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Abstract. We are interested in algebraic properties of empty lattice simplices A, that is, d-
dimensional lattice polytopes containing exactly d + 1 points of the integer lattice Z¢. The
cyclicity rank of A is the minimal number of cyclic subgroups that the quotient group of A
splits into. It is known that up to dimension d < 4, every empty lattice d-simplex is cyclic,
meaning that its cyclicity rank is at most 1. We determine the maximal possible cyclicity
rank of an empty lattice d-simplex for dimensions d < 8, and determine the asymptotics of
this number up to a logarithmic term.
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1. Introduction

A lattice polytope is a polytope in R¢ that has all its vertices in the integer lattice Z¢. Empty lat-
tice simplices, i.e., lattice simplices that do not contain points of Z¢ additionally to their vertices,
are the building blocks of lattice polytopes with respect to triangulations. Their classification in
small dimensions proved useful to derive properties of all lattice polytopes; see the introduction
of [IVS21] for more information and a list of references. Besides this fundamental motivation to
understand the class of empty lattice simplices, they showed to be relevant in quite a number of
different contexts: In algebraic geometry they are in close connection to terminal quotient singu-
larities arising in the minimal model program. This program has been completed in dimension
three by Mori [Mor88], based on White’s [Whi64] classification of empty lattice tetrahedra. The
recent advances around the flatness problem in the Geometry of Numbers partially draw from the
theory of empty lattice simplices as well (cf. [CS20]). Moreover, the three-dimensional classifi-
cation plays a prominent role for certain problems around continued fractions in number theory
(see, for instance, [KU17]).
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In this paper, we focus on the algebraic properties of empty lattice simplices, in particular, on
the structure of their associated quotient groups. These finite abelian groups arise as quotients of
the integer lattice Z¢ by the sublattice that is spanned by the edge directions of the lattice simplex
at hand. Barile et al. [BBBK11] showed that the quotient group of a four-dimensional empty
lattice simplex is always cyclic (dimension d = 2 is immediate, and in dimension d = 3 this
follows from White’s classification). They also provide an example which shows that this result
does not extend to dimensions d > 5. However, the cyclicity of the quotient groups in dimension
four was instrumental for Iglesias-Valifio & Santos [IVS21] to complete the classification of
empty lattice 4-simplices; a program that was started in the late 1980s.

It is just natural to expect that any approach to classify relevant families of empty lattice
5-simplices will benefit from further insight into the algebraic structure of their quotient groups.
With this in mind, we introduce and investigate the cyclicity rank of an empty lattice d-simplex A,
which is the minimal number of cyclic groups that the quotient group of A factors into. Our main
interest is about the maximal cyclicity rank cr.(d) that can occur in a given dimension d (see
Section 2 for precise definitions).

Our results on the function d +— cre(d) can be summarized as follows: In Theorem 4.5 and
Corollary 4.3, we show that for d > 4, the inequalities

d— |logy(d)] —1 < cre(d) <d—3,

hold. Furthermore, we obtain the exact numbers in Sections 4 and 5 for small dimensions:

d |[1]2]3|4|5]6]7[8] 9
cre(d) [O[O[1[1][2]3[4][5][50r6

In particular, these results show that it is only a small-dimensional phenomenon that empty
lattice simplices have (almost) cyclic quotient groups.

2. Quotient groups of lattice simplices and problem statement

In this section, we introduce the basic definitions needed for the rest of the paper and precisely
state the main problem that we are interested in. Let’s start with some standard terminology:
Given a subset S C R?, we denote by conv(.S) the convex hull of S and with int(.S) the in-
terior of S with respect to the standard topology on R¢. Furthermore, if S is Lebesgue mea-
surable, then vol(S) denotes its volume (i.e., its Lebesgue measure) and Vol(S) = d!vol(S)
denotes its normalized volume. The standard unit vectors in R? are given by ey, ..., eq4, and
with [r] := {1,2,...,r} we abbreviate the set of the first r natural numbers.

For us, a lattice A C R? is a discrete subgroup of full rank, the most prominent example
being the standard integer lattice Z%. Most of the lattices that we consider in the sequel are
sublattices A C Z% of the integer lattice, and they are uniquely defined as A = AZ?, for some
matrix A € Z%*? that is invertible over the rationals. Such a matrix A is called a basis of A.
Note, however, that lattice bases are not unique. Given a lattice A its polar lattice is defined by

N={zeR':2T2€Z Vz€ A} .
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If A is a basis of A, then A™T is a basis of A*; and for lattices A C T' polarity reverses the
inclusion, that is, I'* C A*. Finally, we say that a vector v = (vy,...,vq)T € Z% is primitive, if
the line segment joining v and the origin O contains exactly two lattice points, which is equivalent
to saying that ged(vy,...,v4) = 1. We refer to the book of Gruber [Gru07] for a thorough
introduction to lattices, convex polytopes, and their interaction.

Definition 2.1. A lattice simplex A in R? is the convex hull of d + 1 affinely independent lattice
points, i.e., there are affinely independent vy, v, ...,vq € Z% with A = conv{vg, v1,...,Vq}.
Such a lattice simplex A C R? is called hollow, if int(A) N Z? = &, and it is called empty,
if ANZY = {vg,v1,...,v4}

We say that two lattice simplices A, A’ C R? are unimodularly equivalent, denoted
by A ~ A/, if there exists a unimodular matrix U € GL4(Z) and a translation vector t € Z?
such that A’ = UA + t. Because UZ? = 74, for every U € GL4(7Z), we get that the properties
of a lattice simplex of being empty or hollow are invariant under unimodular equivalence. Note
that we did not fix the labelling of the vertices of the simplices, so that this notion of equivalence
includes the possibility to permute them. This is relevant for comparison with the notion of the
Hermite normal form of square integer matrices (see Theorem 3.3).

For our purposes we can assume without loss of generality that the origin O is one of the
vertices of any given lattice simplex A C R¢, so that we can associate the invertible integer
matrix A = (vy,...,v9) € Z¥t0 A = conv{0,vy,...,vq}. Writing

d
Sq = conv{0,ey,...,e5} = {x e RY: ZIZ- < land z; > 0 for every 1 <2’<d}
i=1

for the standard simplex, we get the representation A = AS,.
Now, given a lattice simplex A = ASj, it induces two sublattices

Th:=AZ'=Za, + ...+ Zag CZ* and T :=ATZ%=7r +.. +Zry C 7%,

where ay,...,aq € Z% and ry,...,7q € Z% are the columns and rows of the matrix A, re-
spectively. The first sublattice I'A can be seen as being the lattice that is generated by the edge
directions of A. Conversely, given a sublattice I' C 7% and a basis B of T, one may associate
two lattice simplices to I', whose non-zero vertices correspond to either the columns or the rows
of B.

A disadvantage of I'a is that one cannot read off A from a given basis of I'a up to
unimodular equivalence. For instance, both {ej,es,2e3} and {ej, e, (1,1,2)T} are a
basis of the lattice T = Z? x (2Z), but the lattice simplices A = conv{0, ey, e, 2e3}
and A’ = conv{0,eq,es, (1,1,2)T} are not unimodularly equivalent, because A has a non-
primitive edge and A’ is empty. For the sublattice I'}y, however, we can infer A up to a finite
explicit list of unimodular equivalence classes. This makes the lattice I'}, the more natural choice
when we want to identify lattice simplices with sublattices. More precisely,
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Proposition 2.2. Let A, A’ C R? be lattice simplices which both have the origin as a vertex.

Then, we have
A~A" ifandonlyif T\ =PUTY,,

for some permutation matrix P € 794 and some k € {0,1,...,d}, where U, € Z¥% is
the unimodular matrix whose (i, k)-entries equal —1, for all 1 < i < d, whose (i,1)-entries
equal 1, for all 1 < i < d with 1 # k, and whose remaining entries equal 0; in particular, Uy is
the identity matrix.

Proof. Write A = AS; and A’ = BS,, for suitable integer matrices A, B € Z¥,
Then, A ~ A’ means that there is a matrix U € GL4(Z) and a vector t € Z? such
that A’ — ¢t = UA. Since both simplices A, A’ have a vertex at the origin, ¢ must be a ver-
tex of A’, which means that there is an index £ € {0,1,...,d} such that ¢ = Bej, where
we write ¢g = 0. Observe that Sy — e, = UJ'Sy, so that the conditions above can be writ-
ten as BU]S; = UAS,. This is equivalent to the existence of a permutation matrix () such
that BU]Q = UA. This in turn is equivalent to

'\ = A'ZY = (U'BUIQ)'Z* = Q'U,BU 2% = QU B'Z* = Q"U,T'L, ,
as U T is again unimodular. [

As aparticular case of the previous statement, choosing two bases V, W of a sublattice I C Z¢
gives unimodular equivalent lattice simplices V7.S; and WTS,;. This property motivates our
choice to consider the “row-lattice” FTA of A, rather than the “column-lattice” I'n. In toric
geometry however, the latter choice is the more natural (see, e.g. [BBBK11] or [Ful93, Ch. 2]).
We see below, that for our purposes it doesn’t make a difference whether we consider the integral
row-span or column-span, so our results apply to the respective questions and properties in toric
geometry without restriction.

Our main object of interest associated to a lattice simplex is its quotient group. In fact, this
comes in two versions:

Definition 2.3. For a lattice simplex A = ASy, we let
Ga:=7%Tx=17YAZ% and G} :=7%/ T} =27/(ATZ%)
be its quotient groups.

The quotient groups of A = AS; are finite abelian groups of the same order (cf. [Gru07,
Ch. 21])
|Gal = [27:Ta] = |det(A)| = |det(AT)| = [Z*: T}] = |G}].

For any invertible matrix M € Z%*? the quotient group Z?/(MZ?) is determined by its so-called
Smith normal form, which is the unique diagonal matrix S = diag(my, ..., mg4) such that there
exist unimodular matrices U,V € GL4(Z) with M = USV and the my, ..., my are positive
integers satisfying mg | mg_1 | - -+ | my (cf. Cohen [Coh93, Ch. 2]). These numbers my, ..., my
are called the elementary divisors of M. In particular, we have

78/ (M7 =78 )(USVZY) = 24 )(USZY) = (U124 /(SZ%) = 72/ (SZ?), 2.1)
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and therefore
Z)(MZY) 2 Ty X Loy, X oo X Loy (2.2)

where 7 is the largest index such that the elementary divisor m, > 1. The Smith normal form
helps us to derive the important observation that for every lattice simplex, the associated quotient
groups in Definition 2.3 are isomorphic:

Proposition 2.4. Let A € 7% be an invertible integer matrix. Then, the sublattices AZ?
and ATZ4 have isomorphic quotient groups in 7, that is,

7% )(AZY) = 72 ) (ATZY)
In particular, for every lattice simplex A, we have G = G}.

Proof. In view of (2.1) it suffices to show that A and AT have identical Smith normal forms. To
thisend, let U, V' € GL4(Z) be such that A = USV and S is the Smith normal form of A. Then,
we have AT = (USV)T = VTSTUT = VTSUT, so that indeed S is the Smith normal form of AT
as well. ]

Finally, let us note that the isomorphism class of the quotient groups G » and G} only depend
on the isomorphism class of a lattice simplex A = AS,, and not, for instance, on the choice of
the origin vertex.

Proposition 2.5. Let A, A’ C R? be lattice simplices which both have the origin as a vertex.
If A ~ A, then G = Garand G, = G,

Proof. In view of Proposition 2.4 it suffices to establish only one of the claimed isomor-
phisms. By Proposition 2.2 there is a permutation matrix P and an index k£ € {0,1,...,d} such
that 'y = P U, I'},. Therefore,

V=27 TL =2 (PU.TL) = ((PU,)'2Y /T, =2/ T}, =G}, ,

because P U}, is unimodular. O

The cyclicity rank of (empty) lattice simplices

A lattice simplex A C R is called cyclic, if its quotient group G is a cyclic group. More
generally, for A = AS,, we write cr(Ga) = 7, if exactly r elementary divisiors of A are bigger
than one (see (2.2)), that is, the quotient group G A of A splits into r factors of cyclic subgroups
and no less. Figure 2.1 shows two lattice triangles, one is cyclic while the other is not.

Definition 2.6 (Cyclicity rank of a simplex). Given a lattice simplex A C R<, we define its
cyclicity rank as cr(A) := cr(Ga). Moreover, we let

cre(d) := max {cr(A) : A C R? an empty lattice simplex } |,
cry(d) == max {cr(A) : A C R a hollow lattice simplex} , and
crg(d) == max {cr(A) : A C R? an arbitrary lattice simplex } .
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Figure 2.1: The triangle A = conv{0, (g), (g)} on the left is cyclic with Ga = Z,, generated
by (}), the red lattice point. The triangle A’ = conv{0, (g), (g)} however is not cyclic, and

has G'ar = Zs x Zs with generators ((1]) and ([1)); the two blue lattice points.

Clearly, for every d € N, we have
cre(d) < erp(d) < cerg(d),
and
cri(d) < cero(d+ 1) for each choice of # € {e, h,s}. (2.3)

The maximal cyclicity rank is not an interesting parameter on the whole class of lattice simplices,
nor on the class of hollow lattice simplices, because of the following observation:

Proposition 2.7. Let A C R? be a lattice simplex.
(i) Forevery d € N, we have crs(d) = d.
(ii) crp(1) = 0and cry(d) = d, for every d > 2.

Proof. (i): If A = AS, is alattice simplex, then by (2.2) its quotient group is determined by the
elementary divisors of A. In particular it consists of at most d factors, and hence, cr(A) < d.
An example attaining this upper bound is given by A = 2.5, for any dimension d > 1. In fact,
we have Ga = (Z3)? and hence cr(A) = d.

(ii): The simplex A = 25, is hollow, whenever d > 2. Thus, cr,(d) = d, ford > 2. Up to
unimodular equivalence, the only hollow lattice 1-simplex is the unit interval [0, 1]. This clearly
has trivial quotient group, and hence cry,(1) = 0. O

Our main interest thus lies in the case of empty lattice simplices:

Main Problem. Determine the constant cro(d) for a given dimension, or at least understand its
asymptotic behavior in terms of d.

Prior to this work, the parameter cr.(d) is only known in dimensions at most four:

cre(l) =cre(2) =0 and cr(3) =cro(4) =1 and cr.(5) > 2. (2.4)
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This holds as every empty lattice 1-simplex is unimodularly equivalent to [0, 1], and every empty
lattice 2-simplex is unimodularly equivalent to .S;. Empty lattice 3-simplices have been char-
acterized by White [Whi64] and come in a family that can be conveniently described by two
parameters, allowing to read off that they are all cyclic.

Theorem 2.8 (White [Whi64] (cf. Sebd [Seb99]))). Every empty lattice 3-simplex is unimodu-
larly equivalent to

T(p7 q) ‘= conv {07 (17 07 O)T7 (07 17 O)T7 (]‘?p? q)T} )

for some integers 1 < p < q with ged(p, q) = 1.
In particular, there are two opposite edges of the simplex lying in parallel consecutive lattice
planes, and thus these simplices belong to the class of Cayley polytopes.

The fact that also in dimension d = 4, every empty lattice simplex is cyclic, has been proven
by Barile et al. [BBBK11], who also exhibited an example of a non-cyclic empty lattice 5-
simplex. The four-dimensional result was instrumental for Iglesias-Valifio & Santos [IVS21] to
achieve the complete classification of empty lattice 4-simplices.

3. Reductions and p-power simplices

In this section, we collect a few reductions for the main problem with the goal of identifying a
very concrete class of lattice simplices that grasp the parameter cr,.(d) and are very convenient
to deal with. We start with the observation that given an empty lattice simplex corresponding to
a sublattice I' C Z9, every lattice simplex corresponding to an intermediate lattice is also empty.

Lemma 3.1. Let A, A’ C R? be lattice simplices such that Ty C T'y, C Z% Then, if A is
empty, then A’ is empty as well.

Proof. Let A = AS; and A’ = BS,. By assumption on the lattices we have ATZ? C BTZ4.
For the polar lattices we thus have the reverse inclusion and get B~1Z¢ C A~'Z4.

Assume, that A’ is non-empty. Then, for a non-vertex w € A’ N Z% of A, the
point B~'w € Sy; N B7'Z% is not a vertex of S;. By the lattice inclusion from above, this
implies that B~'w € A~'Z?, and consequently the lattice point AB~'w € AS; N Z% is not a
vertex of A = AS,. In other words, the simplex A is non-empty, a contradiction. ]

Next we reduce the problem to the study of empty lattice simplices whose quotient group is
a power of a group of prime order.

Lemma 3.2. Let A C RY be an empty lattice simplex with cyclicity rank v = cr(A). Then, there

r

is a prime p € N and an empty lattice simplex A" C R such that Gar = (Z,)"

Proof. Let A = AS,; for some integer matrix A with elementary divisors my, ..., mg that
satisfy mg = ... = m,y; = 1 < m, < ... < my. Then, in view of (2.2) and Proposi-
tion 2.4, we have G\ = Ga = Zy, X ... X ZLp,. Now, let p be a prime dividing m,., and

thus dividing m;, for every i < r. Since Z,, is isomorphic to the quotient (Z/m;Z)/(pZ/m;Z)
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of Zp,, for i < r, we get that H := (Z,)" is isomorphic to a quotient of G} = Z?/T'}. There-
fore, there exists a sublattice Ay C Z¢ with 'y C Ay C Z% and H = Z¢/Ay. By virtue of
Lemma 3.1, every lattice simplex A’ C R? such that Ay = T}, is an empty lattice simplex
satisfying Ga = (Z,)". O

Given a prime p, we call any (possibly non-empty) lattice simplex A with Ga = (Z,)" a
p-power simplex for brevity. The name is chosen to reflect that the normalized volume of such
a simplex is given by Vol(A) = |Ga| = p", and thus is a power of p.

3.1. The Hermite normal form of p-power simplices

We now aim to investigate p-power simplices more closely, and work towards identifying a rep-
resentative in their unimodular equivalence class that allows to draw more information regarding
their cyclicity rank. To this end, we need a well-known result on manipulating integer matrices:

Theorem 3.3 (cf. [DKT87, Thm. 1.2]). Let A € Z*? be an invertible integer matrix. Then,
there exists a unimodular matrix U € 7% such that the matrix H = UA = (hy;) € Z%% is
upper triangular with positive diagonal entries, and its other entries satisfy

0< hyj < hj; forevery 1<i<j<d.

The matrix H in Theorem 3.3 is uniquely determined and is called the Hermite normal form
of A. Hence, we can assume that we consider p-power simplices A = conv{0, hy, ..., hq},
where the vertices hq, ..., hy constitute the columns of a matrix H = (hy,. .., hy) in Hermite
normal form. Furthermore, if a diagonal entry h;; = 1, forsome 1 < j < d, then all other entries
in its column need to be zero and all columns with index ¢ < j have only zero entries below
the j-th row. This implies, that with a possible change of rows and columns, we can assume
without loss of generality that the diagonal of [ starts with a sequence of ones and continues
with a sequence of entries strictly larger than one. In particular, this means that the first, say £,
vertices of A are the coordinate unit vectors in Z%. In summary, from here on out we assume
that a p-power simplex A is represented by a matrix in Hermite normal form with the shape

_ (E. i B
H_( ; C), (3.1)

for some k € {0,1,...,d} and some matrices B € Z\@*)*k and C' € Z***, where E, denotes
the ¢ x ¢ identity matrix. An immediate but important observation is the following:

Proposition 3.4. If H € Z%*? has the form (3.1), then
7°/H7* = 7% |CTF .

We first investigate how the cyclicity rank of A dictates the shape of the matrix C'in (3.1).
The following is the main auxiliary observation:
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Lemma 3.5. Let A C R? be a p-power simplex in the form (3.1). Then, the following statements
are equivalent:

(i) cr(A) =r.
(ii) The diagonal entries of H satisfy
hii=...=hqgpgr=1 and hg_ 1441 =...=hga=0p,

and it holds
(ears1 + HZ?, ... eq+ HZ") = (Z,)" .

Proof. Assume first, that cr(A) = r, that is, Ga = (Z,)". We show that h; ; € {1,p}, for ev-
ery 1 < 7 < d. To this end, denote withe; = e; + H 7% the residue class of e; in G = Z¢ /H VA
and for k € {2,...,d} consider the short exact sequence

0 — (ex)N(er,...,e1) <> (éx) — (€1,...,€k)/(€1,...,E,_1) — 0.

It holds that (&,) = Zj,, and (€y,...,€)/(€1,...,Ek1) = Zy,,, for k > 2, because H is
upper triangular. By the exactness of said sequence, the order of (€y,...,éx) /{(€1,..., € 1)
divides the order of (€;). The only cyclic subgroups of (Z,)" are {0} and Z,, so that indeed we
get h;; € {1,p}, forevery 1 < j < d.

Now, in view of hy 1 - ... hgq = det(H) = |Ga| = p", we obtain the claim on the diagonal
elements in (ii). Moreover, we can view Z%/HZ" = (eq_,+1 + HZ", ... eq + HZ") = (Z,)"
as an r-dimensional vector space over the field with p elements, with basis given
by {€q_r;+ HZ : 1 < j <r}.

Conversely, assume that condition (ii) holds. Then, we have that

Ga =Z'/HZ" = (eq_r1 + HZ®, ... eq+ HZ") = (Z,)",
and thus cr(A) = r as claimed in (i). O

The following example demonstrates the necessity for the elements e, + HZY,
for{ =d—r+1,...,d, from the proof above to be independent in Z¢/HZ?. It also shows
that Z¢/ HZ® may not be isomorphic to (Z,)" if they are not.

Example 3.6. Let

Then, we get
Z'/HZ* = {es + HZ*, es + HZ") .

But this matrix (respectively the p-power simplex spanned by its columns) does
not satisfy the condition in Lemma 3.5 (ii), because by the last column of H we
have e; + pey, € HZ*, and thus e3 € —pey + HZ*. Hence, the quotient group Z*/HZ* is
cyclic with Z*/ HZ* = (ey + HZ*) = Z,.
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Lemma 3.7. Let A = HS,; C R? be a p-power simplex with H € 7Z.*? in Hermite normal form

in the shape (3.1), that is,
_ (Esr B
= ( 0 C’) ’

Then, cr(A) = rifand only if C = p E,.

Proof. Assume first, that cr(A) = r, thatis, Ga = Z¢/HZ®* = (Z,)". This implies that every
element in Ga has order 1 or p, so that Gz is a Z,-vector space of dimension r. In view of
Proposition 3.4 we also have Go = Z"/C7Z". Now, for 1 < i < r,lete; = e; + CZ" be the
residue class of the standard unit vector ¢; in Z"/CZ". Clearly, éy, ..., e, generate Z" /CZ" as
an abelian group and thus also as a Z,-vector space, meaning that they form a basis of Z" /CZ".
Writing C' = (¢;;)1<i,j<r» the k-th column of C' gives the relation

Cl,k'él+---+cr,k'éT:0

in Z"/CZ". Hence, by the linear independence of the basis vectors é;, all the entries of C'
equal 0 modulo p. Lemma 3.5 implies that the diagonal entries of C' are all equal to p, which
together with the assumption that H is in Hermite normal form implies that C' = p E,., as desired.

The converse is direct from Proposition 3.4, as Ga = Z%/HZ® = 77 /(pE,Z%) = (Z,)".
This means, we have cr(A) = r as desired. N

Note that Lemma 3.7 holds for every p-power simplex, independently of it being empty.
A direct consequence is that every p-power simplex in R? with maximal cyclicity rank d, is
equivalent to a dilate of the standard simplex:

Corollary 3.8. Let p be a prime and let A C R? be a p-power simplex with cr(A) = d, that
is, GA = (Zp)d. Then, A is unimodularly equivalent to p Sy.

Proof. Assume that A = HS, is given by H in Hermite normal form. Since cr(A) = d,
Lemma 3.7 implies that H = p Ej, and thus A = p Sy as claimed. H

We finish this section by collecting a few necessary conditions for a p-power simplex to be
empty.

Lemma 3.9. Let A = HS,; be a p-power simplex with
H= (E%‘ p%) ,
for a suitable matrix B € Z\*=")%"_If A is an empty lattice simplex, then:
(i) Every column of B has at least two non-zero entries.
(ii) No two columns of B are integral multiples of one another.
(iii) Every column of B containing exactly two non-zero entries is primitive.
(iv) If r = cre(d), then every row of B has a non-zero entry or cro(d) = cre(d — 1).

(v) Forevery submatrix B' € Z\%"*t of Bwitht < min(p, ), there exists an indexi € [d—r]
such that the sum of the entries of the ith row of B’ is not divisible by p.
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Proof. Write k = d — r for brevity. We let H = (v1,...,vy4), so that A = conv{0, vy, ..., v4}.

(i): Since A is empty, the vectors vy, ..., vq are primitive, so in particular, v; # p - ¢;, for
every j € {k+1,...,d}. Hence, every column of B is guaranteed to contain at least one non-
zero entry. Assume that the jth column of B has exactly one non-zero entry, say 1 < b;; < p,
for some ¢ € [k]. Then,

—by; 1 —by; 1
H(p P ]ehL;_)ekH‘) == P j6i+§(bij€i+p€k+g‘)=€i+€k+j€Zd\{Ula-~,Ud},

which means that A is non-empty, because “ Pbiig, 4 1% r+; € S4.
(ii):  Assume to the contrary that the ith column b; and the jth column b; of B satisfy b; = ub;,

for some ¢ # j and some ;1 € Z. Since H is in Hermite normal form, every entry of B lies
in{0,1,...,p— 1} and thus 1 < g < p — 1. Then,

1 — 1
H<5€k+i+ppluek+j) =];((bl,0,. ,0)T +P€k+z)+pT((bT 0,...,0)T + pegiy)

= (05,0,...,0)T + epyi + (P — 1) er c Z*\ {v1,...,v4}.

Therefore, A is non-empty, because - ey, + ¥ ey € Sa.

(iii): Assume that b; is a column of B with exactly two non-zero entries, which without loss of
generality, we may assume to be the first two entries. Thus, b; = (r,s,0,...,0)T, for some 1 <
r,s < p. Since A is empty, the three-dimensional face 7" = conv{0, ey, ez, 7e1 + s€2+ pey_r1i }
of A must be empty as well. By White’s characterization (Theorem 2.8), a necessary condition
for T" to be empty is that two of its opposite edges lie in parallel consecutive lattice planes.
A simple calculation comparing each of the three pairs of opposite edges of 7" shows that this
happens if and only if r = 1 or s = 1 orr+s = p. Since p is prime, this implies that gcd(r, s) = 1
and hence 0; is primitive.

(iv): Assume that r = cr.(d) and that the ith row of B consists only of zero entries. Deleting
the 7th row and 7th column of H, we then obtain the matrix H e Zd=Dx(d=1) which, in view
of Lemma 3.7, corresponds to an empty lattice (d — 1)-simplex with the same cyclicity rank
as A. Hence with cro(A) = cre(d), we get cro(d) < cro(d — 1), and so by the monotonicity
of d — cre(d) (see (2.3)), we obtain equality.

(v):  Assume that there exists a submatrix B’ € Z**! of B with ¢ < min(p, ) such that the sum
of the entries of every row of B’ is divisible by p. Without loss of generality, we may assume
that B’ is given by the first ¢ columns of B = (b;;). Then,

t k t
1 1 1
HE];%=Z;@ﬂ+"-+bit>6i+2p'{oe’“+j
j=1 i=1 j=
T b’L
bt -+ b Z+§jekﬂez \ o1, v
i=1 j=1

and thus A is non-empty. ]
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Remark 3.10. The conditions (ii) and (iii) in Lemma 3.9 are in the following sense best possi-
ble: Condition (ii) may be phrased as saying that any two columns of B are linearly independent.
There exist, however, empty p-power simplices whose matrix B contains three linearly depen-
dent columns. For a concrete example we refer to the first three columns of the defining matrix
of the empty 3-power simplex in Proposition 5.3.

Likewise, condition (iii) does not extend to columns of B with at least three non-zero entries.
Indeed, the 3-power simplex conv {0, ey, €3, €3, (2,2,2,3)T} C R* is empty.

4. Small dimensions and the case p = 2

In this section, we determine the constants cr(d) for dimensions d < 7. This is based on
understanding the monotonicity of the function d +— cre(d), as well as the maximal cyclicity
rank of an empty 2-power simplex.

Lemma 4.1. Let A = HS; = conv{0,vy,...,v4} be a p-power simplex with cyclicity

rank r = cr(A) and with
 (E., B
1= ( 0 pEr> ’

for a suitable matrix B € Z'%)%"_ Furthermore, for every i € [d], we consider the
facet A; = conv{0,vy,...,0;_1,0i11,...,0q} of A, and its quotient group G, defined with
respect to the lattice 74 N lin(A;). Then, we have

Ga, = (Z,)"™' forevery je{d—r+1,...,d}.

Proof. Forj € {d —r +1,...,d}, we let B(j) € Z@*~1) be the matrix obtained after
deleting the column with index j — (d — r) in B, and let H(j) € Z(4~V*(@=1) be the matrix
obtained after deleting the jth row and the jth column in /. Then, clearly

N Ed—r B(])
H(]) - ( 0 pEr—l )
and G, =74/ (H(j) Z* "), because the (d—1)-simplex A; := H (j)S4_ arises from A; by de-

leting the jth coordinate. Now, applying Lemma 3.7 to A; yields that cr(A;) =cr(A;)=r—1,
as desired. 0

By this lemma we can now prove that the function d — cr.(d) grows at most by one with
each dimension.

Theorem 4.2. For every d > 2 holds
cre(d) < ere(d—1) + 1.

Proof. Let A be an empty lattice simplex with cr(A) = cro(d). In view of Lemma 3.2 we may
assume that A is a p-power simplex, for a suitable prime p. Moreover, we assume that A = H.S,
where H is a matrix satisfying the conclusion of Lemma 3.7. Let A, be the facet of A that is
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contained in R4~ x {0}. Since A is empty, we find that A, is an empty lattice (d — 1)-simplex
considered with respect to the lattice Z¢~! x {0}. Hence, Lemma 4.1 implies that

cre(d) = cr(A) = cr(Ay) + 1 < cre(d—1) + 1,
as claimed. [

As a direct corollary we obtain the maximal cyclicity rank of an empty lattice 5-simplex,
because cro(4) = 1 and cr.(5) > 2 by the results of Barile et al. [BBBK11] (see (2.4)). More-
over, we get a first upper bound for arbitrary dimension that sets the constant cr(d) apart from
its respective parameters cry,(d) and crg(d) for hollow and arbitrary lattice simplices (see Propo-
sition 2.7).

Corollary 4.3.
(i) cre(5) = 2, and

(ii) cre(d) < d— 3, foreveryd > 4.

4.1. The maximal cyclicity rank of empty 2-power simplices

In this section, we explore the maximal cyclicity rank of p-power simplices for a fixed prime p,
focussing on the case p = 2. To this end, we define

crp(d) := max {cr(A) : A C R an empty p-power simplex | .

Clearly, for every prime p and every dimension d, we have cr.(d) > cry(d), and we may look
for empty p-power simplices of high cyclicity rank for any specific fixed prime p. The following
series of examples shows that

cry(k+¢) > ¢ forevery prime p and every k > 2 and ¢ € [2F — k — 1]. 4.1)

Note, that these examples generalize the Reeve simplices conv{0, e, €5, €1 + €2 + pes} in R3
(see [Ree57)).

Proposition 4.4. Let p be a prime, let k > 2 be an integer, and let { € [2¥ — k — 1]. De-

fine By € Z¥** to be a matrix whose columns are pairwise different and constitute an (-element
subset of {0,1}*\ {0, e1, ..., ex}. Then, writing

. E} Bg
e ( 0 pEz) ’
the (k + 0)-simplex A = H Sy, is empty and has cr(A) = /L.

Proof. The fact that cr(A) = ¢ is immediate from the construction of H and Lemma 3.7.

So, let’s prove that A is empty. Let d = k + ¢ and consider A\ = (A1,...,)\;) € R?
with \; > 0, for every i € [d], and with 0 < |A] := Ay + ... + Ay < 1. We need to show that
if H\ € Z¢, then \ = e;, for some j € [d].
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To this end, assume that H\ = (ay,...,aq) € Z% Because By is a 0/1-matrix, for every
index r € [k] there exists a subset /, C {k + 1,...,d} such that

ar:)\r+z>\i.

i€l

Since a, € Z and 0 < |\| < 1, we thus have a, € {0,1}, for every r € [k]. Observe that,
if a, = 1, then |A\| = 1, and we have \; = 0, for every t € [d] \ ({r} U I,). This implies the
following:

e If there is j € [k] with A\; > 0, then a; = 1, and thus A, = 0, for every r € [k] \ {j}.

e If thereis j € {k+ 1,...,d} with \; > 0, then A\, = 0, for every r € [k]. Indeed, by
construction the (j — k)th column of By has at least two non-zero entries, say in rows r
and s, and thus a, = a, = 1.

If we combine these two observations, then we see that if there is an index j € [k] with \; > 0,
then \ = e;.

Now, we assume that Ay = ... = A; = 0 and that there are distinct indices
r,s € {k+1,...,d} such that A\, > 0 and A\; > 0. Again, the (r — k)th and the (s — k)th
column of B, contain at least two non-zero entries. Each such non-zero entry, say in row ¢,
forces A\; = 0, for all the indices ¢, so that the entry of By in row ¢ and column ¢ — k equals 0.
This is however only possible if the (r — k)th and the (s — k)th column of B, coincide, contra-
dicting the definition of B,. As a result, the vector A has exactly one non-zero entry, say A\; > 0
for some j € {k + 1,...,d}, the corresponding column of B, has a non-zero entry in the rth
row, and we have a, = 1 = \;. Therefore, A\ = ¢; as desired. O

In the case p = 2 the necessary conditions in Lemma 3.9 imply that the simplices in Propo-
sition 4.4 have the maximal cyclicity rank among all 2-power simplices.

Theorem 4.5. For every d > 3, we have
cra(d) = d — [logy(d)] — 1.

Proof. Let A = HS,; be an empty 2-power simplex. Letting cr(A) = ¢, we can write d = k+ ¢,
for some k£ > 3, by the upper bound in Corollary 4.3 (ii). Using Lemma 3.9 (i) and (ii), we see
that the matrix B € {0, 1}** in the representation

_(E, B
H = ( 0 QEE) ’
has pairwise distinct columns, all of which have at least two non-zero entries. Hence,
cr(A)=0<2F — k- 1.
This holds for every partition of d = k + ¢, in particular for the one minimizing k. More

precisely, if & is such that 281 < d < 2%, then ¢ = d—k = d—(|logy(d) | +1). The construction
leading to (4.1) shows that this upper bound on cry(d) is attained. 0

Together with Corollary 4.3, we thus obtained the exact value of cr.(d), for all d < 7.
Corollary 4.6. cr.(6) = 3 and cr.(7) = 4.
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5. Large dimensions and the case p = 3

Starting from dimension d = 8, empty 2-power simplices alone do not describe the func-
tion cr(d) anymore, so that we need to pass to larger primes p. In this last section, we explore
this for d € {8, 9}, and asymptotically for large d and fixed p.

By extending the argument in the proof of Theorem 4.5, we can give an upper bound on the
cyclicity rank of empty p-power simplices, for arbitrary primes p.

Proposition 5.1. For every prime p, we have
crp(d) < d — [log,(d)] — 1.

Proof. Let A = HS,; be an empty p-power simplex. Letting cr(A) = ¢, we can write d = k+ ¢,
for some k£ > 3, by the upper bound in Corollary 4.3 (ii). Using Lemma 3.9 (i) and (ii), we see
that the matrix B € {0,1,...,p — 1}*** in the representation

(B, B
"= ( 0 pEe) ’
has pairwise distinct columns, all of which have at least two non-zero entries. Hence,
cr(A) = ¢ < p* — (p — 1)k — 1. Parts (ii) and (iii) of Lemma 3.9 actually allow for a more
precise upper bound, which however leads to the same asymptotic result.

Observe that the bound holds for every partition of d = k + ¢, in particular for the one
minimizing k. This corresponds to choosing & such that

PP -2)(k-1) <d<p'—(p-2k. (5.1)
In particular, d < p*, sothatk > |log,(d)|+1, and hence cr(A) = ¢ = d—k < d—[log,(d)] -1
as claimed. ]

Together with the lower bound on cr.(d) implied by Theorem 4.5, the previous upper bound
suggests the following question:

Question 5.2. Is the asymptotic behavior of the maximal cyclicity rank of empty d-simplices
given by
cre(d) = d — O(log(d)) ?

One may approach this problem as follows: Let p(d) be the smallest prime number
with cre(d) = crp(q)(d), which exists in view of Lemma 3.2. With this notation, Proposition 5.1

gives
log(d)
cre(d) < d — <M) 7

so that the question boils down to asking whether p(d) is bounded by a constant, independently
of d. While this might be unlikely, any bound of order p(d) € o(d), would give an asymptotic
improvement on the linear upper bound in Corollary 4.3 (ii).

On a different note, observe that any explicit computable upper bound on p(d) would leave
only finitely many empty d-simplices to investigate (see, for instance Lemma 3.7). In particular,
the number cr.(d) would be algorithmically computable in fixed dimension d.
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5.1. Some results for empty 3-power simplices

In dimension d = 8, Theorem 4.5 gives cr.(8) > cr2(8) = 4, while Corollary 4.3 shows
that cre(8) < 5. It turns out that the upper bound gives the correct value, which can be shown by
exhibiting a concrete empty p-power simplex A C R® with cr(A) = 5, for some prime p > 3:

Proposition 5.3. We have cr.(8) = cr3(8) = 5.
Moreover, up to unimodular equivalence, the simplex Ay = H Sg with

1011 2
H:(%‘ 3%) and B=(0 11 2 1
5 112 2 2

is the only empty 3-power simplex with cyclicity rank 5.

Proof. By construction we clearly have cr(Ag) = 5. The fact that Ag is empty can be checked,
for instance, by with the help of a computer using sagemath [The20].!

In order to check the claimed uniqueness of Ag, we first observe that the conditions in
Lemma 3.9 imply that it suffices to consider matrices B that are composed of a choice of 5
of the columns of the following matrix:

11012120011121222
1012100121 1212122 (5.2)
01 100212112112212

This amounts to checking emptiness of a total of (157) = 6188 lattice 8-simplices. Using

sagemath again this can be done in about 30 minutes of computer time, and results in a list of 18
possibilities for “empty” matrices B. Checking unimodular equivalence of two lattice polytopes
can be done via the concept of a normal form as proposed by Kreuzer & Skarke [KS98] (see
also [GK13]), whose algorithm has been implemented in sagemath. It turns out that the 18
empty lattice simplices above are pairwise unimodularly equivalent. The code and results of
the aforementioned computer calculations can be found at https://github. com/mschymura/
cyclicity-rank-computations. [

Remark 5.4. The matrix B in the construction of Proposition 5.3 is inspired by Harborth’s ex-
ample showing that f(3,3) > 19, where f(n,d) denotes the smallest integer m such that any
choice of m elements from (Z,, )¢ (repetitions are allowed) contains n elements that sum to zero
in (Z,)?. In fact, Harborth’s example consists of the 9 vectors in (Z3)? that correspond to pro-
jecting the 9 vertices of Ag to the first three coordinates (see [Els04, Har73] for more information
on the multidimensional zero-sum problem around the function f(n, d)).

We do not know whether this connection is a coincidence, or whether there is a deeper con-
nection between the problems around f(n,d) and cr,(d).

With such a computational approach, we found that lifting the simplex in Proposition 5.3
to an empty 3-power simplex gives the maximal cyclicity rank in dimension 9. This
yields cr.(9) € {5,6}, but we do not know whether there is a prime p > 3 such that cr,(9) = 6.

A pen and paper proof that Ag is empty can be found in the master thesis of the first author [Abe23, Ex. 3.3.1].


https://github.com/mschymura/cyclicity-rank-computations
https://github.com/mschymura/cyclicity-rank-computations
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Proposition 5.5. cry(9) = cr3(9) = 5.2
Proof. The fact that cry(9) = 5 holds by Theorem 4.5. The simplex Ag = H Sy with

0

_(Es B _
H—(O 3E5) and B =

—_ O = O
__— 0 O
N~ =

N = O
N = N O

is empty by Proposition 5.3 and has cr(Ag) = 5. In order to show that cr3(9) < 5, we consider
the possibly empty 3-power simplices A of cr(A) = 6, each of which correspond to a choice
of 6 columns from the matrix in (5.2). This leaves us with (') = 12376 examples, and another
computation with sagemath shows that none of these simplices is empty.

Unlike for dimension 8§, it is not feasible to compute all empty 3-power 9-simplices with
cyclicity rank 5, without significant further reductions. Indeed, one would need to check all
choices of 5 columns of a list of 59 vectors b € {0, 1,2} left by Lemma 3.9. These are more than
5 million simplices, with an expected one month of computation time on a standard computer.

]

As a final result, we describe how to lift the example in Proposition 5.3 to empty 3-power
simplices in higher dimensions and which have a cyclicity rank larger than any 2-power simplex
of the same dimension.

Proposition 5.6. Let k,¢ € N be such that crs(k + ¢) > (. Then, cr3(k + 1+ m) > m,
where m = 20 + k.

Proof. Let A = HS}., be an empty 3-power simplex with cr(A) = ¢ and with

_(Bx B
H‘(o 3E€)’

for a suitable matrix B € {0,1,2}**¢. Let A = HS},;1 . be defined by the matrix

E. 0 E, B B
~ 0 1 1k 1@ 2'1£

H= (EIBH 35 ): 0 0 3E, 0 0 :
m 0 0 0 3E, 0
0 0 0 0 3E,

H/_/\ 7\ ~~ v

Block E Block B1 Block B2

where 1, denotes the all-one row-vector with r entries. The names of the three blocks of
columns are intended for a more convenient description of the arguments below. By definition,

we have cr(A) = m, so that we are left to show that A is empty.

2 A proof without computer assistance again can be found in [Abe23, Thm. 3.3.5].
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To this end, assume for contradiction that A contains a lattice point besides its vertices.
Letting hl, .. hk+1+m be the columns of H, such a lattice point z € A has a representation of

the form
k41

zZ = Z Ajej + Zﬂzhk+1+z7

where 0 < \; < 1, forj € [k + ], and p; = %, for suitable n; € {0,1,2} and i € [m],
and with O < Ay + ...+ Aoy + 1 + ... + o < 1. In particular, there are at most three
indices ¢ € [m] such that u; # 0.

Case 1: p; =0, forevery i € [m].
This means that the first £ + 1 coordinates of z = ZkH Aje; correspond to a non-vertex
lattice point in Sy, 1, which is a contradiction.

Case2: [, # 0, for exactly one index r € [m].

If 11, is the coefficient of a column in Block B1 or B2, then omitting the (k + 1)st coordinate
shows that z projects onto a non-vertex lattice point in A = H Sj; a contradiction.

If w, corresponds to Block E, then A\y.y = 1 — p,, because 2.1 € Z. Thus,
z = (1 — pp)eps1 + urﬁkﬂw as a lattice point in R**** lies in the relative interior of an
edge of the simplex defined by the upper left square submatrix of size k + 1 + k of H. Thisisa
contradiction as all edges of that simplex are primitive.

Case 3: i, us # 0, for exactly two indices r, s € [m].

Observe that p, + pus € {%,1}. If u, + ps = 1, then because of the (k + 1)st coordinate
of z = ,uthH,, + ushk+1+s, which must be integral, the indices 7, s correspond to columns
that are either both in Block B2 or both not in Block B2. Since B has the property that each of
its columns has at least two non-zero entries (see Lemma 3.9), these entries are in {1, 2}, and
because of the unit matrix E), in Block E of H , this means that the indices r, s correspond to
columns that are either both in Block B1 or both in Block B2. This, however, contradicts the
assumed emptiness of the simplex A.

So, let p,+ps = %, thatis, p, = ps = % It cannot be that both r and s correspond to columns
in Block B2, since then Ay, = % to get z; 1 integral, which contradicts \x 1 + p + s < 1. I,
say, r corresponds to Block B2, and s does not, then A\;,; = 0. In the case that s corresponds
to Block E, neglecting rows £ + 1,...,k + 1 + k of H shows that z points to a non-vertex
lattice point in A; a contradiction. In the case that s corresponds to Block B1, two things can
happen. First,  and s select different columns in the matrix B in Blocks B1 and B2. Here,
again z points to a non-vertex lattice point in A. Second, r and s select the same column of B.
Here, the part ,urthH + ushkﬂﬂ, of z has at least two non-zero entries in { 55 3} in the first &k
rows, which cannot both be complemented to an integer by the remaining part A\je; +. ..+ Agé,
because A\ + ... + M\ < % If neither r nor s correspond to Block B2, then A\ = % and
hence z = zep1 + %Bk+l+r + %Bk+1+s- Then, there is no constraint from the integrality of z in
therows £+ 1,...,k + 1 + k, and 2 again points to a non-vertex lattice point in A.
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Case 4: [, ius, 1 7 0, for exactly three indices r, s,t € [m)].

This case forces fi, = 1, = j = 5 and thus z = %;Lk—&-l—»-r - %ilk—&—l—ﬁ—s + %ﬁkﬂﬂ. Looking
at the (k + 1)st coordinate of z shows that either r, s, ¢ all correspond to a column in Block B2
or none of them does. If all of them belong to Block B2, then only considering the first k£ and
last ¢ rows of H yields a non-vertex lattice point in A. Similarly, if all three indices 7, s, ¢
belong to Block E or Block B1, then there is no constraint in rows £ + 1,....k + 1 + &k
andk+1+k-+0+1,...,k+ 1+ k+ 20, and hence the remaining k + ¢ rows of H yield a
non-vertex lattice point in A once again. [

Iterating the construction in Proposition 5.6 yields a sequence (d(k)), 4 of dimensions, such
that cr3(d(k)) > d(k) — k, and which satisfies the recurrence

d3)=8 and d(k)=2dk—-1)+1, for k>4,
with the initial value being due to Proposition 5.3. Solving this recurrence shows that
erg(28 4283 1) > 28 428 k1 =crp(28 28 — 1)+ 1, fork > 3.

In particular, there are infinitely many dimensions d for which cry(d) < cr3(d).
In general, one might expect such a monotonic behavior of cr,(d) with respect to any dimen-
sion and primes p.

Question 5.7. Is the maximal cyclicity rank of p-power simplices non-decreasing with p? More
precisely, do we have cr,,(d) < cr,(d), for every d € N and every two primes p < ¢?

Note however, that things are less clear than they appear at first sight: In an
E,, B

0 pk,
and obtain an empty g-power simplex. For a concrete example, take the empty 3-power
simplex conv {0, e1, €9, €3, (2,2, 2, 3)T} from Remark 3.10. It turns out that the 5-power simplex
given by conv {0, e1, €2, €3, (2,2,2,5)T} is not empty, since it contains (1,1, 1,2)T as a lattice
point additionally to its vertices.

empty p-power simplex defined by H = ( ) , we cannot just replace p E,. with q E,.
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