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Abstract. Positroids are matroids realizable by real matrices with all nonnegative maxi-
mal minors. They partition the ordered matroids into equivalence classes, called positroid
envelope classes, by their Grassmann necklaces. We give an explicit graph construction
that shows that every positroid envelope class contains a graphic matroid. We prove that a
graphic positroid is the unique matroid in its positroid envelope class. Finally, we show that
every graphic positroid has an oriented graph representable by a signed incidence matrix
with all nonnegative minors.
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1. Introduction

The Grassmannian Gr(k, F") admits a stratification by the realization spaces of the rank-k or-
dered matroids on n elements. The study of this matroid stratification of the Grassmannian has
proven difficult as, due to Mnév’s Universality Theorem, a matroid stratum can be as patholog-
ical as any algebraic variety. The totally nonnegative Grassmannian Gr=°(k, R"), consisting of
the points in Gr(k, R™) that can be realized by matrices with all nonnegative maximal minors,
has a stratification due to Postnikov into positroid cells that are each homeomorphic to an open
ball [Pos06].

Positroids are in bijection with a number of combinatorial objects [Pos06], and have con-
nections to scattering amplitudes in A/ = 4 supersymmetric Yang-Mills theory [AHBC"12],
tilings of the amplituhedron [PSBW23], and cluster algebras [Sco06]. Postnikov’s positroid
stratification of the nonnegative Grassmannian yields a partition of the ordered matroids into
classes with positroid representatives, where these representatives are called the positroid en-
velopes [KLS13]. We study the interplay between the family of graphic matroids and these
positroid envelopes. We show that every positroid is the envelope of a graphic matroid. We
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prove that P is a graphic positroid if and only if P is the unique matroid contained in its positroid
envelope class.

The rest of this paper is organized as follows. In Section 2, we provide the necessary def-
initions and tools. In Section 3, we prove that every positroid envelope class contains at least
one graphic matroid, by explicitly constructing a planar graph whose cycle matroid lies in the
desired positroid envelope class. In Section 4, we characterize the graphic positroids and their
envelope classes. In Section 5, we strengthen the connection between the graphic positroids
and their graphs, by showing that every graphic positroid P can be realized by a matrix with all
nonnegative maximal minors that is the signed incidence matrix of a graph that represents P.

2. Basic tools and definitions

In this section, we establish basic definitions and tools that are used throughout the paper. In 2.1,
we establish the basics for matroids. In 2.2, we give necessary background on positroids. In 2.3,
we describe some combinatorial objects that are in bijection to the positroids: decorated permu-
tations and Grassmann necklaces. These are used in the proofs of main results. In 2.4, we give
the basic definitions of positroid envelopes and varieties.

2.1. Matroids

A matroid M = (FE,B) consists of a finite ground-set £ and a non-empty collection of sub-
sets B C 2%, called bases, that satisfy the following basis exchange property:

» if By, By € Bandx € B;\ By, then there exists y € B\ By such that (B, \{z})U{y} € B.

The collection of independent sets of M is Z(M) = {I C B : B € B(M)}, and the
dependent sets of M are all subsets of F/(M) that are not independent. Minimal dependent
sets of M are called circuits, and we will denote the set of circuits of A by C(M). An
element of M is called a loop if it comprises a circuit consisting of a single element. The
dual of a matroid M is the matroid M* whose ground-set is E(M*) := E(M) and whose
bases are B(M*) :={E(M)\B:B e B(M)}. A cocircuit of M is a circuit in M*,
and a coloop of M is a loop in M*. The rank function of a matroid M is a
map 7y : 26— Z_ given by, forall X C E(M), rp(X) :=max{|I|: I C X, I € TZ(M)}.
The closure operator of a matroid M is a function cl : 28 — 2F given by, for all X C E(M),
c(X):={eec E(M) :ry(XUe) =ry(X)}. A matroid isomorphism between two
matroids M and N is a basis-preserving bijection between E/(M ) and E(N).

Let M be a matroid and * € E(M). The matroid obtained by deleting x
from M, denoted M \ z, has ground-set E(M \ z) := E(M) \ {z} and independent
sets Z(M \ z) :== {I : x ¢ I € Z(M)}. The matroid obtained by contracting x in M, M/x,
has ground-set E(M/z) := E(M) \ {x} and bases

{B:BeB(M)}, if x is a loop

B(M/z) := {{B \{z}:2x € BeB(M)}, otherwise.
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We use the corresponding notation (M/X) \ Y, for X, Y C E(M)and X NY = &, to mean
the contraction of the set of elements X and the deletion of the set of elements Y. Deletion and
contraction are dual to each other, in the sense that M \ x = (M*/x)* and M /x = (M*\ x)*.
We say that a matroid N is a minor of M if it can be obtained from M by a sequence of deletions
and contractions. We say that a matroid M is N-free if N is not isomorphic to a minor of M. A
class of matroids F is called minor-closed if for any matroid M in F every minor of M is also
contained in . Any minor-closed family  can be characterized by a set .S, called the forbidden
minors of F, of matroids not contained in F such that no matroid in F has a matroid in S as a
minor.

Let A be a matrix with entries over a field F. We can obtain a matroid, denoted M (A), from
the matrix A by taking the ground-set to be the column vectors of A, and the bases to be the
collection of maximal linearly independent subsets of the column vectors of A. We say that A
is a matrix that realizes the matroid M (A). If there is an isomorphism between a matroid M
and M (A), then we also say that A realizes M. A matroid is called F-linear, or F-realizable, if
it can be realized by a matrix with entries over F. If a matroid M is F-linear, then so to is M*.
A matroid is called binary if it is Fs-linear and is called regular if it is F-linear for all fields F.
For any field F, the class of F-linear matroids is minor-closed (Proposition 3.2.4 in [Ox111]),
thus can be characterized by a (possibly infinite) set of forbidden minors. For example, binary
matroids have a simple characterization in terms of uniform matroids. The uniform matroid U*
is the matroid on [n] = {1,2,...,n} whose bases are all k-element subsets of [n].

Theorem 2.1 ([Ox111, Theorem 6.5.4]). A matroid is binary if and only if it is UZ-free.

A graph G = (V, E) on n edges consists of a vertex set V' and an edge set . Edges have
either two vertex endpoints or one, in which case they are called loops. We allow multiple edges
to have the same endpoints. We always take F to have a total order. Given a graph G, the
collection of maximal forests of G give the bases of a matroid on £, which we denote as M (G).
We say that G represents a matroid M if there is an isomorphism between M and M (G). A
graphic matroid M is a matroid that can be represented by some graph. Every graphic matroid
is regular.

2.1.1 Connectivity, direct sums and 2-sums

Let M be a matroid on the ground-set ¥’ and X C E. Then the connectivity function of M is a
map Ay 28 — Z. defined as

A k-separation of M is a pair (X, E'\ X) for which min{|X|, |[E\ X|} > k and A\, (X) < k.
For n > 2, a matroid M is n-connected if, for all k € [n — 1], M has no k-separation. We call
a matroid M disconnected if it is not 2-connected.

Let M and N be matroids on disjoint ground-sets. The direct sum of M and N is the ma-
troid M & N whose ground-set is E(M & N) := E(M) U E(N) and whose bases are

B(M & N):={BUB':BeB(M),B" € B(N)}.
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A matroid is disconnected if and only if it is the direct sum of two non-empty matroids. Every
matroid M decomposes under direct sums into a unique collection of non-empty 2-connected
matroids which we call the 2-connected components (or connected components) of M. We
denote the number of 2-connected components of a matroid M by c¢(M).

Let M and N be matroids such that

) [E(M)],[E(N) =2,
(i) E(M)NE(N) = {c}, and
(iii) neither (e, E(M) \ {e}) nor (e, E(N) \ {e}) is a 1-separation of M or N respectively.
Then the 2-sum of M and N is the matroid M @y N on E(M @9 N) = (E(M)UE(N)) \ {e}
whose circuits are
C(M\e)UC(N\e)
U{(C1UCy) \{e}:CL €eC(M),Cy e C(N),e € C;NCy}.

From a matroid M @, N, we can obtain the matroids M and /N as minors by the following
result.

Proposition 2.2 ([Ox111, Proposition 7.1.21]). Both M and N are isomorphic to minors
of M @9 N. In particular, if €' is an element of E(N) \ e that is in the same component of N
as e, then there is a minor of M @y N from which M can be obtained by relabeling ¢’ by e.
Moreover, if N has at least three elements, then M isomorphic to a proper minor of M &y N.

2.1.2 Tree decompositions

Every matroid M decomposes under direct sums and 2-sums into a (not necessarily unique)
collection of non-empty 3-connected matroids which we call 3-connected components of M.
Such a decomposition can be represented by a vertex- and edge-labeled tree.

Definition 2.3 ([Ox111]). A matroid-labeled tree is a tree T with vertex set { My, My, ..., My}
for some positive integer k such that

(i) each M; is a matroid;

(i) if M, and M, are joined by an edge e of 7', then E(M;) N E(M;) = {e}, where e is not a
1-separation of M; or M;; and

(iii) if M; and M; are non-adjacent, then E(M;) N E(M;) = @.

Let 7" be a matroid-labeled tree and let e be an edge of 1" with endpoints M; and M;. Then
the tree 7'/e, obtained from 7" by contracting the edge e and labeling with M; &, M the new
vertex that arises from identifying M; and M, is a matroid-labeled tree.

Let e be an edge in some matroid-labeled tree 7" with endpoints M; and M;. A relabeling
move of e consists of relabeling the edge e in 7" by some f, as well as relabeling the corresponding
element e in both £(M;) and E(M,) by the same f. We say that two matroid-labeled trees are
equal to within relabeling of their edges if one can be obtained from the other by a sequence of
relabeling moves.
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Definition 2.4 ([Ox111]). A tree decomposition of a 2-connected matroid M is a matroid-labeled
tree 7" such that if V(7T") = {M;, M, ..., M} and the edge-set of T"is {ey, €a,..., €51}, then

(1) E(M) = (E(Ml) U E(MQ) U---u E(Mk)) \ {61, €9,y ..., ek_l};
(i) |E(M;)| > 3 for all i unless |E(M)| < 3, in which case k = 1 and M; = M; and
(iii) M is the matroid that labels the single vertex of 7'/{e1, ..., ex_1}.

Theorem 2.5 ([Ox111, Theorem 8.3.10]). Let M be a 2-connected matroid. Then M has a
tree decomposition T' in which every vertex label is 3-connected, a circuit, or a cocircuit, and
there are no two adjacent vertices that are both labeled by circuits or both labeled by cocircuits.
Moreover, T' is unique to within relabeling of its edges.

For a given 2-connected matroid M, we call the tree decomposition given by Theorem 2.5
the canonical tree decomposition for M. The reader is directed to Section 8.3 in [OxI11] for
more details on matroid-labeled trees and tree decompositions of 2-connected matroids.

2.1.3 Series-parallel matroids

Let M and N be matroids such that E(M) N E(N) = {e} and e is not a 1-separation
of M or N. The series-connection of M and N is the matroid S(M, N) whose ground-set
is E(S(M,N)) := E(M) U E(N) and whose set of circuits is

C(S(M,N)) :=C(M\ e)UC(N \ e)U{CLUCy: e € C, € C(M),
e € CyeC(N)}.

The parallel connection of two matroids M and N is the matroid P(M, N) whose ground-set
is E(P(M,N)) := E(M) U E(N) and whose set of circuits is
C(P(M,N)):=C(M)UC(N)U{(CLUCy) \{e}):ee Cy € C(M),
ec (Cy € C(N)}
If E(M)N E(N) = {e} and e is a 1-separation of M or N, then e is a loop or coloop of M
or N. If e is a loop of M, then we define the series-parallel connections of M and N as
P(M,N)= P(N,M)= M & (N/e), and
S(M,N)=S(N,M)=(M/e)® N.

If e is a coloop of M, then

P(M,N)=P(N,M)=(M\e)® N, and
S(M,N)=S(N,M)=Ma& (N \e).
We say that N is a series extension of M if N = S(M,Uy) and we say that N is a parallel

extension of M if N = P(M,Uy). A matroid M is a series-parallel matroid if M can be
obtained from U} or U} by a sequence of series and parallel extensions.
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2.1.4 Weak maps

Let M and N be matroids. A weak map from M to N is a bijection ¢ : E(M) — FE(N) such
that for all I € Z(N), ¢~ [I] € Z(M). We say that a weak map ¢ : E(M) — E(N) is rank-
preserving if ry (M) = ry(N). A rank-preserving weak map between two matroids implies the
following connectivity result.

Proposition 2.6. Let M and N be matroids on E such that 1 : M — N is a rank-preserving
weak map. If N is n-connected, then M is n-connected.

Proof. If 1 : M — N is a weak map, then by Proposition 9.1.2(e) in [Whi86], for every X C F,
we have 7y, (X) > ry(X). If 1 : M — N is rank-preserving, it follows that Ay (X) > Ay (X)
forall X C E. ]

A rank-k matroid M on n elements can be represented by the matroid base polytope 1"y,
which is a subset of the hypersimplex A,, ;. We can obtain the number of connected components
of M from n and the dimension of I',.

Definition 2.7. Let M be a matroid on [n]. For an independent set I € Z(M),lete; = >, e;,
where {ey, €2, ..., €e,} C R™ are the standard basis vectors. The matroid base polytope of M is

['y = convex{ep : B € B(M)} C R™.

Corollary 2.8 ((BGW97, Corollary 4.7]). Let M be a matroid on the set [n| and let ¢(M) be
the number of connected components of M. Then the dimension of the basis matroid polytope
associated with M is given by the formula

dim Iy =n —¢e(M).

We can use a rank-preserving weak map 1 : M — N to bound the number of connected
components of M above by the number of connected components of V.

Corollary 2.9. Let M and N be matroids on [n], such that 1 : M — N is a rank preserving
weak map. Then, ¢(M) < ¢(N).

Proof. The rank-preserving weak map 1 : M — N implies that the preimage of B(V) is
contained in B(M). Therefore, the matroid base polytope I'y is contained in I'y;. Thus, the
dimension of I'y is at most the dimension of I';;. Then, by Corollary 2.8,

[E(N)| = e(N) < [E(M)] = c(M).
It follows that ¢(M) < ¢(N). O

Rank-preserving weak maps interact nicely with matroid minors. Let M be a matroid and
let X,Y be disjoint subsets of £(M). The matroid minor N = (M/X) \ Y is called prop-
erly expressed if it is obtained from M without contracting any loops or deleting any coloops
(Definition 5.6 in [Luc75]).
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Proposition 2.10 ([Luc75, Proposition 5.7]). Any minor can be properly expressed.

We can use a rank-preserving weak map 1 : M — N and a properly expressed minor N’
of N to find a minor M’ of M for which 1 : M’ — N’ is a rank-preserving weak map.

Theorem 2.11 ([Luc75, Theorem 5.8]). Let M and N be matroids such that E(M) = E(N)
and 1 : M — N is a rank-preserving weak map. If X, Y C E(N)and N' = (N/X)\Y isa
properly expressed minor of N, then M' = (M /X )\'Y is a minor of M such that1 : M' — N’
is a rank-preserving weak map.

For any rank-k matroid N on X, where |X| = n, there exists a matroid R = U” such
that B(N) C B(R). This implies the following result.

Corollary 2.12 ([Luc75, Corollary 5.9]). Let M and N be matroids such that1 : M — N is a
rank-preserving weak map. If M is U*-free then N is Uk -free.

By Theorem 2.1, a matroid is binary if and only if it is U?-free, so we have the following.

Theorem 2.13 ([Luc75, Theorem 6.5]). Let M and N be matroid such that 1 : M — N is a
rank-preserving weak map. If M in binary then so is N.

A rank-preserving weak map 1 : M — N is called non-trivial it M # N. If M is binary
and N is 2-connected, then there is no non-trivial rank-preserving weak map 1 : M — N.

Theorem 2.14 ([Luc75, Theorem 6.10]). Let M and N be matroids such that 1 : M — N is a
non-trivial, rank-preserving weak map. If M is binary, then N is disconnected.

2.2. Positroids

We now consider the main object of our study, a class of ordered matroids called positroids.
An ordered matroid M is a matroid whose ground-set F/(M) is totally ordered. We say that a
matroid isomorphism ¢ : M — N is order preserving if both M and N are ordered matroids,
and for all {x < y} C E(M), {¢(z) < ¢(y)} € E(N). Recall that the maximal minors of
a matrix A is the collection of determinants of all maximal square submatrices of A. If A is a
square matrix, then the unique maximal minor is the determinant of A.

Definition 2.15. A positroid is an R-linear ordered matroid that can be realized by a matrix A
over R with all nonnegative maximal minors.

We say that an unordered matroid M has a positroid ordering if there exists a positroid P
such that M and P are isomorphic as matroids. The following proposition due to Ardila, Rincon,
and Williams shows that positroids are closed under duality and taking minors.

Proposition 2.16 ([ARW 16, Proposition 3.5]). Let M be a positroidon E={e; <es <...<ep}.
Then M* is a positroid on E. Furthermore, for any S C E, the deletion M \ S and the con-
traction M /S are both positroids on E \ S. Here the total order on E \ S is the one inherited
from E.
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Consider a totally ordered set £ = {e; < e3 < -+ < e,,} and leti € [n] be fixed. We define
a new total order <; on E given by

€ <i€ir1 <ior <gep < <yl <t < €.

We take the cyclic interval [e;, ;] to be the set of all e, € E such that e; <; e, <; e;.
Let X = {21 <; #3 <; -+ <; aptandY = {y; <; ya <; -+ <; Ym} be subsets of F.
We denote by X <; Y that forall j € [m], z; <; y;. If X is a bounded subset of E, then we
define max;(X) to be the maximum element of X with respect to the total order <;. Similarly,
we define min;(X) to be the minimum element of X with respect to the total order <;. We
say that two subsets W and Z of I are crossing if there exist e,,, e, € W and e,, e, € Z such
that e,, <, e; <y €y <y €,. If W and Z are not crossing subsets of F, then we call them non-
crossing subsets of E/. The following characterization of positroids, using non-crossing subsets,
is due to Ardila, Rincén, and Williams, building on prior work of da Silva.

Theorem 2.17 ((ARW17, Theorem 5.1, 5.2] [PFDS87, Chapter 4, Theorem 1.1]). An ordered
matroid M on FE is a positroid if and only if for any circuit C' and any cocircuit C* satis-
fying C N C* = @, the sets C and C* are non-crossing subsets of E.

Let S = {54,52,...,S5;:} be a partition of a totally ordered set E. Then S is a non-crossing
partition if for every pair i, j € [t|, where i # j, S; and S, are non-crossing subsets of £. Ardila,
Rincén, and Williams presented the following characterization of disconnected positroids using
non-crossing partitions.

Theorem 2.18 ((ARW 16, Theorem 7.6]). Let M be a positroid on the totally ordered set E and
let S1, Sy, ...,S; be the ground-sets of the connected components of M. Then {S1,...,S;} is
a non-crossing partition of E. Conversely, if S1,Ss, ..., S form a non-crossing partition of E
and My, Ms, . .., M, are connected positroids on Sy, Ss, . . ., S, respectively, then M,®- - -@ M,
is a positroid on E.

2.2.1 Dihedral action

Let r and s be the bijections on [n] given by, foralli € [n|,r(i) =i+ land s(i) =n —i+ 1
both taken modulo n. Take D,, to be the dihedral group on 2n-elements generated by r and s
under function composition. For a totally ordered set £ = {e; < e5 < - -+ < e, }, we define the
group action of D,, on E as follows,

r-E={eg<e3<---<e,<e}
s-E={e, <ep_1 <---<er}.

Given an arbitrary subset X C F, for any w € D,,, we define the group action of D,, on X as
w- X = {ews) e € X},

where the ordering is inherited from w - /. For an ordered matroid M on the ground-set £ and
for any w € D, we take w - M to be the ordered matroid on w - & whose bases are

B(w-M)={w B:BeB(M)).
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Non-crossing subsets, and therefore positroids, are preserved under dihedral action. The
closure of positroids under dihedral action can also be immediately obtained from Lemma 4.6
in [BluO1] and Corollary 9.5 in [LP24].

2.2.2 Series-parallel connections and 2-sums of positroids

The following characterization of non-crossing subsets is useful when we consider 2-sums and
series-parallel connections of positroids. Instead of just assuming that the ground-set of a ma-
troid is totally ordered, it is convenient to assume that the ground-set is a subset of a densely
totally ordered set. Then, it is always possible to add an element to the ground-set anywhere in
the order.

Observation 2.19. Let X and Y be subsets of a densely totally ordered set E such that | X| > 2,
Y| > 2 and X NY = {e,}. Then X and Y are non-crossing subsets of E if and only if

(i) foralle, € X andey, €Y, e, <, €, <p €y, OF
(ii) foralle, € X ande, €Y, e, <y €, <y €.

Proof. Without loss of generality, suppose that foralle, € X ande, € Y, e, <; e, <, €.
For distinct e,, e, € X and e.,e; € Y we have either e, <, €, <, €., €4 O €, <p €4 <p €, €4.
Therefore, X and Y are non-crossing.

Now, suppose that X and Y are non-crossing subsets of £ and that neither (i) nor (ii) hold.
Then there exist e, € X \ {e,} ande, € Y \ {e,} such thate, <, e, <, e,. Let

ey =max{e, € X \{e,} e, <, ey <se.}.
x

Then there does not exist any e,» € X such that e, <, ey,» <, e,, and since X and Y are
non-crossing, there does not exist any e,y € Y such that e, <, e,y <, e,. Furthermore, there
does not exist any e,» € X such that e, <, e,» <, e,. However this implies (ii), which is a
contradiction. ]

It is shown in [PSBW23] that series-parallel positroids are closed under series-parallel con-
nections, with appropriate ordering on the elements. By Corollary 4.18 of [Bon24], if two ma-
troids have positroid orderings, and their ground-sets have a single element in common, then
their series-parallel connection has a positroid ordering. We extend these results by showing
that positroids on non-crossing subsets are closed under series-parallel connections and 2-sums.

Proposition 2.20. Let P and () be positroids on subsets of a densely totally ordered set E such
that |E(P)| = 2, |[E(Q)| = 2, E(P)N E(Q) = {e.}, and E(P) and E(Q) are non-crossing
subsets of .. Then

(i) S(P,Q) is a positroid.
(ii) P(P,Q) is a positroid.

(iii) P &4 Q is a positroid.
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Proof. By Observation 2.19, without loss of generality, suppose that for all e, € E(P)
and e, € E(Q), e, <y e, <y €.

By hypothesis P and () are both positroids, so there exist real, full-rank matrices Ap and A,
with all nonnegative maximal minors, that represent P and () respectively. As adding a scalar
multiple of one row to another row in a square matrix does not change the value of the determi-
nant, we may take Ap, Ag and Ag(pg) to be as follows

0
0 1 Apve |0 0
: 1
Ap= | Apve. | | Ae= | | A | Asro)= 1
1 0 0
0 |. [AQw.
0

The maximal minors of Ag(pq) are products of maximal minors of Ap and Ag, which are
all nonnegative, so all maximal minors of Ag(pg) are nonnegative. Therefore, S(P,Q) is a
positroid. Positroids are closed under taking duals, so P(P, Q) = [S(P*, Q*)]* [Ox111, Propo-
sition 7.1.14] is a positroid. As positroids are closed under deletion, P(P,Q) \ e, = P @5 Q is
a positroid as well. 0

Observation 2.21. Let P and () be positroids on subsets of a totally ordered set E such
that |E(P)| = 2, |[E(Q)| = 2, and E(P) N E(Q) = {e.}. Then P &, Q is a positroid if
and only if relabeling e in Q by E(P) \ {e.} is an order preserving matroid isomorphism.

Proof. Let E(P) = {e.,e,}and M = P&,(). Then M can be obtained from () by relabeling e,
with e,. Thus, M is a positroid if and only if there is an order preserving matroid isomorphism
from M to Q). O

We have established that the 2-sum of two non-crossing positroids is a positroid, but every 2-
sum decomposition of a positroid need not be into positroids. However, we show that for every 2-
connected positroid that is not 3-connected, there exists a 2-sum decomposition into positroids.

Lemma 2.22. Let M = P @y Q) be a 2-connected positroid on a subset of a densely totally
ordered set E such that |E(P)| > 3, |E(Q)| = 3, and E(P) N E(Q) = {e.}. Then there exist
positroids P’ obtained from P and () obtained from () by relabeling e, in P and () respectively
with some e, € E, such that M = P' @, ('

Proof. Lete, € E(P)\ {e.} be fixed and let
ey = max{e, € E(P)\{e.,} : Ve, € E(Q) \ {e.}, exr <u ey}

Take e, € E \ {ey} such that for all e, € E(Q) \ {e.}, e <u € <o €, We
construct P’ and @' from P and () by relabeling e, with e,,, hence M = P &5 Q.
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Let e, = min,{e, € E(Q) \ {e.}}. Then, by Proposition 2.2, M contains a minor N such
that N can be obtained from P by relabeling e, with e,,. Furthermore, as positroids are closed
under taking minors, N is a positroid. We can obtain P’ from N by relabeling e,, with e,/, and
this gives an order preserving isomorphism up to rotation, so P’ is a positroid. By symmetry,
we have that ()’ is also a positroid. [

For any 2-connected positroid P, we can take its canonical tree decomposition and appropri-
ately label the edges of the tree 7' so that any edge-cut of T" gives a 2-sum decomposition of P
into non-crossing positroids. To prove this, we first need the following connectivity result.

Proposition 2.23 ([Ox111, Proposition 8.2.8]). If e is an element of an n-connected matroid M,
then, provided |E(M)| > 2(n — 1), both M \ e and M /e are (n — 1)-connected.

Proposition 2.24. Let M be a 2-connected positroid on a subset of a densely totally ordered
set E. Then M has a canonical tree decomposition T such that each M' € V (T)) is a positroid.
Furthermore, for any edge e; in T, let Tp and Ty be the connected components of T' \ e;. Then
the corresponding matroids P and () are two positroids on non-crossing ground-sets.

Proof. Let M be a 2-connected positroid on a subset of a densely totally ordered set . By The-
orem 2.5, there exists a canonical tree decomposition 7" of M. Every edge e; of T represents M
as a 2-sum P; &, ; . We label each edge e; according to Lemma 2.22, such that every edge
splits 7" into two positroids.

We claim that in addition, every edge of 7" now cuts 7' into two non-crossing
ground-sets. Consider by way of contradiction that there exists an edge e; of 7' that cuts T'
into two positroids P and (), such that F(P) and F(Q) are crossing. Then there exist distinct
€q, €y €c, €q € E(P) U E(Q) suchthate,, e, € E(P), ey, eq € E(Q) and e, <, € <, €. <q4 €q.
Suppose that E(P) N E(Q) = e; € {eq, €, €, €4}. Then by construction, as shown in the proof
of Lemma 2.22, there exists some e, € E(P)\{e;}ande, € E(Q)\{e;},suchthate,, e;, e, are
consecutive in the cyclic ordering of E(P)UE(Q). Therefore, |{e,, €5, ., ea} N{e,, €5, €, | <1,
and e, e; or e,/ are interchangeable in any crossing pattern. So, we may restrict ourselves to the
case where e; ¢ {e,, €, €., €q}-

Let Mp and Mg be the respective vertices of the edge e; in T'. By the properties of canonical
tree decompositions (Definition 2.4), it is not possible for Mp and Mg to both be circuits or
cocircuits. We consider two cases: one of Mp or M, is 3-connected, or one is a circuit and one
is a cocircuit. Note that a 2-connected matroid has the property that any two of its elements lie on
a common circuit and on a common cocircuit (Corollary 4.2.5 and Proposition 4.1.3 in [Ox111]).

(a) Suppose, without loss of generality, that Mp is 3-connected and | E(Mp)| > 3. Then Mp
is neither a circuit nor a cocircuit. Then by Proposition 2.23, Mp \ e; and Mp/e; are
both 2-connected, and therefore P\ e; and P/e; are both 2-connected. It is known that if a
matroid NV is 2-connected and p € F(N), then N'\por N/pis 2-connected (Theorem 4.3.1
in [Ox111]). Therefore, @\ e; or /e, is 2-connected. If )\ e; is 2-connected, then there is
acircuit C'in @\ ¢; such that e, e € C, and a cocircuit C* in P\ e; such thate,, e, € C*.
Since C' and C* are disjoint, crossing, and both lie in M, this contradicts the hypothesis
that )M is a positroid. If ()/e; is 2-connected, we similarly find a cocircuit C* in ()/e; and
a circuit C' in P/e;, both of which are in M.
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(b) Suppose, without loss of generality, that AMp is a circuit and Mg a cocircuit.
Then, (P/e;)* = P*\ e; and @) \ e, are 2-connected. Therefore, there is a cocircuit C*
such that

eq,ep € C" € C*(Plej) CC* (M),

and there is a circuit C', disjoint from C*, such that
ec,eqa € C €C(Q\ej) CC(M).
Since C' and C* are disjoint, crossing, and both lie in M, this is a contradiction. O]

Taking Propositions 2.24 and 2.20 together we obtain the following characterization of 2-
sums of positroids.

Theorem 2.25. Let M be a 2-connected matroid on a subset of a densely totally ordered set E.
Then M is a positroid if and only if there exists a canonical tree decomposition T" with the
following properties. Every vertex of 1" is a positroid, and cutting ' along any edge e; results
in two 2-connected positroids on non-crossing ground-sets.

2.3. Related combinatorial objects

In [Pos06], Postnikov presented several classes of combinatorial objects that are in bijection with
positroids. We restrict our consideration to decorated permutations and Grassmann necklaces
as these are useful for studying graphic positroids.

2.3.1 Decorated permutations

A decorated permutation on a set F is a pair m° = (m, col) consisting of a permutation 7: £ — E
and a function
col : {fixed points of 7} — {—1,1}.

Informally, a decorated permutation is a bijection on a set that admits two types of fixed
points. For a fixed decorated permutation 7* = (7, col), we define (7°)~! = (7=, —col). For a
fixed point e; of 7', we denote

(o) = {e_ if col(i) = —1

e;, if col(i) = 1.

For a fixed totally ordered set F, Postnikov defines the map from the set of all ordered ma-
troids on E to the set of all Grassmann necklaces on F, and the map from the set of all ordered
matroids on F to the set of all decorated permutations on £ [Pos06]. The following direct map,
from the set of all ordered matroids on F to the set of all decorated permutations on £, is equiva-
lent to the composition of the two maps defined by Postnikov. Let M be an ordered matroid on a
totally ordered set £ and e; € E, then the decorated permutation associated to M is denoted 73,
and is given by
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€, if e; is a coloop
mh(ei) = q &, if e; is a loop
min; {¢; € E : ¢; € cl ([es41,¢5]) }, otherwise.

This map, from the set of ordered matroids on E to the set of all decorated permutations
on F, interacts nicely with matroid duality, as shown in the following result due to Oh.

Corollary 2.26 ([Oh09, Corollary 13]). For any ordered matroid M, we have that 7wy, = (. ) ™"

We now consider how this map interacts with dihedral action on £ = {e; < -+ < e,}.
Let 7 be a decorated permutation on £ and let D,, be the dihedral group consisting of 2n-
elements. We define the group action of D,, on the set of all decorated permutations on £ as
follows, for all w € D,, and a fixed i € [n] such that 7' (e;) = e;,

€w(i), if 7T:(€,L'> = e_l
(w-m)(e;) = { ewqpy, ifm(e)=1¢e;

€u(j), Otherwise.

The next remark immediately follows from the definition of Postnikov’s map from the set of
all ordered matroids on E to the set of all Grassmann necklaces on E in [Pos06].
Remark 2.27. For any ordered matroid M on £, we have that r - 7, = 7. ,,.

A reflection of £ interacts with the map from the set of all ordered matroids on E to the set
of all decorated permutations on £ in the following way.

Lemma 2.28. For any ordered matroid M on E and a fixed e; € E such that (') "!(e;) = e,
we have that

9|

&), myle) =
7T:9~M(65(i)) =\ Es(i) ifmiy(e;) =

€s(k), Otherwise.

|

Proof. Lete; € E = {e; < --- < e,}. Suppose that ¢; is a coloop in M, then e, is a coloop
in s- M hence 7., M(es(i)) = €5(;). Now consider the case where e; is a loop in M, then e,(; is a
loop in s-M hence 7, M(es(i)) = e4(;)- Assume instead that e; is neither a loop nor a coloop in M,
then e,(;) is neither a loop nor a cﬁ)p in s- M. Furthermore, s- £ = {e, < e, 1 < --- < ey},
so for a fixed e¢; € F such that (7;,)"!(e;) = e;, € F, we obtain

T (€s(i)) = m(l? {ej €5 E: ey € cdllesion, e]) }
= Cs(h): -

When an ordered matroid M is loopless and coloopless, we obtain a nicer characterization
of 5.

Corollary 2.29. For any loopless and coloopless matroid M, we have that 7:,; = s - (my,) "%
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Let us now consider the interactions between decorated permutations and the matroid oper-
ations of direct sums, series-parallel connections, and 2-sums. Constructions similar to the ones
we present have been given in [PSBW23, MW21]. Ours differ by considering decorated permu-
tations on any finite subset of a totally ordered set, not necessarily [n] for some integer n. This
is intended to deal with the technical challenges of decompositions of decorated permutations
induced by direct sum and 2-sum decompositions of their corresponding matroids. We begin by
defining the following binary operation on decorated permutations.

Definition 2.30. Let £ be a totally ordered set and let 7*, o* be decorated permutations on X
and Y respectively, such that X and Y are disjoint subsets of 2. We define the disjoint union
of 7 and o°, which we denote by 7° Ll o°, as the decorated permutation given by

_ ) 7mi(e), ife; e X
(me)e) = {a:(ei), ife; €Y.

Remark 2.31. Let M and N be matroids on disjoint subsets of a totally ordered set ££. Then,

TyveN = Ty U Ty
This characterization of the decorated permutations of direct sums of matroids using disjoint
unions is analogous to the work of Moerman and Williams in [MW?21, Section 4] and Parisi,
Sherman-Bennett, and Williams in [PSBW23, Section 12] using direct sums of permutations.
We now turn our attention to the decorated permutations of the 2-sums of matroids.

Lemma 2.32. Let M and N be matroids on subsets of E = {e; < ey < -+ < e,} such
that |[E(M)| > 2, |E(N)| > 2, and E(M) N E(N) = {e;}. Suppose that E(M) and E(N) are
non-crossing subsets of E. If e; is a loop or coloop of M or N, then 7}, is given by

TM@sN = TM\e;@N\e; -

Otherwise, Ty, IS given by

miel(es), ife; € BN\ B(N),myle;) #
i ey AT i € EQD\ BN, my(e) =,
VeV mie), iFes € BN) \ E(M),mi(e;) # e

my(e;), ifej € E(N)\ E(M), my(e;) = ei.

Proof. By Observation 2.19, without loss of generality we may assume that for all e, € E(M)
and e, € E(N), e, <, €; <y €.
Suppose that e; is a loop or coloop in M or N, then M &y N = M \ e; & N \ e;.

We now restrict to when e; is neither a loop nor a coloop of M or N. Consider the case

where e; € E(M) \ E(N) and 7, (e;) # e;. Then,
Thsgon (€5) = min{ex € E(M 2 N) : ¢; € clugan ([eg41, ex]) )
= mjin{ek € E(M\¢):e; €cly ([ej41,€ex])}

= my(ej).
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Suppose instead that e; € E(M) \ E(N) and 7, (e;) = e;. Then,
Tae,n(€j) = min{ey € E(M &, N) : ¢; € clyg,n ([ej+1,ex]) }
= miin{ek € E(N\e¢):e €cly ([€i+1, ek])}
= my(ei).
The remaining cases follow a similar argument. 0

The decorated permutations of 2-sums can analogously be defined in the language of amalga-
mations of decorated permutations, as shown by Moerman and Williams in [MW21, Section 4].
We complete this section by considering the decorated permutations of series-parallel connec-
tions. Parisi, Sherman-Bennett, and Williams presented similar constructions in [PSBW23, Sec-
tion 12].

Lemma 2.33. Let M and N be 2-connected matroids on subsets of E = {e; < ey < --- < e,}
suchthat |E(M)| > 2, |[E(N)| 2 2, and E(M)NE(N) = {e;}. Suppose that E(M ) and E(N)
are non-crossing subsets of .. Then, 7T:P( M,N) IS given by

(ej), ife; € E(M)\ E(N)
Tporn)(€) = ﬂ?v@’ lfe] e (o) % e
miler), ife; € BIN)\ B(M), mi(es) # e,
T(e), ife; € E(N)\ E(M), my(e;) = e,

and 7T:S(M7N) is given by

(e;), ife; € E(M),m(e;)
: ﬂ-}\f(ei)? ifej € E<M)77T}\/[(€j) =
( )

Tsann (€)== . .
W Y (), ifes € BIN)\E(M), miy(e;) # e
m(e), ife; € E(N)\ E(M),my(e;) = e;
Proof. By Observation 2.19, there is an element e, such that E(M) = [e,,¢e;] and
E(N) = le;, e,_1| where the indices are taken modulo n. We assume r» = 1 without loss of
generality.

For r <, j <, 7, we have
W}D(M’N)(ej) = mjin {ek € E(P(M,N)) : e; € clpiu,n) ([ej+1, ek])}
= mjin {ex € E(M) : e € cly ([ejs1,exn]) } = mi(e).

In the remainder of this proof, we omit the first equality that is simply the definition of the
decorated permutation. We have,

Tprn)(€i) = miin {ex € E(N) : ¢; € cly ([esr1, ex]) } = miv(es),

WS(M,N)(ei) = mrin {ek € E(M) :e; €cly ([er,ek])} = my(€;).
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Now suppose that r <, j <, 7 and 7j,(e;) # e;. Then,
T,y (€5) = min {er € BE(M) : e € cly ([ejyr,ex]) } = miu(ey)-

Consider the case where r <, j <, 7 and 7y, (e;) = e;. Then,

Tsarn (€j) = miin {ek € E(N) :e; € cly ([ei_t'_l,ek])} = my(e).
Now assume that i <; j <; r and 7} (e;) # e;. Then,

Ty (€5) = min {ex € B(N) 1 ¢j € cly ([ejhrren]) } = miv(ey),

Tsorn (€5) = min {er € BE(N) :e; €cly ([ejy,ex]) } = min(e))-
Suppose instead that i <; j <; r and 7y (e;) = e;. Then,

W};(MjN)(ej) = mjin {ek € E(M) :e; €cly ([er,ek])} = my(e),

T (€j) = rniin {ek € E(M) :e; €cly ([eHl,ek])} =1y (e). ]

2.3.2 Grassmann necklaces

Definition 2.34. A Grassmann necklace on E = {e; < ey < --- < e,} is a sequence
J = (Ji,...,J,) of subsets .J; C E given by

Jiq = {(Ji \{ei}) U{e;}, ife € J;

+1 = .
Jiv1 = J; otherwise,
where the indices are taken modulo n.

Postnikov defines in [Pos06] the map from the set of ordered matroids on £ to the set of all
Grassmann necklaces on E' as follows. Let M be a matroid on F, then the Grassmann necklace
associated to M is J (M) = (Jy, ..., J,), where J; is the lexicographically minimal basis with
respect to <;.

Postnikov presents the following bijection from the set of all Grassmann necklaces on £ to
the set of all decorated permutations on £ in [Pos06, Lemma 16.2]. Let J be a Grassmann
necklace on £ and e; € F, then the decorated permutation associated to 7 is denoted 7', and
is given by

€j, if Ji+1 = (Jz \ {61}) U {6]‘} and €; 7& €;
7TJ(€Z) = 6_7;, if Ji—i—l = JZ and e; € Jl
e, if Jiy1 = Jiande; & J,.

Let 7 = (7, col) be a decorated permutation on F and e; € F, then the Grassmann necklace
associated to 7' is J (') = (J, ..., J,) and is given by

Ji={e; € E:e; <;m '(ej)orm(e;) =7¢;}.
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{Grassmann necklaces on F'}

/

{ordered matroids on £} ——— {decorated permutations on E'}

Figure 2.1: For a totally ordered set E, this diagram commutes.

Figure 2.1 depicts the commutative triangle given by the maps relating the set of all decorated
permutations on £, the set of all Grassmann necklaces on £/, and the set of ordered matroids
on I/. The commutativity of the diagram implies that for a fixed matroid M, the fibers of 73,
and J (M), under the map from the set of ordered matroids on £ to the set of all decorated
permutations on £ and the map from the set of ordered matroids on E to the set of all Grassmann
necklaces on E respectively, are all equal.

2.4. Positroid envelopes, envelope classes, and varieties

In this subsection we provide relevant background on positroid envelopes and positroid varieties.
We define positroid envelope classes along with binary operations on the positroid envelope
classes that are the analogues of direct sums and 2-sums of positroids. We then show that the
positroid envelope classes have decompositions under these direct sum and 2-sum operations.
The reader is directed to [KLS13], wherein Knutson, Lam, and Speyer originally define positroid
envelopes, for more information on positroid envelopes and positroid varieties.

2.4.1 Positroid envelopes

Oh characterizes the positroids in relation to the fibers of the map from the set of ordered ma-
troids on £ to the set of all Grassmann necklaces on £’ as stated in Theorem 2.35. For a set X
we denote by (%) the set of all k-element subsets of X

Theorem 2.35 ([Ohl1, Theorem 8]). Let P be a matroid on E = {e; < e3 < --- < e,} of
rank k and J(P) = (1, ..., Jy) its corresponding Grassmann necklace. Then P is a positroid

if and only if
B(P)=) {Be (f) J < B} .

i=1
This immediately implies that if P is a positroid and M an ordered matroid, such
that 7 (M) = J(P), then B(M) C B(P). Furthermore, we say that P is the positroid en-

velope of M [KLS13]. As any matroid M whose positroid envelope is P has the same rank
as P, we obtain the following.

Corollary 2.36. Let M be an ordered matroid with positroid envelope P. Then 1 : P — M is
rank preserving weak map.
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The next two corollaries immediately follow from applying results for rank-preserving weak
maps to positroid envelopes.

Corollary 2.37. Let M be an ordered matroid with positroid envelope P. Let N be a minor
of M. Then there exists a minor () of P such that 1 : () — N is a rank-preserving weak map.

Proof. This follows from Corollary 2.36 and Lemma 2.11. [

Corollary 2.38. Let M be an ordered matroid with positroid envelope P. Suppose that P is U*-
free, then M is UF-free.

Proof. This follows from Corollaries 2.36 and 2.12. [

For any rank-k matroid M on n elements, there exists a unique matroid /V isomorphic to the
uniform matroid U* such that 1 : N — M is a rank-preserving weak map. We use this fact,
together with Lemma 2.39, to provide sufficient conditions in Corollary 2.40 for a positroid to
contain a minor isomorphic to a uniform matroid.

Lemma 2.39. Let M be an ordered matroid with positroid envelope P. Suppose that N is a
minor of M, and let () be the positroid envelope of N. Then there exists a minor K of P such
that 1 : K — @ is a rank-preserving weak map.

Proof. Without loss of generality, let ) and N be ordered matroids on E={e; <ey<...<e,}
whererg(E) = r = ry(£). By Theorem 2.11, there exists a minor /X of Psuchthatl : K — N
is arank-preserving weak map and therefore B(N) C B(K). Let 7(Q) = (J1, ..., J,) = J(N)
and let 7(K) = (Ji,...,J)). Then for all i € [n|, J! <; J;. By Theorem 2.35,

1

- E
B = B e . Jz <z B
CRCOREL)
cN{ze(B): < Bl =5
i " Z
Therefore, 1 : K — () is a rank-preserving weak map. [

Corollary 2.40. Let M be an ordered matroid with positroid envelope P. Suppose that M has
a minor N with positroid envelope QQ = U*. Then Q is a minor of P.

Proof. Let E be the totally ordered ground-set of (). By Lemma 2.39, P contains a minor K
such that 1 : K — (@) is a rank-preserving weak map. Thus,

5@~ () couoe (i)

Therefore, K = Q). [

We now consider the equivalence classes of ordered matroids where two ordered matroids
are equivalent if they share the same positroid envelope. We formalize this in the following
definition.
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Definition 2.41 (Positroid envelope class). For a fixed positroid P, the envelope class (2p is the
set of all ordered matroids whose positroid envelope is P.

Note that we may equivalently define the positroid envelope classes as follows.
Qp ={M:J(M) = J(P)} ={M : my = 7p}.
By Corollary 2.26, we arrive at the following duality result for positroid envelope classes.

Proposition 2.42. For any positroid envelope class C)p, we have
Qps ={M*: M € Qp}.

For a fixed finite, totally ordered set ' = {e¢; < e3 < - -+ < €, }, with D,, the dihedral group
on 2n-elements, we define the group action of D,, on the set of positroid envelope classes on £

as follows. For w € D,,,
w-Qp:={w-M: M e Qp}.

Dihedral action on positroid envelope classes has the following nice property.
Proposition 2.43. For a positroid envelope class Q0p and w € D,,, we have w - Qp = (), p.

Proof. Letw € D,,thenw - Qp = {w- M : 7y, = mp}. It follows from Remark 2.27 and
Lemma 2.28 that

w- Qp={w-M:my,=rp}={M:7,y=7,p}=.p O

If the decorated permutation corresponding to a positroid P consists of a single cycle, then
every matroid in (2p is 2-connected. We will prove this by using the the following two proposi-
tions.

Proposition 2.44 (Proposition 4.1.2 in [Ox111]). Define a relation & on the ground-set E(M) of
a matroid M by e & f if either e = f, or M has a circuit containing {e, f}. For every matroid M,
the relation £ is an equivalence relation on E(M).

Proposition 2.45 (Proposition 4.1.3 in [Ox111]). A matroid M is 2-connected if and only if, for
every pair of distinct elements of E (M), there is a circuit containing both.

Proposition 2.46. Let P be a positroidon E = {e; < ey < --- < e, }. Suppose that T, consists
of a single cycle. Then for all M € Qp, M is 2-connected.

Proof. Lete; € E,then E = {e;, 7w (e;), (7°)%(€;), ..., ()" (e;) }. It follows that for any fixed
matroid M € Qp, forall0 < j < n — 1, (7°)/(e;) and (7(41) )™ lie on a common circuit.
Thus, by Proposition 2.44, any pair of elements of £’ lie on a common circuit of M. Therefore,
by Proposition 2.45, M is 2-connected. ]

We can now show that if a decorated permutation contains two cycles on crossing subsets,
then the corresponding positroid contains a minor isomorphic to U7 and is therefore non-binary.
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Lemma 2.47. Let P be a positroid and {e, < e, < e. < e} C E(P). Suppose that T}, contains
two disjoint cycles 7 and w5, on X, and X, respectively, such that e,,e. € X, and ey, eq € Xo.
Then P contains a minor isomorphic to U?.

Proof. Take mp = ||, m;, where {7}, is the set of disjoint cycles in 7. Then, for
all i € [n], ; is a decorated permutation on X; C E(P), where {X;}?_, is a partition of E(P),
and there exist positroids { P;}7, such that 7p = 7;. Thus, M = @ | P; € Qp. By restricting
to (P, © P,), we obtain P & P, as a minor of M, where E(P1) = X1, E(Py) = Xo, mp = 7i,
and mp, = m,. As m; and 7, both consist of single cycles, by Proposition 2.46, both P
and P, are 2-connected matroids. Then, there exist circuits ¢} € C(P;) and Cy € C(P,)
such that e,,e. € C and ey, eq € Cy. Therefore, Ny = (P|C1)/(Cy \ {ea,ec}) = U,
and Ny = (P|Cy)/(Cy \ {ep, eq}) = U, are minors of P, and P, respectively, so Ny & Ny
is a minor of P, © P,. Furthermore, 7y, = (eq,e.) and my, = (€5, €q), s0 by Remark 2.31,
T, N, = (€ar €c) (€, €4). Hence, there exists a unique positroid @ such that w5 = (eq, e.) (€, €4)
and Q = U?. Then, by Lemma 2.39, there exists a positroid K that is a minor of P such
that F(K) = E = E(Q) and 1 : K — () is a rank-preserving weak map. Thus,

() -s@csue (3).

Therefore, B(K) = UZ. O

We now present some connectivity results for rank-preserving weak maps that we apply to
direct sum decompositions of positroid envelope classes in Proposition 2.52.

Lemma 2.48. Let M and N be matroids on I such that 1 : M — N is a rank-preserving
weak map. Suppose that for X C E, (X, E \ X) is a k-separation of M. Then (X, FE) is a
k-separation of N.

Proof. As1: M — N isaweak map, Z(N) C Z(M), hence for all X € E, ry(X) < ry(X).
By hypothesis, (X, F) is a k-separation of M, so min{| X, |E \ X|} > k and
k> Ay (Xq) =ru(Xy) +ru(Xe) — ry (M)
> ry(X1) +ra(Xe) — v (V) = An(X7).

Therefore, (X, E'\ X) is a k-separation of V. O

It follows that if the image of a rank-preserving weak map is k-connected, then the preimage
is k-connected. Furthermore, if an ordered matroid is k-connected, then its positroid envelope
is k-connected.

Corollary 2.49. Let M and N be matroids such that 1 : M — N is a rank-preserving weak
map. If N is k-connected, then M is k-connected.

Corollary 2.50. Let M be an ordered matroid with positroid envelope P. If M is k-connected,
then P is k-connected.
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We define the direct sum of positroid envelope classes, a binary operation on positroid en-
velope classes that is the analogue of direct sums of matroids. We then use this construction to
present a direct sum decomposition of positroid envelope classes.

Definition 2.51. Let M and N be matroids on subsets of a totally ordered set X, with positroid
envelopes P and () respectively. Suppose that F(M) and E(N) are disjoint. Then we define
the direct sum of envelope classes (1p and ) as

QPEBQQ:{M/@N/ZMIEQP,N,EQQ}.

Proposition 2.52. Let P and () be positroids on disjoint, non-crossing subsets X, and X5 of a
totally ordered set X. Then
Q PoQ = Q p D QQ.

Proof. Let R € Qp @ (g be arbitrary. Then, there exist M € Qp and N € Qg such
that R = M & N. By Remark 2.31,

Tr = Tmen = Ty U TN = Tpgq-

Thus, R € Qpgq, and therefore 2p @ Qg C Qpgg.

Suppose instead that R € Qpg is arbitrary. By Lemma 2.48, we have that (E(P), E(Q))
is a 1-separation of R. Let M = R|E(P) and N = R|E(Q), then R = M & N. Furthermore,
Ty = Tpand Ty = T Thus, R = M ® N € Qp D (g, and therefore Qpgo C Qp D Q. O

2.4.2 Positroid varieties

For a field F and nonnegative integers k < n, the Grassmannian Gr(k,F"™) is the collection of
all k-dimensional linear subspaces of the vector space F". Let V' € Gr(k,F"), then V is the
row space of a full-rank k£ x n matrix A. For two distinct full-rank £ x n matrices A and B
with entries over F, whose row spaces are both V', we have M(A) = M (B). Thus, we may
unambiguously define the ordered matroid My, = M (A) where A is any matrix whose row
space is the linear subspace V. For a rank-k ordered matroid M on n elements, we define the
matroid stratum in Gr(k,F") as

Su(F) =4V € Gr(k,F") : My = M}.

The totally nonnegative Grassmannian Gr=°(k, R") consists of the points in the Grassman-
nian Gr(k, R") that can be realized by matrices with entries over R with all nonnegative maximal
minors.The positroid cell corresponding to the ordered matroid M is defined as

SZY(R) := Sy (R) N CGr2(k, R™).

The positroid stratification of the totally nonnegative Grassmannian Gr=°(k, R") is given by the
intersection of the matroid strata with Gr(k, R™), which is exactly the collection of positroid
cells. Note that an ordered matroid is a positroid if and only if its corresponding positroid cell
is non-empty.
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For a positroid P, its open positroid variety is defined as

R (P) :={V € Gr(k,F"): My € Qp} = | | Su.
MeQp

and its positroid variety IIg(P) = II2(P).
Corollary 2.53 ([KLS13, Corollary 5.12]). Let P be a positroid. Then, as sets,

Ir(P) = Sp ={V € Gr(k,R") : I ¢ Z(P) = A;(V) = 0}.

3. Graph constructions

In this section, we show that for any decorated permutation 7, there exists a planar, edge-ordered
graph G such that 7 = 7, @ Since fixed points of 7 are represented by self-loops or leaf-edges
anywhere in (G, and distinct cycles of the permutation may be represented by distinct connected
components of G, the non-trivial part of this proof is in the following lemma, which deals with
representing single n-cycles.

Lemma 3.1. Let 1 be an n-cycle on E = {e; < ey < --- < e,}. Then, there exists a
2-connected planar, edge-ordered graph G such that T = TG

Proof. Without loss of generality we will assume that £ = [n]. We create our graph G as
follows. Let ' A
V(G) ={v:1<i<n, 77 Hn) > 7'(n)}u{v,},

and let the directed, ordered edge-set of G be E(G) = [n].
Foreach1l <17 < n,

(i) let fr(i) =min {k € [i + 1,n] : 7*(n) <, 7'(n)}; and
(i) let fr(i) = max {k € [1,1] : 7'(n) < 7*7'(n)}.

We will build a directed graph for ease of construction, although the final output graph is undi-
rected. For 1 < i < n, the directed edge 7(n) goes from 7' (1)t = Vfn(i) 0 T (N) i = Vg, (i)
The edge n goes from n,,; = v; to n;, = v,. By construction,

{Ume 1<i< n} U {va(i) 1<i< n} =V(G).

We embed G in the plane as follows. Note that (a, b) indicates the entry in the (a + 1)-th row
indexed from the bottom, and the (b+ 1)-th column indexed from the left. Inan (n+1) X (n+1)
grid, put the label n in boxes (0,7n) and (n,0). Then, for 1 < i < n, put the label (n) in the
box (7(n), ). For each vertex v; € V (@), draw v; vertically, stretching from the bottom right
corner of (7~!(n), 7 — 1) to the top left corner of (7*(n), 7). For 1 < i < n, draw the edge 7*(n)
horizontally from 7(n) . to the bottom right corner of the box labeled 7(n), then diagonally
to its top left corner, and finally horizontally to vertex 7(n);,. The edge n goes in to the bottom
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right corner of the box (n, 0), diagonally to its top left corner, loops around outside of the grid,
and comes out of the top left corner of (0, 7), as shown in Figure 3.1. By construction, this is a
planar embedding of G.

We now embed G* by putting the label n in the boxes (0,0) and (n,n), and perform
the left-right mirror image of the embedding algorithm.  The graph G* has edge
set £(G*) = {i* : 1 <i < n} and vertex set

V(G*) = {v;: 1 <i<n, 7 (n) <7'(n)} U{v]}.

We first claim that edges of G and G* only cross when an edge ¢ crosses " in the box that is
labeled 7, for 1 < ¢ < n, and the edge n crosses n* outside of the grid. Observe that n and n*
have no other crossings. Note that outside of labeled boxes, edges are horizontal on gridlines.
Consider the gridline between two rows 7 and ¢ + 1, for some 1 < ¢ < n. Without loss of
generality, suppose that the box labeled 7 is left of the box labeled 7 4+ 1. Then all edges of GG on
the gridline are either left of the box 7 or right of the box 7 4 1, while edges of G* on the gridline
are right of the box ¢ and left of the box ¢ 4+ 1. Therefore, there are no crossings of edges in G
and G other than those inside labeled boxes.

We argue that G* is indeed the dual of G, by showing a bijection between vertices of G* and
faces of G (which contain them). Note that by construction every face of G must have at least
one vertex of G* contained in it. Furthermore, if v} € {v],v:}, then v} is the unique vertex
of G in the face of G that contains it.

Now, consider a vertex v € V(G*) \ {v},v}}. We claim that there exist two internally
disjoint, decreasing greedy subsequence of

that contain ' ’ ‘
{ﬂ-fL (i)—1 (n), 7@@)7 alr(=1) (n)}

and . . A
O ), ' (), 206 ()}

respectively. If we remove 7/2()=1(n) and 772(=D(®) from both greedy subsequences, then they
correspond to two edge-disjoint, reverse-directed paths from vy, ;1) to vy, ;). Therefore, these
two paths form a cycle. Furthermore, for the dual edge j* in G* of each edge j on the path
containing 7' (n) we have j,,; = v;. Similarly, for the dual edge j* in G* of each edge j on the
path containing 7'~ (n) we have j;, = v}. It follows that the vertex v} uniquely lies inside the
face bounded by this cycle.

All that remains to be shown is that 1 = mg. By duality, we only need to consider
any 7'(n) — 7*!(n) such that 7'(n) > 7*"'(n). In G, the two endpoints of the edge 7'(n)
are 7' (n)out = Vpy(i) = Vit1 and 7'(n);, = vy, ;). First, we claim that the edge 7'*!(n) is the
smallest edge with respect to 7(n) that is incident to 7(n),,:. We have that f7(i +1) =i+ 1
and therefore 77! (n);, = m°(n)ou. For any other j # i + 1 such that 7/ (n);, = 7(n)out
we must have fr(j) = i + 1, and therefore 7' (n) < 7/(n) < 7(n). For any j # i such
that 7 (n)pws = 7(n)ow> we must have fr(j) = 4 + 1, which also implies
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(a) (b)
5 .
°
* *
6*.7 7
5* . 6" .v’g
4* o,
5* Uy
3]
o *
‘ 2* . 3Tvs 1
# 1 vy 2 8"
8 ®
(d)

(c)

Figure 3.1: (a) Graph G, with 7y c) = (8,3,2,5,4,6,7,1). (b) Redrawing of . (c) Graph G*,
with (s (c)) = (Tar(e)) ' (d) Redrawing of G*.

that 7! (n) < 7/(n) < «'(n). Therefore, mar(c) (7" (n)) Zri) 7 (n). Consider the follow-
ing cycle. Find a directed path from the edge 7' (n) to the edge n by taking the greedy increasing
subsequence of 7i(n), 7*~1(n), ..., n. Then, find a reverse directed path from 7**(n) to n by
taking the greedy decreasing subsequence of 71 (n), 7°*%(n), ..., n. Clearly, the largest edge
on this cycle with respect to <,i(, is 77! (n), and therefore 7y (7' (n)) = «"*!(n). This
completes the proof. O

Example 3.2. Consider the permutation 7 = (8,3,2,5,4,6,7,1). Figure 3.1(a) depicts the
graph G obtained by applying the algorithm from Lemma 3.1 to 7, where 7)) = m. The
vertex-set of (G is given by

V(G)={v; :1<i< 87 n) > 7' (n)} U {vs} = {v1,v2, vy, v7, 08},
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and the edge-set is E(G) = {1,...,8}. Figure 3.1(b) is a redrawing of the graph G. Fig-
ure 3.1(c) depicts the graph G*, the dual graph to GG, obtained by applying the algorithm from
Lemma 3.1 to 7~ '. We have m(y(q))- = (mm)) "t = (8,1,7,6,4,5,2,3). The vertex-set of G*
is given by

V(G)={v;:1<i<8n  n)<7'(n)}Ufvi} = {v], v} vivi vi),
and the edge-set is F(G*) = {1*,...,8"}. Figure 3.1(d) is a redrawing of the graph G*.

For an arbitrary decorated permutation 7°, we apply Lemma 3.1 to each disjoint cycle of 7
in Theorem 3.3.

Theorem 3.3. Let 7° be a decorated permutation. Then, there exists a connected planar graph G
such that T = TGy

Proof. We write the decorated permutation 7 in disjoint cycle notation, denoted 7 = 73 - - - 7},
where for all integers 1 < i < r, 7} is a cycle of length k;. For each i € [r], we denote the set
of elements that 7} is a permutation of by .S;. For a fixed ¢ € [r], we construct an edge-labeled
graph (&; with the property that T,y = ™ as follows. If m; is a type-2 fixed point, then we
take (5; to be the complete graph K consisting of two vertices connected by a single edge labeled
with the unique element in .S;. Otherwise, we apply Lemma 3.1 to obtain G;. It follows that

Let {v;}_, be a set of vertices such that for each i € [r], we have v; € V(G;). Then, the
graph G = <|—|i€[r] Gi) /(v ~ ...~ v,) is connected and Whitney 2-isomorphic to | |, ; G;

i€fr] Vv
so that M (G) = M (¢, Gi)- Therefore, m = )y ). O
We arrive at the following corollary as an immediate consequence of Theorem 3.3.

Corollary 3.4. Every open positroid variety contains a graphic matroid variety.

4. Graphic positroids

In this section, we characterize the graphic positroids as those positroids whose envelope classes
consist of exactly one matroid. The following equivalences are known for graphic positroids.

Corollary 4.1 ([Blu0O1, Theorem 5.1][Bon24, Corollary 4.18][SW21, Corollary 6.4]). The fol-
lowing are equivalent for a positroid P.

(i) P is a graphic.
(ii) P is binary.
(iii) P is regular.

(iv) P is a direct sum of series-parallel matroids.
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We will use Lemma 4.2 in the proof of Theorem 4.3 to extend the characterization of graphic
positroids.

Lemma 4.2. Let P be a 2-connected graphic positroid on a densely totally ordered set E.
Then, T consists of a single cycle.

Proof. As P is a 2-connected positroid, by Theorem 2.25, P has a 2-sum decomposition into

positroids
P=P & (Po®s- (Poo1 B2 Py) -+ ),

such that for all i € [n — 1], E(XV;) and E(P,;,) are non-crossing subsets of £, where
Ni=P & (P®y (P @2 F) )

is a positroid. Furthermore, as P is graphic, for all ¢ € [n], P; is a circuit or a cocircuit. We
prove by induction that 75, consists of a single cycle. Let E(P;) = {j1 < jo < -+ < jx} C E.
Suppose that P, is a circuit, then 75 = (jk, jr—1, - - -, j1). Suppose instead that P, is a cocircuit,
then 7 = (j1, j2,- ., jr). Now, suppose that for some i € [n — 1], 7y, consists of a single
cycle. Then, as E(N;) and E(P,;1) are non-crossing subsets of F, by Lemma 2.32, we have
that 7y, o, p,,, consists of a single cycle. It follows by induction that 7p = 7y o, p, consists
of a single cycle. [

Theorem 4.3. The following are equivalent for a positroid P.
(i) P is graphic,
(ii) P is the unique matroid contained in €)p,
(iii) for every field F, II3(P) = Sp(F),
(iv) TIg(P) is equal to the disjoint union of graphic matroid strata,
Proof. We break the proof up by items.

(1) < (i) Suppose that P is a graphic positroid on a densely totally ordered set £. Then by
Theorem 2.18, P is the direct sum of a collection of 2-connected graphic positroids,

P = @; , P, whose ground-sets form a non-crossing partition of E. By Proposi-
tion 2.52, this induces a direct sum decomposition of the positroid envelope class of P,
Qp = @, Qp. Thus, |Qp| = II7,|Qp|. It is then sufficient to show that for

all i € [n], P, is the unique matroid contained in 2p,.

By Lemma 4.2, for all i € [n], 75, consists of a single cycle, hence by Proposition 2.46,
all matroids contained in (2p, are 2-connected. Let M € (p. As P, is binary, then by
Theorem 2.14, M = P,. Thus, Q2p. = P,;. It follows that P is the unique matroid contained
in P

Now, consider the case where P is the unique matroid contained in {2p. Then by Theo-
rem 3.3, P is graphic.



COMBINATORIAL THEORY 5 (3) (2025), #1 27

(ii) < (iid)

(idi) & (iv)

Let P be a positroid of rank-k on n elements. Suppose that P is the unique matroid
contained in {2p, hence P is graphic and therefore regular. So for any field F, we have
[IR(P)={V € Gr(k,F") : My € Qp}
={V € Gr(k,F") : My = P} = Sp(F).
Assume instead that for every field F, IIz(P) = Sp(F). In particular I1¢, (P) = Sp(F2),

so P is binary. By Corollary 4.1, P is graphic and therefore the unique matroid contained
in P

Let P be a positroid of rank-k on [n]. Suppose that for every field F, II¢(P) = Sp(F).
Then, in particular, ITI3 = Sp(R). By Corollary 2.53,

Mr(P) = {V € Gr(k,R") : T ¢ Z(P) = Ap(V) = 0}.
Observe that [Tz (P) can be equivalently defined as

IR(P)= || Sw.
1:P 0y,

where the disjoint union is taken over all points V' € Gr(k,R") such that 1 : P — My is
a rank-preserving weak map. Let V' € Gr(k,R") be fixed, such that 1 : P — My is a
rank-preserving weak map. Let J(My) = (Ji,J2,...,J,), and let @ be the positroid
envelope of My. Then, J(Q) = J(My). Let J(P) = (Ji,J5,...,J}), then for
all i € [n], J! <; J;. By Theorem 2.35, we obtain

B(Q) = ﬁ {B c ([Z]) I < B}
c ﬁ {B € CZ]) T < B} — B(P).

Therefore, 1 : P — () is a rank-preserving weak map. As P is the unique matroid
contained in 2p, then P is graphic and therefore binary. By Theorem 2.13 and Corol-
lary 4.1, @ is binary, hence graphic and therefore My = (). It follows that IIg(P) is the
disjoint union of graphic matroid strata.

Suppose instead that ITr(P) is the disjoint union of graphic matroid strata. Then, Sp(F) is
a graphic matroid stratum, hence P is a graphic and therefore the unique matroid contained
in Qp. It follows that for every field F, II3(P) = Sp(F). O

5. Incidence matrices

In this section, we strengthen the connection between the graphic positroids and the series-
parallel graphs, by showing that every graphic positroid P can be realized by a matrix with
all nonnegative maximal minors that is the signed incidence matrix of a graph that represents P.
Let A be a full rank matrix and let ./ be a length (A) sequence of distinct column vectors in A,
then we denote by A ;(A) the maximal minor of A given by J.



28 Jeremy Quail, Puck Rombach

Observation 5.1. Let B be full rank, m X n matrix with column vectors (cy,Ca,...,Cp),
where n > m. Suppose that B has all nonnegative maximal minors. Then the full rank, m x n
matrix B, with column vectors

(Ci-‘rla <o Cny (_1)771—1017 R (_1)m_1ci)7

has all nonnegative maximal minors.

Proof. 1t is sufficient to show the result for © = 1. Let J be a length m sequence of distinct
column vectors in B’. Suppose that J C {co,c3,...,c,}, then J is also a sequence of distinct
column vectors in B and A ;(B’) = A;(B) > 0. Suppose instead that

J = (le, s G <_1)m_101)
for some {c;,}1*7" C {ca,c3,...,¢n}. Take J' = (c1, ¢, ..., ¢j,,_,). Then,
Ay(B) = (=11 (=1)"*A;(B) = Ay(B) > 0. O

Theorem 5.2. Let P be a graphic positroid of rank r. Then there exists a graph G and matrix A,
so that M (G) = M(A) = P, A has all nonnegative maximal minors and A is obtained from a
signed incidence matrix of G by deleting |G| — 1 rows.

Proof. 1t follows from Theorem 4.3 that P can be represented by a graph G that is the disjoint
union of a set of series-parallel graphs. We show that there exists a full rank matrix A, obtained
from a signed incidence matrix of G by deleting rows, such that M (A) = M (G) and A has all
nonnegative maximal minors. We begin by showing that the result holds for any series-parallel
network. Any series-parallel network can be obtained from C', the cycle graph on a single
vertex, or Ko, the complete graph on two vertices, by a sequence of series-parallel extensions.
Let G be a series-parallel network, and suppose that G can be obtained from K, by a sequence of
series-parallel extensions. Let Ky = G, G, ..., G, = G be a sequence of graphs such that for
all 1 < i < n, G,y is obtained from G; by a series or parallel extension of some edge e € F(G;).
We inductively construct a sequence of matrices, Ag,, Ag,, - - ., Ag,, where for all i € [n], Ag,
is a signed incidence matrix for GG;. Furthermore, for all i € [n], by deleting the second row we
obtain a matrix A; that has all nonnegative maximal minors. For G; = K>, the matrix

- ()

is a signed incidence matrix for K. Let A; be the matrix obtained from A¢, by deleting the
second row. Then A; = (1), so it has it exactly one maximal minor, det(A) =1 > 0.

Now consider the graph (G, that is obtained from the graph G; by a series or parallel exten-
sion about some specified edge e € E(G;). Let us denote the column vectors of Ag,, ordered
from left to right, as the sequence (cq,co,...,¢;), and let ¢, be the column vector associated
with the edge e € FE(G;). Suppose that G;;; is obtained from G; by a parallel extension,
that is G, is obtained from G; by adding an edge in parallel to e in GG;. Suppose further
that A;, the matrix obtained from A, by deleting the second row, has all nonnegative maximal
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minors. We take Ag, ., to be the matrix whose column vectors, ordered from left to right, is
the sequence (ci,Ca, ..., Ce; Cey Coqs - - -, C). Then Ag,, | is a signed incidence matrix of Gi.
Furthermore, the set of non-zero maximal minors of A;;, the matrix obtained from Ag, ., by
deleting the second row, is equal to the set of non-zero maximal minors of A;. Therefore, all
maximal minors of A;,; are nonnegative.

Suppose instead that (G4 is obtained from G; by a series extension, that is G;; is obtained
from G; by adding an edge in series to e in ;. Suppose further that A;, the matrix obtained
from Ag, by deleting the second row, has all nonnegative maximal minors. Let the column
vector sequence of Ag,, ordered from left to right, be given by (¢q, o, ..., ¢;) and let ¢, be the
column vector corresponding to the edge e € F(G,;). The matrix A’Gi+1 given by the sequence
of column vectors

(CeJrla Cet2y - -5 G,y (_1)T(Ai)7lcl> <_1)T(Ai)7lc27 R <_1)T(Ai)7lce)

is an incidence matrix of GG;. Furthermore, by Observation 5.1, the matrix A}, obtained from A’Gi
by deleting the second row, has all nonnegative maximal minors. We construct a column vec-
tor ¢,, where |c,| = |c.|, with entries given by

—_ if (=141, 4] =
'm::{ Lo (1) 0 e ] = 1

0, otherwise.

Then the matrix

A = (AN (D) e | (-1 et ¢ |
Cin = 0---0 | 1 1

is a signed incidence matrix for G;,,. Furthermore, the matrix A;_ ;, obtained from Ag,,, by
deleting the second row, has all nonnegative maximal minors. [
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