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Abstract. Given a finite directed acyclic graph, the space of non-negative unit flows is a
lattice polytope called the flow polytope of the graph. We consider the volumes of flow
polytopes for directed acyclic graphs on n + 1 vertices with a fixed degree sequence, with
a focus on graphs having in- and out-degree two on every internal vertex. When the out-
degree of the source is three and the number of vertices is fixed, we prove that there is an
interchange operation on the edge set of these graphs that induces a partial order on the
graphs isomorphic to a Boolean algebra. Further, we prove that as we move up through this
partial order, the volumes of the corresponding flow polytopes weakly decrease. Finally, we
show that each such graph is strongly planar and we provide an alternative interpretation
of our results in the context of linear extensions for posets that are bipartite non-crossing
trees.
Keywords. Flow polytopes, Volumes, Posets, Linear Extensions, Degree Sequence
Mathematics Subject Classifications. 52B20, 05C20, 05C21, 52B05

1. Introduction

Given a finite directed acyclic graph (DAG)G, the space of non-negative flows onG of strength
one is a lattice polytope denoted by F1(G). While flow polytopes for DAGs can be defined
for arbitrary netflow vectors, strength one flows that conserve flow at inner vertices have
remained an important and central object of study in geometric and algebraic com-
binatorics [BV08, BGDH+18, BGDH+19, DKK12, DHMR23, GDHMY23, KMS21, Lid84,
LMSD19, LMM19, MM19, MMS19, MS21, BBB+24, vBGDMCY21]. A central problem is
to determine the (normalized) volume of F1(G), and to relate volumes of flow polytopes to
structural qualities of the DAGs in question.
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In this work, we consider the following general problem. Consider the family of DAGs on a
fixed number of vertices with fixed in- and out-degree sequences. Which DAGs in this family
maximize or minimize flow polytope volume? What relationships, if any, are there between the
DAGs in this family and their flow polytope volumes? Note that if a DAG has a vertex with either
in-degree or out-degree equal to 1, then contracting the single corresponding edge yields a DAG
with an integrally equivalent flow polytope. Thus, the first non-trivial case to consider is when
the in- and out-degree sequence for inner (i.e., non-sink and non-source) vertices is (2, . . . , 2).
When the degree of the source and sink are both 2, this family consists of only one DAG on n+1
vertices, with corresponding flow polytope given by a unit cube.

In this paper, we consider the DAGs having source vertex and sink vertex both of degree 3,
where all other in- and out-degrees are 2. We show that DAGs satisfying this condition are
in bijection with binary strings. Further, crossing nested edges in such a DAG corresponds to
changing 0s and 1s in the associated binary string. The main result of this work is to show
that the operation of crossing nested edges weakly decreases the volume of the associated flow
polytopes; thus, there is a Boolean algebra structure on the set of DAGs on n + 1 vertices with
this degree condition where the volumes of flow polytopes are reverse-ordered from the partial
order on the Boolean algebra.

Further, the DAGs we consider are planar. Due to Mészáros, Morales, and Striker [MMS19],
any result about volumes of flow polytopes arising from DAGs with strongly planar embeddings
can be translated to a result about linear extensions of posets arising from the duals of the DAGs.
Thus, our results regarding volume inequalities for flow polytopes translate into inequalities for
linear extensions of posets.

The remainder of this paper is structured as follows. In Section 2, we provide background
regarding flow polytopes and their volumes. We prove in Section 3 results regarding Boolean
algebra poset structures on our families of DAGs of interest. In Section 4, we introduce the tool
of flow decomposition trees in order to prove Theorem 4.20, which states that the values of the
volumes of flow polytopes for DAGs under the Boolean partial order obtained in Corollary 3.20
respect the dual partial order. Finally, in Section 5 we recast our results about flow polytopes in
the context of linear extensions for posets.

2. Background

Let G = (V,E) be a directed acyclic graph (DAG) on vertices V = [n + 1], such that every
edge (i, j) inG satisfies that i < j, and such thatG has a single source 1 and a single sink n+1,
where we call any vertex with no incoming edges a source and any vertex with no outgoing
edges a sink. We use the notation a = (a1, . . . , an,−

∑
i ai) ∈ Zn+1 for a netflow vector, and we

denote byMG the matrix whose columns are given by the positive typeAn roots α(i, j) = ei−ej
for (i, j) ∈ E.

Definition 2.1. Given a vertex j in a DAG G, define the in-degree of j, denoted indj , to be the
number of edges of the form (i, j) in G. That is, the number of incoming edges to j. Similarly,
define the out-degree of j, denoted outdj , to be the number of edges of the form (j, k) in G.
That is, the number of outgoing edges from j.
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Definition 2.2. Given a DAG G and netflow vector a, we define the flow polytope of G to be

FG(a) := {fG ∈ RE
⩾0 |MGfG = a} .

We think of fG as a flow onG, that is, an assignment of nonnegative flow values to each edge
satisfying the netflow requirements at each vertex given by the netflow vector a. In particular,
this means that ∑

incoming edges at i

fG(i, j)−
∑

outgoing edges at i

fG(h, i) = ai

for all i ∈ V . In this case, we say the flow respects the netflow values ai.
An important choice of netflow vector is a = (1, 0, . . . , 0,−1), and we use the special symbol

F1(G) := FG(1, 0 . . . , 0,−1)

to denote the corresponding flow polytope. Flow polytopes are lattice polytopes, in that their
vertices are always elements of the integer lattice ZE .

Computing the volume of an arbitrary lattice polytope is a challenging problem. There
is a closed formula for flow polytope volumes, using Kostant partition functions, due to Lid-
skii [Lid84] and Baldoni and Vergne [BV08]. The Kostant partition function KG evaluated at
the vector a ∈ Zn+1 is defined as

KG(a) = #

{
(f(e))e∈E(G)|

∑
e∈E(G)

f(e)α(e) = a, andf(e) ∈ Z⩾0

}
,

where {{α(e)}}e∈E(G) is the multiset of positive type An roots corresponding with the multi-
setE(G). That is, the Kostant partition function counts the number of ways to write the vector a
as a N-linear combination of vectors α(e) for e ∈ E(G). The Lidskii formula states that the
(normalized) volume of FG(a) is∑(

|E| − |V |+ 1

m1 − 1, . . . ,mn − 1

)
am1−1
1 · · · amn−1

n KG(m1 − outd1, . . . ,mn − outdn, 0),

where we sum over weak compositions
∑
mi = |E| with (m1, . . . ,mn) ⩾ (outd1, . . . , outdn)

using dominance order. Note that the Kostant partition function is also difficult to compute in
general, and thus the efficacy of this formula depends on the DAG under consideration. In the
case of the netflow vector a = (1, 0, . . . , 0,−1), the Lidskii formula reduces to

volF1(G) = KG(|E| − |V |+ 2− outd1, 1− outd2, . . . , 1− outdn, 0)

which is equivalent to the following, via flow reversal [MM19],

volF1(G) = KG(0, ind2 − 1, . . . , indn − 1, |V | − |E| − 2 + indn+1). (2.1)

Geometrically, this means that the volume ofF1(G) is equal to the number of lattice points in the
related flow polytopeFG(0, ind2−1, . . . , indn−1, |V |−|E|−2+indn+1) or equivalently, the in-
teger flows onGwith netflow vector (0, ind2−1, . . . , indn−1, |V |−|E|−2+indn+1). It is worth
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noting that an alternative method exists to compute flow polytope volumes for DAGs containing
a directed Hamiltonian path, one which relies on combinatorics ofG-cyclic orders [GDHMY23,
Theorem 4.8].

A family of DAGs of particular interest is that of full DAGs and a generalization which we
call r-full DAGs. We are interested in r-full DAGs because von Bell, Braun, Bruegge, Hanely,
Peterson, Serhiyenko and Yip proved [BBB+24, Proposition 6.15] that the flow polytope F1(G)
for an r-full DAG G is Gorenstein.

Definition 2.3. A DAG G is r-full if every inner vertex has in- and out-degree r. In the case
where r = 2, we say that G is full.

Example 2.4. Pictured below is a 2-full (i.e., full) DAG and a 3-full DAG, respectively.

Definition 2.5. Let Fn,k be the set of full DAGs on vertices [n + 1] with outd1 = k. That is,
DAGs with out-degree sequence (k, 2, 2, . . . , 2, 0) and in-degree sequence (0, 2, 2, . . . , 2, k).

Note that every full DAG with a unique source and sink is an element of Fn,k for some k.

Proposition 2.6. A DAG G ∈ Fn,k has n+ 1 vertices and 2n+ k − 2 edges.

Proof. The vertex count is true by assumption. The edge count comes from the fact that the
number of edges in a DAG is equal to the sum of the out-degrees (or equivalently, the sum of
the in-degrees). So

|E(G)| =
∑

i∈V (G)

outdi = k + 2(n− 1) = 2n+ k − 2

We next define the length n+ 1 vector

wn := (0, 1, . . . , 1,−(n− 1)) ,

which plays the following special role in computing volumes of flow polytopes for full DAGs.

Proposition 2.7. Suppose G ∈ Fn,3. Then

volF1(G) = KG(wn).

In other words, computing the volume of the flow polytopeF1(G) is equivalent to counting lattice
points in the flow polytope FG(wn).

Proof. This follows directly from applying Definition 2.5 for k = 3 and the edge count from
Proposition 2.6 to Equation (2.1).
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Following Karrer and Newman [KN09], we use the following method to construct DAGs
of a fixed degree sequence. For each vertex of a DAG G with a fixed degree sequence, we
imagine “stubs” attached to the vertex, with as many outgoing stubs as the out-degree and as
many incoming stubs as the in-degree. To create a DAG we match outgoing stubs with incoming
stubs, where we only create an edge (i, j) if i < j. This construction method will be used in
Section 3.

3. Poset Structure

In this section, we show first that full DAGs on n + 1 vertices with outd1 = 3 are in bijection
with binary strings of length n−2. Then we show that the Boolean partial order induced by this
bijection agrees with an edge operation on Fn,3.

Lemma 3.1. Every DAG G ∈ Fn,3 has the following edges:

{(i, i+ 1) | i ∈ [n]} ∪ {(1, 2), (n, n+ 1)} ⊂ E(G).

Proof. Let G ∈ Fn,3. Note that ind2 = 2. Since (i, j) ∈ E(G) implies i < j, all edges going
in to 2 must start at 1. Thus there must be two copies of the edge (1, 2). A similar argument can
be made for two copies of the edge (n, n+ 1) using the outdn = 2.

Now consider a 2 ⩽ i ⩽ n − 1. Since G is full, indi = 2. Once again, both edges must
begin at a vertex smaller than i. But this is also true for every vertex before i. If we look at the
available pool of out-degrees at non-consecutive vertices with which to connect the two in-stubs
at i, we have

i−2∑
j=1

outdj −
i−1∑
j=1

indj = (3 + 2(i− 3))− 2(i− 2) = 1.

So at most one of the in-stubs at i can be connected to an out-stub before i− 1, forcing at least
one edge (i− 1, i).

Definition 3.2. Let G be a DAG with vertices [n + 1]. If (i, i + 1) ∈ E(G) for all i ∈ [n], we
say G has a spine. Further, if G has a spine, we call the edge set {(i, i+ 1) | i ∈ [n]} the spine.
Throughout this work, we label the spine edges as ei = (i, i+1) to distinguish them from other
(multi)edges between consecutively-labeled vertices.

Corollary 3.3. Every DAG in Fn,3 has a spine.

Theorem 3.4. The set Fn,3 is in bijection with binary strings of length n− 2, i.e., the elements
of (Z/2Z)n−2.

Proof. We construct a bijection directly.
First we construct a map λ : (Z/2Z)n−2 → Fn,3. Let β = b1b2 · · · bn−2 ∈ (Z/2Z)n−2.

Let Jβ be the list of indices in which β contains a 1. Then Jβ = {i ∈ [n − 2] | bi = 1} =
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{j1 < j2 < · · · < jr}, for some 0 ⩽ r ⩽ n − 2. Now define λ(β) = Gβ , where Gβ is a DAG
with vertices V (Gβ) = [n+ 1] and edges

E(Gβ) = {ei | i ∈ [n]} ∪ {(1, 2), (n, n+ 1)}
∪ {(l + 1, l + 2) | bl = 0, for 1 ⩽ l ⩽ n− 2}
∪ {(1, j1 + 2), (j1 + 1, j2 + 2), . . . , (jr−1 + 1, jr + 2), (jr + 1, n+ 1)}.

These three subsets of E(Gβ) correspond with the following structures, respectively:

(i) the edges described in Lemma 3.1;

(ii) a second edge from vertex l + 1 to l + 2 for every 0 at index l in β; and

(iii) an edge connecting remaining consecutive pairs of out-stubs and in-stubs.

Next we showGβ is full with outd1 = 3. By construction,Gβ is a DAG with V (G) = [n+1].
Our construction also ensures that

outd1 = 2 + 0 + 1 = 3

and

ind2 = 2 + 0 + 0 = 2.

Further, for 3 ⩽ i ⩽ n,

indi =

{
1 + 1 + 0, bi−2 = 0
1 + 0 + 1, bi−2 = 1

= 2

and, for 2 ⩽ i ⩽ n,

outdi =

{
1 + 1 + 0, bi−1 = 0
1 + 0 + 1, bi−1 = 1

= 2.

Thus Gβ has the required degree sequence to be in Fn,3.
Now we show λ is injective. Suppose β ̸= β′ ∈ (Z/2Z)n−2. Then there exists an in-

dex l ∈ [n− 2] for which bl ̸= b′l. Without loss of generality we may assume bl = 0 and b′l = 1.
Then according to our construction, we have

{(l + 1, l + 2), (l + 1, l + 2)} ⊂ E(Gβ) and
{(l + 1, l + 2), (l + 1, k)} ⊂ E(Gβ′) ,

where

l + 2 < k =

{
n+ 1, b′l is the last 1 in β′

l +m+ 2, b′l+m = 1 is the next 1 in β′ for m ⩾ 1
.
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Since both Gβ and Gβ′ are full and l + 1 is an interior vertex, we know there are no other
edges out of vertex l + 1 in Gβ′ or Gβ . Thus Gβ ̸= Gβ′ .

Finally we show that λ is surjective. Since λ is an injection of finite sets, it suffices to show
that |Fn,k| ⩽ |(Z/2Z)n−2| = 2n−2. By Proposition 2.6, we have to decide how to allocate 2n+1
directed edges onto n + 1 vertices. By Lemma 3.1, n + 2 edges are forced by the spine and
initial/final vertices. Thus we have

2n+ 1− (n+ 2) = n− 1

edges remaining. By interpreting the remaining edges as connections between unused stubs on
vertices [KN09], we can allocate an edge by pairing an out-going stub with an in-going stub, as
long as the in-going stub is at a higher vertex.

Observe that once we have placed the edges from Lemma 3.1, and looking at vertex i = 3,
there are 2 out-going stubs preceding 3 and and 1 in-going stub at 3. Thus, there are two choices
of incoming edges for vertex 3. Inductively, for i = 4, . . . , n, assume that we have made our
choice of incoming edges for vertices up to i−1. That means the in-going stub at i has 2 choices
of preceding out-going stubs to connect to. Once we reach vertex n+1, there is a unique choice
of out-going stub for the in-going stub at n + 1 to connect to. In total, this gives 2n−2 possible
ways to pair in- and out-going stubs to allocate edges.

Example 3.5. Bijection construction for (Z/2Z)2 to F4,3 shown in Figure 3.1. In the first column
we begin with the edges described in Lemma 3.1. In the second column, we add a consecutive
edge (l + 1, l + 2) for each 0 at index l in β. In the final column, we add the remaining edges
corresponding to the 1s in β and complete the missing in- and out-degrees at each vertex.

1 2 3 4 50 0

1 2 3 4 50 1

1 2 3 4 51 0

1 2 3 4 51 1

1 2 3 4 50 0

1 2 3 4 50 1

1 2 3 4 51 0

1 2 3 4 51 1

1 2 3 4 50 0

1 2 3 4 50 1

1 2 3 4 51 0

1 2 3 4 51 1

Figure 3.1: Bijection construction for (Z/2Z)2 to F4,3.

Corollary 3.6. There are 2n−2 full DAGs on n+ 1 vertices and outd1 = 3.
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Now that we have a bijection between full DAGs and binary strings, we show that the Boolean
poset structure of the binary strings is represented in the DAGs by an edge operation.

Definition 3.7. Given a DAGGwith a linear order on its vertices, and a pair of edges (a, d), (b, c)
satisfying a < b < c < d, we say such a pair of edges is nested.

Definition 3.8. Given a DAG G with a nested pair of edges (a, d), (b, c), define the interchange
operation to be the mapping G 7→ G′, where G′ is defined by vertices V (G′) = V (G) and
edges E(G′) = E(G) \ {(a, d), (b, c)} ∪ {(a, c), (b, d)}.

Definition 3.9. Given a DAGGwith a linear order on its vertices, and a pair of edges (a, c), (b, d)
satisfying a < b < c < d, we say such a pair of edges is crossed or twisted or interchanged.

Definition 3.10. Given a DAG G′ with a crossed pair of edges (a, c), (b, d), define the reverse
interchange operation to be the mappingG′ 7→ G, whereG is defined by vertices V (G) = V (G′)
and edges E(G) = E(G′) \ {(a, c), (b, d)} ∪ {(a, d), (b, c)}.

Remark 3.11. What we refer to in this paper as the interchange operation is also known as a
double edge swap in the contexts of graph sampling [FLNU18]. The specialization to directed
graphs continues below.

Example 3.12. Considering Figure 3.1, the right-most DAG labeled by the string [1, 0] has
edge (3, 4) nesting in edge (2, 5). Edges (1, 3) and (2, 5) are crossed. Note that the DAGs
labeled by strings [1, 1] and [1, 0] are related by the interchanging operations.

Lemma 3.13. Fn,k is closed under the interchange operation.

Proof. LetG ∈ Fn,k. SupposeG has two edges (a, d), (b, c) ∈ E(G) satisfying a < b < c < d.
LetG′ be the DAG obtained by performing an interchange onG. ThenG′ still has n+1 vertices,
and the edges incident to vertices other than a, b, c, d are unchanged, preserving the in- and out-
degrees at these vertices. Thus we only need verify that the in- and out-degrees for a, b, c, d are
also unchanged, which follows directly from the definition of the interchange operation.

Next, we prove that the interchange operation spans the entirety of Fn,3. We first introduce
a useful fact about DAGs in Fn,3.

Lemma 3.14. Let G ∈ Fn,3 and let i be an interior vertex of G. Then there is exactly one edge
in E(G) that passes vertex i. That is, there is a unique edge (a, d) so satisfying a < i < d.

Proof: From Theorem 3.4, we know that there exists a length n − 2 binary string β so
that G = Gβ with

Jβ = {i ∈ [n− 2] | bi = 1} = {j1 < · · · < jr}.

For edge case convenience, define j0 := 0, jr+1 := n− 1 and

Ĵβ := {j0 = 0 < j1 < · · · < jr < jr+1 = n− 1}.
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Note that this ensures Ĵβ is always nonempty, even if Jβ is empty. Now
let m = max{l ∈ Ĵβ | jl < i− 1}. That is, jm is the largest index in β where there is a 1 left
of i.

Then jm < i − 1 by construction, so jm + 1 < i. Our maximum construction also en-
sures jm+1 > i− 1, so jm+1+2 > i. Thus the edge (jm+1, jm+1+2) passes over vertex i, and
we know (jm + 1, jm+1 + 2) ∈ E(Gβ) by the construction in Theorem 3.4.

To prove uniqueness, we once again turn to the construction of E(Gβ) in the proof of Theo-
rem 3.4. Recall that we have three types of edges:

(i) Spine edges: {(i, i+ 1) | i ∈ [n]} ∪ {(1, 2), (n, n+ 1)}

(ii) 0-type edges: {(l + 1, l + 2) | bl = 0, for 1 ⩽ l ⩽ n− 2}

(iii) 1-type edges: {(1, j1 + 2), (j1 + 1, j2 + 2), . . . , (jr−1 + 1, jr + 2), (jr + 1, n+ 1)}

Since both (i) and (ii) connect consecutive vertices, no edge of those types can pass over an
vertex. The only other edges in E(Gβ) are of the form (jl + 1, jl+1 + 2) for jl ∈ Ĵβ . But
if l ̸= m, then (jl + 1, jl+1 + 2) doesn’t pass over i.

Proposition 3.15. Let G ∈ Fn,3 and let i be an interior vertex. Then any integral flow f on G
with netflow wn sends at most i− 2 units of flow into vertex i.

Proof. Suppose f sends all available flow through the spine. Then vertices 2, . . . , i − 1 each
contribute one unit of flow into vertex i. This accounts for all possible outflow before vertex i.

Proposition 3.16. Let G ∈ Fn,3 and let i be an interior vertex. Let (a, d) be the unique edge
passing over i as in Lemma 3.14. Then any integral flow f onGwith netflowwn has i−2−f(a, d)
units of flow entering vertex i.

Proof. Since (a, d) is the unique edge passing over i, all flow coming out of vertices 2, . . . , i−1
not sent on edge (a, d) must pass through vertex i. Since the netflow vector is wn, each of these
vertices contributes exactly one unit of flow.

Proposition 3.17. Let G ∈ Fn,3 with crossed edge pair (a, c), (b, d). Then c = b + 1. That is,
the middle two vertices of an crossed pair of edges must be consecutive.

Proof. Assume for the sake of contradiction that G ∈ Fn,3 has interchange pairs (a, c), (b, d)
where c > b + 1. Then if we look at vertex b + 1 (which is interior), we have that (a, c)
satisfies a < b + 1 < c and (b, d) satisfies b < b + 1 < d. But this means there are two distinct
edges passing over vertex b+ 1, in violation of Lemma 3.14.

Lemma 3.18. LetGβ ∈ Fn,3 with β = b1 · · · bn−2. Suppose bi = 0. Then (i+1, i+2) ∈ E(Gβ),
and is nested within exactly one other edge in E(Gβ).
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Proof. Since bi = 0, it follows from the bijective construction in Theorem 3.4
that (i+ 1, i+ 2) ∈ E(Gβ). Then we can apply Lemma 3.14 to vertex i + 1 to get a unique
edge (jl + 1, jl+1 + 2) satisfying jl + 1 < i+ 1 < jl+1 + 2.

Since βi = 0, both in-stubs for i+ 2 are filled by consecutive edges (Type (i) and Type (ii)).
Thus jl+1+2 ̸= i+2, so we have jl+1 < i+1 < i+2 < jl+1+2, and the edges (i+1, i+2)
and (jl + 1, jl+1 + 2) are nested.

Lemma 3.19. Let β ∈ (Z/2Z)n−2 with bi = 0. Define β′ to be the binary string obtained
by changing β to have a 1 at index i. Define G′ to be the DAG obtained by interchanging the
edges (i+ 1, i+ 2) and (jl + 1, jl+1 + 2) in G (as in Lemma 3.18). Then Gβ′ = G′.

In short, changing a 0 to a 1 is “the same” as interchanging the edge associated with the 0.

Proof. Since V (G′) = V (Gβ′) = [n + 1], we need only show that E(G′) = E(Gβ′). By
Lemma 3.18 and the definition of interchange, we have that

E(G′) = E(G)/{(i+ 1, i+ 2), (ja + 1, ja+1 + 2)} ∪ {(i+ 1, jl+1 + 2), (jl + 1, i+ 2)}.

Now consider β′. By assumption, the list of indices where β′ has 1s is

Jβ′ = Jβ ∪ {i} = {· · · jl < i < jl+1 < · · · }.

It follows from the bijective construction that (i+ 1, jl+1 + 2), (jl + 1, i+ 2) ∈ E(Gβ′). Addi-
tionally, since b′i ̸= 0, Gβ′ does not have the edge (i+ 1, i+ 2). Finally since jl and jl+1 are not
the indices of consecutive 1s in β′, Gβ′ does not have the edge (jl + 1, jl+1 + 2). Since no other
indices of β were changed to get β′, we have that

E(Gβ′) = E(G)/{(i+ 1, i+ 2), (jl + 1, jl+1 + 2)} ∪ {(i+ 1, jl+1 + 2), (jl + 1, i+ 2)}
= E(G′).

Corollary 3.20. Every DAG in Fn,3 is obtainable by performing interchange operations on the
DAG G defined by

V (G) = [n+ 1]

E(G) = {(i, i+ 1)2 | i ∈ [n]} ∪ {(1, n+ 1)}.

That is, the DAG G in correspondence with the binary string 0 · · · 0.

Proof. Let Gβ ∈ Fn,3, where β ∈ (Z/2Z)n−2 is the binary string corresponding to Gβ . Then
perform interchanges to G0···0, as in Lemma 3.19, at every index where β has a 1. Note that we
can choose any order to perform the necessary interchanges. This is ensured by the bijection
with binary strings and previous lemma.

Corollary 3.21. The interchange operation induces a partial order on Fn,3 that agrees with the
Boolean partial order on binary strings of length n− 2.

Example 3.22. See Figure 3.2 for the Hasse diagram demonstrating poset equivalence bet-
ween F5,3 and (Z/2Z)3. Edge interchange pairs are listed next to the edges they correspond
with (assume moving upwards through the Hasse diagram). Note that all 23 DAGs in F5,3 are
achieved via interchanges of G000.
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1 1 1

0 1 1 1 0 1 1 1 0

0 0 1 0 1 0 1 0 0

0 0 0

(1, 6), (4, 5) (1, 6), (3, 4) (1, 6), (2, 3)

(1, 4), (2, 3) (2, 5), (3, 4) (3, 6), (4, 5)

(1, 5), (3, 4)

(2, 6), (4, 5)(1, 5), (2, 3)

(1, 4), (2, 3)(3, 6), (4, 5)

(2, 6), (3, 4)

Figure 3.2: F5,3 Hasse diagram with edges labelled by corresponding interchanges. The DAG
vertex labels are suppressed for clarity, but each DAG’s vertices are labelled 1 to 6 from left to
right.

Remark 3.23. While the interchange operation can be used to define a partial order on other sets
of DAGs with fixed degree sequence, the bijection with strings breaks down, and it is not clear
that this defines a partial order for every degree sequence. Further, even when considering DAGs
with the “next most complicated” degree sequence (4, 2, . . . , 2, 0), which are still full DAGs, we
find that the partial order induced by interchange operation is not necessarily a lattice. At this
time it seems promising that the techniques in this paper can be used to extend our results to
other degree sequences, but it is not clear how to do so. The one case to which this extension is
straightforward is the case of r-full DAGs with outdegree r + 1 for the source.
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4. Volume Inequalities

Our goal in this section is to prove Theorem 4.20, which states that the values of the volumes
of flow polytopes for DAGs under the Boolean partial order obtained in Corollary 3.20 respects
the dual partial order. To illustrate this, consider Example 4.1, which demonstrates that the
function vol : Fn,3 → Z⩾0 is order reversing with respect to our interchange order, as we prove
in Theorem 4.20. To prove that this is true in general, we construct a procedure to find the value
of KG(wn), and hence find the volume of F1(G) (Proposition 2.7). Further, this procedure can
be used to compute KG(a) for any netflow vector a, and any DAG G (not necessarily full).

Example 4.1. In Figure 4.1, the DAGs in F5,3 are arranged as in Figure 3.2. Additionally, labels
are given for each DAG G that provide the volume of its flow polytope F1(G).

1 1 1

0 1 1 1 0 1 1 1 0

0 0 1 0 1 0 1 0 0

0 0 0
120

84 76 84

70 66 70

61

Figure 4.1: F5,3 Hasse diagram with associated flow polytope volumes.

We begin with some notation and definitions regarding partially-determined flow values for
a DAG.
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Definition 4.2. Let G be a DAG on vertex set [n + 1] with netflow a = (a1, . . . , an,−
∑

i ai).
Let L ⊆ E(G) and M ⊆ [n + 1]. Define a partial flow fG,L : L → R⩾0 to be an assignment
of flow values to the subset of edges L. We say a partial flow fG,L is valid on M if the assigned
flow values respect the netflow values ai for all i ∈M . That is, the outflow at iminus the inflow
at i is equal to ai for every vertex i ∈M .

For convenience, we introduce the following notation. For G a DAG with vertices [n + 1],
we set

Lk := {(i, j) ∈ E(G) | i ⩽ k}.

Definition 4.3. LetG be a DAG with vertices [n+1] and a = (a1, . . . , an,−
∑

i ai) be a netflow
vector. We define a tree TG(a), called the flow decomposition tree, as follows:

• The nodes of TG(a) are of the form (G, i, fG,Li
), i.e., they consist of the DAG G with a

partial flow fG,Li
valid on [i], for each 0 ⩽ i ⩽ n. Note that when i = 0, we consider the

node (G, 0, fG,L0) to be G with no flow values assigned.

• The edges of TG(a) are between (G, i, fG,Li
) and (G, i+ 1, gG,Li+1

) whenever

fG,Li
= gG,Li+1

|Li
.

We will use the word “node” when referring to flow decomposition trees and the word “ver-
tex” when referring to DAGs to help distinguish the different objects. Note that the data of a
node (G, i, fG,Li

) in TG(a) includes the DAG G, a vertex i, and a partial flow on Li valid for [i].
However, we can represent the node (G, i, fG,Li

) by just its partial flow fG,Li
, since the DAG is

already part of the partial flow’s data, and we choose to make the set of vertices on which the
partial flow is valid to match the subscript of Li. We will use this abbreviation convention unless
specifying the full node data is necessary.

Definition 4.4. Let fG,Li
be a partial flow on G valid on [n] that determines a node in TG(a).

Denote the number of branches at the node fG,Li
by b(fG,Li

). Similarly, denote the number of
leaves at the node fG,Li

by l(fG,Li
).

Observe that TG(a) is a rooted tree whose leaves are (complete) flows on G. Thus

KG(a) = # of leaves in TG(a) = l(G, 0, fG,L0).

Further, we can generate TG(a) inductively using the following process.

1. Begin with the node fG,L0 , which is the root.

2. Compute all possible partial flows on L1 valid for vertex 1, and create a node for each.
These nodes form the second level of TG(a).

3. Continue this process until termination. For a node of the form fG,Li
, its children are

extensions of fG,Li
valid on Li+1. In other words, given a partial flow on Li valid on [i],

assign flows to edges out of vertex i+ 1 so that netflow at vertex i+ 1 = ai+1
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4. A node is a leaf if i = n+ 1 (flows have been assigned to all edges).

We say a node fG,Li
in TG(a) is at (or on) level i + 1. We denote the set of level i + 1 nodes

in TG(a) by Vi+1(TG(a)), or Vi+1(G) if the netflow vector is understood, or just Vi+1 if both the
DAG and netflow vector are clear. The branches of a level i node, which are level i + 1 nodes,
correspond with the cases of partial flows on Li valid on [i]. Further, looking at all the level i+1
nodes of TG(a), we see all possible partial flows on Li valid on [i]. Further still, the following
are equivalent:

• A partial flow with outflow determined for vertices [i], respecting the netflows on [i];

• A partial flow fG,Li
valid on vertices [i]; and

• A level i+ 1 node in TG(a).

Remark 4.5. These are not the first trees in the literature related to volumes of flow polytopes.
Mészáros and Morales introduce compound reduction trees in [MM19]. Mészáros, Morales,
and Striker refine the reduction trees and extend their application to framed DAGs in [MMS19].
However, these trees are fundamentally different than flow decomposition trees. A reduction
tree of a DAG G describes subdivisions within the flow polytope FG(a), and the flow de-
composition tree displays the possible integer flows on G, or equivalently, the lattice points
ofFG(a). Sometimes parts of the trees may coincide. For instance, in the special case where a =
(1, 0, . . . , 0,−1), the leaves of a reduction tree forGwill represent a simplicial subdivision (a tri-
angulation) ofFG(1, 0, . . . , 0,−1). By (2.1), it follows that the number of simplices in the subdi-
vision of FG(1, 0, . . . , 0,−1) equals the number lattice points in the flow polytope FG(0, ind2−
1, . . . , indn − 1, |V | − |E| − 2 + indn+1), which is counted precisely by the leaves of the flow
decomposition tree ofGwith netflow vector (0, ind2−1, . . . , indn−1, |V |− |E|−2+indn+1).
However, this coincidence need only apply to the leaves of the related trees. It can be checked
that the graph G of Figure 4 has a flow decomposition tree TG(0, 1, 2,−3) with eight leaves ar-
ranged into two branches of four each, while the canonical compound reduction tree for G also
has eight leaves, but arranged into a branch of two leaves and two branches of three leaves.

Figure 4.2: A graphG having a compound reduction tree and an associated flow decomposition
tree with the same number of leaves but different tree structure.

Example 4.6. See Figure 4.3 for TK4(1, 1, 1,−3). Each node of the flow decomposition tree is
a copy of K4 (vertices labelled 1 to 4, but suppressed) with a partial flow. In the partial flows,
unassigned and flow 0 edges are dashed, edges with flow 1 are solid, and flows greater than 1
are labelled.
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2

2

2 2 3

2

2 2 3

Figure 4.3: The flow decomposition tree TK4(1, 1, 1,−3).

In the following proposition, we show that the number of branches at a given node in the flow
decomposition tree is determined by the partial flow, netflow vector, and out-degree sequence.

Proposition 4.7. Let fG,Li−1
be a level i node in TG(a) for some 1 ⩽ i ⩽ n. Suppose the partial

flow fG,Li−1
has t units of inflow entering vertex i. Then the number of branches of the node is

b(fG,Li−1
) =

(
t+ ai + outdi − 1

outdi − 1

)
.

Proof. To extend fG,Li−1
to a [i]-valid partial flow on Li, we need to respect the netflow at

vertex i. Thus we need the outflow at i to be t+ ai units. This outgoing flow is distributed over
the outgoing edges from i. Hence the number of branches is the number of weak compositions

of t+ ai into outdi parts. This quantity is counted by
(
t+ ai + outdi − 1

outdi − 1

)
.

For G ∈ Fn,3, we have the following special case.

Corollary 4.8. Let G ∈ Fn,3 and netflow vector wn. Then the number of branches of a
node fG,Li−1

will be

b(fG,Li−1
) =


1, i = 1
2, i = 2
t+ 2, i ⩾ 3

.
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Proof. By assumption G ∈ Fn,3, outd1 = 3 and outdi = 2 for interior vertices i. Further,
assuming netflow vector to be wn gives a1 = 0 and ai = 1 for interior vertices i. Thus

b(fG,Li−1
) =


(
0+0+3−1

3−1

)
, i = 1(

0+1+2−1
2−1

)
, i = 2(

t+1+2−1
2−1

)
, i ⩾ 3

=


1, i = 1
2, i = 2
t+ 2, i ⩾ 3

.

The following lemma establishes a relationship between level i nodes in flow decomposition
trees for DAGs related by an edge interchange.

Lemma 4.9. LetG ∈ Fn,3. SupposeG′ is obtained by interchanging edges (a, d) and (b, b+1)
in G. Then for every 1 ⩽ i ⩽ b + 1, the nodes of level i in TG(wn) are in bijection with the
nodes of level i in TG′(wn). This bijection is denoted φ.

Proof. We construct a mapφ between the level i nodes of TG′(wn) and TG(wn) for 1 ⩽ i ⩽ b+1.
Given a level i node fG′,Li−1

in TG′(wn), we map it to the following node in TG(wn):

φ(fG′,Li−1
)(j, k) := fG,Li−1

(j, k) =


fG′,Li−1

(a, b+ 1), (j, k) = (a, d)
fG′,Li−1

(b, d), (j, k) = (b, b+ 1)
fG′,Li−1

(j, k), else

a b b+ 1 d
· · · · · ·

fG′,Lb
(a, b + 1) fG′,Lb

(b, d)

a b b+ 1 d
· · · · · ·

fG′,Lb
(a, b + 1)

fG′,Lb
(b, d)

Figure 4.4: A level b+ 1 node fG′,Lb
and φ(fG′,Lb

), respectively.

This defines a partial flow on Li−1 in G. In order for it to correspond to a node in TG(wn),
the partial flow must be valid on on [i − 1]. Since G and G′ have edges in common, we need
only verify validity for the vertices where edges have changed. The vertices where edges have
changed are a, b, b + 1 and d. However, since 1 ⩽ i ⩽ b + 1, the only vertices in [i − 1] are a
and b. But for both a and b, this map doesn’t change the edges going in to a or b, and preserves
the outflow from a and b. Thus, netflow at a and b is preserved, so fG,Li−1

is valid on a and b.
Given two distinct partial flows in TG′(wn), it follows directly from the construction of φ

that their images will have distinct flows. Thus φ is injective.
Given a level i node in TG(wn), call it fG,Li−1

, consider the following partial flow f on G′

defined by

f(j, k) :=


fG,Li−1

(a, d), (j, k) = (a, b+ 1)
fG,Li−1

(b, b+ 1), (j, k) = (b, d)
fG,Li−1

(j, k), else
.

Next we verify that f is a level i node in TG′(wn). Observe that it is equivalent to check that f is
partial flow on Li−1 valid on vertices [i− 1] (all in G). If we look at the subgraph of G′ induced
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by the vertices [i− 1] \ {a, b}, G′ agrees with G and f agrees with fG,Li−1
. Further, f is defined

in a way that preserves the netflow at vertices a and b.
Finally, we show that φ maps f to fG,Li−1

. For every edge (j, k) ∈ Li−1 in G, applying our
construction for φ followed by our assumptions about f gives

φ(f)(j, k) =


f(a, b+ 1), (j, k) = (a, d)
f(b, d), (j, k) = (b, b+ 1)
f(j, k), else

=


fG,Li−1

(a, d), (j, k) = (a, d)
fG,Li−1

(b, b+ 1), (j, k) = (b, b+ 1)
fG,Li−1

(j, k), else
= fG,Li−1

(j, k).

Example 4.10. In Figure 4.5 and Figure 4.6 we have the flow decomposition trees TG11(w4)
and TG10(w4), respectively. In order to fit the tree on the page, the bottom-level nodes have been
stacked vertically below their ancestors. In this example, G11 can be obtained by performing
an interchange operation on G10 with edges (2, 5) and (3, 4). Thus, we have a = 2, b = 3,
and d = 5. Observe that the for each level up to b+1 = 4, the nodes of TG11(w4) and TG10(w4)
are in bijection. The flow decomposition trees have been arranged in a way that the bijective
pairs lie in the same relative position in their respective trees. It is also worth noting that for the
netflow vector wn, the outflow at vertex 1 is 0, so the root always has a single branch.

Now that we have established basic properties of flow decomposition trees, we seek to orga-
nize these DAGs in a way that ensures TG′(wn) has fewer leaves than TG(wn), where G ∈ Fn,3

has nested edges that are interchanged to obtainG′. To do this, we focus on the level b+1 nodes.
Throughout the remainder of this section, assume G and G′ are related by the edge interchange
structure just described.

Lemma 4.11. AssumeG ∈ Fn,3 has nested edges that are interchanged to obtainG′. Let fG′,Lb

be a level b+1 node in TG′(wn), with corresponding level b+1 node φ(fG′,Lb
) in TG(wn). Then

l(fG′,Lb
) > l(φ(fG′,Lb

))

if and only if fG′,Lb
(a, b+ 1) > fG′,Lb

(b, d).

Proof. Let fG′,Lb
be a level b + 1 node in TG′(wn). Note that a leaf of fG′,Lb

is a (complete)
flow f onG′ that agrees with fG′,Lb

. Similarly, a leaf in TG(wn) of the level b+1 node φ(fG′,Lb
)

is a (complete) flow g on G that agrees with φ(fG′,Lb
).

For the backward implication of our if and only if, suppose fG′,Lb
(a, b + 1) > fG′,Lb

(b, d).
We build an injection from the leaves of φ(fG′,Lb

) into the leaves of fG′,Lb
, then show that the

injection is not surjective. Given a leaf g of the level b + 1 node φ(fG′,Lb
) in TG(wn), we map

it to the leaf f of TG′(wn), where f is defined as

f(i, j) =


g(a, d), (i, j) = (a, b+ 1)
g(b, b+ 1), (i, j) = (b, d)
g(ei) + g(a, d)− g(b, b+ 1), (i, j) = ei, b+ 1 ⩽ i ⩽ d− 1
g(i, j), else

.
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2
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2

2

3

2

2

3

2

2

2

2

2
3

2
2

2 2

2 3

Figure 4.5: TG11(w4).

This map preserves the flows on the non-spine edges leaving a and b, which forces more flow into
vertex b+1 inG, which we adjust for by increasing the flow on the spine between vertices b+1
and d.

Next, we verify that f is a valid flow on G′. That is, the flows on E(G′) prescribed by f
agree with the netflow vector wn. For vertices i ̸= b+ 1, . . . , d, we have

(f outflow at i)−(f inflow at i) = (g outflow at i)− (g inflow at i) = wi.

For the vertex b+ 1,

(f outflow at b+ 1)− (f inflow at b+ 1) = [f(eb+1)+f(b+ 1, b+ 2)]−[f(eb) + f(a, b+ 1)]

= [g(eb+1)+g(a, d)− g(b, b+ 1)+g(b+ 1, b+ 2)]

− [g(eb)+g(a, d)]

= [g(eb+1)+g(b+ 1, b+ 2)]−[g(eb) + g(b, b+ 1)]

= (g outflow at b+ 1)−(g inflow at b+ 1)

= wb+1.
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Figure 4.6: TG10(w4).

If there are any vertices b + 2 ⩽ i ⩽ d − 1, note that all four incident edges are consecutive
edges, else we would violate the unique overpass condition of Lemma 3.14. So we have

(f outflow at i)− (f inflow at i) = [f(ei) + f(i, i+ 1)]− [f(ei−1) + f(i− 1, i)]

= [g(ei) + g(a, d)− g(b, b+ 1) + g(i, i+ 1)]

− [g(ei−1) + g(a, d)− g(b, b+ 1) + g(i− 1, i)]

= [g(ei) + g(i, i+ 1)]− [g(ei−1) + g(i− 1, i)]

= (g outflow at i)− (g inflow at i)
= wi.

The last vertex to check is d, which has two outgoing edges ed (the spine) and (d, j) for some j.
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Our netflow is then

(f outflow at d)− (f inflow at d) = [f(ed) + f(d, j)]− [f(ed−1) + f(d− 1, d)]

= [g(ed) + g(d, j)]

− [g(ed−1) + g(a, d)− g(b, b+ 1) + g(d− 1, d)]

= [g(ed) + g(d, j)]− [g(ed−1) + g(a, d)]

= (g outflow at d)− (g inflow at d)
= wd.

Thus f is indeed a valid flow on G′. Now we show that f agrees with fG′,Lb
. For every

edge (i, j) ∈ Lb, we apply the construction of f , the fact that g agrees with φ(fG′,Lb
), and

the definition of φ, respectively, to get that

f(i, j) =


g(a, d), (i, j) = (a, b+ 1)
g(b, b+ 1), (i, j) = (b, d)
g(i, j), else

=


φ(fG′,Lb

)(a, d), (i, j) = (a, b+ 1)
φ(fG′,Lb

)(b, b+ 1), (i, j) = (b, d)
φ(fG′,Lb

)(i, j), else

=


fG′,Lb

(a, b+ 1), (i, j) = (a, b+ 1)
fG′,Lb

(b, d), (i, j) = (b, d)
fG′,Lb

(i, j), else
= fG′,Lb

(i, j).

At this point, we have only verified that the map g 7→ f is well-defined. To prove it is an
injective map, let g1 and g2 be (flows on G that give) leaves in TG(wn). Suppose that both g1
and g2 map to a leaf f in TG′(wn). Then

g1(a, d), (i, j) = (a, b+ 1)
g1(b, b+ 1), (i, j) = (b, d)
g1(ei) + g1(a, d)− g1(b, b+ 1), (i, j) = ei, b+ 1 ⩽ i ⩽ d− 1
g1(i, j), else

=


g2(a, d), (i, j) = (a, b+ 1)
g2(b, b+ 1), (i, j) = (b, d)
g2(ei) + g2(a, d)− g2(b, b+ 1), (i, j) = ei, b+ 1 ⩽ i ⩽ d− 1
g2(i, j), else

.

We can immediately conclude that g1(a, d) = g2(a, d) and g1(b, b + 1) = g2(b, b + 1), and
that g1(i, j) = g2(i, j) for every edge that isn’t a spine edge between b+ 1 ⩽ i ⩽ d− 1. Then it
follows that g1(ei) = g2(ei) for every spine edge ei such that b+1 ⩽ i ⩽ d− 1. Hence g1 = g2,
so our map is indeed injective.



combinatorial theory 5 (2) (2025), #14 21

To prove that the inequality l(fG′,Lb
) ⪈ l(φ(fG′,Lb

)) is strict, we describe a leaf of fG′,Lb
that

cannot be in the image of our injection. Consider the flow h on G′, where

h(i, j) =


fG′,Lb

(i, j), (i, j) ∈ Lb
i− 1− fG′,Lb

(b, d), (i, j) = (i, i+ 1), b+ 1 ⩽ i ⩽ d− 2
d− 1− fG′,Lb

(b, d), (i, j) = ed−1

i− 1, (i, j) = ei, d ⩽ i ⩽ n
0, else

.

To verify that h is a valid flow on G′, we need only check the netflows at vertices b + 1, . . . , n
since h agrees with fG′,Lb

on other vertices. At vertex b+ 1,

(h outflow at b+ 1)−(h inflow at b+ 1) = [h(b+ 1, b+ 2) + h(eb+1)]−[h(a, b+ 1) + h(eb)]

= [b− fG′,Lb
(b, d) + 0]

− [fG′,Lb
(a, b+ 1) + fG′,Lb

(eb)]

= (fG′,Lb
outflow at b+ 1)−(fG′,Lb

inflow at b+ 1)

by Proposition 3.16.
If there are any vertices i for b+ 2 ⩽ i ⩽ d− 2,

(h outflow at i)− (h inflow at i) = [h(i, i+ 1) + h(ei)]− [h(i− 1, i) + h(ei−1)]

= [i− 1− fG′,Lb
(b, d) + 0]− [i− 2− fG′,Lb

(b, d) + 0]

= 1

= wi.

At vertex d− 1, there is some non-spine edge (d− 1, j). Then our netflow is

(h outflow at d)− (h inflow at d) = [h(d− 1, j) + h(ed−1)]− [h(d− 2, d− 1) + h(ed−2)]

= [0 + d− 2− fG′,Lb
(b, d)]

− [0 + d− 3− fG′,Lb
(b, d)]

= 1

= wd−1.

At vertex d, there is some non-spine edge (d, j). Then our netflow is

(h outflow at d)− (h inflow at d) = [h(d, j) + h(ed)]− [h(b, d) + h(ed−1)]

= [d− 1 + 0]

− [fG′,Lb
(b, d) + d− 2− fG′,Lb

(b, d)]

= 1

= wd.
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At a vertex i for d + 1 ⩽ i ⩽ n, there are incident non-spine edges (k, i) and (i, j) for
some k ⩾ d− 1 and j ⩾ 1. Then our netflow is

(h outflow at i)− (h inflow at i) = [h(i, j) + h(ei)]− [h(k, i) + h(ee−1)]

= [0 + i− 1]− [0 + i− 2]

= 1

= wi.

At vertex n + 1, there are two incoming non-spine edges (n, n + 1) and (k, n + 1) for
some k ⩾ d− 1. Then our netflow is

(h outflow at n+ 1)− (h inflow at n+ 1) = 0− [h(k, n+ 1) + h(n, n+ 1) + h(en)]

= −(0 + 0 + n− 1)

= −(n− 1)

= wn+1.

We know the leaf associated to h cannot be in the image of the injection since the flow along
the spine between vertices b + 1 and d is 0, and the injection puts a nonzero amount of flow on
the spine through the rule g(ei) + g(a, d)− g(b, b+ 1) for ei where b+ 1 ⩽ i ⩽ d− 1.

We argue the forward direction of our if and only if by contrapositive. Suppose fG′,Lb
(a, b+

1) ⩽ fG′,Lb
(b, d). We build an injection from the leaves of fG′,Lb

into the leaves of φ(fG′,Lb
).

This map and argument is nearly identical to the backward direction. This time, our injection
goes from the leaves of fG′,Lb

into the leaves of φ(fG′,Lb
). Given a leaf f of the level b + 1

node fG′,Lb
in TG′(wn), we map it to the leaf g of TG(wn), where g is defined as

g(i, j) =


f(a, b+ 1), (i, j) = (a, d)
f(b, d), (i, j) = (b, b+ 1)
f(ei) + f(b, d)− f(a, b+ 1), (i, j) = ei, b+ 1 ⩽ i ⩽ d− 1
f(i, j), else

.

Once again, we verify the netflow equality condition is satisfied, check that g restricts
to φ(fG′,Lb

), and then verify that the map f 7→ g is injective. Just like in the backwards di-
rection, the only vertices on which the netflows will change are b+1, . . . , d. At vertex b+1, we
know the non-spine outgoing edge is consecutive, as (a, d) is already the unique overpass edge
to b+ 2 (as in Lemma 3.14). So we have

(g outflow at b+ 1)−(g inflow at b+ 1) = [g(b+ 1, b+ 2)+g(eb+1)]−[g(b, b+ 1)+g(eb)]

= [f(b+ 1, b+ 2)+f(eb+1)+f(b, d)+f(a, b+ 1)]

− [f(b, d)+f(eb)]

= [f(b+ 1, b+ 2)+f(eb+1)]−[f(a, b+ 1)+f(eb)]

= (f outflow at b+ 1)−(f inflow at b+ 1)

= wb+1.
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If there are any vertices i such that b + 2 ⩽ i ⩽ d − 1, note that all four incident edges are
consecutive edges, else we would violate the unique overpass condition of Lemma 3.14. So we
have

(g outflow at i)− (g inflow at i) = [g(i, i+ 1) + g(ei)]− [g(i− 1, i) + g(ei−1)]

= [f(i, i+ 1) + f(ei) + f(b, d)− f(a, b+ 1)]

− [f(i− 1, i) + f(ei−1) + f(b, d)− f(a, b+ 1)]

= [f(i, i+ 1) + f(ei)]− [f(i− 1, i) + f(ei−1)]

= (f outflow at i)− (f inflow at i)
= wi.

At vertex d, we have a non-spine outgoing edge (d, j) for some j. Then our netflow is

(g outflow at d)− (g inflow at d) = [g(d, j) + g(ed)]− [g(a, d) + g(ed−1)]

= [f(d, j) + f(ed)]

− [f(a, b+ 1) + f(ed−1) + f(b, d)− f(a, b+ 1)]

= [f(d, j) + f(ed)]− [f(ed−1) + f(b, d)]

= (f outflow at d)− (f inflow at d)
= wd.

Thus g is indeed a valid flow on G. Next we verify that g agrees with φ(fG′,Lb
) on Lb. Given an

edge in G, (i, j) ∈ Lb, since f is a leaf of fG′,Lb

g(i, j) =


f(a, b+ 1), (i, j) = (a, d)
f(b, d), (i, j) = (b, b+ 1)
f(i, j), else

=


fG′,Lb

(a, b+ 1), (i, j) = (a, d)
fG′,Lb

(b, d), (i, j) = (b, b+ 1)
fG′,Lb

(i, j), else
= φ(fG′,Lb

)(i, j).

Finally, we prove that this mapping is injective. Let f1 and f2 be (flows on G′ that give)
leaves in T ′

G(wn). Suppose that both f1 and f2 map to a leaf g in TG(wn). Then
f1(a, b+ 1), (i, j) = (a, d)
f1(b, d), (i, j) = (b, b+ 1)
f1(ei) + f1(b, d)− f1(b, b+ 1), (i, j) = ei, b+ 1 ⩽ i ⩽ d− 1
f1(i, j), else

=


f2(a, b+ 1), (i, j) = (a, d)
f2(b, d), (i, j) = (b, b+ 1)
f2(ei) + f2(b, d)− f2(a, b+ 1), (i, j) = ei, b+ 1 ⩽ i ⩽ d− 1
f2(i, j), else

.
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We can immediately conclude that f1(a, b + 1) = f2(a, b + 1) and f1(b, d) = f2(b, d), and
that f1(i, j) = f2(i, j) for every edge that isn’t a spine edge between b+ 1 ⩽ i ⩽ d− 1. Then it
follows that f1(ei) = f2(ei) for every spine edge ei such that b+1 ⩽ i ⩽ d− 1. Hence f1 = f2,
so our map is indeed injective.

Having established a relationship between the number of leaves below level b+1 nodes inG
and G′, our next goal is to relate the total number of leaves in each of the flow decomposition
trees.

Definition 4.12. Assume G ∈ Fn,3 has nested edges that are interchanged to obtain G′. We
call a level b+ 1 node fG′,Lb

in TG′(wn) that satisfies the condition of Lemma 4.11 a bad node.
We denote the set of bad level b+ 1 nodes of TG′(wn) by V >

b+1(G
′). Otherwise, we say fG′,Lb

is
good. We denote the set of good level b+ 1 nodes of TG′(wn) by V ⩽

b+1(G
′).

We can use the φ bijection to apply the good and bad classifications to the level b + 1
nodes of TG(wn). Using this, we get that a node fG,Lb

in TG(wn) is bad if and only
if fG,Lb

(a, d) > fG,Lb
(b, b+ 1).

Example 4.13. If we look at the five level b + 1 = 4 nodes in Figure 4.5, we see one bad node
(the second node from the left). The said node has fG11,L3(2, 4) = 1 > fG11,L3(3, 5) = 0. When
looking at the corresponding level b+ 1 = 4 nodes in Figure 4.6, we see that every node has at
least as many leaves as its corresponding level b + 1 node in TG11 , except for the second node
from the left corresponding to the aforementioned bad level 4 node in Figure 4.5.

At this point, we have partitioned the level b + 1 nodes in TG′(wn) into nodes that have too
few leaves when compared to TG(wn) (bad) and nodes that have the same or more leaves when
compared to TG(wn) (good). Next, we control the number of bad nodes relative to the good
nodes.

Lemma 4.14. Assume G ∈ Fn,3 has nested edges that are interchanged to obtain G′. For
each bad node fG′,Lb

in TG′(wn), there exists a unique good node gG′,Lb
such that for every

edge (i, j) ∈ Lb,

gG′,Lb
(i, j) =


fG′,Lb

(b, d), (i, j) = (a, b+ 1)
fG′,Lb

(a, b+ 1), (i, j) = (b, d)
fG′,Lb

(ei) + fG′,Lb
(a, b+ 1)− fG′,Lb

(b, d), (i, j) = ei, a ⩽ i ⩽ b− 1
fG′,Lb

(i, j), else

.

This yields an injection ψ from the bad nodes of TG′(wn) into the good nodes of TG′(wn),
where ψ(fG′,Lb

) := gG′,Lb

Proof. Let fG′,Lb
be a bad node in TG′(wn). Define ψ(fG′,Lb

) := gG′,Lb
, where

gG′,Lb
(i, j) =


fG′,Lb

(b, d), (i, j) = (a, b+ 1)
fG′,Lb

(a, b+ 1), (i, j) = (b, d)
fG′,Lb

(ei) + fG′,Lb
(a, b+ 1)− fG′,Lb

(b, d), (i, j) = ei, a ⩽ i ⩽ b− 1
fG′,Lb

(i, j), else

.
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To show gG′,Lb
is a valid level b+1 node, we need only check the netflow at vertices in [b] where

the in- or outflow has changed: a, . . . , b. At vertex a, there is an incoming edge (i, a) for some i.
Then our netflow at a is

(gG′,Lb
outflow at a)− (gG′,Lb

inflow at a)
= [gG′,Lb

(a, b+ 1) + gG′,Lb
(ea)]− [gG′,Lb

(i, a) + gG′,Lb
(ea−1)]

= [fG′,Lb
(b, d) + fG′,Lb

(ea) + fG′,Lb
(a, b+ 1)− fG′,Lb

(b, d)]

− [fG′,Lb
(i, a) + fG′,Lb

(ea−1)]

= [fG′,Lb
(a, b+ 1) + +fG′,Lb

(ea)]− [fG′,Lb
(i, a) + fG′,Lb

(ea−1)]

= (fG′,Lb
outflow at a)− (fG′,Lb

inflow at a)
= wa.

If there are any vertices i such that a+1 ⩽ i ⩽ b−1, all incident edges must be consecutive,
else we would violate Lemma 3.14. Then our netflow at i is

(gG′,Lb
outflow at i)− (gG′,Lb

inflow at i)
= [gG′,Lb

(i, i+ 1) + gG′,Lb
(ei)]− [gG′,Lb

(i− 1, i) + gG′,Lb
(ei−1)]

= [fG′,Lb
(i, i+ 1) + fG′,Lb

(ei) + fG′,Lb
(a, b+ 1)− fG′,Lb

(b, d)]

− [fG′,Lb
(i− 1, i) + fG′,Lb

(ei−1) + fG′,Lb
(a, b+ 1)− fG′,Lb

(b, d)]

= [fG′,Lb
(i, i+ 1) + fG′,Lb

(ei)]− [fG′,Lb
(i− 1, i) + fG′,Lb

(ei−1)]

= (fG′,Lb
outflow at i)− (fG′,Lb

inflow at i)
= wi.

At vertex b, we have some incoming edge (i, b). Our netflow is

(gG′,Lb
outflow at b)− (gG′,Lb

inflow at b)
= [gG′,Lb

(b, d) + gG′,Lb
(eb)]− [gG′,Lb

(i, b) + gG′,Lb
(eb−1)]

= [fG′,Lb
(a, b+ 1) + fG′,Lb

(eb)]

− [fG′,Lb
(i, b) + fG′,Lb

(eb−1) + fG′,Lb
(a, b+ 1)− fG′,Lb

(b, d)]

= [fG′,Lb
(b, d) + fG′,Lb

(eb)]− [fG′,Lb
(i, b) + fG′,Lb

(eb−1)]

= (fG′,Lb
outflow at b)− (fG′,Lb

inflow at b)
= wb.

Thus gG′,Lb
is valid on [b].

To verify that gG′,Lb
is a good node as in Lemma 4.11, observe that

gG′,Lb
(a, b+ 1) = fG′,Lb

(b, d) ⩽ fG′,Lb
(a, b+ 1) = gG′,Lb

(b, d).

Finally, we check that ψ is injective. Let f1 and f2 be two bad level b+ 1 nodes in TG′(wn).
Suppose ψ(f1) = ψ(f2). Then we can immediately conclude that f1(a, b + 1) = f2(a, b + 1),
f1(b, d) = f2(b, d), and f1(i, j) = f2(i, j) for any edge in Lb that isn’t (a, b + 1), (b, d) or a
spine edge between a and b− 1. This in turn implies that f1(i, j) = f2(i, j) on the spine edges
between a and b− 1. Thus f1(i, j) = f2(i, j) for all (i, j) ∈ Lb.
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Example 4.15. Consider the single bad node fG11,L3 in Figure 4.5 (the second-from-left level 4
node), pictured again here.

The bad node from fG11,L3 .

We see that there is a unique level b+ 1 = 4 node gG11,L3 in TG11(w4) with

gG11,L3(2, 4) = 0 = fG11,L3(3, 5),

gG11,L3(3, 5) = 1 = fG11,L3(2, 4),

gG11,L3(e2) = 1 = fG11,L3(e2) + fG11,L3(3, 5)− fG11,L3(2, 4),

and the same flows on all other edges. This is the second-from-right level 4 node in Figure 4.5,
also pictured again here.

The corresponding good node.

Definition 4.16. We use the level b + 1 node bijection ψ for TG′(wn) to define a version
of ψ for the bad nodes of TG(wn). More specifically, define ψ(fG,Lb

) := φ(ψ(fG′,Lb
))

where φ(fG′,Lb
) = fG,Lb

.

Lemma 4.17. Assume G ∈ Fn,3 has nested edges that are interchanged to obtain G′. The
construction of ψ for level b+ 1 nodes in TG(wn) is an injection.

Proof. This follows from the fact thatφ is a bijection andψ as defined forTG′(wn) is an injection.

Thus, every bad level b+1 node in TG′(wn) corresponds with a unique good node in TG′(wn),
and each of these nodes has a bijective corresponding node in TG(wn). We next prove our most
crucial intermediate result, pertaining to the number of leaves of these two pairs of nodes.

Lemma 4.18. Assume G ∈ Fn,3 has nested edges that are interchanged to obtain G′. Given a
bad level b+ 1 node fG′,Lb

in TG′(wn),

l(fG′,Lb
) = l(φ(ψ(fG′,Lb

))) and l(ψ(fG′,Lb
)) = l(φ(fG′,Lb

)).

Further, the four nodes comprise two pairs of nodes, one pair in TG′(wn) and another in TG(wn),
and each pair has the same total number of leaves. That is,

l(fG′,Lb
) + l(ψ(fG′,Lb

)) = l(φ(fG′,Lb
)) + l(φ(ψ(fG′,Lb

))).
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Proof. Let fG′,Lb
be a bad node in TG′(wn). Our proof is illuminated by Figures 4.7 and 4.8.

Note that in Figures 4.7 and 4.8 the solid lines represent edges whose flows have been decided
by the partial flow and dotted lines represent edges whose flows will be decided later in the flow
decomposition tree. (This is different than what dotted edges represented in Figures 4.5 and 4.6.)

In Figure 4.7, we see that the nodes fG′,Lb
and φ(ψ(fG′,Lb

)) will have the same number
of leaves because they have the same flows into vertices b + 1 (by Proposition 3.16) and d,
and identical edges remaining on which to direct those flows. The same argument applies in
Figure 4.8 to φ(fG′,Lb

) and ψ(fG′,Lb
).

fG′,Lb

a a+ 1 b b+ 1 d− 1 d
· · · · · ·

fG′,Lb
(a, b + 1) fG′,Lb

(b, d)

φ(ψ(fG′,Lb
))

a a+ 1 b b+ 1 d− 1 d
· · · · · ·

fG′,Lb
(b, d)

fG′,Lb
(a, b + 1)

Figure 4.7: Comparing nodes fG′,Lb
and φ(ψ(fG′,Lb

)).

ψ(fG′,Lb
)

a a+ 1 b b+ 1 d− 1 d
· · · · · ·

fG′,Lb
(b, d) fG′,Lb

(a, b + 1)

φ(fG′,Lb
)

a a+ 1 b b+ 1 d− 1 d
· · · · · ·

fG′,Lb
(a, b + 1)

fG′,Lb
(b, d)

Figure 4.8: Comparing nodes ψ(fG′,Lb
) and φ(fG′,Lb

).

Example 4.19. Looking again at the bad node fG11,L3 in Figure 4.5, we found its unique good
node pair gG11,L3 in Example 4.15. If we then find the level b + 1 bijective correspondents for
these two nodes in TG10(w4), fG10,L3 and gG10,L3 respectively, we see that

l(fG11,L3) = 4 = l(gG10,L3) and l(gG11,L3) = 3 = l(fG10,L3).

We are now ready to state our main result of this section.

Theorem 4.20. Let G ∈ Fn,3 and suppose G′ is obtained by interchanging a pair of nested
edges in G. Then

volF1(G
′) ⩽ volF1(G).

Proof. We have established that for any DAG G ∈ Fn,3,

volF1(G) = KG(wn) = # of leaves in TG(wn).
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Given G and G′ as in the theorem statement, we compare the number of leaves in their respec-
tive flow decomposition trees by summing over the leaves of the level b + 1 nodes. Starting
in TG′(wn), we have

# of leaves in TG′(wn)

=
∑

fG′,Lb
∈Vb+1(G′)

l(fG′,Lb
)

=
∑

fG′,Lb
∈V >

b+1(G
′)

[l(fG′,Lb
) + l(ψ(fG′,Lb

))] +
∑

fG′,Lb
∈V ⩽

b+1(G
′)\ψ(V >

b+1(G
′))

l(fG′,Lb
)

=
∑

fG′,Lb
∈V >

b+1(G
′)

[l(φ(fG′,Lb
)) + l(φ(ψ(fG′,Lb

)))] +
∑

fG′,Lb
∈V ⩽

b+1(G
′)\ψ(V >

b+1(G
′))

l(fG′,Lb
)

⩽
∑

fG′,Lb
∈V >

b+1(G
′)

[l(φ(fG′,Lb
)) + l(φ(ψ(fG′,Lb

)))] +
∑

fG′,Lb
∈V ⩽

b+1(G
′)\ψ(V >

b+1(G
′))

l(φ(fG′,Lb
))

=
∑

fG,Lb
∈Vb+1(G)

l(fG,Lb
)

= # of leaves in TG(wn).

Corollary 4.21. The function vol : Fn,3 → Z⩾0, which maps a DAG to the volume of its
flow polytope, is order-reversing with respect the the Boolean (equivalently, interchange) partial
order on Fn,3.

5. Linear Extensions

In this section we establish a connection between flow polytope volumes for DAGs in Fn,3 and
volumes of a related family of order polytopes; order polytopes are lattice polytopes defined by
finite posets [Sta86]. Mészáros, Morales, and Striker [MMS19] established a beautiful equiv-
alence between flow polytopes and order polytopes, and we use their equivalences to translate
our results from Section 4 about flow polytopes to results about order polytopes. In particular, in
Corollary 5.22 we restate Theorem 4.20 as a statement about posets and their linear extensions.
We briefly review the background and relevant results of [MMS19].

Definition 5.1. Given a finite poset P , define the order polytope to be

O(P ) := {x ∈ [0, 1]|P | : xi ⩽ xj if i ⩽P j} .

Definition 5.2. A DAGG is strongly planar ifG is a planar graph with a planar realization such
that the following two conditions hold. First, for every directed edge (i, j) ofG, the x-coordinate
of i is strictly less than the x-coordinate of j. Second, each edge (i, j) is embedded in the plane
as the graph of a piecewise differentiable function of x.

Definition 5.3. A poset P is strongly planar if the Hasse diagram of P is a planar graph with a
planar realization such that the following two conditions hold. First, for every directed edge (i, j)
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in the Hasse diagram, the y-coordinate of i is strictly less than the y-coordinate of j. Second,
each edge (i, j) is embedded in the plane as the graph of a piecewise differentiable function of y.

Definition 5.4. Given a strongly planar DAG G, we define the truncated dual graph G∗ to be a
strongly planar realization of the dual graph of G with the vertex corresponding to the infinite
region deleted. To define an orientation on the edges of G∗ we leverage the fact that each edge
can be drawn intersecting transversely to the corresponding edge of G. Specifically, the edges
ofG∗ shall be directed a quarter turn counterclockwise from the edge orientation inG. WhenG
is strongly planar, the directed graph G∗ can be read as a Hasse diagram of a strongly planar
poset where directed edge (a, b) inG∗ is interpreted as a covering relation a ⩽ b. We denote the
resulting poset by PG. Similarly, given a strongly planar poset P , let H be the Hasse diagram
of P ∪{0̂, 1̂}. ReadingH as a graph directed from 0̂ to 1̂, we defineGP to be the strongly planar
DAG obtained as the strongly planar dual of H , with the infinite region divided into a left and
right side. We obtain an orientation on the edges ofG by rotating the orientation the edges ofH
a quarter turn clockwise.

Example 5.5. Refer to Figure 5.1 for the truncated duals of the DAGs in F4,3.

G00 G∗
00

G01 G∗
01

G10 G∗
10

G11 G∗
11

Figure 5.1: Truncated duals G∗ for G ∈ F4,3.

Remark 5.6. A few conditions in the definitions of Mészáros, Morales, and Striker [MMS19,
Section 3] have been strengthened here in order for their proofs to hold in general.

(i) The definition of orientation of edges in the dual graphs at the beginning of [MMS19,
Section 3.2] has been strengthened in Definition 5.4;
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(ii) The restriction to ‘planar’ DAGs at the beginning of [MMS19, Section 3.2] has been
strengthened in Definition 5.2, and the terminology has been changed to strongly planar
to reflect the fact that it is a stronger condition than planarity, as well as to be consistent
with the analogous definition for posets;

(iii) The restriction to strongly planar posets at the beginning of [MMS19, Section 3.3] has
been strengthened in Definition 5.3.

In the form originally given in [MMS19], the strongly planar definitions are not sufficient to
support the proofs they present due to issues of duality not being well-defined. The strengthening
of the dual graph edge orientation definition is necessary because [MMS19] defines this orienta-
tion using y-coordinates of the dual vertices, which results in ambiguous dual edge orientations
in some cases.

To see why the strengthened Definition 5.2 is necessary, consider the graph G in Figure 5.2.
It is possible to find a planar embedding that satisfies the requirements of [MMS19], and so
we compute the truncated dual G∗ using Definition 5.4, as seen in Figure 5.3. However, this
results in a truncated dual containing a directed cycle, and thus there is no way to interpret G∗

as a valid Hasse diagram. To see that all planar embeddings of G result in truncated duals with
directed cycles, note that the condition that vertex x-coordinates must increase with their labels
forces two left-to-right paths from vertex 1 to 6: 1 → 2 → 4 → 6 and 1 → 3 → 5 → 6.
Attaching these two paths together at vertices 1 and 6 creates an undirected cycle enclosing a
face 1, 3, 5, 6, 4, 2, 1. Drawing the duplicate edges out of 1 and into 6 is not a problem, but one
can check that all non-crossing configurations (2, 5) and (3, 4) result in truncated duals with
cycles. Such a graph is precluded by Definition 5.2 as it has no planar embeddings where all the
edges are functions of x.

A similar argument can be used to demonstrate the necessity of Definition 5.3 with the
poset P having Hasse diagram obtained by taking the DAG in Figure 5.2, rotating it a quarter-
turn counter-clockwise, and removing one of each multiple edge. It can be verified in a fashion
similar to the above DAG case that there is no strongly planar embedding of P ∪ {0̂, 1̂}, and
every planar embedding of P ∪ {0̂, 1̂} results in a dual with directed cycles.

With these strengthened definitions in place, the necessary dual graphs are well-defined and
the proofs in [MMS19] go through, for example for the following theorem.

1

2

3

4

5

6

Figure 5.2: The graphG; a directedK2,2 with a unique source and sink added, free of idle edges.
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1

2

3

4

5

6

Figure 5.3: Drawing the truncated dual G∗.

Theorem 5.7 (Mészáros, Morales, and Striker [MMS19]). Given a strongly planar DAG G, the
flow polytope F1(G) is integrally equivalent to the order polytope of the strongly planar poset
dual to G. Conversely, given a strongly planar poset P , the order polytope O(P ) is integrally
equivalent to the flow polytope of the strongly planar DAG GP .

As a corollary, we see that the volume of a flow polytope for a strongly planar DAG is equal
to the volume of the order polytope for the strongly planar dual, and vice versa. Further, we have
the following result due to Stanley [Sta86].

Theorem 5.8 (Stanley [Sta86]). For a poset P , the number of linear extensions of P is counted
by the volume of the order polytope O(P ). That is

e(P ) = volO(P ).

We show below that DAGs in Fn,3 are strongly planar, so we can apply the correspondence
given by Theorem 5.7 and Theorem 5.8 to our volume results from Section 4. Our flow polytope
volume inequalities from Theorem 4.20 thus extend to linear extension inequalities for the posets
arising as truncated duals. We begin by proving an observation about drawing DAGs in Fn,3

with non-planar embeddings.

Proposition 5.9. Let G ∈ Fn,3. If we draw the vertices in a row in so that their labels increase
from left to right and draw non-spine edges as upward-facing semicircles (directed from smaller
vertex labels to larger), G has an edge crossing between vertices k + 1 and k + 2 if and only if
its corresponding binary string β = b1 · · · bn−2 has a 1 in position k.

Proof. Suppose bk = 0. Then by the bijection λ in Theorem 3.4, the DAG G has edges ek+1

and (k + 1, k + 2). Further, Lemma 3.14 ensures that only one other edge can pass over ver-
tices k + 1 and k + 2. But since the consecutive edges ek+1 and (k + 1, k + 2) fill all out-going
stubs of k + 1 and all in-going stubs of k + 2, the unique edges passing over k + 1 and k + 2
are one in the same. Drawing these three edges as upper semicircular arcs does not create any
crossings.

k + 1 k + 2
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Conversely, suppose bk = 1. Denote the indices of the adjacent 1s of β with j and l,
where j := 0 if k is the first 1 in β and l := n− 1 if k is the last 1 in β. So we have j < k < l.
Then the bijection λ in Theorem 3.4 gives edges (j+1, k+2), (k+1, l+2). Note that j < k < l
ensures that neither (j+1, k+2) nor (k+1, l+2) can be a consecutive edge. These two edges
cross between k + 1 and k + 2 if drawn as upper semicircular arcs.

j + 1 k + 1 k + 2 l + 2

Proposition 5.10. Let G ∈ Fn,3. Then G is strongly planar.

Proof. LetG ∈ Fn,3. ThenG can be drawn with the vertices in a horizontal row with increasing
labels, and the edges so that each spine edge ei is realized as a horizontal line from i to i + 1
and the non-spine edges are realized as upward-facing semi-circular arcs. This drawing con-
vention ensures that every directed edge (i, j) of G has the x-coordinate of i strictly less than
the x-coordinate of j, and that each edge is embedded in the plane as the graph of a piecewise
differentiable function of x. Now we seek to transform some of the edges in a way that preserves
these properties, but gives a planar embedding of G, in order to satisfy Definition 5.2.

We claim we can decompose E(G) into three paths from vertex 1 to vertex n + 1. This is
useful because a path in DAG embedded so that every edge (i, j) has the x-coordinate of i strictly
less than the x-coordinate of j cannot intersect itself. The first path is the spine: (e1, . . . , en).
The next path begins with the edge (1, 2), and the final path begins with the other edge leaving
vertex 1, (1, j) say. For convenience, we label the non-spine path beginning with (1, 2) asA and
the non-spine path beginning with (1, 2) as B. To prove that paths A and B do indeed end at
vertex n+1, consider the subgraph ofG obtained by deleting the spine. Every interior vertex in
the subgraph has in- and out-degree 1. Hence, each interior vertex i can be in at most one path,
and the path can continue past vertex i.

Now, if we reflect each edge in pathA below the spine, pathA does not intersect the spine or
pathB, since pathB lies entirely above the spine. For the same reason, pathB does not intersect
the spine. Hence we have a planar embedding ofG. Further, the reflection of the edges in pathA
preserves the properties necessary for this embedding to be strongly planar.

Example 5.11. Figure 5.1 provides a strongly planar embedding for each G ∈ F4,3.

Example 5.12. Figure 5.4 provides a strongly planar embedding of G1011.

Our next goal is to identify the posets that are realizable as truncated duals of DAGs in Fn,3.

Proposition 5.13. Let G ∈ Fn,3. Then the truncated dual G∗ is a bipartite non-crossing tree
on n+ 1 vertices.



combinatorial theory 5 (2) (2025), #14 33

Figure 5.4: A strongly planar embedding for G1011.

Proof. Let G ∈ Fn,3. Let Ĝ denote the proper dual of G, and let G∗ denote the truncated dual.
Recall that G∗ is the subgraph of Ĝ obtained by deleting the vertex of Ĝ associated with the
infinite face and all its incident edges. By definition, Ĝ is planar, and thus G∗ is non-crossing.
The planar embedding ofG described in Proposition 5.10 partitions the vertices ofG∗ into those
between the spine and path A, and those between the spine and path B. Hence G∗ is bipartite.

We use the Euler characteristic formula to verify the vertex count for G∗, and show that it
has the requisite number of edges to be a tree. By Proposition 2.6, we knowG has n+1 vertices
and 2n+ 1 edges. Then by the Euler characteristic formula, we have that Ĝ has

2− |V (G)|+ |E(G)| = 2− (n+ 1) + (2n+ 1) = n+ 2

vertices. Hence G∗ has n+ 1 vertices. To count the edges in G∗, note that the number of edges
in G∗ is equal to the number of edges in Ĝ that are not incident to the vertex associated to the
infinite face. Using the planar embedding described in Proposition 5.10, the edges in Ĝ that are
incident to the vertex associated to the infinite face correspond to the edges in G that comprise
paths A and B. Since the spine and paths A and B partition E(G), we have

|E(G∗)| = |E(G)| − (# edges in path A)− (# edges in path B)

= (# edges in spine of G)
= n.

Thus G∗ is a graph with n+ 1 vertices and n edges, so it is a tree.

Note that the drawing conventions described in the proof of Proposition 5.10 yield a bipartite
non-crossing tree whose distinguished sets are separated by a horizontal line (the spine). When
we interpret one of these truncated duals as a Hasse diagram, we get a graded poset with two
ranks (rank 0 elements in the distinguished set below the spine and rank 1 elements in the distin-
guished set above the spine). With this in mind, we use the terms “bipartite non-crossing trees”
and “rank 1 posets” interchangeably throughout the remainder of the section, though in general
not all rank 1 posets are bipartite non-crossing trees.

Next, we characterize the bipartite non-crossing trees on n + 1 vertices that are realizable
as duals of DAGs from Fn,3, using the drawing convention described in the proof of Proposi-
tion 5.10. We use observations due to Mészáros and Morales [MM19], in whose work bipartite
non-crossing trees arise from a completely different property of DAGs.
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Proposition 5.14. There are 2n−2 bipartite non-crossing trees on n vertices.

Proof. Bipartite non-crossing trees with l left vertices and r right vertices are in bijection
with weak compositions of r − 1 into l parts [MM19]. The bijection maps a bipartite
non-crossing tree with left vertices {x1, . . . , xl} and r right vertices to the weak
composition (deg x1 − 1, . . . , deg xl − 1) of r − 1. It is known that the numbers of such weak

compositions is
(
l + r − 2

l − 1

)
. So if n = l + r, the total number of bipartite non-crossing trees

with n vertices is
n−1∑
l=1

(
n− 2

l − 1

)
=

n−2∑
i=0

(
n− 2

i

)
= 2n−2.

Proposition 5.15. Of the 2n−1 bipartite non-crossing trees on n+1 vertices, 2n−2 are realizable
as truncated duals of DAGs in Fn,3 when using the planar embedding convention described in
Proposition 5.10. Specifically, the bipartite non-crossing trees that are realizable as truncated
duals are those whose left-most vertex of rank 0 has degree 1.

Proof. Let P be a bipartite non-crossing tree on n + 1 vertices. Label its rank 0 elements
as {x1, . . . , xl} and its rank 1 elements as {y1, . . . , yr}, with subscripts increasing from left to
right. Then the condition we prove is necessary and sufficient for realizability is deg x1 = 1.

Suppose P is realized as the truncated dual of a DAG G ∈ Fn,3, where G is drawn using
the conventions in Proposition 5.10. Note that G has the edges e1, e2, (1, 2), (2, j) and (1, k),
where j, k ⩾ 3. Using the edge partition from the proof of Proposition 5.10, this means (1, 2)
and (2, j) are in path A and (1, k) is in path B. Then our drawing conventions give us the
following regions in G:

(i) The region bounded by e1 and (1, 2), below the spine;

(ii) The region bounded by e2, . . . , ek−1 and (2, j), below the spine; and

(iii) The region bounded by e1, . . . , ej−1 and (1, j), above the spine.

Taking the truncated dual ofG gives a vertex for each region. The first two regions are rank 0,
so they are labelled x1 and x2. The third region is rank 1, so it is labelled y1. Since the first two
regions in G share the edge e1, we have an edge (x1, y1) in P . Since the second two regions
in G share the edge e2, we have an edge (x2, y1) in P . Then P cannot have any edge of the
form (x1, yi) for i ⩾ 2, as it would cross the edge (x2, y1) or cross into the unbounded region,
which does not correspond to a vertex in the truncated dual. Thus deg x1 = 1.

Conversely, suppose deg x1 = 1. We construct a DAG G ∈ Fn,3 so that G∗ = P . Begin
with n + 1 vertices and spine edges e1, . . . , en. Associate each relation in P with a spine edge,
going from left to right. This is a well-defined association since P is non-crossing. For each
rank 0 element xi in P , let ej and ek denote the spine edges associated to the left-most and right-
most relations of xi. Then draw the edge (j, k+1) in G as a downward-facing semicircular arc.
For x1, draw (1, 2) and for the right-most rank 0 vertex xl, draw (j, n + 1). These edges will
form the path A as described in Proposition 5.10. Then for each rank 1 element yi in P , let ej
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and ek denote the spine edges associated to the left-most and right-most relations of yi. Then
draw the edge (j, k+1) inG as a upward-facing semicircular arc. For y1, draw (1, k+1) and for
the right-most rank 1 vertex yr, draw (j, n+ 1). These edges will form the path B as described
in Proposition 5.10. By construction, we have G∗ = P .

Given a bipartite non-crossing tree on n+ 1 vertices where deg x1 = 1, delete the vertex x1
and edge (x1, y1), which will give us a bipartite non-crossing tree on n vertices. Similarly, given
any bipartite non-crossing tree on n vertices, we can add a single vertex x0 and edge (x0, y1) to
get a bipartite non-crossing tree on n+1 vertices where the left-most rank 0 vertex has degree 1.
Thus bipartite non-crossing trees on n + 1 vertices that are realizable as truncated duals of
DAGs in Fn,3 are in bijection with bipartite non-crossing trees on n vertices. It follows from
Proposition 5.14 that there are 2n−2 such bipartite non-crossing trees.

In Section 3, we described a bijection between length n−2 binary strings and DAGs in Fn,3.
In this section, we describe (truncated) dualization, which is a bijection between DAGs in Fn,3

and bipartite non-crossing trees on n+1 vertices whose left-most vertex of rank 0 has degree 1.
This implies the existence of a composite bijection between length n − 2 binary strings and
bipartite non-crossing trees on n+1 vertices whose left-most vertex of rank 0 has degree 1. We
now describe this bijection, and leave it as a straightforward exercise to verify that the bijection
is correct.

Proposition 5.16. Given a length n − 2 binary string β, we can construct a corresponding
bipartite non-crossing tree Tβ with n+ 1 vertices whose left-most vertex of rank 0 has degree 1
in the following way:

(i) Begin with an initial edge e0 from rank 0 to rank 1.

(ii) From the rank 1 vertex incident to e0, construct a path of edges where each edge in the
path corresponds to a 1 in β.

(iii) Attach a terminal edge after the final 1-corresponding edge.

(iv) For each 0 in β, find the 1s that surround it and attach an edge between the corresponding
path edges in the poset.

Conversely, given a bipartite non-crossing tree T with n+ 1 vertices whose left-most vertex
of rank 0 has degree 1, we can construct a corresponding length n − 2 binary string βT in the
following way:

(i) Trace a path from the left-most vertex of rank 0 as far right as possible.

(ii) Ignoring the first and last edge in this path, write a 1 in βT for any remaining edges in the
path.

(iii) For any edges not in the path, we place a 0 in βT between the 1s that correspond to the
path edges.
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010010110010 ↔

Figure 5.5: The corresponding binary string and bipartite non-crossing tree of Example 5.17.

Example 5.17. The binary string 010010110010 corresponds to the rank 1 poset in Figure 5.5.
Note how the 1s correspond to the maximal path (dashed edges), without the initial and terminal
edges (dotted edges), and the 0s correspond to the non-path edges (solid edges).

Next we describe how changing a 0 to a 1 affects the posets structure.

Definition 5.18. Let T be a bipartite non-crossing tree on n+1 vertices whose left-most vertex
of rank 0 has degree 1. Let P be the path beginning at the left-most vertex of T and ending at the
right-most vertex. For an edge ei not in the path P , we define a flip at edge ei to be the operation
that obtains a new bipartite non-crossing tree on n+1 vertices whose left-most vertex of rank 0
has degree 1, T ′, in the following way:

(i) Split T into two connected components, the left ending with edge ei and the right begin-
ning after edge ei.

(ii) Take the (poset) dual of the right component.

(iii) Reattach the right component to the left component to create a new tree T ′ where ei is in
the path beginning at the left-most vertex of T ′ and ending at the right-most vertex.

Example 5.19. In Figure 5.6, we perform a flip at the fifth edge from the left. First, we see
our initial poset. Next, we separate it into two pieces after edge five. Then we invert the right
component. Finally, we reattach the inverted piece so that edge five is in the path from left-most
vertex to the right-most vertex.

The following proposition follows immediately from the bijection.

Proposition 5.20. Let β be a length n − 2 binary string and let T be the corresponding poset
as described in Proposition 5.16. Then changing a 0 in β to a 1 is equivalent to performing a
flip at the edge of T that corresponds to the 0 of β.

Example 5.21. In Figure 5.6, we see that the flip from Example 5.19 corresponds to changing b4
from 0 to 1 in the binary string 010010110010.

Corollary 5.22. Let T be a bipartite non-crossing tree poset on n+ 1 vertices whose left-most
vertex of rank 0 has degree 1. Let P be the path beginning at the left-most vertex of T and ending
at the right-most vertex. If we perform a flip at an edge of T not in P to obtain a new tree T ′,
then

e(T ′) ⩽ e(T ).
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010010110010 ↔

010110110010 ↔

Figure 5.6: The poset operation corresponding to changing b4 to a 1 in the binary
string 010010110010.
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Combinatoire.

[BGDH+19] Carolina Benedetti, Rafael S. González D’León, Christopher R. H. Hanusa,
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