

Because the L,, are graded and the embeddings ¢,, are rank-preserving, their limit £, is N-
graded. Similarly, since each L,, is a lattice, their limit £ is a lattice. And the uniformity of the
sequence L,, can be used to show that every principal order filter in £, is isomorphic to L.
But L, is not finite type N-graded: for instance, it has infinitely many atoms. To summarize,
the limit poset L. is an upho lattice, except for the fact that it is not finite type N-graded.

To resolve this final wrinkle, we need to make a “thinner” poset out of the “wide”
poset L. This is where the trimming procedure described in Section 3.1 comes into play. So,
definev: Lo, - Nby v([z]) = min{n: 2’ € L, for some 2’ € [z|} forall [z] € L. And then
for any positive integer £ > 1, define

L = {[a] € Loo: v([a]) = p([z]) < k}.

Since p([z]) = p(z) and v([z]) = v(z) for any [z] € L., we equivalently have

that £%) = U, LY, the direct limit of the trimmed finite lattices L\’ with respect to the
embeddings ¢, : L - L,(ﬂl. Yet another way to think of L% is that it consists of all the ele-

ments of rank n — k + 1 in each L,,, forn > k — 1. It is this £ which is a proper (i.e., finite
type N-graded) upho lattice.

Example 3.15. We continue with the example of L,, = II,,.1. Then £, consists of all partitions
of the set {1,2,...} for which all but finitely many blocks are singletons, partially ordered by
refinement. This poset £ is N-graded: we have p(m) = >, (#B — 1). But L, is not finite
type N-graded. Meanwhile, L% can be viewed as the collection of all partitions of a set of
the form [n] = {1,2,...,n} (for some n > k) into k blocks. The partitions in LY are not all
partitions of the same set, but the partial order can be described in the same way: for 7, 7’ € Egé),
we have m < 7’ if for every B € 7 there exists a B’ € 7’ with B C B’. And now Egé) is finite
type N-graded: we have p(7) = n — k if 7 is a partition of [n], so there are only finitely many
elements of each rank. Figure 1.1 depicts £ for this example.
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The following theorem is the main result of this section. (In the introduction, it was stated,
less precisely, as Theorem 1.3.)

Theorem 3.16. Forany k > 1, £ is an upho lattice whose core is Ly.

Proof. Let us first explain why £¥ is a finite type N-graded lattice. As mentioned above,
k)

£ = U, LY. We know from Lemma 3.5 that the L' are graded posets, and the embed-
dings ¢,, are rank-preserving, so the limit £ isN -graded. Similarly, we know from Lemma 3.5
that the L,(f) are lattices, so the limit ,cé’:;) is a lattice as well. Finally, as mentioned, for eachn >
k — 1, the elements of rank n — k + 1 in £¥ are precisely [z] for = € L,
with p(z) = n — k + 1. Hence, there are only finitely many elements of each rank in £,
ie., £ is finite type N-graded.

Next, let us explain why EQZ) is upho. Actually, it is convenient to first work with £.,. We
will show that every principal order filter in £, is isomorphic to L. It clearly suffices to do
this for principal order filters V};; C L., corresponding to atoms [s] € L. So let [s|] € L be
an atom. Recall the distinguished modular coatoms ¢,, € L, for which ¢, (L) = [0 Litstnl-
Let ng := v([s]) and notice that ny is also the smallest nq for which [s] < [t,,]. We will define a
series of isomorphisms 7,,: [[s], [tn]] — [0, [tn—1]], for n > ng, with isomorphism n: Vg — Lo
then obtained as the limit of 7,,.

To define 7,, assume we have chosen the representative s of the equivalence class [s] so
that s € L,. Then the elements of [[s], [t,]] are [z] for # € [s,1.,]. By supposition, we have
an isomorphism 0, : [s, 1 ] — L,_;. But also, the elements of [0, [t,_,]] are [z] for z € L,_;.
The isomorphism 7,,: [[s], [ta]] — [0, [tn_1]] is thus defined by composing 6, with the identi-
fications of [[s], [t,]] and [s, 1, ], and of L,_; and [0, [t,_,]]. Crucially, the compatibility re-
quirement ¢,,_; o 0, = 0, () o ,, implies that the restriction of 7,1, to the domain of 7, agrees
with 7,,.

So we get a sequence of isomorphisms 7,, : [[s], [ta]] = [0, [tn_1]], for n > ng, which have the
property that the restriction of 7,, to the domain of 7,, agrees with 7,, for all m < n. Moreover,
each [z] € Vg (respectively, [z] € L) belongs to [[s], [t.]] (resp., [0, [t,—1]]) for sufficiently
large n. It therefore makes sense to define the isomorphism 7: Vi — L by n == Uzozno Mo
i.e., n([z]) = n,([z]) if [x] belongs to the domain of 7,.

Now we return to £%). We want to show that every principal order filter in £% is isomor-
phic to ,CQZ), and again it is sufficient to only consider the principal order filters for atoms. So
let [s] € £¥ be an atom, and consider the corresponding principal order filter, which for clarity

we denote by V[SC) C L%, We claim that the isomorphism 7: Vi) — L. above restricts to an
isomorphism 7: V[g]k) — 52’?. To see this, observe that, for each n > k£ — 1, the elements of

rank n — k + 1in V[if) are the elements of rank n — k + 1 in [[s], [t,+1]]. By construction, 7,11

maps these elements to the elements of rank n—k+11n [0, [¢,,]], which are precisely the elements
ofrank n — k + 1in £, So indeed, 7 restricts to an isomorphism 7: V[g]k) — LW

Finally, to see why the core of LY is Ly, notice that the atoms of LY are [s] for atoms s € L.
Joins in £ are joins of the representative elements in the L,, so the join of the atoms of ¥

~

is [tx], and its core is [0, [t;]], i.e., a copy of L. O
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Corollary 3.17. For any k > 1, we have
1
(1—a1x)(1 —agx)--- (1 —apx)

Proof. We know that x*(L;z) = (1 — ayz)(1 — agz) - - - (1 — agx) (see Corollary 3.10). The
corollary then follows from Theorem 3.16 and Corollary 2.12. [

F(LY);x) =

Remark 3.18. 1 thank David Speyer and Gjergji Zaimi for explaining the following to me in
answers to a question I posted to MathOverflow [Hop22a]. Suppose that A = [a;;]o<i j<oo
and B = [b;j]o<i j<co are two infinite, lower unitriangular matrices satisfying:

e A and B are inverses;

o) k+1 -1
* Z Qi k g h = <Z bit1 kot 1—i mz) forall k£ > 0.
i=0

i=k
Let a; := agr—1 — ar—1,—2 for all k& > 1 (where by convention ay __; := 0). Then the entries
of A and B are determined by this sequence aq, as, . . .. Specifically, we must have that

aij = hi—j(ay, ..., a41);

b@j = (—1)i_j€i,]’(a1, Ce ,ai).

Because of this, we could alternatively have deduced Corollary 3.17 by combining Theorem 3.16
and Corollary 2.12 with Dowling’s Theorem 3.7, without any appeal to Stanley’s Theorem 3.2.

3.5. Examples of uniform sequences of supersolvable geometric lattices

The construction presented above in this section would not be interesting if there were not any in-
teresting examples of uniform sequences of supersolvable geometric lattices. Fortunately, there
are many interesting examples. We now review all examples that we know of.

3.5.1 Boolean lattices

Let L,, = B,, be the sequence of Boolean lattices.

We define the auxiliary data ¢,: B,, — B,4+1 and 6;: [s, 1 B,| — Bn_1 as follows. First,
the embedding ¢,, comes from the inclusion of sets [n] C [n + 1]. That is, we set ¢, (S) = S
for all S € B,. Next, note that any atom in B,, has the form {i} for 1 < i < n. So we
set 0y (S) = {f(j): j € S\ {i}} forall S € [{i},15,], where f(j)isjif j < iandj—1
if j > 4. In other words, to obtain 0;(S) from S, we delete ¢ and then re-index by subtracting
one from all numbers greater than .

It is straightforward to verify that this gives a uniform sequence of supersolvable geometric
lattices. Here a,, = 1 for all n, and V (4, j) = (;) and v(i, j) = (—1)"77(").

J
Let us use the notation B, := L., and Bélé) = Lgﬁ;) for this sequence L,, = B,,. Then, B,

is the poset of finite subsets of {1, 2, ...}, ordered by inclusion. And for any k > 1,

B¥ = {finite S C {1,2,...}: max(S) < #S + k},
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ordered by inclusion. Equivalently, B = {finite S C {1,2,...}: S C [#S + k — 1]}. Since
the core of this upho lattice BY is B, we have F(Bc(fé); r)=1/(1—-2)"

Although the core of B is By, we note that BY is not isomorphic to N¥ (for any k£ > 2).
Indeed, the element {1,2,...,n} in Bgé) covers n elements. But in N, each element covers at
most k elements. This gives the simplest example showing that an upho lattice is not determined
by its core.

3.5.2 Subspace lattices

Now fix a prime power ¢, and let L,, = B,,(¢q) be the sequence of subspace lattices over F,. In
order to define the various maps between the B,,(q), it will be necessary to concretely represent
elements of the vector spaces . Thus, let each ;' come with a distinguished basis {e;, .. . , €, }.
This gives a canonical inclusion Fj C ]FZ“. It also means that each subspace U € B,,(q) can be
represented uniquely by the matrix in reduced column echelon form whose column space is U.
Similarly, elements g € GL(IF};) of the general linear group of I} can also now be represented
by matrices. These matrix representations are useful because we can order matrices lexically,
by reading them row-by-row.

We define the auxiliary data ¢,,: B,,(¢) — Bn41(q) and 6;: |s, 1 Bu(q)] = Bn-1(q) as follows.
First, ¢, comes from the inclusion of vector spaces Fy C IF;L“. That is, to get the represent-
ing matrix of ¢, (U) from that of U € B, (q), we append a row of zeros. Next, noting that any
atom (1-dimensional subspace) S € B,,(q) has several complementary (n— 1)-dimensional sub-
spaces, we choose the complement 7" € B,,(q) of S whose representing matrix is first in lexical
order. Similarly, there are several g € GL(Fy) with g - T' = Span{e, ..., e, 1}, so we choose
the g whose representing matrix is first in lexical order. Then, set 05(U) = ¢, (¢(T N U))
forU € [S, iBn(q)]‘

It is again a straightforward check that we get a uniform sequence of supersolvable geometric

. n .o i .o i—i (Y29) i
lattices. Here a,, = ¢", V (i, j) = mq and v(i, j) = (—1)i-9¢(" )[j]q'

We use notation B, (q) = L., and Bgé)(q) = L% for this sequence L, = B,(q). Let Fe
denote the (infinite-dimensional) F -vector space with basis {ej, es,...}. Then, B, (q) is the
poset of finite-dimensional subspaces of [F;°, ordered by inclusion. And

B¥) (q) = {finite-dimensional U C Foe: U C Span({e, €2, . ., €dim@)+k-1}) }

o0

for any k£ > 1. We have F(Bgf))(q); ) =1/((1 —2)(1 —qz)--- (1 — ¢"'z)), since the core
of BY (q) is Bi(q). Evidently, Bég)(q) is a g-analogue of BY.

3.5.3 Partition lattices

The partition lattices were our running example above, but for completeness we repeat everything
here. It is well-known that the partition lattices II,, are supersolvable geometric lattices, and
taking L,, = II,,; gives a uniform sequence. The appropriate auxiliary data ¢, and 6, were
defined in Example 3.13. As a reminder, ¢,,: 11,11 — 1,15 is given by ¢,,(7) = 7 U{{n + 2}}.
Here a,, = n,and V(i,7) = S(i + 1,5+ 1) and v(i, j) = s(i + 1, j + 1), the Stirling numbers
of the second and first kind.
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Let us use the notation [[ = L. and Hg;) = L% for this sequence L, = Il, ;.
Then, [[_ is the poset of all partitions of the set {1,2,...} for which all but finitely many
blocks are singletons, ordered by refinement. And for any £ > 1, ng) can be identified with
the collection of partitions of [n] into & blocks, for some n > k. The partial order on ng) is
still refinement in the sense that for 7,7’ € ng) we have 7 < «’ if for every B € 7 there
exists B € 7 with B C B’. We have F([]";2) = 1/((1 —2)(1 —2z) - - - (1 — kx)), since the

core of ng) is IT; ;. As mentioned above, Figure 1.1 depicts Hg)

3.5.4 Type B partition lattices

We now describe a Type B variant of the previous example. For an integer ¢ € Z, let us use
the shorthand i = —i, and for a subset of integers S CZ,1letS = {5: i€ S}t Forn>1,a

partition 7 of the set [n] U [n] is called a Type B partition if:

« for every block B € , we also have B € T;

« there is at most one block B € 7 (called the zero block) with B = B.

The Type B partition lattice 115 is the poset of Type B partitions of [n] U [n], ordered by refine-
ment.

It is well-known that I12 is a geometric lattice. In fact, just as IT,,, ; is the lattice of flats of the
Coxeter arrangement of Type A,,, ITZ is the lattice of flats of the Coxeter arrangement of Type B,,
(see [Zas81,Rei97, Sta07]). Moreover, it is known that Hf is supersolvable, and taking L,, = Hff
gives a uniform sequence. (This also follows from a more general result of Dowling [Dow73a]
discussed below.) Note that the rank function on I12 is given by p(7) = n — k if 7 has 2k
non-zero blocks.

We define ¢,,: 11Z — TIZ, | and 0,: [s, 1] — 15, for this sequence as follows. First, we
set tp(m) = 7 U {{n + 1},{n+1}} for all 7 € 115, Next, consider an atom s € IT1Z. The
atom s could have a single non-singleton block of the form {4, Z} for 1 < 7 < n; denote this
kind of atom by s;. Or, the atom s could have two non-singleton blocks of the form {4, j}, {i, j}
(respectively, {i, j}, {z,7}) for 1 < i < j < n; denote this kind of atom by s;; (resp., s,7). In
order to not get bogged down by notation, let us describe how to obtain 64(7) from 7 in words
only. In the case where s = s;, we obtain () from 7 by deleting i and i from 7, and re-
indexing by decreasing by one the absolute value of numbers greater in absolute value than .
In the case where s = s; ; or s, 5, we obtain ¢,(7) from 7 by deleting j and j from 7, and re-
indexing by decreasing by one the absolute value of numbers greater in absolute value than j.
These are slight variations of the maps we used for the Type A partition lattices, and it is again
a straightforward, albeit tedious, check that they satisfy the requirements.

For this sequence, a,, = 2n—1,and V' (i, j) = Sp(i,j) andv(i, j) = sg(i, j), where Sg(n, k)
and sp(n, k) are the Type B Stirling numbers of the second and first kind. These Type B Stirling
numbers are defined by

Sp(n, k) = h,_(1,3,...,2k + 1); sp(n, k) = (—1)"Fe,_1(1,3,...,2n —1).

(See the recent paper [SS24] for more about the Type B Stirling numbers.) In particular, we have
that x*(I12;2) = (1 — 2)(1 — 3x) - - (1 — (2n — 1)x).
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We use the notation HOBO = L and Hi’(k) = L for this sequence L, = 13, Let us
call a partition of the set Z \ {0} a Type B partition if it satisfies the same two conditions in
the bulleted list above. Then [] is the poset of all Type B partitions of Z \ {0} where all
but finitely many blocks are singletons, ordered by refinement. And for any £ > 1, we can
view HOBO’(’“) as the collection of Type B partitions of a set of the form [n] U [n] (for n > k — 1)
which have 2(k — 1) non-zero blocks. The partial order on Hi’(k)
that for m, 7’ € Hi’(k) we have m < 7’ if for every B € 7 there exists B’ € n’ with B C B’. We
have F(Hi’(k); z)=1/((1 —2)(1 —3x)--- (1 — (2k — 1)z)), since the core of HoBo’(k) is I17.

is still refinement in the sense

3.5.5 Dowling lattices

The most sophisticated example of a uniform sequence of supersolvable geometric lattices is due
to Dowling [Dow73b, Dow73a]. The Dowling lattice ),,(G) depends on the choice of a finite
group GG. Choosing G to be the trivial group gives @),,(G) = Il,,;1, and choosing G = Z /27
gives ,(G) = TIZ. In this way, the Dowling lattices recover the previous two examples as
special cases. Dowling first defined @,,(G) in [Dow73b] for G the multiplicative group of a
finite field, and then in [Dow73a] for any finite group G. See also [DRS72, §5.3] for a graphical
description of Q,,(G).

We now review the construction of Dowling lattices. Thus, fix a finite group G, say with m
elements. The construction of @,,(G) requires several technical definitions.

A partial partition of a set X is a collection 7 = {Bjy,..., By} of nonempty subsets
of X (& C By,...,B; € X) that are pairwise disjoint (B; N B; = @ for ¢ # j). In other
words, a partial partition of X is a partition of a subset of X. Note that we allow £ = 0,
i.e., the partition with no blocks. There is a canonical bijection between the partial partitions
of [n] and the (usual) partitions of [n + 1] which takes the partial partition 7 = { B, ..., By}
tor =7mU{[n+1]\ U, B}

A G-labeled setis amap a: A — G from a set A to G. We also denote such a G-labeled set
by the pair (o, A). We say that two G-labeled sets («, A) and (3, B) are equivalent if A = B
and there is ¢ € G such that a(z) = ¢ - f(x) for all x € A. We denote the equivalence class
of (v, A) by [a, A].

A partial G-partition of a set X is a collection o = {[ay, A1], [a2, A2, ..., [ok, Ag]} of
equivalence classes of G-labeled sets for which the underlying sets { A1, ..., Ay} form a partial
partition of X . We continue to refer to the A; as the blocks of a.

We can now define Q,,(G). The elements of Q,,(G) are all partial G-partitions of [n]. The
order is: for partial G-partitions a = {[ay, A4],. .., [ax, Ak]} and 5 = {[B1, B1], - .., [Be, Bel}s
we have a < S if

* each block B; in $is aunion B; = A;, U---U A; of blocks A;,,..., A; ina

e for any block A; in o with A; C B, for some block B; in 3, we have that the restric-
tion f3; |4,: A; — G of the G-labeled set 5;: B; — G to A; is equivalent to the G-labeled
seta;: A; — G
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For instance, the maximum element of ),,(G) is the partial G-partition o« = & with no blocks.
And the minimum element of Q),,(G) is a = {[*, {1}], [*,{2}], ..., [*, {n}]}, where * denotes
the map to GG which is constantly equal to the identity e € G.

Dowling [Dow73a] proved that (,,(G) is a supersolvable geometric lattice of rank n, and
that taking L,, = Q),,(G) gives a uniform sequence (see also [Stal2, Exercise 3.131]). Note that
the rank function on Q),,(G) is given by p(«) = n — k if a has k blocks.

We define t,: Q,(G) — Qni1(G) and 0;: [s,1g, ()] — Qn_1(G) for this sequence as
follows. First, we set ¢,,(a) := aU{[*,{n+ 1}]} forall @ € Q,(G). Next, let s € Q,,(G) be an
atom. This atom s could have all singleton blocks, being s = {[*, {1}],...,[*,{n}}\ {[*, ]}
for some 1 < 7 < n; denote such an atom by s;. Or, the s could have a single non-singleton
block of the form {3, j} for some 1 < i < j < n; denote such an atom by s; ;.> We describe how
to obtain () from « in words. In the case where s = s;, to obtain 0s(«) from « we re-index
by subtracting one from all numbers greater than i. In the case where s = s, ;, to obtain ()
from o we delete j and re-index by subtracting one from all numbers greater than 5. It is again
a straightforward, albeit tedious, check that these satisfy the requirements.

For this sequence we have a,, = 1 + (n — 1)m, and hence

V(i,7) =hi—j(L,1+m,14+2m,..., 1+ jm);
v(i,j) = (=1)" e, j(1,14+m,1+2m,..., 1+ (i — 1)m).

In particular, x*(Q,(G);z) = (1 —2)(1 — (1 +m)x)--- (1 — (1 4+ (n — 1)m)z).

Let us use Q(G) = L and Q(()]Z)(G) = L% for this sequence L, = Q.(G). Then,
Qo (G) is the poset of partial G-partitions o = {[ov1, A1), a2, As], ...} of the set {1,2,...} for
which:

* all but finitely many blocks Ay, A, ... are singletons;
e the union A; U Ay U - - - is cofinite, i.e., {1,2,...} \ U2, A; is finite.

The partial order o < (8 for such partial G-partitions is exactly as described above.

Unfortunately, the best description of Qc(fé)(G) we have is slightly ugly. For £ > 1,
we can represent the elements of Qc(fé)(G) by pairs (a,n) where n € N is a nonnegative in-
teger and «v is a partial G-partition of [n] into & — 1 blocks. The partial order is («,7) < (3, j)
ifi < jand aU{[*{i+ 1}],...,[%,{j}|} < S according to the partial order on partial
G-partitions described above. Alternatively, we can say that («,i) < (f,7) if i < j
and o < f’, where (' is the result of deleting ¢ + 1,...,j from S. Finally, we have
that F(QW(G):x) = 1/(1 — )(1 — (1 + m)x)--- (1 — (1 + (k — 1)m)z)), since the core
of O¥(@) is Qu(G).

%In this notation, we suppress the choice of the G-labelling, but the G-labelling is irrelevant.
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4. Upho lattices from monoids

In this section we explore an algebraic source of upho lattices: monoids. Already Gao—Guo-—
Seetharaman—Seidel [GGSS22, §5] observed that cancellative monoids yield upho posets. (In
fact, the connection between enumeration in monoids, especially cancellative monoids, and
Mobius function values appeared much earlier in the work of Cartier and Foata [CF69] on free
partially commutative monoids.) But to get an upho lattice in this way requires a very special
kind of monoid. The most significant source of monoids with the lattice property are the Garside
monoids [DP99, DDG™ 15], whose theory and main examples we review below.

4.1. Monoid basics

Here we quickly review the monoid terminology and notation we will need in what follows. We
mostly follow the terminology in [DP99]. Recall that a monoid M = (M, -) is a set M equipped
with an associative binary product - that has an identity element 1 € M. We often suppress the
product symbol - when it is clear from context.

For any set .S, the free monoid on S is the set of (finite length) words over the alphabet .S,
with the product being the concatenation of words. The identity of the free monoid on S is the
empty word.

A presentation of a monoid M is a way of writing the monoid M = (S | R) as the quotient
of the free monoid on some set .S by the relations (of the form w = w’, where w and w' are
words in the free monoid on S) in some set R. More precisely, the elements of (S | R) are
equivalence classes of words in the free monoid on S under the equivalence relation generated
by zwy ~ xw'y for all relations w = w' in R and all words x,y. M is finitely generated
if it has a presentation M = (S | R) with S finite. This is not standard terminology, but
let us say that M is homogeneously finitely generated if it has a presentation M = (S | R)
with S finite and with all the relations in R homogeneous. Here we say that a relation w = w’
is homogeneous if {(w) = ¢(w’), where ¢(w) is the length of the word w. (Equivalently, the
finitely generated monoid M = (S | R) is homogeneously finitely generated if there is a monoid
homomorphism ¢: M — N with ¢(s) = 1 for each generator s € S.) For a homogeneously
finitely generated monoid M, the length {(x) of any element z € M is well-defined as the length
of any expression for x as a word in the generators.

Now let M be a monoid. A non-identity element @ € M \ {1} is an atom if it cannot be
written as a nontrivial product, i.e., @ = bc implies b = 1 or ¢ = 1. The monoid M is atomic
if it is generated by its atoms. It is bounded atomic if it is atomic and for each « € M there is
a finite upper bound for the length of an expression for x as a product of atoms. Note that in an
atomic monoid, the sets which generate the monoid are precisely the sets containing the atoms;
hence, if the atomic monoid is finitely generated, then it has finitely many atoms. Also note that
a homogeneously finitely generated monoid is bounded atomic.

For two elements a,b € M, we say that a is a left divisor of b, and b is a right multiple
of a, if ax = b for some x € M. We use <, for the preorder of left divisibility on M: a < b
means that a is a left divisor of 0. Of course, we also have the dual notions of right divisor
and left multiple, and the right divisibility preorder <p. We will mostly be interested in the left
order <;.
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In the situation we are interested in, the divisibility preorders will actually be partial orders.
Specifically, if M is bounded atomic then <; and <y are partial orders. Moreover, in this sit-
uation, the atoms of (M, <), and of (M, <g), in the poset-theoretic sense are the same as the
atoms of M in the monoid-theoretic sense. (But the atomic property of a monoid is unrelated
to the atomic property of a lattice; we apologize for this conflict in terminology, which unfortu-
nately is standard.)

In fact, if M is finitely generated, then it is bounded atomic if and only if <, is a partial order
and each y € M has only finitely many z € M with x <, y: see [DP99, Proposition 2.3]. We
can similarly see that M is homogeneously finitely generated if and only if (M, <;) is a finite
type N-graded poset. In this case, the rank of an element x € M is the same as its length ¢(x).

We say that M is left cancellative if for all a, b, c € M, whenever ab = ac then we have b = c.
Of course, there is also the dual notion of right cancellative. The monoid is cancellative if it
is both left cancellative and right cancellative. We will mostly be interested in left cancellative
monoids.

4.2. Upho posets from cancellative monoids

We get upho lattices from monoids in the following way.

Lemma 4.1 (cf. [GGSS22, Lemma 5.1] and [FPZ25]). Let M be a homogeneously finitely gen-
erated monoid. If M is left cancellative, then L = (M, <y) is an upho poset. If additionally
every pair of elements in M have a least (with respect to <) common right multiple, then L is
an upho lattice.

Note that Lemma 4.1 was stated as Lemma 1.4 in the introduction.

Proof of Lemma 4.1. As we said, if M is homogeneously finitely generated then £ := (M, <)
is a finite type N-graded poset.

So now let us show that if M is left cancellative, then £ is upho. The proof is given
in [GGSS22, Proof of Lemma 5.1], but it is simple so we repeat it here. Let x € M. We
want to construct an isomorphism ¢: V, — £ where V,, C L is the principal order filter of £
generated by x. Every y € V, has the form y = zz for some z € M; we then set p(y) = =z.
This map is well-defined precisely because M is left cancellative: if y = z2z and y = xw, then
we must have w = z. Once we know that ¢ is well-defined, it is easy to see that it and its in-
verse (which is multiplication on the left by x) respect left divisibility, so that it gives a poset
isomorphism.

Finally, let us show that if least common right multiples of pairs of elements in M exist
then L is a lattice. The idea is the same as we have seen before: the fact that joins exist also
implies meets exist. In more detail, let x,y € L be any two elements. By assumption, their
join z V y exists. The interval [@, x V y| is a finite join semilattice with a 0, so, as we have seen,
it is a lattice (see, e.g., [Stal2, Proposition 3.3.1]). Hence the meet x A y exists, and so L is a
lattice. 0

In the remainder of this section we will use Lemma 4.1 to construct upho lattices. We note
that the upho lattices we obtain in this section via Lemma 4.1 are quite different from the ones
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Figure 4.1: The monoid M = (a,b | ba = aa) from the case r = 2 of Theorem 4.2, an upho
lattice with core M.

we saw in the Section 3. For instance, whereas all the characteristic polynomials in Section 3
factored into linear factors over the integers, that will not be the case for the lattices in this
section.

4.2.1 A monoid for rank two cores

To produce sophisticated examples of monoids satisfying the conditions of Lemma 4.1 will re-
quire some deeper theory. But there are a few examples we can produce by hand.

For each r > 1, there is a unique finite graded lattice of rank two that has exactly r atoms.
This lattice is conventionally denoted M,., and we will follow that convention. But please do
not confuse the letter M in M, for monoid; it stands rather for “modular.” We can show that
each M, for r > 2, is a core of some upho lattice by constructing an appropriate monoid.

Theorem 4.2. Let r > 2 and let M = (xy,...,x, | x;xy = 22 foralli = 2,...,7).> Then M
satisfies the conditions of Lemma 4.1, so that L = (M,<y) is an upho lattice. Its core
is L= M,. We have F(L;xz)™' = x*(L;x) =1 —rz + (r — 1)2%

Note that Theorem 4.2 says all rank two finite graded lattices (with at least two atoms) are
cores. In Section 5 we will see that not all rank three lattices are cores.

Example 4.3. The monoid M from the case » = 2 of Theorem 4.2 is depicted in Figure 4.1.
For ease of display, we have written ¢ = x; and b = x5 in this figure.

Remark 4.4. Notice that the upho lattice in Example 4.3 is isomorphic to the lattice denoted BY
in Section 3.5.1. In fact, for any r > 2, the upho lattice from Theorem 4.2 is isomorphic to the
lattice denoted £ in Section 3.4, when Ly, Ly, ... is any uniform sequence of supersolvable
geometric lattices with Lo = M,. (Such sequences always exist: for r = 2 we can take the
sequence of Boolean lattices, as already discussed; and for » > 3 we can let G’ be a group
with » — 2 elements and consider the associated Dowling lattices from Section 3.5.5.) So, for
example, the upho lattice from the case » = 3 will be isomorphic to the lattice in Figure 1.1.

31 thank Benjamin Steinberg for clarifying what the simplest presentation of this monoid is.
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Remark 4.5. We will study the different ways of realizing the rank two lattices ), as cores in
much more detail in [HL25]. There we will show that there are many further monoids which
give us many different upho lattices with core M,..

In fact, we can slightly generalize the construction from Theorem 4.2, as follows.

Theorem 4.6. Letn,r > 2. Let M = (x1,...,x, | za7t = 2 fori =2,...,7). Then M sat-
isfies the conditions of Lemma 4.1, so that L = (M,<y) is an upho lattice. Its core
is L={0y@®r-[n—1]® {1}, i.e., the result of appending a minimum and a maximum to the
disjoint union of r (n— 1)-element chains. We have F(L;x)™' = x*(L;z) = 1—rz+(r—1)a™

The case n = 2 of Theorem 4.6 is Theorem 4.2.

Proof of Theorem 4.6. The first thing to notice is that elements of M have a normal form which
is easy to describe. Namely, any v € M can be written, in a unique way, in the form v = vw
where v = 27" for m > 0, and w is any word in the z; which does not start with an z; and does
not have m’f’l as a (consecutive) subword. Indeed, to convert a word in the z; to this normal
form, find the last occurrence of 2}~ * as a subword in this word, and repeatedly use the defining
relations to make all preceding letters equal to z;.

With this normal form in hand, it is straightforward to show that M is left cancellative. We
wish to show that whenever we have a,b,c € M with b # ¢ we must have ab # ac. By
considering a counterexample which has a of minimal length, it is enough to consider the case
that a is one of the generators ;. Further, we can assume that b and c are written in the normal
form. Then, if i = 1, z1b and x; c will be written in normal form, and hence evidently x1b # x;c.
On the other hand, if ¢ > 2, the normal form of ;b might be z1b, and likewise the normal formal
of x;c might be z¢, but from the fact that b # c it is still clear that z;b # z;c.

Now that we have shown M/ is left cancellative, it follows from Lemma 4.1 that £ = (M, <)
is a (finite type N-graded) upho poset. What remains to show is that £ is a lattice. As explained in
Lemma 4.1, we only need to show that joins exist. So let u, v € £ be any two elements. Our goal
is to show that their join © Vv exists, so we can assume that v and v are incomparable. Notice that
the only elements in £ which cover more than one element are x7* for m > n. Moreover, these
elements are totally ordered. Hence, if © and v have an upper bound in £, they will have a least
upper bound (which will be z7* for some m > n). So we only need to show that v and v do have
an upper bound. But this is also easy to see. Say the length of u is £(u) = m; and the length of v
is £(v) = ms and suppose m; > ms by symmetry. Then uz’} ™' = 27~ 1™ = g1 T0m=m2)
will be an upper bound for u and v.

That the core of Lis L = {0} @ r - [n — 1] @ {1} is clear, since 27 will be the join of the
atoms z1, . .., x,. That F(L;z)~! = x*(L; z) is then of course a consequence of Corollary 2.12,
and that F'(L;z) ™' = x*(L;z) = 1—rz+(r—1)z"™ is also straightforward. So we are done. [

4.3. Garside monoids and Coxeter groups

As mentioned, to produce more sophisticated examples of monoids satisfying the conditions of
Lemma 4.1 we need to employ the theory of Garside monoids. In our discussion of this theory,
we generally follow the terminology of [DP99, DDG™ 15]. Let us review this terminology now.
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A bounded atomic, finitely generated monoid is called right Gaussian if it is left cancellative
and every pair of elements have a least (with respect to <;) common right multiple. Dually, it
is called left Gaussian if it is right cancellative and every pair of elements have a least (with
respect to <p) common left multiple. It is called a Gaussian monoid if it is both left and right
Gaussian.

A Gaussian monoid M is called a Garside monoid if there exists a A € M for which the
set of left divisors of A equals the set of right divisors of A, and for which this set is finite and
generates M. This A is called a Garside element for M. In general, a Garside monoid will have
multiple Garside elements, but it will have a unique minimal (with respect to either <, or <g)
one. We assume from now on that A is always chosen to be minimal. This minimal Garside
element A is the join (with respect to either <, or <p) of the atoms of the Garside monoid M.
The (left or right) divisors of A are called the simple elements of M. Notice that by definition
there are finitely many simple elements.

If G is a group and M is a monoid, we say G is a group of (left) fractions of M if there is a
monoid embedding M C G for which every element of G has the form h =g withh, g € M C G.
A group G is called a Garside group if it is the group of fractions of a Garside monoid M.

For a monoid M belonging to any of the above classes (i.e., left/right Gaussian, Gaussian,
or Garside), let us say that M is homogeneous if it is homogeneously finitely generated.

Evidently, the monoids satisfying the conditions of Lemma 4.1 are exactly the homogeneous
right Gaussian monoids. Thus, we could restrict our attention to those. However, the important
examples of monoids coming from finite Coxeter groups are in fact Garside monoids, so we
will work with Garside monoids. The class of Garside monoids was introduced because these
monoid, and especially their associated Garside groups, enjoy good algorithmic properties, like
a solvable word problem. But these algorithmic properties will not concern us here. The point
for us is the following, which follows immediately from Lemma 4.1 and the definitions we just
went over.

Lemma 4.7. Let M be a homogeneous Garside monoid. Then L = (M, <y,) is an upho lattice
whose core is its lattice of simple elements.

In Lemma 4.7, by “lattice of simple elements,” we mean the set of simple elements of M
under the partial order <, which will form a finite graded lattice.

Our next objective is to review the most important examples of Garside monoids, which come
from finite Coxeter groups. Accordingly, we very briefly review the theory of finite Coxeter
groups. See [Hum90, BBOS5] for textbook accounts. Since we will work with both groups and
monoids, we will be careful to distinguish when a presentation is a group presentation versus a
monoid presentation.

A Coxeter system (W, S) is a group W together with a set S = {s1,...,s,} C W of gen-
erators for which W = (S | s7 = 1foralli,(s;s;)™ = 1foralli < j) for certain integer
parameters m; ; > 2.* The number r of generators in S is called the rank of the Coxeter system.
We say the Coxeter system (W, .5) is finite if the group W is finite.

“Often m; ; = oo is allowed as well, but since we are exclusively interested in finite Coxeter systems this
technicality will not concern us.
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Let (W, S) be a Coxeter system. The group W is called a Coxeter group, and the set of
generators S is called the set of simple reflections. If g, h € GG are two elements of a group G we
denote the conjugation of g by h as g" :== h™'gh. The set T := {s¥: s € S,w € W} C W of
W -conjugates of S is called the set of reflections of the Coxeter system (W, S). The terminology
of “simple reflections” and “reflections” comes from a geometric picture for Coxeter groups, but
we will avoid discussion of this geometric picture here.

For example, the symmetric group S,, of permutations of [n] is a finite Coxeter group of
rank n — 1, with the simple reflections being the adjacent transpositions s; = (i, + 1)
fori = 1,...,n — 1. Here we have m;; = 3forall 1 < ¢ < j < n — 1, and the reflec-
tions are all the transpositions ¢; ; == (7, j) for 1 <7 < j < n.

In fact, all the finite Coxeter systems have been classified. They fall into a number of in-
finite families together with a few exceptional examples; these are the (Cartan—Killing) types.
See [Hum90, BB05] for a complete account of the classification. In this classification, the sym-
metric group .5, is the Type A,,_; Coxeter group. We also remark that the finite Coxeter groups
are known to be precisely the finite real reflection groups.

For s;,5; € S and m > 0, we write (s;, sj)[m} = 5;5;5;5; - -+, a word with m letters. The
braid group associated to (W, .S) is the group (S | (si, s;)™) = (s;,s;) Ml forall i < j).
Notice that there is a canonical embedding of a Coxeter group into its braid group. For W = 5,,,
this braid group is usually denoted 5,,. The elements of 5,, can be represented diagrammatically
as braids, i.e., collections of strands connecting n initial points to n terminal points, and hence
the name.

The braid group associated to any finite Coxeter system is a Garside group. In fact, there are
two different ways to realize such a braid group as a Garside group, i.e., there are two different
associated Garside monoids whose group of fractions is the braid group. These two Garside
monoids yield two upho lattices, with two different cores, associated to any finite Coxeter system.
To conclude this section, we review the construction and combinatorics of these two Garside
monoids associated to a finite Coxeter system.

4.3.1 The weak order and the classical braid monoid

So now let us fix a finite Coxeter system (W, S = {s1, ..., s,}), with parameters m; ; as above.

The length {(w) of an element w € W is the minimum length of an expression w = s;, - - - s;,
for w as a product of the simple reflections s;. The (right) weak order of W is the partial
order with cover relations w < ws whenever {(ws) = f(w) + 1 forw € W and s € S.
This indeed defines a partial order, which can be equivalently described as v < w if and
only l(u) + {(u"'w) = ¢(w) for any u,w € W. Weak order of a finite Coxeter group is a
finite graded lattice, with rank function ¢. But note that the rank of weak order is unrelated to
the rank of the Coxeter system: the rank of weak order is ¢(wj), where wy € W is the maximum
element under weak order, which is called the longest element.

See [BB05, §3] for all these basic statements about weak order.

Example 4.8. In Figure 4.2 we depict the weak order of the symmetric group S5. In this figure,
we have written permutations in one-line notation. We have also labeled each cover relation with
the corresponding simple reflection.
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Figure 4.2: The weak order of the symmetric group Ss.
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Figure 4.3: The classical braid monoid (a, b | aba = bab) for the symmetric group Ss.

We now describe how to realize the weak order of any finite Coxeter group as a core of
an upho lattice. Let S = {sy,...,s,} be a set of letters corresponding to the simple reflec-
tions S = {s1,...,s,}. Fors;,s; € Sand m > 0, let us again write (si,sj)[m} = 8;S;8;S; -+,
a word with m letters. The classical braid monoid for the finite Coxeter system (WV, .S) is then
defined to be the monoid (S | (s;, ;)] = (s, ;)M for i < j).

The point of this construction is the following:

Theorem 4.9 (See [DDG™ 15, Ch. IX, §11). For any finite Coxeter system (W, S), its classical
braid monoid is a (homogeneous) Garside monoid, whose group of fractions is the corresponding
braid group, and whose lattice of simple elements is isomorphic to the weak order of W'.

Theorem 4.9 goes back to work of Garside [Gar69] in Type A, and of Brieskorn—Saito [BS72]
and Deligne [Del72] in all finite types. For more on the history, consult [DDG"15]. Theo-
rem 4.9, together with Lemma 4.7, implies the following.

Corollary 4.10. For any finite Coxeter system (W, S), the weak order of W is the core of an
upho lattice (namely, the corresponding classical braid monoid).

Example 4.11. In Figure 4.3 we depict the classical braid monoid for the symmetric group Ss.
For ease of display, we have written a = s; and b = s in this figure. Observe how the weak
order from Example 4.8 is the core of this upho lattice.
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Figure 4.4: The absolute order of the symmetric group S5. In red and bold is the noncrossing
partition lattice of Sj.

Remark 4.12. There is no product formula for the characteristic polynomial of the weak order
of a finite Coxeter group W, although there is an expression as a sum over “parabolic longest
elements.” See, e.g., the recent paper [K'Y24] for discussion of the characteristic polynomial of
weak order.

4.3.2 The noncrossing partition lattice and the dual braid monoid

Continue to fix a finite Coxeter system (1, S) as above. There is a “dual” approach to Coxeter
systems, where the role of the simple reflections .S is replaced by all the reflections 7'. For
background on the combinatorics associated to this dual approach, see the monograph [Arm09].

The absolute length (r(w) of an element w € W is the minimum length of an expres-
sionw = ty - - - t; for w as a product of reflections ¢; € T". The absolute order of W is the partial
order with cover relations w < wt whenever {7(wt) = {r(w) + 1 forw € W and t € T. This
indeed defines a partial order on 1/, which can be equivalently described as « < w if and only
if {7(u) + Or(u™tw) = lr(w) for any u,w € W. Absolute order of a finite Coxeter group is a
finite graded poset, with rank function /1, but it is not a lattice because it has multiple maximal
elements. Indeed, all Coxeter elements are maximal elements in absolute order, where we recall
that a Coxeter element ¢ = s;,s;, - - - 5;, is a product of all the simple reflections, each appearing
once, in any order.

But, the interval [e, ¢] in absolute order from the identity element e € W to any fixed Coxeter
element c € W is a finite graded lattice. Moreover, the isomorphism type of this lattice does not
depend on the choice of Coxeter element. This lattice is called the noncrossing partition lattice
of WW. Notice that the rank of the noncrossing partition lattice of 1/ is the same as the rank of
the Coxeter system (W, S).

See [Arm09, §2.4 and 2.6] for these basic facts about absolute order and noncrossing partition
lattices.

Example 4.13. The absolute order of the symmetric group Ss is depicted in Figure 4.4. Here we
have written permutations using cycle notation, with e denoting the identity. Also, in bold and
in red is the noncrossing partition lattice of Ss, for the choice of Coxeter element ¢ = (1, 2, 3).

The noncrossing partition lattice for the symmetric group S, is isomorphic to the restriction
of the partition lattice II,, to the set of noncrossing partitions. The isomorphism is given by the
cycle decomposition. Here we say two subsets A, B C [n] are crossing if there are i, 7 € A,
k,l € Bwithi < k < j <[, and we say that a partition 7 of [n] is noncrossing if no two of its
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blocks are crossing. This explains the name “noncrossing partition lattice.” See [SimO00] for a
survey on the classical (i.e., Type A) noncrossing partition lattice.

We now describe how to realize the noncrossing partition lattice of any finite Coxeter group
as a core of an upho lattice. Let T = {t: ¢t € T'} be a collection of letters corresponding to all
the reflections. For s,t € 71" we write t® for the letter corresponding to the conjugate t* € T
The dual braid monoid associated to (W, S) is the monoid (T | ts = st® forall s # t € T).

The point of this construction is the following:

Theorem 4.14 (See [DDG ™ 15, Ch. IX, §2]). For any finite Coxeter system (W, S), its dual braid
monoid is a (homogeneous) Garside monoid, whose group of fractions is the corresponding braid

group, and whose lattice of simple elements is isomorphic to the noncrossing partition lattice
of W.

Theorem 4.14 traces back to work of Birman—Ko—Lee [BKL98], in Type A, and of Brady—
Watt [BWO02] and Bessis [Bes03], in all finite types. Again, for more on the history, con-
sult [DDG™15] or [Arm09]. Theorem 4.14, together with Lemma 4.7, implies the following.

Corollary 4.15. For any finite Coxeter system (W, S), the noncrossing partition lattice W is the
core of an upho lattice (namely, the corresponding dual braid monoid).

Example 4.16. In Figure 1.2 we depict the noncrossing partition lattice for the symmetric
group Ss. For ease of display, we have written a = t12, b = t23, and ¢ = t; 3 in this fig-
ure. Observe how the noncrossing partition lattice from Example 4.13 is the core of this upho
lattice. We also note that the noncrossing partition lattice of S3 happens to be isomorphic to
the partition lattice I13, since no two subsets of {1,2,3} are crossing. Hence, Figure 1.2 and
Figure 1.1 depict two different upho lattices with isomorphic cores.

Remark 4.17. There is no product formula for the characteristic polynomial of the noncrossing
partition lattice of a finite Coxeter group W, although there is an expression as a sum over
the faces of the “positive part of the cluster complex.” See, e.g., the recent paper [JVN23] for
discussion of the characteristic polynomial of noncrossing partition lattices.

5. Obstructions for cores of upho lattices

In this section we explore techniques for showing that a given finite graded lattice is not the core
of any upho lattice. The relationship between the rank generating function of an upho lattice and
the characteristic polynomial of its core implies some characteristic polynomial obstructions for
being a core. There are also structural obstructions, which say that a finite lattice must be partly
self-similar to be a core. These obstructions let us to show that many well-studied lattices are
not cores.
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5.1. Characteristic polynomial obstructions

The following is an immediate corollary of Corollary 2.12.

Lemma 5.1. Let L be a finite graded lattice which is the core of some upho lattice. Then the
coefficients of the formal power series x*(L; z)~" are all nonnegative.

Already Lemma 5.1 lets us rule out many lattices as cores. The following is another similar,
but slightly different, characteristic polynomial obstruction.

Lemma 5.2. Let L be a finite graded lattice which is the core of some upho lattice. Then, for
any integer m > 1, the coefficients of the formal power series x*(L;x™)/x*(L;x)™ are all
nonnegative.

Proof. In [Hop22b, Corollary 14] we proved that for an upho lattice £ with core L,

S e X0
(P10 )EL™, X*(L; )
P1AAPm=0

The left side of this equation evidently has all nonnegative coefficients, so the right must as
well. 0

Remark 5.3. Joel Lewis pointed out to me that the proof of [Hop22b, Corollary 14] in fact shows

Z 2P0 PP2) - p(om) X (Lyxrxa - )

! 2 m (T - “(T. T, .
(p17~~-»Pm)€£m, X (L, xl)X (L7 x2) T X <L7 xm)
p1/\---/\pm:f)

So, we can say more strongly that, for any m > 1, the coeflicients of the multivariate formal
power series X*(L; 129 - - ) /(X" (L5 x1) x*(L; x2) - - - X*(L; x,, ) ) must all be nonnegative for
any finite graded lattice L which is a core.

In the remainder of this subsection, we use these characteristic polynomial obstructions to
show that various finite graded lattices are not cores.

5.1.1 Face lattices of polytopes

Recall that a polytope P is the convex hull of finitely many points in Euclidean space R". A
face of P is a subset of points F' C P which maximizes some linear functional. The dimen-
sion dim(F") of a face F' is the dimension of its affine span. By convention, the empty set & is
also considered a face, called the empty face, with dim(@) = —1. The face lattice L(P) of P
is the poset of faces of P partially ordered by containment. The face lattice is a finite graded
lattice, with the rank of a face F' being dim(F') + 1.

For these basic facts about polytopes and their faces, see [Zie95, Ch. 2].

Any face of a polytope P is a convex hull of vertices (zero-dimensional faces). So we can
identify the face lattice L(P) with a poset of certain subsets of vertices ordered by containment.
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Figure 5.1: The face lattice of a square.

Example 5.4. Figure 5.1 depicts the face lattice of a square whose vertices are a, b, ¢, d in clock-
wise order. In this figure, the faces are represented by subsets of these vertices, and the sets are
written in a compact way without braces or commas.

Notice that the face lattice of a n-dimensional simplex is isomorphic to the Boolean lat-
tice B,,1, which we know is a core. Hence, it is reasonable to ask which other face lattices of
polytopes are cores. We do not know if the face lattice of a square is a core. But, going up a
dimension, we can show that the face lattice of an octahedron is not a core.

Proposition 5.5. Let P be an octahedron. Then its face lattice L(P) is not the core of any upho
lattice.

Proof. Using SageMath, we compute that x*(L(P);z) = 1 — 6z + 122% — 823 + z* and
that [2'3]x*(L(P);x)~' = —123704, where [2"|F(x) means the coefficient of 2" in the power
series F'(x). Hence, by Lemma 5.1, L(P) is not a core. O

See Section 5.2.1 below for an extension of Proposition 5.5 to all cross-polytopes and hyper-
cubes of dimension three or greater.

5.1.2 Bond lattices of graphs

Let G be a connected, simple graph on the vertex set [n]. A partition 7 of [n] is called G-
connected if the induced subgraph of G on each block of 7 remains connected. The bond lat-
tice L(G) of G is the restriction of the partition lattice II,, to the G-connected partitions. The
bond lattice L(G) is a finite graded lattice; in fact, it is a geometric lattice, corresponding to
the graphic matroid of G. We have that x*(L(G);z) = 2" - x(G;27') where x(G; ) is the
chromatic polynomial of G.

For these basic facts about bond lattices, see, e.g., [Sta07, §2.3].

Example 5.6. For any n > 1, the cycle graph C), has vertex set [n] and has edges {1, 2}, {2, 3},
.. {n —1,n}, {n,1}. The bond lattice L(C) is depicted in Figure 5.2.

Notice that, for any n > 1, II,, = L(K,,) where K, is the complete graph on [n]. Since we
know that II,, is a core, it is reasonable to ask which other graphs have bond lattices that are
cores. We can show that the bond lattice of () is not a core.



36 Sam Hopkins

1234
N
123]4 12[34 1|234 124|3 14\23 134]2
e I
121314~ 1]23)14 ~ 1[2034 — 14]2/3
AN /

1/2[34

Figure 5.2: The bond lattice of the cycle graph on four vertices.

Figure 5.3: The graph from Proposition 5.8.

Proposition 5.7. The bond lattice L(Cy) of the cycle graph C on four vertices is not the core
of any upho lattice.

Proof. Using SageMath, we compute that x*(L(Cy);z) = 1 — 4z + 62% — 32% and hence
that [z7]x*(L(Cy); x)~' = —80. So by Lemma 5.1, L(C}) is not a core. O

See Section 5.2.2 below for an extension of Proposition 5.7 to all cycle graphs C), forn > 4.
In light of these (non-)examples, one reasonable guess is that the bond lattices which are cores
are precisely those which are supersolvable. In [Sta72] Stanley proved that the supersolvable
bond lattices are the ones coming from chordal graphs, where a graph is chordal if it has no
induced C,, for n > 4.

Before we move on to the structural obstructions, we might wonder if there is any lattice
which can be proved to not be a core using Lemma 5.2 instead of Lemma 5.1. Let us give such
an example.

Proposition 5.8. Let GG be the graph on 16 vertices depicted in Figure 5.3. Then its bond lat-
tice L(Q) is not the core of any upho lattice.

Proof. Using SageMath, we compute x*(L(G);x) = (1 —2)(1 —2x)*(1 — 3z + 322)5. We also
compute that x*(L(G); z)~! has all positive coefficients, so Lemma 5.1 does not apply. However,
(22 (L(G); %)/ x* (L(Q); x)* = —269758375958758, so by Lemma 5.2 with m = 2, L(G)
is not a core. [

5.2. Structural obstructions

The following proposition is an immediate consequence of the definition of the core of an upho
lattice, but it is worth recording since it rules out many finite graded lattices as cores. (For
instance, it implies the only distributive lattices which are cores are the Boolean lattices B,,;
see [Stal2, §3.4].)



COMBINATORIAL THEORY 5 (2) (2025), #6 37

Figure 5.4: The lattice L from Example 5.10 which is a core but whose dual L* is not a core.

Proposition 5.9. Let L be a finite graded lattice which is the core of some upho lattice. Then its
maximum 1 € L is the join of its atoms sy, ..., s, € L.

In fact, using Proposition 5.9 we can show that the collection of finite lattices which are cores
of upho lattices is not closed under duality.

Example 5.10. Let L be the finite lattice depicted in Figure 5.4. Its dual L* cannot be the
core of any upho lattice due to Proposition 5.9. But Joel Lewis explained to me that L itself
actually is a core. I thank him for letting me include this explanation here. Let M be the
monoid M = (a, b, ¢ | aa = bb, ba = ca). It can be shown (e.g., using the techniques of [HL25])
that M satisfies the conditions of Lemma 4.1, so that £ := (M, <) is an upho lattice, whose
core is L.

Proposition 5.9 says something about the join of the elements covering 0 in a core L. Looking
at the join of the elements covering an arbitrary element x € L is a good idea, and leads to other,
nontrivial obstructions for cores. The following lemma says that a core must already be “partly
self-similar” in order to fit into an upho lattice.

Lemma 5.11. Let L be a finite graded lattice that is the core of an upho lattice. Let x € L\{O, i},
and let yy, ..., yr € L be the elements covering x. Then there is a rank-preserving embedding
of the interval [x,y; V -+ -V yg] into L.

Recall that “rank-preserving embedding” means amap ¢: [,y V- --Vy,| — L which is an
isomorphism onto its image, and which satisfies p(p(2)) = p(z) for all z. Notice in particular
that under the embedding from Lemma 5.11, z is mapped to the minimum O € L and v, . . ., y;
are mapped to atoms sy, ..., S € L.

Proof of Lemma 5.11. Let L be an upho lattice whose core is L. By assumption, there is some
isomorphism ¢: V, — L, where V, C L is the principal order filter of £ generated by z. The
embedding of [z, y; V- - - Vyy] into L is then just the restriction of p to [z, 41 V---Vyr] C L. O

In the remainder of this subsection, we use Lemma 5.11 to show that various lattices are not
cores. It appears that this structural obstruction is stronger than the characteristic polynomial
obstructions from the previous subsection, although we do not know any precise statement to
that effect.
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5.2.1 The face lattices of the cross polytope and hypercube

Recall that the n-dimensional cross polytope is the convex hull of all permutations of vectors of
the form (£1,0,0,...,0) € R™. The two dimensional cross polytope is the square and the three
dimensional cross polytope is the octahedron.

Theorem 5.12. Let P be the n-dimensional cross polytope, forn > 3. Then its face lattice L(P)
is not the core of any upho lattice.

Proof. Concretely, the face lattice L(P) can be represented as the poset on words of length n
in the alphabet {0, 4, —}, with w < w’ if w’ is obtained from w by changing some 0’s to +’s,
together with a maximum element 1. Let - be any atom of L(P). Then the join of the elements
covering  is 1. And from the concrete description of L(P), we see that 1 covers 2"~ elements
in the interval [z, 1]. However, any coatom of L(P) covers only n elements. Since n > 3, we
have 2"~! > n. Hence, for this choice of z, there can be no embedding of the kind required by
Lemma 5.11, and so L(P) is not a core. O

Recall also that the n-dimensional hypercube is the convex hull of all vectors of the
form (+1,+1,...,4+1) € R™ The two dimensional hypercube is the square and the three
dimensional hypercube is the usual cube. The hypercube is the polar dual of the cross polytope,
meaning that their face lattices are dual to one another. However, we have seen in Example 5.10
that this does not directly imply anything about whether the face lattice of the hypercube is a
core. Nevertheless, we can also prove the following.

Theorem 5.13. Let P be the n-dimensional hypercube, for n > 3. Then its face lattice L(P) is
not the core of any upho lattice.

Proof. Let = be any atom of L(P). Then the join of the elements covering z is 1, and the
interval [z, 1] is isomorphic to the face lattice of an (n — 1)-dimensional simplex, i.e., to the
Boolean lattice B,,. On the other hand, if ¢ is any coatom of L(P), then the interval [0, ] is
isomorphic to the face lattice L(P’), where P’ is the (n — 1)-dimensional hypercube.

So the question is: can there be an embedding of B,, into L(P’)? And the answer is no, as
long as n > 3. This is because for any n atoms in L(P’), there must be at least two of these
atoms whose join is the maximum (which has rank n), but the join of any two atoms in 5,, has
rank 2.

Hence, for this choice of z, there can be no embedding of the kind required by Lemma 5.11,
and so L(P) is not a core. O

5.2.2 The lattice of flats of the uniform matroid

As mentioned, geometric lattices are exactly the same thing as lattices of flats of matroids. We do
not want to review the entire theory of matroids here, but we will discuss one important family
of matroids: the uniform matroids.’

Concretely, for 2 < k < n, the lattice of flats of the uniform matroid U(k,n) is obtained
from the Boolean lattice B,, by removing all elements of rank & or higher, and then adjoining a

Do not confuse “uniform” here with the “uniform sequences” of lattices from Section 3.2.



COMBINATORIAL THEORY 5 (2) (2025), #6 39

maximal element 1. So the lattice of flats of U/(2,n) is the rank two lattice M,,, which we have
seen is a core. And the lattice of flats of U(n, n) is the Boolean lattice B,,, which we have seen
is a core. But in all other cases, the lattice of flats of the uniform matroid is not a core.

Theorem 5.14. For any 2 < k < n, the lattice of flats of the uniform matroid U (k,n) is not the
core of any upho lattice.

Proof. Let L be the lattice of flats of the uniform matroid U(k,n) and let x € L be an atom.

Then the join of the elements covering « is 1. And 1 covers (Z:;) elements in the interval [z, 1].
However, any coatom in L covers only £ — 1 elements. Since 2 < k& < n, we have (Z:;) > k—1.
Hence, for this choice of x, there can be no embedding of the kind required by Lemma 5.11, and

so L is not a core. L]

Corollary 5.15. For any n > 4, the bond lattice L(C,,) of the cycle graph C,, is not the core of
any upho lattice.

Proof. The bond lattice L(C),) is isomorphic to the lattice of flats of U (n — 1, n), so this follows
immediately from Theorem 5.14. [
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