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Abstract. We prove a new signed elementary symmetric function expansion of the chro-
matic quasisymmetric function of any natural unit interval graph. We then use a sign-
reversing involution to prove a new combinatorial formula for K-chains, which are graphs
formed by joining cliques at single vertices. This formula immediately implies e-positivity
and e-unimodality for K-chains. We also prove a version of our signed e-expansion for the
chromatic symmetric function for arbitrary graphs.
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1. Introduction

In 1995, Stanley [Sta95] introduced the chromatic symmetric function XG(x), a generaliza-
tion of the chromatic polynomial of a graph G, and famously conjectured with Stembridge
[Sta95, SS93] thatXG(x) is e-positive wheneverG is the incomparability graph of a (3+ 1)-free
partially ordered set. Guay-Paquet [GP13] showed that it suffices to prove e-positivity for the
smaller class of natural unit interval graphs. Shareshian and Wachs [SW16] defined a fur-
ther generalization called the chromatic quasisymmetric function XG(x; q), showed that if G
is a natural unit interval graph, then XG(x; q) is in fact symmetric; and conjectured that it is
e-positive and e-unimodal for such graphs. This notorious problem has received considerable
attention. Many authors proved e-positivity for certain families of graphs [AWvW24, CH22,
CH19, CMP23, Dah18, DvW18, Ell17, FHM19, HNY20, LY21, MPW24, Wan25, WW23,
Wan22, Zhe22], studied related positivity problems [Ath15, BEPS25, CZ22, DRS25, DFvW20,
DSvW21, DSvW20, DvW20, Gas96, GP13, Pau16, RS23, Sie22], and explored alternative gen-
eralizations of the chromatic symmetric function [AN21, ALvW24, APCSZ21, CHM24, CPS23,
CS20, GS01, Sta98]. The Stanley–Stembridge conjecture is also closely related to positivity of
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immanants of Jacobi–Trudi matrices [SS93], the cohomology of regular semisimple Hessen-
berg varieties [AN23, BC18, CHL23, GP16, HP19, SW12], and characters of Hecke algebras
evaluated at Kazhdan–Lusztig basis elements [CHSS16, Ska21].

In this paper, we prove a new signed elementary symmetric function expansion of the chro-
matic quasisymmetric function of any natural unit interval graph, in terms of objects called forest
triples. We then use a sign-reversing involution on forest triples to prove a new combinatorial
e-expansion for K-chains (Corollary 4.18, Equation (4.65) with all ϵi = 0), which are graphs
formed by joining a sequence of cliques at single vertices.

In Section 2, we introduce chromatic quasisymmetric functions and natural unit interval
graphs. In Section 3, we prove our signed formula (Theorem 3.4)

XG(x; q) =
∑

F∈FT(G)

sign(F)qweight(F)etype(F). (1.1)

In Section 4, we use a sign-reversing involution on forest triples (Theorem 4.10) to prove the
explicit combinatorial e-expansion (Corollary 4.18) for almost-K-chains, a generalization of
K-chains due to [AWvW24], namely

XKϵ
γ
(x; q) = [γ1 − 2]q! · · · [γℓ − 2]q!

∑
α∈Aϵ

γ

[α1]q

ℓ+1∏
i=2

qmi [|αi − (γi−1 − ϵi−1 − 1)|]qesort(α). (1.2)

This formula implies that XKϵ
γ
(x; q) is e-positive and e-unimodal (Corollary 4.20). In Section 5,

we propose some new directions of study for the Stanley–Stembridge conjecture and we prove
a version of our forest triple formula for arbitrary graphs (Theorem 5.10).

2. Background

Let G = ([n], E) be a graph with vertex set [n] = {1, . . . , n}. A colouring of G is a func-
tion κ : [n] → N = {1, 2, 3, . . .} and we say that κ is proper if κ(i) ̸= κ(j)whenever {i, j} ∈ E,
in other words, adjacent vertices are assigned different positive integers, which we think of
colours. We denote by asc(κ) the number of ascents of κ, which are pairs of vertices (i, j)
with i < j, {i, j} ∈ E, and κ(i) < κ(j). The chromatic quasisymmetric function of G is the
formal power series in an infinite alphabet of variables x = (x1, x2, x3, . . .) and an additional
variable q given by [SW16, Definition 1.2]

XG(x; q) =
∑

κ:[n]→N
κ proper

qasc(κ)xκ(1)xκ(2) · · · xκ(n). (2.1)

Unlike the chromatic symmetric function XG(x) = XG(x; 1), which is always symmetric
in the xi variables, XG(x; q) is not symmetric in general. Nevertheless, if G is a natural unit
interval graph, meaning that

for all 1 ⩽ i < j < k ⩽ n, if {i, k} ∈ E, then {i, j} ∈ E and {j, k} ∈ E, (2.2)
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XG(x; q) =(q2 + 2q3 + q4)e32 + (q + 3q2 + 4q3 + 3q4 + q5)e41 (2.3)
+ (1 + 3q + 4q2 + 4q3 + 4q4 + 3q5 + q6)e5

Figure 2.1: The bowtie graph G and the chromatic quasisymmetric function XG(x; q).

then XG(x; q) is symmetric in the xi variables [SW16, Theorem 4.5] and palindromic in q with
center of symmetry |E|

2
[SW16, Corollary 4.6], meaning that XG(x; q) = q|E|XG(x; q

−1). In
this case, we can consider the expansion

XG(x; q) =
∑
µ

cµ(q)eµ (2.4)

in terms of the elementary symmetric functions eµ, which are indexed by integer parti-
tions µ = µ1 · · ·µℓ and defined by

eµ = eµ1 · · · eµℓ
, where ek =

∑
i1<···<ik

xi1 · · · xik . (2.5)

We say that XG(x; q) is e-positive if every polynomial cµ(q) has positive coefficients and we say
that XG(x; q) is e-unimodal if every polynomial cµ(q) is unimodal, meaning that the coefficients
form a weakly increasing sequence followed by a weakly decreasing sequence.
Example 2.1. The bowtie graph G and the chromatic quasisymmetric function XG(x; q) are
shown in Figure 2.1. We see thatG is a natural unit interval graph because it satisfies (2.2) and we
see from (2.3) that XG(x; q) is indeed palindromic in q with center of symmetry |E(G)|

2
= 6

2
= 3,

and it is e-positive and e-unimodal.
Example 2.2. For the complete graph Kn on n vertices, a proper colouring κ must use n distinct
colours and can be associated with a permutation σ ∈ Sn by setting σ(i) = j if κ(i) is the j-th
smallest colour used. Therefore, we have

XKn(x; q) =

(∑
σ∈Sn

q|{(i,j): i<j, σi<σj}|

)
en. (2.6)

Then defining the q-integer and the q-factorial

[k]q = 1 + q + q2 + · · ·+ qk−1 =
qk − 1

q − 1
and [n]q! = [n]q[n− 1]q · · · [2]q[1]q, (2.7)

we have by a standard induction argument that the sum in (2.6) is [n]q!, and so

XKn = [n]q!en. (2.8)

The polynomial [n]q! is well known to be unimodal, so XKn(x; q) is e-positive and e-unimodal.
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Stanley was interested in characterizing e-positivity of XG(x) in order to generalize positiv-
ity results of immanants of Jacobi–Trudi matrices [SS93]. The celebrated Stanley–Stembridge
conjecture [Sta95, Conjecture 5.1], [SS93, Conjecture 5.5] asserts that we have e-positivity for
incomparability graphs of (3 + 1)-free partially ordered sets and Guay-Paquet [GP13, Theo-
rem 5.1] showed that it suffices to prove this for the smaller class of natural unit interval graphs.
The following quasisymmetric refinement by Shareshian and Wachs has seen connections to
Hessenberg varieties and Hecke algebras.

Conjecture 2.3. [SW16, Conjecture 1.3] If G is a natural unit interval graph, then XG(x; q)
is e-positive and e-unimodal.

Remark 2.4. An abstract graph is called a unit interval graph if its vertices can be labelled 1
through n so that (2.2) holds. The name comes from an equivalent characterization as a graph
whose vertices are unit intervals of the real line and whose edges join intersecting intervals. It
is convenient to consider natural unit interval graphs, where the adjective “natural” means that
such a labelling is given. The chromatic quasisymmetric function does not depend on the choice
of labelling, as long as (2.2) is satisfied [SW16, Proposition 4.2].
Remark 2.5. Let G = ([n], E) be a natural unit interval graph and consider the
graph G′ = ([n], {{n+ 1− j, n+ 1− i} : {i, j} ∈ E}) given by reversing the vertex labels. If
we restrict to n variables and associate a proper colouring κ : [n] → [n] of G to κ′ : [n] → [n]
by setting κ′(i) = n+1−κ(n+1− i), it follows that XG(x1, . . . , xn; q) = XG′(xn, . . . , x1; q).
Then we have XG(x; q) = XG′(x; q) by symmetry in the xi variables. This proves palindromic-
ity in q and shows that we could have equivalently defined XG(x; q) using descents instead of
ascents. Similarly, we can switch the roles of i and (n + 1 − i) in everything that follows; for
example, we can use increasing trees instead of decreasing trees.

3. Signed formula

In this section, we prove a signed combinatorial e-expansion of the chromatic quasisymmetric
function of any natural unit interval graph G = ([n], E). This formula has the advantage of al-
lowing us to calculate a particular term without calculating the entire chromatic quasisymmetric
function. We will walk through an example in Figure 3.2.

Definition 3.1. A subtree T of G is decreasing if for every vertex v of T , the unique path in T
from the largest vertex of T to v is decreasing. Equivalently, every vertex of T except the largest
has exactly one larger neighbour.

Given a decreasing subtree T of G, we define a permutation of V (T ), denoted list(T ), by
reading the vertices of T starting from the smallest, and at each step, reading the smallest unread
vertex of T that is adjacent to a read vertex of T . An example is given in Figure 3.1.

Remark 3.2. These trees and permutations also arise in work of Abreu and Nigro [AN21],
Athanasiadis [Ath15], D’Adderio, Riccardi, and Siconolfi [DRS25], and Rok and Szenes [RS23].
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Figure 3.1: A decreasing tree T and the permutation list(T ).

Definition 3.3. A tree triple of G is an object T = (T, α, r) consisting of the following data.

• T is a decreasing subtree of G.

• α = α1 · · ·αℓ is an integer composition with size |α| =
∑ℓ

i=1 αi = |V (T )|.

• r is a positive integer with 1 ⩽ r ⩽ α1, the first part of α.

A forest triple of G is a sequence of tree triples F = (Ti = (Ti, α
(i), ri))

m
i=1 such that each vertex

of G is in exactly one tree Ti and we have

min(V (T1)) < min(V (T2)) < · · · < min(V (Tm)). (3.1)

The type of a forest triple F is the integer partition

type(F) = sort(α(1) · · ·α(m)), (3.2)

obtained by concatenating the compositions and sorting in decreasing order. The sign of F is
the integer

sign(F) = (−1)
∑m

i=1(ℓ(α
(i))−1) = (−1)ℓ(type(F))−m. (3.3)

Letting σ = list(T1) · · · list(Tm) be the concatenation of the permutations of the V (Ti), we
define the weight of F to be the integer

weight(F) = invG(σ) +
m∑
i=1

(ri − 1), where (3.4)

invG(σ) = |{(i, j) : i < j, σi > σj, {σj, σi} ∈ E(G)}|

is the number of G-inversions of the permutation σ ∈ Sn. We denote by FT(G) the set of forest
triples of G and by FTµ(G) the set of forest triples of G of type µ.

We now state our signed combinatorial formula.

Theorem 3.4. The chromatic quasisymmetric function XG(x; q) of a natural unit interval
graph G satisfies

XG(x; q) =
∑

F∈FT(G)

sign(F)qweight(F)etype(F) =
∑
µ

 ∑
F∈FTµ(G)

sign(F)qweight(F)

 eµ. (3.5)
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α = 3 α′ = 2andr = 1, 2, 3 r′ = 1, 2
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Figure 3.2: The bowtie graph G and the forest triples of G of type 32.

Example 3.5. Let us calculate the coefficient of e32 in the chromatic quasisymmetric func-
tion XG(x; q) for the bowtie graph G in Figure 3.2. Forest triples F ∈ FT32(G) come in one of
two flavours.

We could have a single tree triple T = (T, α, r), where T is a decreasing spanning tree of G
and α is either 32 or 23. The four possibilities of T are given in Figure 3.2 along with invG(σ).
We can independently choose either α = 32 and r = 1, 2, or 3, or α = 23 and r = 1 or 2, and
we have sign(F) = (−1)2−1 = −1, so these forest triples contribute

−(1 + 2q + q2)(1 + q + q2 + 1 + q)e32 = −(1 + q)2(2 + 2q + q2)e32. (3.6)

Alternatively, F can consist of two tree triples T = (T, α, r) and T ′ = (T ′, α′, r′) with trees
of sizes 3 and 2 and compositions the single parts 3 and 2. The four possibilities of (T, T ′)
are given in Figure 3.2 along with invG(σ). We can independently choose r and r′, and we
have sign(F) = (−1)(1−1)+(1−1) = +1, so these forest triples contribute

+(2 + 2q)(1 + q + q2)(1 + q)e32 = +(1 + q)2(2 + 2q + 2q2)e32. (3.7)

Therefore, by summing (3.6) and (3.7), the coefficient of e32 in XG(x; q) is q2(1 + q)2, as we
saw in (2.3).

Example 3.6. Forest triples of G of type n consist of a single tree triple T = (T, α, r), where T
is a decreasing spanning tree of G, α consists of the single part n, and 1 ⩽ r ⩽ n. Therefore,
the coefficient of en in XG(x; q) is

cn(q) = [n]q
∑

T dec. sp. tree

qinvG(list(T )). (3.8)

We will show in Lemma 3.13 that (3.8) is equal to [n]q[b2]q[b3]q · · · [bn]q, where bi is the number
of smaller neighbours of vertex i in G. For example, the coefficient of e5 in XG(x; q) for the
bowtie graph G is [5]q[2]q[2]q, as we saw in (2.3). This recovers the result [SW16, Corollary 7.2].
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Before we prove Theorem 3.4, we will use the example of paths to show how finding a sign-
reversing involution φ on the set FT(G) of forest triples of G can be used to prove that XG(x; q)
is e-positive and give an explicit formula. The following result is well known [SW16, Section 5],
[SW12, Proposition 5.3], but this proof technique is new.

Proposition 3.7. The path Pn = ([n], {{i, i + 1} : 1 ⩽ i ⩽ n − 1}) has chromatic quasisym-
metric function given by

XPn(x; q) =
∑
α⊨n

[α1]q([α2]q − 1) · · · ([αm]q − 1)esort(α) (3.9)

=
∑
α⊨n

qm−1[α1]q[α2 − 1]q · · · [αm − 1]qesort(α),

where we sum over integer compositions α = α1 · · ·αm of size n. In particular, XPn(x; q)
is e-positive.

Example 3.8. The chromatic quasisymmetric function XP6(x; q) with the compositions con-
tributing to (3.9), is given by

XP6(x; q) = q2[2]qe222 + q2[2]qe321 + q2[2]qe321 + q[3]q[2]qe33 (3.10)
222 123 132 33

+ q[2]q[3]qe42 + q[4]qe42 + q[4]qe51 + [6]qe6.

24 42 15 6

Proof of Proposition 3.7. Because decreasing subtrees of Pn are simply paths from some ver-
tex i to some vertex j > i, which we will denote Pi→j , a forest triple F ∈ FT(Pn) must be of
the form

F = (T1 = (P1→i2−1, α
(1), r1), T2 = (Pi2→i3−1, α

(2), r2), . . . , Tm = (Pim→n, α
(m), rm)).

(3.11)
Also note that we always have σ = 123 · · ·n, so invPn(σ) = 0 and weight(F) =

∑m
i=1(ri − 1).

We will now define a forest triple φ(F) as follows. Let 1 ⩽ j ⩽ m be maximal, if one exists,
such that either ℓ(α(j)) ⩾ 2, or we have j ⩾ 2, ℓ(α(j)) = 1, and rj = 1. If ℓ(α(j)) ⩾ 2, then
letting α(j) \α(j)

ℓ denote the composition α(j) with its last part α(j)
ℓ removed, we define φ(F) by

replacing Tj by the two tree triples

S1 = (P
ij→ij+1−1−α

(j)
ℓ
, α(j) \ α(j)

ℓ , rj) and S2 = (P
ij+1−α

(j)
ℓ →ij+1−1

, α
(j)
ℓ , 1). (3.12)

On the other hand, if j ⩾ 2, ℓ(α(j)) = 1, and rj = 1, then we define φ(F) by replacing Tj−1

and Tj by the tree triple

T = (Pij−1→ij+1−1, α
(j−1) · α(j), rj−1). (3.13)

If no such j exists, we set φ(F) = F . Informally, we look at our tree triples from right to left,
identifying the first one where either the composition has at least two parts, in which case we
break the path into two, or where we can join with the previous tree triple to undo this process.
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We now claim that φ is an involution, meaning that φ(φ(F)) = F . This is clear if F is
a fixed point, meaning that φ(F) = F , otherwise by maximality of j, we have ℓ(α(k)) = 1
and rk ⩾ 2 for j+1 ⩽ k ⩽ m, so applying φ again will replace the desired tree triples. We also
see that the map φ preserves type because the parts of the compositions do not change and it
preserves weight because the ri that appear or disappear are always equal to one. If F is a fixed
point we have sign(F) = +1 because every composition must have length one, and if F is not
a fixed point then φ is sign-reversing, meaning that sign(φ(F)) = − sign(F), because the total
number of tree triples changes by one.

In summary, this means that the map φ is a type-and-weight-preserving bijection between
the negatively-signed non-fixed forest triples and the positively-signed non-fixed forest triples
of Pn. Therefore, (3.5) reduces to a sum over only the fixed forest triples. Such an F can be
associated with a composition α ⊨ n by reading the tree lengths from left to right. We will
have type(F) = sort(α), and we must have ri ⩾ 2 for every i ⩾ 2, so we have, as desired,

XPn(x; q) =
∑

F fixed

qweight(F)etype(F) =
∑
α⊨n

∑
1⩽ri⩽αi
ri⩾2 if i⩾2

q
∑m

i=1(ri−1)esort(α) (3.14)

=
∑
α⊨n

[α1]q([α2]q − 1) · · · ([αm]q − 1)esort(α).

Example 3.9. Figure 3.3 shows all of the forest triples of P6 of type 222 paired under our sign-
reversing involution φ. The compositions are not written but they are 2, 22, or 222. We have
indicated whether each r is 1 or 2 by circling the r-th smallest vertex of the corresponding tree.
Informally, we can join two paths if the path on the right has its leftmost vertex circled. The
coefficient of e222 in XP6(x; q) is (q2 + q3), corresponding to the two fixed points.

We now prepare to prove Theorem 3.4. We begin by studying the permutation list(T ). We
will then use Alexandersson and Sulzgruber’s combinatorial e-expansion of shifted LLT polyno-
mials, which were originally introduced by Lascoux, Leclerc, and Thibon [LLT97] and shown by
Carlsson and Mellit to be related to chromatic quasisymmetric functions via an operation called
plethystic substitution. This relationship was also studied by Alexandersson and Panova [AP18].

Definition 3.10. Let σ = σ1 · · ·σh be a permutation of a subset A ⊆ [n]. A descent of σ is
a pair of adjacent entries (σi, σi+1) with σi > σi+1. A left-to-right (LR) maximum of σ is an
entry σj such that σj > σi for every i < j. In other words, reading the entries of σ from left to
right, when we read the entry σj , it is the maximum entry read by that point. We say that σ is a
tree list of G if it satisfies the following two conditions.

1. (Descent condition) For every descent σi > σi+1 of σ, we have {σi+1, σi} ∈ E(G).

2. (LR maxima condition) Let a1 < · · · < as be the sequence of LR maxima of σ. Then for
every 1 ⩽ i ⩽ s− 1, we have {ai, ai+1} ∈ E(G).

Lemma 3.11. The function list is a bijection between decreasing subtrees of G and tree lists
of G.
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FIXED

FIXED

q2

q3

1 2 3 4 5 6

1 2 3 4 5 6

Figure 3.3: The forest triples of P6 of type 222 paired under φ.

Proof. Let T be a decreasing subtree of G and let σ = list(T ) have sequence of LR maxi-
ma a1 < · · · < as. If σj is not an LR maximum, then we define its parent to be the rightmost
entry σi with σi > σj and i < j. We claim that the unique larger neighbour of σj in T is its
parent σi. To have read σj after the larger entry σi, it must be adjacent to some σi′ for i ⩽ i′ < j.
If j = i + 1, it can only be σi, while if j ⩾ i + 2, it can again only be σi because every σi′

for i < i′ < j already has its parent as the unique larger neighbour by induction on j − i. We
also claim that for every 1 ⩽ i ⩽ s− 1, the unique larger neighbour of ai in T is ai+1. When we
read ai+1, it must be adjacent to a vertex read already. The non-LR maxima already have their
parent as the unique larger neighbour and the LR maxima ai′ for 1 ⩽ i′ < i already have ai′+1

as the unique larger neighbour by induction on i, so the only possibility is ai.
Now σ is a tree list of G because if σi > σi+1, then we have shown that {σi+1, σi} ∈ E(T )

so {σi+1, σi} ∈ E(G), and for every 1 ⩽ i ⩽ s − 1, we have shown that {ai, ai+1} ∈ E(T )
so {ai, ai+1} ∈ E(G). Conversely, given a tree list σ, we can recover T because we have
identified the unique larger neighbour of every vertex. The LR maxima condition ensures that
the edges {ai, ai+1} are present in G and thus available for T . If σj has parent σi, then we
have σi+1 ⩽ σj < σi, so the descent condition ensures that {σi+1, σi} ∈ E(G) and (2.2) ensures
that the edge {σj, σi} is present in G and thus available for T .

Remark 3.12. Tree lists σ ∈ Sn of G are also in bijection with acyclic orientations of G with
unique sink 1, given by orienting each edge toward the earlier entry of σ.
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Lemma 3.13. Let A ⊆ [n] be nonempty and for a vertex i ∈ A, let bi(A) denote the number of
vertices j ∈ A with j < i and {j, i} ∈ E(G). Then we have∑

σ∈SA: σ tree list of G

qinvG(σ) =
∏

i∈A: i>min(A)

[bi(A)]q. (3.15)

Proof. We use induction onA, noting that the statement holds if |A| = 1 or if bmax(A)(A) = 0, so
assume otherwise and let A′ = A\{max(A)}. A tree list σ ∈ SA arises from a tree list σ′ ∈ SA′

precisely by insertingmax(A) either at the end of σ′ or directly before one of its neighbours other
than the one occurring first in σ′. Ifmax(A) is inserted at the end, it creates no newG-inversions.
If it is inserted directly before the j-th neighbour from the right, where 1 ⩽ j ⩽ bmax(A)(A)− 1,
then it creates j new G-inversions. Therefore we multiply by [bmax(A)(A)]q when we go from A′

to A.

We now introduce LLT polynomials and plethystic substitution. All of the properties we will
need are stated in Proposition 3.16, Theorem 3.18, and Lemma 3.19.

Definition 3.14. Let G = ([n], E) be a natural unit interval graph. Its LLT polynomial is

LLTG(x; q) =
∑

κ:[n]→N
not necessarily proper

qasc(κ)xκ(1)xκ(2) · · ·xκ(n). (3.16)

Note that we are summing over arbitrary colourings of G, not just the proper ones, so the
graph G only plays a role when calculating ascents. The polynomials LLTG(x; q) and XG(x; q)
are related by the following operation.

Definition 3.15. Let a(q) = a0 + a1q + · · · + ajq
j be a polynomial. The plethystic substitu-

tion f 7→ f [a(q)x] is defined by setting pk[a(q)x] = (a0 + a1q
k + · · · + ajq

jk)pk for every k,
where pk =

∑
i x

k
i is the power sum symmetric function, and extending to an algebra homomor-

phism on symmetric functions.

Proposition 3.16. [CM18, Proposition 3.5] The chromatic quasisymmetric function XG(x; q)
is related to the LLT polynomial LLTG(x; q) via the equation

XG(x; q) =
LLTG[(q − 1)x]

(q − 1)n
. (3.17)

Now Alexandersson conjectured [Ale21, Conjecture 10] and proved with Sulzgruber [AS22,
Corollary 2.10] the following combinatorial e-expansion of LLTG(x; q + 1). They formulated
it in terms of the highest reachable vertex, but this is equivalent by Remark 2.5.

Definition 3.17. Let θ ⊆ E(G). For u ∈ [n], the lowest reachable vertex lrvθ(u) is the small-
est v ∈ [n] such that the subgraph ([n], θ) has a decreasing path from u to v. Defining u ∼θ u′

if lrvθ(u) = lrvθ(u
′), we let π(θ) = {[u1]θ, . . . , [um]θ} be the equivalence classes of ∼θ and we

define λ(θ) to be the partition of n determined by their sizes.
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Theorem 3.18. [AS22, Corollary 2.10] Let G be a natural unit interval graph. The shifted LLT
polynomial LLTG(x; q + 1) satisfies

LLTG(x; q + 1) =
∑

θ⊆E(G)

q|θ|eλ(θ). (3.18)

Therefore, we get an expression forXG(x; q) by replacing q by (q−1) and applying plethystic
substitution to the right hand side of (3.18). We will use the following identities.

Lemma 3.19.

1. We have en[(q − 1)x] =
∑n

k=0 ek[qx]en−k[−x].

2. We have en[−x] = (−1)nhn, where hn =
∑

i1⩽···⩽in
xi1 · · · xin is the complete homoge-

neous symmetric function.

3. We have hn =
∑

α⊨n(−1)n−ℓ(α)esort(α).

4. We have
en[(q − 1)x]

q − 1
=
∑
α⊨n

(−1)ℓ(α)−1[α1]qesort(α). (3.19)

Proof. The first three parts are [Mac95, Page 136, Equation 8.8], [Mac95, Page 136, Exam-
ple 1a], and [Mac95, Page 108, Example 5]. To prove the fourth, we use the others and we
associate a composition of (n− k) to a composition of n by prepending a k to find that

en[(q − 1)x]

q − 1
=

1

q − 1

n∑
k=0

ek[qx]en−k[−x] =
1

q − 1

n∑
k=0

qkek(−1)n−khn−k (3.20)

=
1

q − 1

n∑
k=0

qkek(−1)n−k

( ∑
α⊨n−k

(−1)n−k−ℓ(α)esort(α)

)

=
1

q − 1

(
n∑

k=1

∑
α⊨n−k

qk(−1)ℓ(α)ekesort(α) −
∑
α⊨n

(−1)ℓ(α)−1esort(α)

)

=
∑
α⊨n

(−1)ℓ(α)−1 q
α1 − 1

q − 1
esort(α) =

∑
α⊨n

(−1)ℓ(α)−1[α1]qesort(α).

Now we are ready to prove Theorem 3.4.

Proof of Theorem 3.4. We consider which θ ⊆ E(G) have π(θ) = A for a fixed set parti-
tion A = {A1, . . . , Am} of [n] with min(A1) < · · · < min(Am). For each of the (n − m)
vertices i that are not the minimum of their block, say Aj , θ must have at least one of the bi(Aj)
edges of B(i) = {{i′, i} ∈ E(G) : i′, i ∈ Aj, i

′ < i} joining i to a smaller vertex in the same
block. Additionally, θ may optionally have any number of edges in

I(A) = {{u, v} ∈ E(G) : u < v, u ∈ Ai, v ∈ Aj, i > j} (3.21)
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that join a smaller vertex in a later block to a larger vertex in an earlier block, because these
edges do not affect π(θ). Therefore, using Lemma 3.11 and Lemma 3.13, we have

∑
θ⊆E(G)
π(θ)=A

(q − 1)|θ|

(q − 1)n−m
=

 m∏
j=1

∑
i∈Aj

i>min(Aj)

1

q − 1

∑
∅̸=Si⊆B(i)

(q − 1)|Si|

 ∑
S⊆I(A)

(q − 1)|S| (3.22)

= q|I(A)|
m∏
j=1

∏
i∈Aj

i>min(Aj)

[bi(Aj)]q = q|I(A)|
m∏
j=1

∑
σ(j)∈SAj

σ(j) tree list of G

qinvG(σ(j))

=
∑

T1,...,Tm dec. trees
V (Tj)=Aj

qinvG(list(T1)··· list(Tm)),

where the factor of q|I(A)| accounts for G-inversions of σ = list(T1) · · · list(Tm) occurring be-
tween vertices in different blocks. Now using Proposition 3.16 and Theorem 3.18, and separat-
ing θ ⊆ E(G) by the set partition π(θ) = A = {A1, . . . , Am}, we have

XG(x; q) =
∑

θ⊆E(G)

(q − 1)|θ|eλ(θ)[(q − 1)x]

(q − 1)n
=
∑
A

 ∑
θ⊆E(G)
π(θ)=A

(q − 1)|θ|

(q − 1)n−m

 m∏
j=1

e|Aj |[(q − 1)x]

q − 1

=
∑
A

∑
T1,...,Tm dec. trees

V (Tj)=Aj

qinvG(σ)

m∏
j=1

∑
α(j)⊨|Aj |

(−1)ℓ(α
(j))−1[α

(j)
1 ]qesort(α(j))

=
∑

T1...,Tm dec. trees
V (T1)⊔···⊔V (Tm)=[n]

α(1)⊨|V (T1)|,...,α(m)⊨|V (Tm)|
1⩽r1⩽α

(1)
1 ,...,1⩽rm⩽α

(m)
1

(−1)
∑m

j=1(ℓ(α
(j))−1)qinvG(σ)q

∑m
j=1(rj−1)esort(α(1)···α(m))

=
∑

F∈FT(G)

sign(F)qweight(F)etype(F).

4. Complete chains

In this section, we prove a combinatorial e-expansion of the chromatic quasisymmetric function
of any K-chain. We begin by setting some notation.

Definition 4.1. We define the sum of graphs G1 = ([n1], E1) and G2 = ([n2], E2) to be

G1 +G2 = ([n1 + n2 − 1], E1 ∪ {{i+ n1 − 1, j + n1 − 1} : {i, j} ∈ E2}). (4.1)

Informally, vertexn1 ofG1 and vertex 1 ofG2 are glued together. For a composition γ = γ1 · · · γℓ
with all parts at least 2, we define the graph

Kγ = Kγ1 + · · ·+Kγℓ , (4.2)
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where Ka is the complete graph on [a]. Graphs of the form Kγ are called K-chains. Note
that K-chains are natural unit interval graphs. The bowtie graph from Figure 2.1 is K33.

This notation is due to Gebhard and Sagan, who proved [GS01, Corollary 7.7] that XKγ (x)
is e-positive for every γ. We will prove that the chromatic quasisymmetric function XKγ (x; q)
is e-positive and e-unimodal by finding a sign-reversing involution on forest triples. We will in
fact find an involution whose fixed points have all compositions of length one, and which pre-
servesα(1)

1 (F) and r1(F), where T1=(T1, α
(1)(F), r1(F)) is the tree triple ofF with 1 ∈ V (T1),

so we make the following definitions. Let G be a natural unit interval graph.

Definition 4.2. A tree triple T = (T, α, r) of G is breakable if ℓ(α) ⩾ 2. A forest triple F of G
is an atom if all of its tree triples are not breakable.

Note that if T = (T, α, r) is not breakable, then the composition α consists of the single
part |V (T )|. In particular, if F is an atom, then sign(F) = (−1)

∑m
i=1(1−1) = +1.

Definition 4.3. A forest triple F of G is simple if r1(F) = 1. Let FTsimple(G) denote the set of
simple forest triples of G. A nice involution for G is a function φ : FTsimple(G) → FTsimple(G)
with the following properties.

1. φ is an involution, meaning that φ(φ(F)) = F for all F ∈ FTsimple(G). In other words,
φ is its own inverse, so in particular it is a bijection.

2. φ preserves type, weight, and α
(1)
1 , which is the first part of the composition associated to

the tree containing the vertex 1.

3. If F is a fixed point of φ, meaning that φ(F) = F , then F is an atom.

4. φ is sign-reversing, meaning that if φ(F) ̸= F , then sign(φ(F)) = − sign(F).

Note that every forest triple F ′ ∈ FT(G) arises from a simple forest triple F by choosing
some 1 ⩽ r1(F ′) ⩽ α

(1)
1 (F). Therefore, if we can find a nice involution φ for G, then we have

XG(x; q) =
∑

F∈FTsimple(G), φ(F)=F

[α
(1)
1 (F)]q q

weight(F)etype(F), (4.3)

thus proving that XG(x; q) is e-positive. The following Lemma will help us describe forest
triples of a sum of graphs.

Lemma 4.4. Let T be a decreasing subtree of G that contains a cut vertex c. Then the tree
list σ = list(T ) contains all of the vertices of T at most c in some order, followed by all of the
vertices of T strictly greater than c in some order.

Proof. If not, then there is some i with σi > c and σi+1 ⩽ c. By the LR maxima condition,
the cut vertex c must appear before σi, but this means that σi+1 < c and σ does not satisfy the
descent condition.
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We will want a standard way of taking a permutation σ and writing a new permutation whose
first entry is min(σ). The following choice is not the only possibility, but it will work.

Definition 4.5. Let σ = σ1 · · · σh be a permutation of some set A = {a1 < · · · < ah} ⊆ [n].
Define indstart(σ) to be the integer 1 ⩽ r ⩽ h such that σ1 = ar and define the permutation

startmin(σ) = w1w2 · · ·wr−1(σ), (4.4)

where wi is the transposition that switches the positions of the entries ai and ai+1 in σ. Note
that startmin(σ) starts with its minimum element a1, and if the entries in A are all adjacent in G,
then we have

invG(σ) = invG(startmin(σ)) + (indstart(σ)− 1) (4.5)

because each of the (indstart(σ)−1) transpositions that are applied decreases the number of G-
inversions by exactly one. Conversely, given a permutation σ = σ1 · · ·σh of A with σ1 = a1 and
an integer 1 ⩽ r ⩽ h, define the permutation

startr(σ, r) = wr−1 · · ·w2w1(σ). (4.6)

Note that startr(σ, r) starts with the element ar and startmin(startr(σ, indstart(σ))) = σ.

Example 4.6. For σ = 61743, we have indstart(σ) = 4 and startmin(σ) = 13764.

We also define useful breaking and joining maps on tree triples. For convenience, we may
refer to a tree T and the permutation σ = list(T ) interchangeably.

Definition 4.7. Let T = (T, α, r) be a breakable tree triple of G with all vertices of T adjacent
in G, let α \ αℓ be the composition α with its last part αℓ removed, and divide σ = list(T ) into
its head and tail,

σhead = σ1 · · · σ|V (T )|−αℓ
and σtail = σ|V (T )|−αℓ+1 · · · σ|V (T )|. (4.7)

Then we define the pair of tree triples easybreak(T ) = (S1,S2), where

S1 = (σhead, α \ αℓ, r) and S2 = (startmin(σtail), αℓ, indstart(σ
tail)). (4.8)

Conversely, given tree triples S1 = (S1, α
(1), r1) and S2 = (S2, α

(2), r2) with ℓ(α(2)) = 1,
min(V (S1)) < min(V (S2)), and V (S1) ⊔ V (S2) all adjacent in G, we define the tree triple

easyjoin(S1,S2) = T = (list(S1) · startr(list(S2), r2), α
(1) · α(2), r1). (4.9)

Note that easybreak(T ) = (S1,S2) if and only if easyjoin(S1,S2) = T , and by (4.5), we have

invG(list(T )) = invG(list(S1) · list(S2)) + (r2 − 1). (4.10)



combinatorial theory 5 (2) (2025), #11 15

K6 =
1

2

3

4

5

6

F φ(F) F φ(F)
(123456, 33, 1) (123, 3, 1), (456, 3, 1) (136254, 222, 1) (1362, 22, 1), (45, 2, 2)
(123546, 33, 1) (123, 3, 1), (456, 3, 2) (13, 2, 1), (2645, 22, 2) (13, 2, 1), (26, 2, 2), (45, 2, 1)
(123654, 33, 1) (123, 3, 1), (465, 3, 3) (15, 2, 1), (2463, 22, 1) (15, 2, 1), (24, 2, 1), (36, 2, 2)

Figure 4.1: Some simple forest triples F of K6 and φ(F).

We now show how we can use the easybreak and easyjoin maps to find a nice involution
for the complete graph Kn. We have already seen in Example 2.2 that XKn(x; q) = [n]q!en, but
this proof will be instructive for when we prove the main result of this section. Some examples
are given in Figure 4.1.

Proposition 4.8. There is a nice involution φ for the complete graph Kn. Furthermore, the fixed
points of φ are exactly

Fix(φ) = {F ∈ FTsimple(Kn) : F is an atom, F consists of a single tree triple}. (4.11)

In particular, by Lemma 3.13, the chromatic quasisymmetric function is

XKn(x; q) =
∑

F∈Fix(φ)

[α
(1)
1 (F)]q q

weight(F)etype(F) = [n]q
∑

σ∈Sn: σ1=1

qinvKn (σ)en = [n]q!en.

(4.12)

Proof. We build our nice involution φ using the easybreak and easyjoin maps. Let

F = (T1 = (T1, α
(1), 1), . . . , Tm = (Tm, α

(m), rm)) ∈ FTsimple(Kn). (4.13)

If Tm is breakable, with easybreak(Tm) = (S1,S2), then we define φ(F) by replacing Tm by S1

and S2, that is, φ(F) = (T1, . . . , Tm−1,S1,S2). Note that by our definition in (4.7), the tree
triples are in the correct order and weight is preserved by (4.10). We have that φ reverses sign
and preserves type and α

(1)
1 .

If Tm is not breakable and m = 1, then F ∈ Fix(φ) and we perforce define φ(F) = F .
If Tm is not breakable and m ⩾ 2, then we define φ(F) by replacing Tm−1 and Tm

by T = easyjoin(Tm−1, Tm), that is, φ(F) = (T1, . . . , Tm−2, T ). Note that by our definition
in (4.7), the tree triples are in the correct order and weight is preserved by (4.10). We have
that φ reverses sign and preserves type and α

(1)
1 . By construction, the map φ is an involution

with fixed points exactly Fix(φ), as desired.

We now define a notion of restricting a simple forest triple F of G1 + G2 to one of G2 and
we define an invariant that describes how many “segments” of trees F has present in G1. Some
examples are given in Figure 4.2.
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K64 =
1

2

3

4

5

6

7

8

9

F seq[6](F) Ti|⩾6 F|⩾6

(123456789, 9, 1) 1 (6789, 4, 1) (1234, 4, 1)
(123654789, 72, 1) 1 (6789, 22, 1) (1234, 22, 1)

(1362548, 52, 1), (79, 2, 2) 2 (68, 2, 1) (13, 2, 1), (24, 2, 2)
(143, 3, 1), (265978, 33, 3) 2 (6978, 13, 1) (1423, 13, 1)

(164598, 231, 1), (23, 2, 2), (7, 1, 1) 3 (698, 21, 1) (143, 21, 1), (2, 1, 1)

Figure 4.2: Some simple forest triples F of K64 and F|⩾6.

Definition 4.9. Let G1 = ([n1], E1) and G2 = ([n2], E2) be natural unit interval graphs
and let F = (T1 = (T1, α

(1), r1 = 1), . . . , Tm = (Tm, α
(m), rm)) be a simple forest triple

of G = G1 +G2. Let i be such that n1 ∈ V (Ti), let σ = list(Ti), let k = |V (Ti) ∩ [n1]|, and
noting that k ⩽ |V (Ti)| = |α(i)|, we define seq[n1](Ti) to be the number j such that

α
(i)
1 + · · ·+ α

(i)
j−1 < k ⩽ α

(i)
1 + · · ·+ α

(i)
j . (4.14)

Letting i′ ⩾ i be maximal with V (Ti′) ∩ [n1] ̸= ∅, we say that the tree triples T1, . . . , Ti′ are
present in [n1] and we define the integer

seq[n1](F) = seq[n1](Ti) +
∑

1⩽t⩽i′, t ̸=i

ℓ(α(t)). (4.15)

We now define the tree triple of G

Ti|⩾n1 = (n1 σk+1 · · · σℓ(σ), (α
(i)
1 + · · ·+ α

(i)
j − k + 1)α

(i)
j+1 · · ·α

(i)
ℓ , 1) (4.16)

and the simple forest triple of G2

F|⩾n1 = (Ti|⩾n1 − (n1 − 1), Ti′+1 − (n1 − 1), . . . , Tm − (n1 − 1)), (4.17)

where T − x denotes the tree triple obtained by subtracting x from each entry of list(T ).

Note that by Lemma 4.4, we have σt ⩽ n1 for 1 ⩽ t ⩽ k and σt > n1 for t > k, so the
permutation n1 σk+1 · · · σℓ(σ) starts with its minimum element and its descents and successive
LR maxima appear in σ, so it is indeed a tree list of G and F|⩾n1 ∈ FTsimple(G2).

We now prove the key result that will let us deduce e-positivity for K-chains by inductively
adding complete graphs one at a time. The argument is identical if we add an almost-complete
graph, where a single edge is missing, so we prove both of these cases together. For ϵ ∈ {0, 1},
let Kϵ

a denote the complete graph on [a] if ϵ = 0 and the almost-complete graph on [a], with the
edge (1, a) removed, if ϵ = 1. Note that every σ with σ1 = min(σ) is a tree list for Ka, and is a
tree list for K(1)

a unless σ1 = 1 and σ2 = a.
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Theorem 4.10. Let φ′ be a nice involution for a natural unit interval graph G′. Then there is a
nice involution φ for G = Kϵ

a +G′. Furthermore, the fixed points of φ are exactly

Fix(φ) = {F ∈ FTsimple(G) : F is an atom, F|⩾a is fixed under φ′, seq[a](F) ⩽ 2, (4.18)
if 1 /∈ V (Ti), then ri ⩾ a− ϵ, if 1 ∈ V (Ti), then |V (Ti)| ⩾ a},

where Ti = (Ti, α
(i), ri) is the tree triple of F with a ∈ V (Ti).

Proof. We perforce define φ(F) = F for F ∈ Fix(φ), so we now build a sign-reversing invo-
lution with no fixed points on FTsimple(G) \ Fix(φ) using several cases. Let

F = (T1 = (T1, α
(1), r1), . . . , Tm = (Tm, α

(m), rm)) ∈ FTsimple(G) \ Fix(φ), (4.19)

let i be such that a ∈ V (Ti), and let i′ ⩾ i be maximal with V (Ti′) ∩ [a] ̸= ∅. Illustrative
examples for G = K64 = K6 +K4 will be provided in the figures.

Case 1: F|⩾a is not fixed under φ′. We first define a sign-reversing involution φ|⩾a with no
fixed points on those F for which φ′(F|⩾a) ̸= F|⩾a. The idea will be to restrict F to G′, apply
the map φ′, and reattach to the rest of F . Let σ = list(Ti), k = |V (Ti)∩ [a]|, and j = seq[a](Ti).
Apply the map φ′ to get φ′(F|⩾a) = F ′ = (T ′

1 = (T ′
1, α

(1)′ , 1), T ′
2 , . . . , T ′

m′) and
let σ′ = list(T ′

1). We now define the tree triple of G

Ti ∨ T ′
1 = (σ1 · · · σk (σ

′
2 + a− 1) · · · (σ′

|V (T ′
1)|

+ a− 1), α
(i)
1 · · ·α(i)

j α
(1)′

2 · · ·α(1)′

ℓ , ri) (4.20)

and we define φ|⩾a(F) = F ∨ F ′, where

F ∨ F ′ = (T1, . . . , Ti−1, Ti ∨ T ′
1 , Ti+1, . . . , Ti′ , T ′

2 + (a− 1), . . . , T ′
m′ + (a− 1)). (4.21)

The permutation σ1 · · ·σk (σ′
2 + a − 1) · · · (σ′

|V (T ′
1)|

+ a − 1) starts with its minimum element
and its descents and successive LR maxima are those of σ or translated ones in σ′ so it is a tree
list of G. Because φ′ preserves the first part of the first composition, we have

α
(i)
1 + · · ·+α

(i)
j +α

(1)′

2 + · · ·+α
(1)′

ℓ = k−1+α
(1)
1 (F|⩾a)+α

(1)′

2 + · · ·+α
(1′)
ℓ = k−1+ |V (T ′

1)|
(4.22)

and we have ri ⩽ α
(i)
1 , so Ti ∨ T ′

1 is indeed a tree triple of G and φ|⩾a(F) is a simple forest
triple of G. Informally, F ∨ F ′ replaces the part of F in G′ by F ′. By construction, we
have F ∨ (F|⩾a) = F and we have (F ∨ F ′)|⩾a = F ′, which by hypothesis is not fixed un-
der φ′. The map φ|⩾a reverses sign, preserves type, weight, and α

(1)
1 , has no fixed points, and is

an involution because

φ|⩾a(φ|⩾a(F)) = F ∨ (φ′(φ′(F|⩾a))) = F ∨ (F|⩾a) = F . (4.23)
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K64 =
1

2

3

4

5

6

7

8

9

F F|⩾6 F ′ φ|⩾6(F) = F ∨ F ′

(123654789, 72, 1) (1234, 22, 1) (12, 2, 1), (34, 2, 1) (1236547, 7, 1), (89, 2, 1)
(136254897, 432, 1) (1342, 22, 1) (13, 2, 1), (24, 2, 2) (1362548, 43, 1), (79, 2, 2)
(154623978, 522, 1) (1423, 22, 1) (14, 2, 1), (23, 2, 1) (1546239, 52, 1), (78, 2, 1)
(163452987, 2322, 1) (1432, 22, 1) (14, 2, 1), (23, 2, 2) (1634529, 232, 1), (78, 2, 2)

Figure 4.3: Some simple forest triples F of K64 and φ|⩾6(F).

Case 2: F|⩾a is fixed under φ′ and seq[a](F) ⩽ 2. First note that if seq[a](F) = 1, then i = 1,
F is an atom, [a] ⊆ V (T1), and F ∈ Fix(φ), so we must have seq[a](F) = 2. We now define a
bijection φ2 between those F with seq[a](Ti) = 2, for which the only tree triple present in [a] is
of the form Ti = T1 = (T1, α

(1) = α
(1)
1 α

(1)
2 , 1), and those with seq[a](Ti) = 1, which have two

tree triples present in [a], which are both not breakable. Then we get a sign-reversing involution
by either applying φ2 or its inverse.

More specifically, for each k we define a bijection

breakk :{T dec. subtree of G : [a] ⊆ V (T ), k < |V (T )| < k + a} (4.24)
→{(S1, S2, r2) : S1, S2 dec. subtrees of G, [a] ⊆ V (S1) ⊔ V (S2), 1 ∈ V (S1),

|V (S1)| < a, 1 ⩽ r2 ⩽ |V (S2)| = k, if a ∈ V (S2), then r2 ⩽ a− ϵ− 1},

breaking a tree T into S1 and S2, with 1 ∈ V (S1) and |V (S2)| = k, such that

invG(list(T )) = invG(list(S1) · list(S2)) + (r2 − 1). (4.25)

Then we define φ2(F) by taking break
α
(1)
2
(T1) = (S1, S2, r2) and replacing T1 by the tree triples

S1 = (S1, α
(1)
1 , 1) and S2 = (S2, α

(1)
2 , r2). (4.26)

By construction, φ2 will reverse sign, will preserve type and α
(1)
1 , will preserve weight by (4.25),

and will have no fixed points. Let T be a decreasing subtree of G with [a] ⊆ V (T )
and k < |V (T )| < k + a, let σ = list(T ), and let 2 ⩽ j ⩽ |V (T )| be such that σj = a.
Note that if j = 2, then we must have ϵ = 0. We will have three cases, depending on the
position j of the entry a in σ.

If j ⩾ |V (T )| − k + 1, then as in Definition 4.7, we divide σ into its head and tail,

σhead = σ1 · · · σ|V (T )|−k and σtail = σ|V (T )|−k+1 · · · σ|V (T )|, (4.27)

and we define (S1, S2, r2) by

list(S1) = σhead, list(S2) = startmin(σtail), and r2 = indstart(σtail). (4.28)
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K64 =
1

2

3

4

5

6

7

8

9

F φ2(F) F φ2(F)
(123456789, 36, 1) (123, 3, 1), (456789, 6, 1) (123456789, 54, 1) (12345, 5, 1), (6789, 4, 1)
(132465789, 36, 1) (132, 3, 1), (465789, 6, 2) (156324789, 54, 1) (15324, 5, 1), (6789, 4, 4)
(123654789, 36, 1) (123, 3, 1), (465789, 6, 3) (162345789, 54, 1) (16789, 5, 1), (2345, 4, 1)
(146532789, 36, 1) (145, 3, 1), (263789, 6, 4) (163425789, 54, 1) (16789, 5, 1), (2435, 4, 2)
(165234789, 36, 1) (152, 3, 1), (346789, 6, 5) (165432789, 54, 1) (16789, 5, 1), (2543, 4, 4)

Figure 4.4: Some simple forest triples F of K64 and φ2(F).

Because |V (T )|−k < a and by Lemma 4.4, σhead has all entries in [a−1] so is a tree list ofG. We
have min(σtail) ⩽ σtail

1 ⩽ a, so the only transpositions applied to σtail switch entries at most a,
which are all adjacent, and its descents and successive LR maxima appear in the tree list σ,
so startmin(σtail) is a tree list of G, and (4.25) follows from (4.5). Also note that a ∈ V (S2)
and we have

1 ⩽ r2 ⩽ |V (S2) ∩ [a]| = a− (|V (T )| − k) ⩽ a− 1 (4.29)

with equality only if k = |V (T )| − 1 and σ2 = a, meaning that ϵ = 0, so r2 ⩽ a− ϵ− 1.
If a − k + 1 ⩽ j ⩽ |V (T )| − k, then the entry a would appear in σhead, and σtail would

have entries less than a and greater than a and therefore would have no hope of satisfying the
LR maximum condition. Therefore, we move the entry a from position j to the start of the tail,
at position |V (T )| − k + 1, and define

σhead′ = σ1 · · · σj−1 σj+1 · · · σ|V (T )|−k+1 and σtail′ = a σ|V (T )|−k+2 · · · σℓ(σ), (4.30)

and we define (S1, S2, r2) by

list(S1) = σhead′ , list(S2) = startmin(σtail′), and r2 = a− j + 1. (4.31)

Informally, r2 records the original position of the entry a. Again, σhead′ has all entries in [a− 1]
and the descents and successive LR maxima of startmin(σtail′) are either in {2, . . . , a} or appear
in σ so these are tree lists of G. Moving the entry a from position j to position (|V (T )|−k+1)
created (|V (T )| − k + 1− j) new G-inversions, and then we applied

indstart(σtail′)− 1 = a− ℓ(σhead′)− 1 = a− (|V (T )| − k)− 1 (4.32)

transpositions, so (4.25) holds. Also note that a ∈ V (S2) and we have

a− (|V (T )| − k) + 1 ⩽ r2 ⩽ a− ϵ− 1 (4.33)

because j ⩾ 2 with equality only if ϵ = 0.
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If j ⩽ a− k, then we remove k entries from the inside of σ and define

σin = σa−k+1 · · · σa and σout = σ1 · · · σa−k σa+1 · · · σ|V (T )|, (4.34)

and we define (S1, S2, r2) by

list(S1) = σout, list(S2) = startmin(σin), and r2 = indstart(σin). (4.35)

Because j ⩽ a − k, the entry a appears in σout so its descents and successive LR maxima
appear in σ and startmin(σin) has all entries in [a − 1] so these are tree lists of G, and we
have r2 ⩽ ℓ(σin) = k. Moving the string σin does not affect the number of G-inversions because
its entries are less than a, whereas every σt > a for t > a by Lemma 4.4, so again (4.25) follows
from (4.5). Also note that the entries σ1 and σ2 are unaffected and a ∈ V (S1).

It remains to show that the map breakk is a bijection. The idea is that we can determine
which case of the map was applied by whether a ∈ V (S2) and from r2, using (4.29) and (4.33),
so we can recover list(T ). If a ∈ V (S2) and r2 ⩽ a − (|V (S1) ⊔ V (S2)| − k), then we must
have been in the first case where j ⩾ |V (T )| − k + 1 and the inverse map is given by

list(T ) = list(S1) · startr(list(S2), r2). (4.36)

Note that because r2 ⩽ a − ϵ − 1, the r2-th smallest entry of S2 can only be an a if ϵ = 0,
so list(T ) is indeed a tree list of G. If a ∈ V (S2) and r2 ⩾ a− (|V (S1)⊔V (S2)| − k)+ 1, then
we must have been in the second case where a−k+1 ⩽ j ⩽ |V (T )|−k and the inverse map is
given by concatenating the permutations τ (1) = list(S1) and τ (2) = startr(list(S2, a−|V (S1)|))
and then returning the entry a from the start of τ (2) to position j = a− r2 + 1, that is,

list(T ) = τ
(1)
1 · · · τ (1)a−r2 a τ

(1)
a−r2+2 · · · τ (1)|V (S1)| τ

(2)
2 · · · τ (2)k−1. (4.37)

Note that because r2 ⩽ a − ϵ − 1, the entry a can only move to position j = 2 if ϵ = 0,
so list(T ) is indeed a tree list of G. Finally, if a ∈ V (S1), then we must have been in the
third case where j ⩽ a − k and the inverse map is given by inserting τ (2) = startr(list(S2, r2)
into τ (1) = list(S1), specifically,

list(T ) = τ
(1)
1 · · · τ (1)a−|V (S1)| τ

(2)
1 · · · τ (2)k τ

(1)
a−|V (S1)|+1 · · · τ (1)|V (S1)|. (4.38)

These constructions are inverse to each other, so we indeed have a sign-reversing involution.

Case 3: F|⩾a is fixed under φ′, seq[a](F) ⩾ 3, and seq[a](Ti) ⩽ seq[a](F) − 2. We now
define a sign-reversing involution φ⊆[a−1] on these F by applying the easybreak and easyjoin
maps used in the proof of Proposition 4.8, but now we carefully work around Ti. Note that the
tree triples present in [a] other than Ti have all vertices in [a− 1]. Because

seq[a](F)− seq[a](Ti) =
∑

1⩽t⩽i′,t̸=i

ℓ(α(t)) ⩾ 2, (4.39)

either some such tree triple is breakable or there are at least two such tree triples.
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K64 =
1

2

3

4

5

6

7

8

9

F φ⊆[5](F)
(136789, 6, 1), (2, 1, 1), (45, 2, 1) (136789, 6, 1), (245, 12, 1)
(1, 1, 1), (23, 2, 2), (456789, 33, 2) (132, 12, 1), (456789, 33, 2)
(1, 1, 1), (256789, 123, 1), (34, 2, 1) (153, 12, 1), (246789, 123, 1)
(1, 1, 1), (264789, 6, 4), (35, 2, 2) (145, 12, 1), (263789, 6, 4)
(1, 1, 1), (2463789, 7, 5), (5, 1, 1) (14, 11, 1), (2365789, 7, 5)

Figure 4.5: Some simple forest triples F of K64 and φ⊆[5](F).

First suppose that
∑

i+1⩽t⩽i′ ℓ(α
(t)) ⩾ 2, meaning that i′ ⩾ i+ 1 and either Ti′ is breakable,

or Ti′ is not breakable and in fact i′ ⩾ i+2. Informally, this means there are at least two segments
of trees occurring after Ti. If Ti′ is breakable, then we define φ⊆[a−1](F) by replacing Ti′ by the
two tree triples of easybreak(Ti′), and if Ti′ is not breakable, then we define φ⊆[a−1](F) by
replacing Ti′−1 and Ti′ by easyjoin(Ti′−1, Ti′). The map φ⊆[a−1] is a sign-reversing involution on
these F , it preserves type and α

(1)
1 , and it preserves weight by (4.10) and because it preserves

the order of the trees.
Similarly, suppose that i′ = i, and either Ti−1 is not breakable, or Ti−1 is breakable

with easybreak(Ti−1) = (S1,S2 = (S2, β
(2), r′)), and min(V (S2)) < min(V (Ti)). Then we

again defineφ⊆[a−1](F) by either replacing Ti−1 by the two tree triples of easybreak(Ti−1) if Ti−1

is breakable, or by replacing Ti−2 and Ti−1 by easyjoin(Ti−2, Ti−1) otherwise. The map φ⊆[a−1]

is a sign-reversing involution on these F , it preserves type and α
(1)
1 , and it preserves weight

by (4.10) and because it preserves the order of the trees.
It remains to find a bijection φ⊆[a−1] between the case where i′ = i + 1 and Ti+1 is not

breakable, and the case where i′ = i and Ti−1 is breakable with easybreak(Ti−1) = (S1,S2 =
(S2, β

(2), r′)), but this timemin(V (Ti)) < min(V (S2)). Then we get a sign-reversing involution
by either applying φ⊆[a−1] or its inverse. Suppose that F is in the former case.

We would like to join Ti+1 to Ti−1, but the problem is that when we compute weight, the
entries of Ti+1 would now be read before the entries of Ti. The idea is to first move Ti+1

“through” Ti, preserving the relative order of entries x with min(V (Ti)) < x < a, before joining
to Ti−1. Let k = |V (Ti) ∩ [a]|, σ = list(Ti), σ′ = startr(list(Ti+1), ri+1), and let 2 ⩽ j ⩽ k be
such that σj = a. We now define

τ = σ2 · · · σj−1 σj+1 · · · σk σ
′
1 · · · σ′

ℓ(σ′), (4.40)

the permutation consisting of the entries x in V (Ti)⊔V (Ti+1) with min(V (Ti)) < x < a, which
in particular are all adjacent. We use the first |V (Ti+1)| entries of τ to join with Ti−1 to make
the tree triple

T = (list(Ti−1) · (τ1 · · · τ|V (Ti+1)|), α
(i−1) · α(i+1), ri−1), (4.41)
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K64 =
1

2

3

4

5

6

7

8

9

F φ⩾3(F)
(126345789, 135, 1) (126789, 15, 1), (345, 3, 1)
(163425789, 135, 1) (163789, 15, 1), (245, 3, 2)
(156432789, 1341, 1) (156789, 141, 1), (243, 3, 3)
(123456789, 135, 1) (1, 1, 1), (23456789, 35, 1)
(132456789, 135, 1) (1, 1, 1), (23465789, 35, 1)
(123465789, 135, 1) (1, 1, 1), (23456789, 35, 2)
(145623789, 1341, 1) (1, 1, 1), (25634789, 341, 3)

Figure 4.6: Some simple forest triples F of K64 and φ⩾3(F).

and we use the remaining entries of τ to modify Ti to make the tree triple

T ′
i = (σ1 τ|V (Ti+1)|+1 · · · τ|V (Ti+1)|+j−2 a τ|V (Ti+1)|+j−1 · · · τℓ(τ) σk+1 · · · σℓ(σ), α

(i), ri). (4.42)

Then we define φ⊆[a−1](F) by replacing by tree triples Ti−1, Ti, and Ti+1 by T and T ′
i . The

entries that moved are in [a − 1] so are adjacent in G and these are indeed tree triples. Note
that entries of τ occurring after a, which make a G-inversion with a and not σ1, are exchanged
with entries occurring before σ1, which make a G-inversion with σ1 and not a. Therefore,
the map φ⊆[a−1] preserves weight, and by construction it also reverses sign and preserves
type and α

(1)
1 . We have indeed produced a forest triple for which i′ = i, Ti−1 is breakable

with easybreak(Ti−1) = (S1,S2 = (S2, β
(2), r′)), and min(V (Ti)) < min(V (S2)).

To define the inverse map, we break Ti−1 as easybreak(Ti−1) = (S1,S2 = (S2, β
(2), r′)) and

move S2 back “through” Ti. Let k = |V (Ti) ∩ [a]|, σ = list(Ti), σ′ = startr(list(S2), r
′), and

let 2 ⩽ j ⩽ k be such that σj = a. We now define

τ = σ′
1 · · · σ′

ℓ(σ′) σ2 · · · σj−1 σj+1 · · · σk, (4.43)

the permutation consisting of the entries x in V (S2) ⊔ V (Ti) with min(V (Ti)) < x < a. We
use the first (k − 2) entries of τ to modify Ti to make the tree triple

T ′
i = (σ1 τ1 · · · τj−2 a τj−1 · · · τk−2 σk+1 · · · σℓ(σ), α

(i), ri), (4.44)

and we use the remaining entries of τ to make the tree triple

S ′
2 = (startmin(τk−1 · · · τℓ(τ)), β(2), indstart(τk−1 · · · τℓ(τ))). (4.45)

Then the inverse map is given by replacing the tree triples Ti−1 and Ti by S1, T ′
i , and S ′

2.
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Case 4: F|⩾a is fixed under φ′, seq[a](F) ⩾ 3, and seq[a](Ti)−seq[a](F) = 0 or 1. We define
a bijection φ⩾3 between such F with seq[a](Ti) = seq[a](F), meaning that the only tree triple
present in [a] is T1 = (T1, α

(1), 1), where [a] ⊆ V (T1), ℓ(α(1)) ⩾ 3, and α
(1)
1 + α

(1)
2 < a; and

those with seq[a](Ti) = seq[a](F)−1, meaning there is exactly one other tree triple present in [a]
and it is not breakable. Then we get a sign-reversing involution by either applying φ⩾3 or its
inverse. Let σ = list(T1) and let j be such that σj = a. Note that 2 ⩽ j ⩽ a by Lemma 4.4
and we can have j = 2 only if ϵ = 0. We will have two cases, depending on the position of the
entry a in σ.

If j ⩽ a− α
(1)
2 , then we remove α(1)

2 entries from the inside of σ and define

σin = σ
a−α

(1)
2 +1

· · ·σa and σout = σ1 · · ·σa−α
(1)
2

σa+1 · · · σ|V (T )|, (4.46)

and we define φ⩾3(F) by replacing T1 by the tree triples

S1 = (σout, α
(1)
1 α

(1)
3 · · ·α(1)

ℓ , 1) and S2 = (startmin(σin), α
(1)
2 , indstart(σin)). (4.47)

Because j ⩽ a − α
(1)
2 , the entry a appears in σout so its descents and successive LR maxima

appear in σ, and startmin(σin) has all entries in [a − 1] so these are tree lists of G, and we
have r2 ⩽ ℓ(σin) = α

(1)
2 , so S2 is indeed a tree triple of G. Moving the string σin does not affect

the number of G-inversions because its entries are less than a, whereas every σt > a for t > a

by Lemma 4.4. The map φ⩾3 reverses sign, preserves type, α(1)
1 , and weight. Also note that the

vertices 1 and a are in the same tree.
If a− α

(1)
2 + 1 ⩽ j ⩽ a, which in particular means that j ̸= 2 because α(1)

1 + α
(1)
2 < a, then

we separate σ into its head and tail,

σhead = σ1 · · ·σα
(1)
1

and σtail = σ
α
(1)
1 +1

· · ·σ|V (T )|. (4.48)

As before, we apply transpositions to σtail to put its minimum element in front. We will now do
something a little unusual. We move the entry a to position (a − indstart(σtail) + 1) so that it
makes (indstart(σtail) − 1) G-inversions to account for these transpositions. We then use the
new value of r = a− j+1 to account for the original (a− j)G-inversions made by the entry a.
Specifically, let r′ = indstart(σtail) and let τ be startmin(σtail) with the entry a removed, and
define φ⩾3(F) by replacing T1 by the tree triples

S1 = (σhead, α
(1)
1 , 1) and S2 = (τ1 · · · τa−r′ a τa−r′+1 · · · τℓ(τ), α(1)

2 · · ·α(1)
ℓ , a−j+1). (4.49)

The entries of σhead and the entries of τ that moved are all in [a−1] so are adjacent and these are
tree lists of G. We also have a− j + 1 ⩽ α

(2)
1 , so S2 is indeed a tree triple of G. The map φ⩾3

reverses sign and preserves type, α(1)
1 , and weight. Also note that the vertices 1 and a are in

different trees.
It remains to show that the map φ⩾3 is a bijection. Suppose that seq[a](Ti) = seq[a](F)− 1.

The idea is that we can determine which case of the map was applied by whether the vertices 1
and a are in the same tree in F , so we can recover the original tree triple.
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If the vertices 1 and a are in the same tree Ti = T1, then we must have been in the first case
where j ⩽ a− α

(1)
2 . Let σ = list(T1), σ′ = startr(list(T2), r2), k = |V (T2) ∩ [a]|, and then the

inverse map is given by inserting σ′ back into σ, specifically, by replacing T1 and T2 by

T = (σ1 · · · σk σ
′
1 · · · σ′

|V (T2)| σk+1 · · · σ|V (T1)|, α
(1)
1 α

(2)
1 α

(1)
2 · · · α(1)

ℓ , 1). (4.50)

If the vertices 1 and a are in different trees, so that 1 ∈ V (T1) and a ∈ V (T2), then we must
have been in the second case where a − α

(1)
2 + 1 ⩽ j ⩽ a. Let σ′ = list(T1), let σ = list(T2),

let k = |V (T2) ∩ [a]|, let j′ be such that σj′ = a, and let τ be startr(list(T2), k − j′ + 1) with
the entry a removed. The position of the entry a tells us the original first entry of the tail and the
value of r2 tells us the original position of the entry a. The inverse map is given by replacing T1

and T2 by

T = (σ′
1 · · · σ′

|V (T2)| τ1 · · · τk−r2−1 a τk−r2 · · · τℓ(τ), α(1)
1 α

(2)
1 · · · α(2)

ℓ , 1). (4.51)

These constructions are inverse to each other, so we indeed have a sign-reversing involution in
this case.

By combining our sign-reversing involutions in these four cases, we build a nice involution φ
for G with the prescribed fixed points, thus completing the proof.

Now we can repeatedly apply Theorem 4.10 to obtain a combinatorial description of fixed
forest triples for any almost-K-chain, which is a graph of the form

Kϵ
γ = Kϵ1

γ1
+ · · ·+Kϵℓ

γℓ
, (4.52)

where γ = γ1 · · · γℓ is a composition with all parts at least 2 and ϵ = ϵ1 · · · ϵℓ is a sequence of 0’s
and 1’s. Aliniaeifard, Wang, and van Willigenburg proved that for such graphs, the chromatic
symmetric function XKϵ

γ
(x) is e-positive [AWvW24, Proposition 5.4].

Definition 4.11. Let Kϵ
γ be an almost-K-chain and for 0 ⩽ t ⩽ ℓ(γ), let

ct = γ1 + · · ·+ γt − t+ 1, (4.53)

so that c0 = 1, cℓ(γ) = n, and c1, . . . , cℓ(γ)−1 are the cut vertices of Kϵ
γ . Let Fix(Kϵ

γ) denote
the set of forest triples F ∈ FT(Kϵ

γ) that are atoms and such that for every 1 ⩽ t ⩽ ℓ(γ),
letting T = (T, α, r) denote the tree triple of F with ct ∈ V (T ), we have the following.

(C1) There is at most one other tree triple T ′ = (T ′, α′, r′) in F such that there exists a ver-
tex v ∈ V (T ′) with ct−1 ⩽ v ⩽ ct.

(C2) If ct−1 /∈ V (T ), we have r ⩾ γt − ϵt.

(C3) If ct−1 ∈ V (T ), we have |{v ∈ V (T ) : v ⩾ ct−1}| ⩾ γt.

Let Fixsimple(K
ϵ
γ) denote the set of simple forest triples F ∈ Fix(Kϵ

γ).
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Corollary 4.12. The chromatic quasisymmetric function of an almost-K-chain Kϵ
γ is

XKϵ
γ
(x; q) =

∑
F∈Fixsimple(Kϵ

γ)

[α
(1)
1 (F)]q q

weight(F)etype(F) =
∑

F∈Fix(Kϵ
γ)

qweight(F)etype(F). (4.54)

In particular, XKϵ
γ
(x; q) is e-positive.

Proof. We use induction on ℓ(γ) to show that there is a nice involution whose fixed points
are exactly Fixsimple(K

ϵ
γ). The case where ℓ(γ) = 1 is done in Proposition 4.8, so suppose

that ℓ(γ) ⩾ 2 and let G′ = Kϵ2
γ2

+ · · · +Kϵℓ
γℓ

. By Theorem 4.10 and our induction hypothesis,
there is a nice involution φ for Kϵ

γ = Kϵ1
γ1
+G′ with fixed points exactly

Fix(φ) = {F ∈FTsimple(K
ϵ
γ) : F is an atom, F|⩾γ1 ∈ Fixsimple(G

′), seq[γ1](F) ⩽ 2, (4.55)
if 1 /∈ V (Ti), then ri ⩾ γ1 − ϵ1, if 1 ∈ V (Ti), then |V (Ti)| ⩾ γ1},

where Ti = (Ti, α
(i), ri) is the tree triple of F with γ1 ∈ V (Ti). Note that by induction, the

condition F|⩾γ1 ∈ Fixsimple(G
′) means that for the restricted tree triple Ti|⩾γ1 = (T ′, α′, 1),

if γ2 ∈ V (T ′), then we must have |V (T ′)| ⩾ γ2, which means that for the tree triple Ti,
if c1 ∈ V (Ti), we must have |{v ∈ V (Ti) : v ⩾ c1}| ⩾ γ2, because it is only these ver-
tices of Ti that appear in the restriction to G′. The other conditions of Fix(Kϵ

γ) are exactly those
in (4.55), so we have Fix(φ) = Fixsimple(K

ϵ
γ), as desired.

Now by enumerating these fixed points, we can simplify (4.54) to an explicit sum over certain
weak compositions, where parts equal to 0 are allowed. We first state a Lemma about q-counting
subsets.

Lemma 4.13. For integers 0 ⩽ k ⩽ n, we have∑
S⊆[n]: |S|=k

q|{(i,j): i>j, i/∈S, j∈S}| =

(
n

k

)
q

, (4.56)

where the q-binomial coefficient is
(
n
k

)
q
= [n]q !

[k]q ![n−k]q !
.

Proof. As with ordinary binomial coefficients, the result follows from induction on n, the iden-
tity

(
n
k

)
q
= qk

(
n−1
k

)
q
+
(
n−1
k−1

)
q
, and from considering the cases of n /∈ S and n ∈ S.

Before we prove our explicit formula for XKϵ
γ
(x; q), we will first consider the simpler case

of a K-chain with two cliques because this will demonstrate the main ideas.

Corollary 4.14. Consider the K-chain Kab with two cliques of sizes a and b, which
has n = a+ b− 1 vertices. Then the chromatic quasisymmetric function of Kab is

XKab
(x; q) = [a− 1]q![b− 1]q!

n∑
k=max{a,b}

qn−k[2k − n]qek(n−k). (4.57)
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Proof. We count fixed forest triples F ∈ Fix(Kab) by weight. Let T = (T, α, r) be the
tree triple of F with n ∈ V (T ) and let k = |V (T )|. We must have a ∈ V (T ), other-
wise V (T ) ⊆ {a + 1, . . . , n} and r ⩽ k ⩽ b − 1, while (C2) requires r ⩾ b. Now by (C3),
we must have {a, . . . , n} ⊆ V (T ) and k ⩾ b. If 1 /∈ V (T ), (C2) implies that k ⩾ r ⩾ a,
while if 1 ∈ V (T ), (C3) again implies that k ⩾ a, so we must have k ⩾ max{a, b}. By (C1),
there is at most one other tree triple T ′ = (T ′, α′, r′) in F , and we have |V (T ′)| = n − k
and V (T ′) ⊆ [a−1]. We now consider the possibilities ofF with 1 ∈ V (T ′) and with 1 ∈ V (T ).

If 1 ∈ V (T ′), then we must have r ⩾ a by (C2). By using Lemma 3.13 to account for G-
inversions within the trees T and T ′ and using Lemma 4.13 to account for G-inversions between
trees T ′ and T , the q-weighted sum over these fixed points is

∑
F∈Fix(Kab)
|V (T )|=k
1∈V (T ′)

qweight(F) =

(
a− 2

k − b

)
q

[n− k − 1]q![k − b]q![b− 1]q![n− k]q([k]q − [a− 1]q)

(4.58)
= qa−1[a− 2]q![b− 1]q![n− k]q[k − a+ 1]q.

If 1 ∈ V (T ), then we can have any 1 ⩽ r ⩽ k. We have (n − k) G-inversions between
vertex n ∈ V (T ) and the vertices in T ′. By Lemma 3.13 and Lemma 4.13, we have∑

F∈Fix(Kab)
|V (T )|=k
1∈V (T )

qweight(F) = qn−k

(
a− 2

n− k

)
q

[n− k − 1]q![k − b]q![b− 1]q![n− k]q[k]q (4.59)

= qn−k[a− 2]q![b− 1]q![k − b]q[k]q.

Now by summing (4.58) and (4.59) over all max{a, b} ⩽ k ⩽ n, we have, as desired, that

XKab
(x; q) = [a− 2]q![b− 1]q!

n∑
k=max{a,b}

(qa−1[n− k]q[k − a+ 1]q + qn−k[k − b]q[k]q)ek(n−k)

= [a− 1]q![b− 1]q!
n∑

k=max{a,b}

qn−k[2k − n]qek(n−k).

We now state the general formula for any almost-K-chain.

Definition 4.15. Let γ = γ1 · · · γℓ be a composition with all parts at least 2 and let ϵ = ϵ1 · · · ϵℓ
be a list of 0’s and 1’s. We define Aϵ

γ to be the set of weak compositions α = α1 · · ·αℓ+1 of
length ℓ+ 1 and size |γ| − ℓ+ 1 such that α1 ⩾ 1 and for each 2 ⩽ i ⩽ ℓ+ 1 we have either

αi < γi−1 − ϵi−1 − 1 and αi + · · ·+ αℓ+1 < γi + · · ·+ γℓ − (ℓ− i), or (4.61)
αi ⩾ γi−1 − ϵi−1 and αi + · · ·+ αℓ+1 ⩾ γi + · · ·+ γℓ − (ℓ− i). (4.62)
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K66 =
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7 9

8 10

11

XK66(x; q) = [5]q![5]q!(q
5e65+q4[3]qe74+q3[5]qe83+q2[7]qe92+q[9]qe(10)1+[11]qe(11)). (4.60)

Figure 4.7: The K-chain K66 and the chromatic quasisymmetric function XK66(x; q).

Remark 4.16. Note that for i = ℓ + 1, the conditions are that αℓ+1 = 0 or αℓ+1 ⩾ γℓ − ϵℓ. In
particular, if ϵℓ = 0, we must have αℓ+1 = 0, otherwise these conditions will force αℓ+1 ⩾ γℓ
and αi ⩾ γi−1 − 1 for every 2 ⩽ i ⩽ ℓ, but then |α| ⩾ |γ| − ℓ+ 2.

Example 4.17. If γ = abc and ϵ = 000, thenA000
abc is the set of weak compositionsα = α1α2α3α4

such that α1 + α2 + α3 + α4 = a+ b+ c− 2, α1 ⩾ 1, α4 = 0 by Remark 4.16, and

α2 < a− 1 and α2 + α3 < b+ c− 1, or α2 ⩾ a and α2 + α3 ⩾ b+ c− 1, (4.63)
α3 < b− 1 and α3 < c, or α3 ⩾ b and α3 ⩾ c. (4.64)

Corollary 4.18. The chromatic quasisymmetric function of an almost-K-chain Kϵ
γ is

XKϵ
γ
(x; q) = [γ1− 2]q! · · · [γℓ− 2]q!

∑
α∈Aϵ

γ

[α1]q

ℓ+1∏
i=2

qmi [|αi− (γi−1− 1− ϵi−1)|]qesort(α), (4.65)

where ℓ = ℓ(γ) and mi = min{αi, γi−1 − 1− ϵi−1}.

Proof. The idea is to associate a weak composition α ∈ Aϵ
γ to each fixed point F ∈ Fix(Kϵ

γ)

and then to enumerate qweight(F) over all F corresponding to a particular α. Given a fixed for-
est triple F , we define α = α1 · · ·αℓ+1 as follows. For 1 ⩽ i ⩽ ℓ + 1, let Ti be the tree
with ci−1 ∈ V (Ti). Note that different indices i may refer to the same tree because for example
it is possible that ci−2 ∈ V (Ti) as well. Let α1 = |V (T1)| ⩾ 1 be the size of the tree con-
taining vertex 1. Then for 2 ⩽ i ⩽ ℓ + 1, if ci−2 /∈ V (Ti), we let αi = |V (Ti)| be the size
of the tree Ti, while if ci−2 ∈ V (Ti), then there is at most one other tree T ′

i that has a vertex v
with ci−1 ⩽ v ⩽ ci; we let αi = |V (T ′

i )| be the size of this tree T ′
i if it exists, otherwise we

set αi = 0. Note that all trees have been considered, so |α| = n = |γ| − ℓ+ 1.
If ci−2 /∈ V (Ti), meaning that αi = |V (Ti)|, then we must have αi ⩾ γi−1 − ϵi−1 by (C2)

and the trees Tj for j ⩾ i must use all the vertices at least ci−1, so we must have

αi + · · ·+ αℓ+1 ⩾ γi + · · ·+ γℓ − (ℓ− i). (4.66)

If ci−2 ∈ V (Ti), meaning that αi = |V (T ′
i )| is the size of the other tree T ′

i , if any, then we must
have V (Ti′) ⊆ {ci−2 + 1, . . . , ci−1 − 1} so αi < γi−1 − 1. The tree Ti must contain at least γi−2
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vertices at least ci−2 by (C3), and therefore the tree T ′
i along with the trees to the right of Ti use

the remaining vertices at least ci−2, so we must have

αi + · · ·+ αℓ+1 < γi + · · ·+ γℓ − (ℓ− i). (4.67)

Also note that if ϵi−1 = 0 and αi = γi−1−ϵi−1−1, then the summand in (4.65) is zero so we can
equivalently replace the condition αi < γi−1−1 by the condition αi < γi−1−ϵi−1−1, and there-
fore the weak compositions that arise are exactly those α ∈ Aϵ

γ . We now enumerate qweight(F)

over all F associated to a particular α ∈ Aϵ
γ . There is a factor [α1]q for the possible choices

of 1 ⩽ r1 ⩽ α1. Now for 2 ⩽ i ⩽ ℓ + 1, we consider the contributions given by the choices
for ri and the inversion-weighted choices of how to join vertices in the i-th clique.

If ci−2 /∈ V (Ti), then we must have ri ⩾ γi−1 − ϵi−1. Let k = α1 + · · · + αi−1 − ci−2 + 1
be the number of vertices v of Ti with v ⩽ ci−1. Then by Lemma 3.13 and Lemma 4.13, the
contribution given by the possible choices is(

γi−1 − 2

k − 1

)
q

[k − 1]q![γi−1 − k − 1]q!([αi]q − [γi−1 − 1− ϵi−1]q) (4.68)

= qγi−1−1−ϵi−1 [γi−1 − 2]q![αi − (γi−1 − 1− ϵi−1)]q.

If ci−2 ∈ V (Ti), then we can have any 1 ⩽ ri ⩽ αi. We have αi G-inversions between
vertex ci−1 ∈ V (Ti) and the vertices in Ti′ . By Lemma 3.13 and Lemma 4.13, the contribution
given by the possible choices is

qαi

(
γi−1 − 2

αi

)
q

[αi − 1]q![γi−1 − 2− αi]q![γi−1 − 1− ϵi−1 − αi]q[αi]q (4.69)

= qαi [γi−1 − 2]q![(γi−1 − 1− ϵi−1)− αi]q.

Note that if αi = 0, meaning there is no tree T ′
i present, the expression in (4.69) is still valid.

Therefore, in either case, we can use the absolute value to express the contribution as

qmi [γi−1 − 2]q![|αi − (γi−1 − 1− ϵi−1)|]q. (4.70)

Multiplying these contributions over all 2 ⩽ i ⩽ ℓ+ 1, we have as desired

XKϵ
γ
(x; q) =

∑
α∈Aϵ

γ

[α1]q

ℓ+1∏
i=2

qmi [γi−1 − 2]q![|αi − (γi−1 − 1− ϵi−1)|]qesort(α) (4.71)

= [γ1 − 2]q! · · · [γℓ − 2]q!
∑
α∈Aϵ

γ

[α1]q

ℓ+1∏
i=2

qmi [|αi − (γi−1 − 1− ϵi−1)|]qesort(α).

Our explicit formula also allows us to confirm e-unimodality for almost-K-chains. We make
the following elementary observation.

Observation 4.19. Let a(q) =
∑j

k=i akq
k ∈ N[q] and b(q) =

∑j′

k=i′ bkq
k ∈ N[q] be positive

palindromic unimodal polynomials with centers of symmetry i+j
2

and i′+j′

2
.
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(O1) The product a(q)b(q) is a positive palindromic unimodal polynomial with center of sym-
metry i+j

2
+ i′+j′

2
.

(O2) If i+j
2

= i′+j′

2
, then the sum a(q) + b(q) is a positive palindromic unimodal polynomial

with the same center of symmetry.

Corollary 4.20. The chromatic quasisymmetric function of an almost-K-chain Kϵ
γ is e-positive

and e-unimodal.

Proof. By (4.65), the coefficient of eµ in XKϵ
γ
(x; q) is

cµ(q) = [γ1 − 2]q! · · · [γℓ − 2]q!
∑

α∈Aϵ
γ : sort(α)=µ

[α1]q

ℓ+1∏
i=2

qmi [|αi − (γi−1 − 1− ϵi−1)|]q. (4.72)

Note that regardless of whether αi < γi−1 − 1 − ϵi−1 or αi ⩾ γi−1 − 1 − ϵi−1, the fac-
tor qmi [|αi − (γi−1 − 1 − ϵi−1)|]q is a positive palindromic unimodal polynomial with center
of symmetry αi+γi−1−2−ϵi−1

2
. Therefore, by (O1), each summand in (4.72) is a positive palin-

dromic unimodal polynomial with center of symmetry

α1 − 1

2
+

ℓ+1∑
i=2

αi + γi−1 − 2− ϵi−1

2
=

|α|+ |γ| − 2ℓ− 1− |ϵ|
2

=
2|γ| − 3ℓ− |ϵ|

2
, (4.73)

which does not depend on α, and therefore we can apply (O2) to see that the sum is a positive
palindromic unimodal polynomial with the same center of symmetry. Then we apply (O1) again
to see that cµ(q) is positive and unimodal.

5. Further directions

We conclude by proposing some further avenues of study for the Stanley–Stembridge conjecture.
First, we can continue to seek sign-reversing involutions on forest triples to prove e-positivity
and e-unimodality for other graphs. The author checked by computer that every natural unit
interval graph with at most 9 vertices has a nice involution.

Problem 5.1. Let G be a natural unit interval graph. Find a nice involution for G to prove
that XG(x; q) is e-positive. Furthermore, by enumerating the fixed points, find an explicit e-
expansion to prove that XG(x; q) is e-unimodal.

For example, Dahlberg [Dah18, Theorem 4.5] proved that for the class of triangular ladders

Pn,2 = ([n], {{i, j} : 1 ⩽ j − 2 ⩽ i ⩽ j ⩽ n}), (5.1)

the chromatic symmetric function XPn,2(x) is e-positive. We could try to prove a quasisymmet-
ric version by finding a nice involution. More specifically, because triangular ladders arise by
successively joining a new vertex to two vertices, we could take an inductive approach.
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Problem 5.2. Let G = ([n], E) be a natural unit interval graph with {1, 2} ∈ E and let φ be a
nice involution for G. Find a nice involution for the natural unit interval graph

([n+ 1], {{1, 2}, {1, 3}} ∪ {{i+ 1, j + 1} : {i, j} ∈ E}). (5.2)

Furthermore, by enumerating the fixed points, prove that XPn,2(x; q) is e-unimodal.

Much of the progress toward the Stanley–Stembridge conjecture considers a particular
natural unit interval graph G and shows that every coefficient cµ(q) of the e-expan-
sion XG(x; q) =

∑
µ cµ(q)eµ is a positive polynomial. We could also consider a dual approach

where we fix a particular partition µ and show positivity for every natural unit interval graph G.
Upcoming work of Sagan and Tom [ST24] proves that positivity of cµ(q) holds whenever µ1 ⩽ 2,
and that cµ(1) ⩾ 0 whenever µ1 = 3. Hwang [Hwa24, Theorem 5.13] proved positivity of cµ(q)
whenever µ is a hook, meaning that µ2 ⩽ 1. Abreu and Nigro [AN23, Corollary 1.10] and Rok
and Szenes [RS23, Theorem 4.1] independently proved that cµ(1) ⩾ 0 whenever µ = (n− k)k
has two parts. We could try to prove a quasisymmetric version using forest triples.

Proposition 5.3. Let G = ([n], E) be a natural unit interval graph, let s(G) = [b2]q · · · [bn]q,
using the notation of Example 3.6, and for 1 ⩽ k ⩽ n− 1, define

sk(G) =
∑

T1,T2 dec. trees, V (T1)⊔V (T2)=[n]
1∈V (T1), |V (T2)|=k

qinvG(list(T1)·list(T2)). (5.3)

Then for 1 ⩽ k < n
2
, the coefficient of e(n−k)k in XG(x; q) is

c(n−k)k(q) = [n− k]q[k]qsk(G) + [n− k]q[k]qsn−k(G)− ([n− k]q + [k]q)s(G) (5.4)
= [n− k]q([k]qsk(G)− s(G)) + [k]q([n− k]qsn−k(G)− s(G)). (5.5)

If k = n
2
, then both terms in (5.5) are equal and the coefficient is given by just one of them.

Proof. Forest triples F ∈ FT(n−k)k(G) come in one of two flavours. We could have a single
tree triple T = (T, α, r), where T is a decreasing spanning tree, contributing a factor of s(G)
by Lemma 3.13, and α is either (n− k)k or k(n− k). Alternatively, F can consist of two tree
triples T = (T, α, r) and T ′ = (T ′, α′, r′) with trees of sizes (n − k) and k and compositions
the single parts (n− k) and k. Now the result follows from Theorem 3.4.

Therefore positivity of c(n−k)k(q) would follow from the following. The author checked by
computer that this holds for every natural unit interval graph with at most 10 vertices.

Problem 5.4. LetG=([n], E) be a natural unit interval graph. Prove that for every 1⩽k⩽n−1,
the polynomial [k]qsk(G)− s(G) has positive coefficients.

Another property that is actively studied in relation to unimodality is log-concavity [Sta89].

Definition 5.5. A polynomial a(q) =
∑j

k=i akq
k ∈ N[q] is log-concave if for every k, we

have a2k ⩾ ak−1ak+1.



combinatorial theory 5 (2) (2025), #11 31

P8,2 =

1

2

3

4

5

6

7

8

Figure 5.1: The triangular ladder P8,2.

Note that if a(q) is a positive log-concave polynomial, then it must be unimodal because we
cannot have ak−1 > ak and ak < ak+1. Therefore, log-concavity is a stronger property than
unimodality. Thank you to Bruce Sagan for suggesting the following Conjecture. The author
checked by computer that this holds for every natural unit interval graph with at most 10 vertices.
Conjecture 5.6. Let G be a natural unit interval graph. Then the chromatic quasisymmetric
function XG(x; q) is e-log-concave, meaning that for every µ, the coefficient cµ(q) of eµ is a
log-concave polynomial.

Recall that if G is not a natural unit interval graph, then XG(x; q) is not generally symmetric
in the xi variables, so it may not have an e-expansion. However, when q = 1, the chromatic
symmetric function XG(x) = XG(x; 1) is always symmetric and we can use a variant of forest
triples, with a slightly different condition on our trees, to calculate a signed e-expansion. We
conclude by describing this variant. Let G = ([n], E) be an arbitrary graph with a fixed total
ordering ⋖ of the edge set E.
Definition 5.7. A no-broken-circuit (NBC) tree of G is a subtree T of G such that E(T ) does
not contain a subset of the form C \ {max(C)}, called a broken circuit, where C ⊆ E(G) is a
set of edges that forms a cycle and max(C) is the largest edge of C under ⋖.
Remark 5.8. If G is a natural unit interval graph, we can define ⋖ lexicographically, mean-
ing that for edges {i, j} and {i′, j′} with i < j and i′ < j′, we define {i, j} ⋖ {i′, j′} if ei-
ther i < i′, or i = i′ and j < j′. Then NBC trees are precisely decreasing trees. If i ∈ V (T )
has two larger neighbours j < k, then {j, k} ∈ E(G) by (2.2) and E(T ) contains the
broken circuit {{i, j}, {i, k}, {j, k}} \ {{j, k}}. Conversely, if E(T ) contains a broken
circuit C \ {max(C)}, then the smallest vertex in the edges of C has two larger neighbours
in T .

Definition 5.9. A tree triple of G is an object T = (T, α, r) consisting of the following data.
• T is an NBC tree of G.

• α = α1 · · ·αℓ is an integer composition with size |α| = |V (T )|.

• r is a positive integer with 1 ⩽ r ⩽ α1.
A forest triple of G is a sequence of tree triples F = (Ti = (Ti, α

(i), ri))
m
i=1 such that each vertex

of G is in exactly one tree Ti and we have

min(V (T1)) < min(V (T2)) < · · · < min(V (Tm)). (5.7)

We also define the type and sign of F , and the sets FT(G) and FTµ(G), as in Definition 3.3.
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G =

1

2

3 4

XG(x) = e211 − 2e22 + 5e31 + 4e4 (5.6)

Figure 5.2: The claw graph G and the chromatic symmetric function XG(x).

Theorem 5.10. The chromatic symmetric function XG(x) of an arbitrary graph G satisfies

XG(x) =
∑

F∈FT(G)

sign(F)etype(F) =
∑
µ

 ∑
F∈FTµ(G)

sign(F)

 eµ. (5.8)

In particular, the e-expansion does not depend on the choice of total ordering ⋖.

Example 5.11. Let us calculate the coefficient of e22 in XG(x) for the claw graph G in Fig-
ure 5.2. Because G has no cycles, every subtree is an NBC tree. Note that we cannot break G
into two trees of size 2, because both trees would need to include vertex 3. Therefore, the
only possibility is for F to consist of a single tree triple T = (T, α, r), where T is all of G,
α = 22, and 1 ⩽ r ⩽ 2. We have sign(F) = (−1)2−1 = −1, so these forest triples give us the
term −2e22. Note that XG(x) is not e-positive.

To prove Theorem 5.10, we use a power sum expansion of XG(x) and then we perform a
change-of-basis from power sum to elementary symmetric functions. The technique of changing
bases is also employed in work of Sagan and the author [ST24]. Stanley originally proved the
following result using Möbius inversion, and more recently a sign-reversing involution proof
was given by Sagan and Vatter [SV21, Section 3].

Theorem 5.12. [Sta95, Theorem 2.9] The chromatic symmetric function XG(x) is given by

XG(x) =
∑

T1,...,Tm NBC trees
V (T1)⊔···⊔V (Tm)=[n]

(−1)n−mp|V (T1)| · · · p|V (Tm)|. (5.9)

We then use the following change-of-basis formula due to Macdonald.

Lemma 5.13. [Mac95, Page 109, Example 8] We have the identity

pn =
∑
α⊨n

(−1)n−ℓ(α)α1esort(α). (5.10)
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Proof of Theorem 5.10. By Theorem 5.12 and Lemma 5.13, we have

XG(x) =
∑

T1,...,Tm NBC trees
V (T1)⊔···⊔V (Tm)=[n]

(−1)n−mp|V (T1)| · · · p|V (Tm)| (5.11)

=
∑

T1,...,Tm NBC trees
V (T1)⊔···⊔V (Tm)=[n]

(−1)n−m

m∏
i=1

∑
α(i)⊨|V (Ti)|

(−1)|V (Ti)|−ℓ(α(i))α
(i)
1 esort(α(i))

=
∑

T1,...,Tm NBC trees
V (T1)⊔···⊔V (Tm)=[n]

α(1)⊨|V (T1)|,...,α(m)⊨|V (Tm)|
1⩽r1⩽α

(1)
1 ,...,1⩽rm⩽α

(m)
1

(−1)
∑m

i=1(ℓ(α
(i))−1)esort(α(1)···α(m))

=
∑

F∈FT(G)

sign(F)etype(F).

Therefore, even for arbitrary graphs G, we can study e-positivity of the chromatic symmetric
function XG(x) by fixing a total ordering ⋖ and seeking a sign-reversing involution on forest
triples of G.
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