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Abstract. Motivated by the appearance of embeddings in the theory of chip-firing and the
critical group of a graph, we introduce a version of the critical group (or sandpile group) for
combinatorial maps, that is, for graphs embedded in orientable surfaces. We provide several
definitions of our critical group, by approaching it through analogues of the cycle–cocycle
matrix, the Laplacian matrix, and as the group of critical states of a chip-firing game (or
sandpile model) on the edges of a map.

Our group can be regarded as a perturbation of the classical critical group of its under-
lying graph by topological information, and it agrees with the classical critical group in the
plane case. Its cardinality is equal to the number of spanning quasi-trees in a connected
map, just as the cardinality of the classical critical group is equal to the number of spanning
trees of a connected graph.

Our approach exploits the properties of principally unimodular matrices and the methods
of delta-matroid theory.
Keywords. Chip-firing, critical group, embedded graph, sandpile group, sandpile model,
Laplacian, map, Matrix–Tree Theorem, quasi-tree
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1. Introduction

The critical group K(G) is a finite Abelian group associated with a connected graph G. Its
order is equal to the number of spanning trees in the graph, a fact equivalent to Kirchhoff’s
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Matrix–Tree Theorem and a consequence of its definition as the cokernel of the reduced graph
Laplacian. The group is well-established in combinatorics and physics arising in, for example,
the theory of the chip-firing game (known as the sandpile model in physics), parking functions,
flow spaces and cut spaces. It has connections with algebraic and arithmetic geometry as a
Picard group and through the Riemann–Roch Theorem [BN07]. As often happens with objects
arising in a variety of different areas, the critical group goes by several different names, including
the sandpile group [Dha90], the group of components [Lor91], the critical group [Big99], or
the Jacobian of a graph [BdlHN97]. An overview of the historical development of the critical
group is contained in [Lor08], and we refer the reader to the books [CP18, Kli19] for general
background on it.

Although the critical group is defined as a purely graph theoretic notion, depending entirely
on the abstract structure of a graph, many aspects of the area are topological in nature. Planarity
appears in early results on the critical group due to Berman [Ber86] and Cory and Rossin [CR00],
and more recent results of Chan, Thomas and Grochow [CCG15]. Results such as those of Baker
and Wang [BW18], Ding [Din21] and Shokrieh and Wright [SW23] on Bernardi and rotor-router
torsor structures hold only in the plane case. Indeed, although both torsors are defined on abstract
graphs their definition requires a cyclic ordering of the edges around each vertex provided by an
embedding.

We believe results that hold only for plane and planar graphs should be instances of more
general results about graphs embedded in higher genus surfaces. Therefore, in order to properly
understand key aspects of the critical group, the natural setting should be topological graph
theory. So in order to achieve the full potential of the theory one must extend the definition of
the critical group so that it no longer depends only on the adjacencies of the graph but instead
takes into account an embedding.

In this paper we define the critical group for embedded graphs. As concepts underlying the
various definitions of the classical critical group do not directly extend to the topological case,
new ideas are needed. We are guided by recent work [CMNR19a, CMNR19b, MN21] showing
that the analogous object to a matroid in the topological setting is a delta-matroid. (For this paper,
no knowledge of matroids or delta-matroids is required.) Our starting point is the definition of
the classical critical group using fundamental cycles and cocycles, which are objects associated
with the cycle matroid of a graph. Neither the notion of a fundamental cycle nor a fundamental
cocycle extends immediately to the topological setting. A key technical contribution of this
paper is the resolution of these difficulties by drawing on methods from delta-matroid theory.
By applying these techniques, we show that the collection of fundamental cycles and cocycles
taken together may be extended to embedded graphs, leading to a natural analogue of the cycle–
cocycle matrix. We define the critical group of an embedded graph to be the cokernel of this
matrix.

It is not immediately obvious that the group is well-defined. Again, we are able to exploit
techniques from delta-matroid theory to show that this is indeed the case. In general, the theory
of the critical group of maps is distinct from that for abstract graphs, with the theories coinciding
if and only if the map is plane. Nevertheless, the theory for maps parallels that for abstract graphs.
For example, a key consequence of this new theory is the statement and proof of a version of
Kirchhoff’s Matrix–Tree Theorem for graphs in surfaces, where the number of spanning trees is
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replaced by the number of spanning quasi-trees in an embedded graph.
In analogy with the classical theory, we also give a definition for the critical group of an

embedded graph in terms of a Laplacian. The proof that this Laplacian definition coincides with
the one described above is a key technical result of the paper. In particular, we apply it to show
that the critical group of a map can be defined in terms of the critical states of a chip-firing game.
The bullet points in Section 3 provide an overview of all of our main results.

We note that while our approach is informed throughout by delta-matroids, our final solution
does not reference delta-matroids explicitly. Informally speaking, the amenability of the critical
group of an embedded graph to techniques from delta-matroid theory suggests that it should
depend solely on the delta-matroid of the embedded graph. However, somewhat surprisingly,
we show in Remark 6.7 that this is not the case. Nevertheless, as we demonstrate, the methods
prove to be invaluable.

This paper is structured as follows. In Section 2, we provide key background definitions,
discuss the critical group in the classical case, and review (combinatorial) maps which provide
our formalism for describing graphs embedded in surfaces. In Section 3 we introduce the critical
group of a map and provide an overview of our main results. We then prove that the group is
well-defined in Section 4 before establishing connections with the classical case in Section 5. In
particular, we describe how the critical group of a map can be regarded as a perturbation of the
classical critical group of its underlying graph by topological information. Section 6 provides
an analogue of Kirchhoff’s Matrix–Tree Theorem for embedded graphs, and what the critical
group tells us about spanning quasi-trees. In Section 7, we give an analogue of the Laplacian
definition for the critical group, proving that the two definitions result in isomorphic groups. We
exploit the Laplacian definition in Section 8 to describe a chip-firing game on maps for which
the critical group arises as its group of critical states. To illustrate key points in the theory we
close by computing examples of the critical group and comparing the results with the critical
groups of the corresponding non-embedded graphs.

We would like to thank Petter Brändén, Tom Tucker, and Roman Nedela for very helpful
discussions. A revised version of this paper was prepared while I.M and S.N. were participating
in an INI Retreat and we would like to thank the Isaac Newton Institute for their hospitality.

2. Preliminaries

2.1. The classical critical group

An abstract graph comprises two sets V and E, its sets of vertices and edges, respectively. Two
not necessarily distinct vertices, the endvertices of e, are associated with each edge e. Abstract
graphs are normally just called graphs, but we prepend the adjective abstract in order to clearly
distinguish them from embedded graphs which will be our main topic of interest. Observe that
abstract graphs may have multiple edges, that is edges with the same set of endvertices, and loops
which are edges whose two endvertices coincide. We assume familiarity with the basic concepts
of graph theory as in [BM08].

If each edge of an abstract graph G is given a direction, then we obtain an abstract directed
graph G⃗. Let G⃗ be a directed, connected abstract graph with edge set E, and T be the edge set
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of a spanning tree of G. For each edge e in E − T , the fundamental cycle, C(T, e) is the unique
cycle of G whose edges all belong to T ∪ {e}. Its signed incidence vector x is a vector indexed
by E and satisfies xi = 0 if i /∈ C(T, e) and xi = ±1 if i ∈ C(T, e), with the sign determined
as follows. If we walk around C(T, e) in the direction determined by the direction of e in G⃗,
then xi = 1 if and only if the direction of edge i in G⃗ is consistent with the direction of our walk.
For each edge e in T , the fundamental cocycle, C∗(T, e) is the unique cocycle of G, that is, a
minimal set of edges whose removal disconnects G, containing no edge in T except e. Its signed
incidence vector x satisfies xi = 0 if i /∈ C∗(T, e), xi = 1 if i ∈ C∗(T, e) and the head of i
lies in the same component of G\C∗(T, e) as the head of e and xi = −1 if i ∈ C∗(T, e) and the
head of i lies in the same component of G\C∗(T, e) as the tail of e. The signed cycle–cocycle
matrix M(G⃗, T ) is the matrix with rows and columns indexed by E, so that the row indexed by
edge e is the signed incidence vector of either the fundamental directed cycle containing e or
the fundamental directed cocycle containing e depending on whether or not e is an edge in T .
See [Oxl11] for background.

If we regard the rows of anm×m integer matrixA as elements of the freeZ-moduleZm, then
the quotient module Zm/⟨A⟩ is called the cokernel of A. The (classical) critical group K(G)
of a connected abstract graph G can be defined as the cokernel of the signed cycle–cocycle
matrix M(G⃗, T ):

K(G) := Z|E|/⟨M(G⃗, T )⟩.
It is independent of the choice of direction given to the edges of G and the choice of T .
See [Big99] for details.

We now describe an alternative approach to defining the classical critical group of a con-
nected, abstract graph. Suppose that G is connected and loopless. Then its Laplacian, ∆(G), is
the matrix with rows and columns indexed by the vertices of G defined by

∆(G)i,j :=

{
−mi,j if i ̸= j,
deg(i) if i = j.

Here, deg(i) is the degree of vertex i, that is the number of times it occurs as an edge end;
and mi,j is the number of edges joining i and j.

Any matrix obtained from ∆(G) by choosing a vertex q of G and deleting the corresponding
row and column of ∆(G) is called a reduced Laplacian of G and is denoted by ∆q(G). The
celebrated Matrix–Tree Theorem [Kir47] is as follows.

Theorem 2.1 (Matrix–Tree Theorem). Let G be a connected, loopless abstract graph with ver-
tex q. Then the number of spanning trees of G is equal to det(∆q(G)).

The following theorem is well-known and gives an alternative way of defining the classical
critical group. A proof can be found in the book [GR01].

Theorem 2.2. Let G = (V,E) be a connected, loopless abstract graph and let G⃗ be obtained
from G by giving a direction to each of its edges. Let T be the edge set of a spanning tree of G
and q be a vertex of G. Then

Z|V |−1/⟨∆q(G)⟩ ∼= Z|E|/⟨M(G⃗, T )⟩.
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Thus we may also define the critical group using the reduced Laplacian. The restriction
that G be loopless is not significant, because if G′ is obtained from G by deleting a loop, then
the critical groups of G and G′ are isomorphic. The critical group of a disconnected graph is
defined to be the direct sum of the critical groups of its connected components.

Applying the Matrix–Tree Theorem and Theorem 2.2 gives the following important property
of the group.

Theorem 2.3. Let G be a connected, loopless, abstract graph. Then the order of its critical
group K(G) is the number of spanning trees of G.

2.2. Combinatorial maps

We are interested in embedded graphs or topological maps which here are graphs embedded
in oriented surfaces. These can be thought of as graphs drawn on a closed oriented surface
in such a way that their edges do not intersect (except where edge ends share a vertex). All
our embeddings are cellular, meaning that faces are homeomorphic to discs, and generally our
graphs are connected (although our results extend easily to disconnected graphs). The genus of
an embedded graph is the genus of the surface it is embedded in. An embedded graph is plane
if it has genus zero.

We shall realise embedded graphs here as combinatorial maps. (Of course, everything we
do here can be formulated in terms of any description of an embedded graph.) A combinatorial
map, whose name we shorten here to just map, consists of a finite setD whose elements are called
darts and a triple of permutations [σ, α, ϕ] on D such that (i) α is a fixed-point-free involution,
and (ii) ϕ = σ−1α−1. Any singleton cycles in σ and ϕ are not suppressed, so that their common
domain is explicitly the set of darts. We shall generally write a map as just a triple [σ, α, ϕ]
omitting the set D of darts, which is implicit, from the notation. The cycles in σ are called the
vertices of the map, the cycles in α are the edges, and the cycles in ϕ are the faces. The genus,
denoted by g(G), of a connected map G is given by

g(G) = 1
2
(2− v + e− f), (2.1)

where v, e and f are the numbers of vertices, edges and faces of G. A connected map is plane
if it has genus zero.

We say that a map [σ, α, ϕ] is a bouquet if it has only one vertex or equivalently if σ is cyclic,
and that it is a quasi-tree if it has only one face or equivalently if ϕ is cyclic. A map is connected
if whenever we partition the cycles of σ (or ϕ) into two non-empty, disjoint collectionsC1 andC2

then there is an edge, equivalently a cycle of α, with one dart belonging to a cycle in C1 and the
other belonging to a cycle in C2.

We need to allow the possibility that the set of darts is empty. In this case each of σ, α and ϕ
is defined to be the identity permutation with domain equal to the empty set. We stipulate that σ
and ϕ both comprise one empty cycle and that α is the empty permutation with no cycles. (This
is to ensure that, in what is to follow, the number of cycles of σ, α and ϕ correctly record the
number of vertices, edges and faces of an embedded graph consisting of one isolated vertex.)

Maps and embedded graphs correspond. For convenience we provide a brief overview of this
connection, referring the reader to the book [LZ04] for additional details. The reader may find
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Figure 2.1: Moving between maps and embedded graphs.

it helpful to consult Figure 2.1 and Example 2.6 which illustrate the concepts of this subsection.
Given a connected embedded graph G (recall the graph is in an oriented surface), we think of
each edge as comprising two half-edges or darts. Let D denote the set of darts. In order to define
the triple [σ, α, ϕ], we imagine the name or label of each dart being placed adjacent to the dart
in the face f meeting the dart determined as follows. Suppose that dart d meets the vertex v.
Then the face f is the first face encountered when rotating around v in the direction consistent
with the orientation of the surface starting at d. Suppose now that G has at least one edge. The
permutation α is the product of disjoint 2-cycles, one for each edge of G, so that the 2-cycle
corresponding to an edge e comprises the two darts associated with e. The permutation σ is the
product of disjoint cycles, one for each vertex of G. The cycle corresponding to v contains the
darts adjacent with v in the cyclic order in which they are encountered when rotating around v in
the direction consistent with the orientation of the surface. The permutation ϕ is the product of
disjoint cycles, one for each face of G. The cycle corresponding to f contains the labels of darts
lying just within f in the cyclic order in which they are encountered when walking just inside
the boundary of f in the direction consistent with the orientation of the surface. Recall that any
singleton cycles in σ and ϕ are not suppressed, so the numbers of disjoint cycles of σ and ϕ
are the numbers of vertices and faces of G respectively. It is easy to check that the resulting
map is connected. The case when G has no edges is special and is described by the map in
which σ, α, and ϕ are all identity permutations. Notice that in either case ϕ = σ−1α−1. This
process described is reversible (see, for example, [LZ04] for details) and every connected map
determines a connected embedded graph.

We say that two maps G = [σ, α, ϕ] and G′ = [σ′, α′, ϕ′] are isomorphic if there is a bijec-
tion β from the set of darts ofG to the set of darts ofG′, so that β sends σ, α and ϕ to σ′,α′ and ϕ′,
respectively. Then two connected embedded graphs are isomorphic if and only if their corre-
sponding maps are. By Euler’s Formula the definitions for the genus of a map and embedded
graph agree.

More generally, if G is an embedded graph which is not necessarily connected, then each of
the permutations σ,α andϕ is found by determining its values on the connected components ofG
and taking their composition. It is no longer the case that the process is completely reversible: the
addition or removal of isolated vertices from G makes no difference to any of the permutations1

It is, however, possible to recover the components of G that are not isolated vertices from its
1One could keep track of isolated vertices by allowing σ and ϕ to have a number of empty cycles, one for each

isolated vertex. For simplicity, other than the map with one vertex and no edges, we do not allow our maps to have
isolated vertices.
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description as a map.
Occasionally, we make use of rotation systems, as these provide a simple visual description

of maps, suitable for figures. We now explain the straightforward equivalence with maps.
As ϕ = σ−1α−1, a map is completely determined by σ and α. It follows that a map, and

therefore an embedded graph, may also be described by a rotation system, that is, a graph to-
gether with a cyclic order of the half-edges at each vertex: each cycle in σ gives the vertices
together with their cyclically ordered incident half-edges, and each cycle in α specifies which
half-edges form an edge. Alternatively, a rotation system can be read from an embedded graph
by equipping its underlying graph with the cyclic order of half-edges induced by the surface
orientation. Additional background on rotation systems can be found in the book [GT01].

For a map G, we define its underlying abstract graph to be the abstract graph formed from G
by disregarding all the topological information. More precisely, if G = [σ, α, ϕ], then the un-
derlying abstract graph has one vertex for each cycle of σ and one edge for each cycle of α. The
endpoints of an edge are the vertices corresponding to the cycles of σ containing its constituent
darts.

Much of the time we will work with directed maps. We note that to avoid confusion the term
“orientation” is used in this paper exclusively in the topological sense (e.g, a surface orientation)
and never in the directed graph sense (i.e., a directed graph that arises by directing each edge of
a graph). A directed map consists of a map [σ, α, ϕ] in which one element in each cycle of α is
assigned to be a head and the other element a tail. It is clear that directed maps correspond to
directed embedded graphs and to directed rotation systems (each defined by assigning a direction
to each edge of the graph to turn it into a directed graph) and the darts are assigned to be heads
or tails in the obvious way. We can reverse the direction of an edge by interchanging which darts
in its cycle are assigned as the head and tail. Every directed map G⃗ can be considered as a (non-
directed) map G. We refer to such a G as the underlying map of G⃗, and say that G⃗ is obtained
by directing the edges of G. Every directed map also has an underlying abstract directed graph.

To simplify notation we shall use the following convention when working with directed maps.

Convention 2.4. In a directed map we assume the darts of the edge e are e+ and e− with e+

labelling the head of the edge and e− labelling the tail.

We extend this convention to directed embedded graphs and directed rotation systems.
If G is an embedded graph then its geometric dual G∗ is the embedded graph whose vertices

are obtained through the standard construction of placing one vertex in each face of G. For each
edge e of G, there is a corresponding edge in G∗ crossing e exactly once and with ends on
the dual vertices in the face or faces adjacent to e in G. In terms of maps, the geometric dual
of G = [σ, α, ϕ] is

G∗ := [ϕ−1, α, σ−1] = [ασ, α, σ−1].

Again we refer the reader to [LZ04] for details.
We shall make use of S. Chmutov’s surprising construction of partial duals introduced

in [Chm09] and first described for maps in [CVT22]. Partial duality enables the formation of
the geometric dual one edge at a time, or more generally the formation of the geometric dual
with respect to only a subset of edges. Additional background on partial duals can be found in
the book [EMM13].
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Figure 2.2: The partial dual of an edge in a directed rotation system.

Given a map G = [σ, α, ϕ] and a set A of its edges, let αA denote the permutation so
that αA(d) = α(d) if d is a dart associated with an edge in A and αA(d) = d if d is a dart
that is associated with an edge that is not in A. With a slight abuse of terminology, αA is the
restriction of α to darts associated with edges in A. Then the partial dual GA is defined to be

GA := [αAσ, α, σ−1αAc

],

where Ac denotes the complement of A. Notice that

(αAσ)−1α−1 = σ−1(αA)−1α = σ−1αAc

,

so GA is indeed a map. Also notice that the operation of forming a partial dual is an involution,
and that GE = G∗, where E is the set of all edges of G. The definition of a partial dual also
applies to directed maps.

Figure 2.2 shows partial duality as a local operation on directed rotation systems. Here the
partial dual G⃗{e} is obtained by modifying a directed rotation system G⃗ locally at the edge e:
from left to right if e is not a loop, from right to left if e is a loop. The partial dual G⃗A is
obtained by applying this operation to each edge in A in any order. (Described in this way it is
not immediately obvious that the resulting directed rotation system is independent of this choice
of order, but this is clear from the definition in terms of maps.)

Given a mapG = [σ, α, ϕ]with edge setE, we say thatG′ = [σ′, α′, ϕ′] is an induced submap
of G if G′ is a map and there is a subset A of E so that the following hold:

1. if A = ∅, then both σ′ and ϕ′ comprise a single empty cycle and α′ has no cycles;

2. if A ̸= ∅, then both σ′ and α′ are obtained from σ and α respectively by deleting
all the darts coming from edges not in A and removing any empty cycles created
and ϕ′ = (σ′)−1(α′)−1.

We write G′ = G[A] and say that A induces G′.
Recall that an embedded graph is a quasi-tree if it has only one face, and, correspondingly, a

map G = [σ, α, ϕ] is a quasi-tree if ϕ is cyclic. (Notice that if ϕ is cyclic then G is connected.)
The spanning quasi-trees of a map [σ, α, ϕ] are its induced submaps [σ′, α′, ϕ′] which are quasi-
trees with σ′ having the same number of cycles as σ. This notion corresponds precisely with
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the analogous situation in embedded graphs. In particular, only connected maps have spanning
quasi-trees.

The following proposition records two standard and well-known properties of partial duality
and spanning quasi-trees. (The first item appears to have been first written down in [Mof11],
the second in [CMNR19a].) Before stating the proposition, we recall that X △ Y denotes the
symmetric difference (X ∪ Y )− (X ∩ Y ) of two sets X and Y .

Proposition 2.5. Let G = [σ, α, ϕ] be a map and let A and T be two subsets of its edges. Then
the following hold.

1. G[T ] is a spanning quasi-tree of G if and only if αTσ is cyclic.

2. G[T ] is a spanning quasi-tree of G if and only if GA[T △ A] is a spanning quasi-tree
of GA.

As this result is central to our work and the proofs in the literature are not in terms of maps,
we sketch a proof for completeness.

Proof. If T = ∅, then the first part follows immediately from the definition, so we shall assume
that T ̸= ∅. If G[T ] has fewer vertices than G, then it is not a spanning quasi-tree of G.
Moreover αTσ cannot be cyclic, as σ has at least two cycles and there is a least one cycle of σ
not containing any of the darts associated with edges of T . So we may assume that G[T ] and G
have the same number of vertices. Suppose that G[T ] = [σ′, α′, ϕ′]. Note that α′ = αT . The
key observation is that αTσ is cyclic if and only if α′σ′ is cyclic. So ϕ′ = (α′σ′)−1 is cyclic if
and only if αTσ is cyclic. Thus the first part is true. The second part follows easily from the
first.

Notice that if G is a disconnected map, then for every subset T of the edges of G, αTσ is not
cyclic.

Finally, we note that the notation αA is convenient for working with directed maps. Let A be
a subset of the edges of a directed map G = [σ, α, ϕ], then the map obtained by reversing each
edge in A is [αAσαA, α, αAϕαA].

Example 2.6. Let G⃗ = [σ, α, ϕ] be the directed map given by

σ = (a−b+c−b−d−)(a+c+d+),

α = (a−a+)(b−b+)(c−c+)(d−d+),

ϕ = (a−d+b−)(a+d−c+b+c−),

and let G be its underlying map. G⃗ is shown as a directed embedded graph (on the net of a torus)
in Figure 2.3a and a directed rotation system in Figure 2.3b. Then G has six spanning quasi-trees
given by the edge sets {a}, {c}, {d}, {a, b, c}, {a, c, d}, {b, c, d}. The partial dual G⃗{c} is given
by [α{c}σ, α, σ−1α{a,b,d}], where

α{c}σ = (a−b+c+d+a+c−b−d−).
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Figure 2.3: Maps for Examples 2.6, 3.6, 7.2 and 8.4.

Similarly, the partial dual G⃗{a,b,c} is given by [α{a,b,c}σ, α, σ−1α{d}], where

α{a,b,c}σ = (a−b−d−a+c−b+c+d+).

The rotation systems for G⃗{c} and G⃗{a,b,c} are shown in Figures 2.3c and 2.3d. Note that they are
both bouquets since {c} and {a, b, c} are the edge sets of spanning quasi-trees of G. (Figure 2.3e
will be used in Example 7.2.)

2.3. Matrices

Matrices here are over R with rows and columns indexed, in the same order, by some set E.
For X, Y ⊆ E, we let A[X, Y ] submatrix given by the rows indexed by X and columns indexed
by Y . We let A[X] denote the principal submatrix A[X,X]. The determinant of a principal
submatrix is called a principal minor. By convention det(A[∅]) = 1.

A square matrixA is skew-symmetric ifAt = −A. (In this paper we always use a lower case t
in the exponent to denote the transpose of a matrix and use an upper case T in the exponent in
relation to partial duality.) It is unimodular if it has determinant 1 or −1, and is principally
unimodular (PU) if every nonsingular principal submatrix is unimodular. It is a well-known
result of Cayley that the determinant of an even order skew-symmetric matrix is the square of
its Pfaffian. Thus an even order skew-symmetric and unimodular matrix must have determinant
zero or one. Showing that an odd order skew-symmetric matrix must be singular is a standard
exercise in matrix theory. We shall need these facts later.

We shall also make use of the Smith Normal Form of a matrix. We review a few relevant
facts about it here and refer the reader to [Sta16] for further background. Let A be an m × m
integer matrix. Then there exist two m×m integer matrices P and Q that are invertible over Z
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and are such thatPAQ is a matrix diag(b1, . . . , br, 0, . . . , 0), where bi is a strictly positive integer
for all i and bi divides bi+1 for 1 ⩽ i ⩽ r − 1. The matrix B := diag(b1, . . . , br, 0, . . . , 0) is
the Smith Normal Form of A. The integers bi are called the invariant factors and are uniquely
determined by A. Consequently pre- or post-multiplying A by a unimodular integer matrix does
not alter its Smith Normal Form. Notice that det(A) = ± det(B), so that, up to sign, det(A) is
equal to the product of its invariant factors and when A is nonsingular, the number of invariant
factors equals m. The cokernel of A, Zm/⟨A⟩, satisfies

Zm/⟨A⟩ ∼= Zm−r ⊕ Z/b1Z⊕ · · · ⊕ Z/brZ.

It follows that if A is invertible over R, then

|Zm/⟨A⟩| = |det(A)|.

We now consider the case that the sum of the rows of A and the sum of the columns of A are
both 0, and A has rank m− 1 over the reals.

Let Â denote a matrix obtained from A by deleting any row and any column. Then

|(Zm ∩ 1⊥)/⟨A⟩| = |Zm−1/⟨Â⟩| = |det(Â)|, (2.2)

where Zm ∩ 1⊥ is the subgroup of Zm comprising m-tuples in which the entries sum to 0.
Moreover,

Zm/⟨A⟩ ∼= Z⊕ (Zm ∩ 1⊥)/⟨A⟩ ∼= Z⊕ Zm−1/⟨Â⟩. (2.3)

Hence, by Theorem 2.2, we have

K(G) ∼= (Z|V | ∩ 1⊥)/⟨∆(G)⟩.

3. The definition of the critical group of a map, and a summary of results

In this section we introduce the critical group of a map. We begin by associating a matrix with a
map. This matrix plays a similar role to the signed cycle–cocycle matrix in the classical theory.

Let G⃗ = [σ, α, ϕ] be a directed, connected map described following Convention 2.4. Let T
be the edge set of a spanning quasi-tree of G⃗.

We are now ready to define a matrix associated with each map, from which we may easily
compute the critical group of the map.

Definition 3.1. For a directed, connected map G⃗ = [σ, α, ϕ] with edge set E, together with the
edge set T of one of its spanning quasi-trees we define A(G⃗, T ) to be the |E|×|E|-matrix whose
rows and columns are indexed by the edges inE and whose entries are either 0, 1 or−1 according
to the following scheme. For edges e and f , take the cyclic permutation αTσ and remove all the
entries except for the darts e−, e+, f−, f+. If the resulting permutation is (e+f+e−f−), then
set Ae,f = 1, if it is (f+e+f−e−), then set Ae,f = −1, otherwise set Ae,f = 0.

In the case where G⃗ is a bouquet, A(G⃗) denotes the matrix A(G⃗,∅).
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Notice that A(G⃗, T ) is a skew-symmetric matrix. An example of a matrix A(G⃗, T ) can be
found in Example 3.6, with further examples given in Section 9. The matrices A(G⃗, T ) can be
found in the literature, albeit in different settings. We summarise the appearances in Remark 3.7.

The next two results record two useful facts for reference later. Each follows immediately
from the definitions. Note that Proposition 2.5 implies that if T is the edge set of a spanning
quasi-tree of a map G⃗, then G⃗T is a bouquet.

Proposition 3.2. Let B⃗ be a directed bouquet, and X be a subset of its edges.
Then A(B⃗)[X] = A(B⃗[X]).

Lemma 3.3. Let G⃗ be a directed, connected map, and T be the edge set of a spanning quasi-tree
of G⃗. Then A(G⃗T ) = A(G⃗, T ).

As previously mentioned, the matrices A(G⃗, T ) play a role similar to the signed cycle–
cocycle matrix in the classical theory. Although our primary focus is using the matricesA(G⃗, T )
to define critical groups, they have a rich structure, are of interest in their own right and appear
implicitly in several places in the literature (see Remark 3.7). The following list summarises
the main properties of the matrices that appear here. We provide references to the complete
statements of the results.

• A(G⃗, T ) is a principally unimodular matrix. (See Corollary 4.3.)

• The rank of A(B⃗) equals twice the genus of a directed bouquet B⃗. (See Theorem 4.1.)

• A directed bouquet B⃗ is a quasi-tree if and only ifA(B⃗) is non-singular. (See Theorem 4.2.)

• When G⃗ is plane, A(G⃗, T ) + I is the signed cycle–cocycle matrix. (See Theorem 5.3.)

• The characteristic polynomial ofA(B⃗) enumerates the spanning quasi-trees of a bouquet B⃗
by genus. (See Theorem 6.1.)

• The Matrix–Quasi-tree Theorem: det(A(G⃗, T )+I) equals the number of spanning quasi-
trees in G. (See Theorem 6.3.)

• The Weighted Matrix–Quasi-tree Theorem: det(A(B⃗)Z + Im) is the weighted quasi-tree
generating polynomial of a bouquet B, where Z = diag(z1, . . . , zm). (See Theorem 6.8.)
This is extended to connected maps in general in Theorem 6.9. Moreover, this polynomial
is Hurwitz stable. (See Theorem 6.10.)

• The order of the bicycle space of a connected map G divides the number of spanning
quasi-trees in G. (See Theorem 6.11.)

Recall that the classical critical group of an abstract graphG can be defined as the cokernel of
the signed cycle–cocycle matrix. Our strategy for obtaining the critical group of a map is to con-
struct a topological analogue of the signed cycle–cocycle matrix of an abstract graph and define
the critical group as the cokernel of this matrix. A slight modification of the matrices A(G⃗, T )



combinatorial theory 5 (3) (2025), #2 13

appearing above provides the required analogue. For any directed connected map G⃗ and the edge
set T of any of its spanning quasi-trees we can consider the cokernel of A(G⃗, T ) + I , where I

is the identity matrix of size |E(G⃗)|. This defines a critical group for each pair G⃗ and T . The
matrix A(G⃗, T ) + I does, in general, depend upon both the choice of directions of the edges,
and the choice of spanning quasi-tree. Remarkably, however, the cokernel does not.

Theorem 3.4. Let G⃗1 be a directed connected map and G⃗2 be a directed connected map obtained
from G⃗1 by redirecting the edges in some (possibly empty) set. Further let T1 be the edge set of
a spanning quasi-tree of G⃗1, and T2 be the edge set of a spanning quasi-tree of G⃗2. Then the
cokernels of A(G⃗1, T1) + I and A(G⃗2, T2) + I are isomorphic.

Section 4 is devoted the the proof of this theorem. With Theorem 3.4 ensuring independence
of the choices made in its construction, we can now define the critical group of a map.

Definition 3.5. Let G be a connected map with m edges. Let T be the edge set of any spanning
quasi-tree of G, and let G⃗ be any directed map obtained by directing the edges of G. Then the
critical group of G, denoted by K(G), is defined as the cokernel of the matrix A(G⃗, T ) + I ,

K(G) := Zm/⟨A(G⃗, T ) + I⟩,

where I is the m×m identity matrix.
IfG is a disconnected map, then its critical group is defined to be the direct sum of the critical

groups of its connected components.

We shall show that the following properties hold.

• The critical group is well-defined. (See Theorem 3.4.)

• The order of the critical group of a connected mapG is equal to the the number of spanning
quasi-trees in G. (See Theorem 6.4.)

• The critical groups of a map and its partial duals are all isomorphic. In particular, the
critical group of a map and its dual are isomorphic. (See Theorem 4.9.)

• WhenG is a plane map, the critical groupK(G) of the mapG is isomorphic to the classical
critical group K(G) of its underlying abstract graph G. (See Theorem 5.3.)

• The critical group of a map can be understood as the classical critical group of its under-
lying abstract graph modified by a perturbation by the topological information from its
embedding. (See Theorem 5.7.)

Definition 3.5 introduces the critical group of a map as the cokernel of a map version of the
signed cycle–cocycle matrix. As noted in Theorem 2.2, the critical group of an abstract graph G
can be defined as the cokernel of its reduced Laplacian. Analogously we can define the critical
group of a map through the Laplacian of an associated abstract directed graph:
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• The critical group of a map G can be obtained as the the cokernel of the reduced Laplacian
of its directed medial graph M⃗(G):

K(G) ∼= Zm−1/⟨∆q(M⃗(G))⟩ ∼= (Zm ∩ 1⊥)/⟨∆(M⃗(G))⟩.

(See Theorem 7.3 and Section 7 for definitions.)

We have so far provided two algebraic formulations of the critical group of a map. As we
mentioned at the start of the introduction, in the classical case, the critical group of a graph can
be constructed as the group of critical states of the chip-firing game (or sandpile model) [Big99,
GR01]. An immediate question is whether the critical group of a map can be realised in a similar
way. In Section 8 we show that indeed it can be.

• The critical group of a map G can be realised as the group of critical states of a chip-firing
game on the edges of G (See Theorem 8.3).

In order to show this we describe a version of the chip-firing game in which chips are stacked on
the edges of a map, rather than vertices as in the classical case. We then use work on the classical
case, described for example in [HLM+08], to identify the critical states of this chip-firing game
with the elements of the critical group of a map.

Example 3.6. Let G⃗ = [σ, α, ϕ] be the directed map from Example 2.6, shown in Figure 2.3a,
and let G be its underlying map. By direct computation,

A(G⃗, {c}) =


0 −1 −1 −1
1 0 0 1
1 0 0 1
1 −1 −1 0

 , and A(G⃗, {a, b, c}) =


0 1 0 1
−1 0 1 1
0 −1 0 0
−1 −1 0 0

 .

It can be checked that A(G⃗, {c}) = A(G⃗{c}), that A(G⃗, {a, b, c}) = A(G⃗{a,b,c}), and also that,
in the notation of Equations (4.1) and (4.2) explained later, A(G⃗{c}) ∗ {a, b} = A(G⃗{a,b,c}).

The Smith Normal Form of bothA(G⃗, {c})+I4 andA(G⃗, {a, b, c})+I4 is diag(1, 1, 1, 6) and
so K(G) ∼= Z/6Z. Observe that the order of K(G) equals the number of spanning quasi-trees
in G.

Remark 3.7. As noted above, the matrices A(G⃗, T ) can be found in the literature, albeit in differ-
ent settings. They appear in knot theory as the matrices IM(D) from Bar-Natan and Garoufalidis’
celebrated proof of the Melvin–Morton–Rozansky Conjecture in [BNG96]. The connection is as
follows. Given a chord diagramD with chords numbered from 1 to asm as described in [BNG96,
Definition 3.4]. Construct a map G⃗ by taking α = (1−1+) · · · (m−m+), and for σ, start with the
empty cycle then read backwards along the skeleton of D and the first time you meet a chord i
append i+ to σ, and the second time i−. Then IM(D) = A(G⃗,∅). This observation reappears
in Theorem 4.2.

They appear in topological graph theory as Mohar’s oriented overlap matrices from [Moh89].
When B⃗ is a directed bouquet the matrix A(B⃗,∅) coincides with the oriented overlap matri-
ces of G⃗ with respect to its unique spanning tree. (In Mohar’s terminology the appearance
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of (e+f+e−f−) when restricting αTσ to the darts e−, e+, f−, f+ means “e is inside f”.) Fur-
thermore by making use of Proposition 3.2 and Lemma 3.3 it is not hard to see that when G⃗
is a directed map with edge set E and T is the edge set of one of its spanning trees, then the
submatrix A(G⃗, T )[E−T ] coincides with the oriented overlap matrix of G⃗ formed with respect
to the tree on T . Mohar’s work appears later in Theorem 4.1.

They appear in Macris and Pulé’s work on Euler circuits in directed graphs [MP96]. Sup-
pose B is an oriented bouquet on darts 1, . . . , 2n with σ = (1 2 . . . 2n) and with n edges. Let B⃗
be the directed graph obtained from B by taking the smaller dart in each to be the tail. Following
Macris and Pulé’s notation, if V is the set of darts and P is the set of transpositions then their
matrix IP coincides with A(B⃗,∅). It is readily seen that Macris and Pulé’s directed graph GP

is the (underlying) directed medial graph of B. (And all their graphs GP arise in this way.)
The Euler circuits in this directed medial graph correspond to the spanning quasi-trees in B.
These observations together with the main result of [MP96] offer an alternative approach to our
Theorem 6.3.

Most importantly for us, they appear in Bouchet’s work on circle graphs [Bou87b]. Sup-
pose that B⃗ = [σ, α, ϕ] is a directed bouquet that follows Convention 2.4. Let µ := σ to match
Bouchet’s notation. The permutation µ is then what Bouchet terms a “separation” (of the double
occurrence word obtained from µ by forgetting the exponents), and Bouchet’s matrix A(µ) is
readily seen to equal A(B⃗,∅). The observation that Bouchet’s µ∗ equals ϕ−1 provides an inter-
pretation the main result of [Bou87b] in terms of dual maps and quasi-trees, an observation we
make use of in Theorem 4.2 below.

4. The group is well-defined

For much of this section, we will be considering a directed bouquet B⃗ and the matrix A(B⃗,∅).
Recall that for brevity, we abbreviate A(B⃗,∅) to A(B⃗).

The following result is a translation (see Remark 3.7) of Theorem 3.2 of [Moh89].

Theorem 4.1. Let B⃗ be a directed bouquet. Then the genus of B⃗ equals r(A(B⃗))/2.

The next theorem is a rephrasing of the main theorem of [Bou87b]. The first part can be de-
duced from Theorem 4.1 and was also proved (in several different ways) in [BNG96, Theorem 3]
via the connection given in Remark 3.7.

Theorem 4.2. Let B⃗ be a directed bouquet. Then B⃗ is a quasi-tree if and only if A(B⃗) is invert-
ible. Moreover, when A(B⃗) is invertible, A(B⃗)−1 = A(B⃗∗).

We record two corollaries of Theorem 4.2.

Corollary 4.3. Let G⃗ be a directed, connected map and T be the edge set of a spanning quasi-
tree of G⃗. Then A(G⃗, T ) is principally unimodular (PU).

Proof. As G⃗T is a bouquet, Lemma 3.3 implies that it is sufficient to establish the result in the
case where G⃗ is a bouquet and T = ∅.



16 Criel Merino et al.

To do this let B⃗ be a directed bouquet. Suppose that det(A(B⃗)[X]) ̸= 0. Then, by Theo-
rem 4.2 and Proposition 3.2, (A(B⃗)[X])−1 = A((B⃗[X])∗). In particular, (A(B⃗)[X])−1 is integer-
valued. Hence det(A(B⃗)[X]) = det(A(B⃗[X])) = ±1. Thus A(B⃗) is PU.

Corollary 4.4. Let B⃗ be a directed bouquet and X be a subset of the edges of B. Then

det(A(B⃗)[X]) =

{
1 if X is the edge set of a spanning quasi-tree of B⃗,
0 otherwise.

Proof. It follows from Theorem 4.2 and Proposition 3.2 that det(A(B⃗)[X]) is non-zero if and
only if X is the edge set of a spanning quasi-tree of B⃗. It follows from Corollary 4.3 and
the remarks in Subsection 2.3 about the principle minors of skew-symmetric matrices, that
if det(A(B⃗)[X]) is non-zero, then it is equal to 1.

We say that edges e and f of a map are interlaced in a cyclic permutation β of its darts if
removing all the entries of β except for the darts e−, e+, f−, f+ results in the cyclic permuta-
tion (e+f+e−f−) or (e+f−e−f+). Furthermore, we say that edges e and f of a bouquet [σ, α, ϕ]
are interlaced if they are interlaced in σ. So edges e and f of a directed bouquet B⃗ are interlaced
if and only if the (e, f)-entry of A(B⃗) is non-zero.

The following lemmas are easy observations.

Lemma 4.5. Let T be the edge set of a spanning quasi-tree of a directed connected map
G⃗ = [σ, α, ϕ] and let e and f be edges of G⃗. Suppose that αTσ has the form (eaWf bXecY fdZ),
where {a, c} = {b, d} = {+,−}, and W , X , Y and Z are (possibly empty) subwords of αTσ
collectively including all the darts arising from edges of G other than e and f . Then

αT△{e,f}σ = (eaWfdZecY f bX).

Lemma 4.6. Let T be the edge set of a spanning quasi-tree of a connected map G = [σ, α, ϕ]

and let e and f be edges of G⃗. Then T ′ := T △ {e, f} is the edge set of a spanning quasi-tree
of G if and only if e and f are interlaced in αTσ.

Proof. If e and f are interlaced in αTσ, then the result follows from the previous lemma. If e
and f are not interlaced in αTσ, then it is easy to verify that αT△{e,f}σ has more than one cycle
and therefore T △ {e, f} is not the edge set of a spanning quasi-tree of G.

Suppose that B = [σ, α, ϕ] is a bouquet and that e and f are interlaced. Our next goal is to
describe how the matrices A(B) and A(B{e,f}) are related.

For a matrix A with rows and columns both indexed by a set E, let Ai↔j denote the opera-
tion of interchanging the rows indexed by i and j, and then interchanging the columns indexed
by i and j. Let A−i denote the operation of multiplying the row indexed by i by −1 and then
multiplying the column indexed by i by −1.

These matrix operations may be used to describe the effect on A(B) of making various
changes to B. Suppose B′ is formed from B by interchanging the darts i+ with j+ and i− with j−

in the map. Then A(B′) = A(B)i↔j . If B′ is formed from B by changing the direction of edge i,
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that is interchanging its head and tail, then A(B′) = A(B)−i. Finally if B′ is formed from B by
reversing the orientation, that is replacing σ by σ−1, then A(B′) = −A(B).

Now, suppose that A is a skew-symmetric {−1, 0, 1}-matrix with rows and columns indexed
by E and that e, f ∈ E. Furthermore suppose that

A =


e f E ′

e 0 z u
f −z 0 v
E ′ −ut −vt A′

, (4.1)

where E ′ = E − {e, f}, z ∈ {−1, 1}, u and v are row vectors indexed by E ′ and the rows and
columns of A′ are indexed by E ′. Let

A ∗ {e, f} =


e f E ′

e 0 −z −zv
f z 0 zu
E ′ zvt −zut A′′

, (4.2)

where A′′ = A′+z(vtu−utv). Notice that A∗{e, f} is skew-symmetric. We say that A∗{e, f}
is the pivot of A about e and f . This is a special case of the principal pivot transform [CPS09,
Tuc60].

Lemma 4.7. Let B⃗ be a directed bouquet with interlaced edges e and f .
Then A(B⃗{e,f}) = A(B⃗) ∗ {e, f}.

Proof. Suppose that B⃗ = [σ, α, ϕ] and that

σ = (eaWf bXecY fdZ),

where {a, c} = {b, d} = {+,−}, and W , X , Y and Z are (possibly empty) subwords
of σ including all the darts arising from edges of B other than e and f . Now suppose
that B⃗ ∗ {e, f} = [σ′, α, ϕ′]. Then from Lemma 4.5, we have

σ′ = (eaWfdZecY f bX).

The matrix operations discussed just before the lemma commute with pivoting in the follow-
ing sense.

1. For all i, (A−i) ∗ {e, f} = (A ∗ {e, f})−i.

2. For all distinct i and j with neither equal to e or f , (Ai↔j) ∗ {e, f} = (A ∗ {e, f})i↔j .

3. (Ae↔f ) ∗ {e, f} = (A ∗ {e, f})e↔f .

4. (−A) ∗ {e, f} = −(A ∗ {e, f}).
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These observations enable us to cut down the number of cases that we need to check. As
both A(B{e,f}) and (A(B) ∗ {e, f}) are skew-symmetric, we focus only on the entries above
the diagonal.

We first show that the entries in the rows and columns of A(B⃗{e,f}) indexed by e and f are
as claimed. Certainly A(B{e,f})e,f = −A(B)e,f .

Now let g be an edge of B⃗ other than e or f . To verify that A(B{e,f})e,g = (A(B) ∗ {e, f})e,g
and A(B{e,f})f,g = (A(B) ∗ {e, f})f,g, it suffices to consider the cyclic permutations σ̂ and σ̂′

obtained from σ and σ′, respectively, by removing all the darts other than e+, e−, f+, f−, g+
and g−. Because of the operations 1.–4. above that commute with pivoting we may assume
that σ̂ is one of (e+g+g−f+e−f−), (e+g+f+g−e−f−), and (e+g+f+e−g−f−). Then σ̂′ is re-
spectively (e+g+g−f−e−f+), (e+g+f−e−f+g−) and (e+g+f−e−g−f+), and one may check
that A(B{e,f})e,g = (A(B) ∗ {e, f})e,g and A(B{e,f})f,g = (A(B) ∗ {e, f})f,g in each case.

Now let g and h be distinct edges of G⃗ other than e or f . To verify that A(B{e,f})g,h =
(A(B)∗{e, f})g,h it suffices to consider the cyclic permutations σ̂ and σ̂′ obtained from σ and σ′,
respectively, by removing all the darts other than e+, e−, f+, f−, g+, g−, h+ and h−. It is not
difficult to check that if at least one of the edges in one of the sets {e, f} and {g, h} is not
interlaced with at least one of the edges in the other set, then

A(B{e,f})g,h = A(B)g,h = (A(B) ∗ {e, f})g,h.

Because of this observation and the operations that commute with pivoting we may assume that σ̂
is one of

(e+g+f+h+e−g−f−h−), (e+g+h+f+e−g−h−f−), (e+g+h+f+e−h−g−f−),
(e+g+h+f+g−e−h−f−), (e+g+h+f+h−e−g−f−), (e+g+h+f+g−e−f−h−),
(e+g+h+f+h−e−f−g−).

In each case it may be checked that A(B{e,f})g,h = (A(B) ∗ {e, f})g,h, as required.

The next lemma is the key step in showing that the critical group is well-defined.

Lemma 4.8. Let B⃗ be a directed bouquet with interlaced edges e and f . Then A(B⃗) + I

and A(B⃗{e,f}) + I have the same invariant factors.

Proof. By Lemma 4.7 it is sufficient to show that A(B⃗)+ I and A(B⃗)∗{e, f}+ I have the same
invariant factors. Suppose that

A(B⃗) + I =


e f E ′

e 1 z u
f −z 1 v
E ′ −ut −vt A′

.

If necessary, by multiplying the row indexed by f by −1 and then the column indexed by f
by −1, operations which do not change the invariant factors, we may assume that z = 1.
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Interchanging the rows indexed by e and f , and then interchanging the columns indexed by e
and f gives 

e f E ′

e 1 −1 v
f 1 1 u
E ′ −vt −ut A′

.

Now for each h in E ′, subtract uh times the sum of the columns indexed by e and f from the
column indexed by h to give 

e f E ′

e 1 −1 v
f 1 1 −u
E ′ −vt −ut B

,

where Bg,h = A′
g,h + (ug + vg)uh. Finally for each g in E ′, add ug times the difference between

the row indexed by f and the row indexed by e to the row indexed by g to give


e f E ′

e 1 −1 v
f 1 1 −u
E ′ −vt ut B′

,

where
B′

g,h = Bg,h + ug(−uh − vh) = A′
g,h + (ug + vg)uh + ug(−uh − vh).

ThusB′ = A′+z(vtu−utv), and the matrix we have obtained isA(B⃗)∗{e, f}+I . ThusA(B⃗)+I

and A(B⃗) ∗ {e, f}+ I have the same invariant factors.

Before finally proving Theorem 3.4, we recall that if T1 and T2 are the edge sets of spanning
quasi-trees of a map, then |T1 △ T2| is even. This can be seen by noting that Proposition 2.5
implies that both αT1σ and αT2σ are cyclic. As αT2σ = αT1△T2αT1σ, the permutation αT1△T2

must be even.

Proof of Theorem 3.4. First A(G⃗2, T2)+ I may be obtained from A(G⃗1, T2)+ I by multiplying
some of the rows and columns by −1, an operation which does not change the invariant factors.
Thus the cokernels of A(G⃗1, T2) + I and A(G⃗2, T2) + I are isomorphic.

We now prove by induction on |T1 △ T2| that A(G⃗1, T1) + I and A(G⃗1, T2) + I have the
same invariant factors. Let B⃗1 and B⃗2 be the directed bouquets G⃗T1

1 and G⃗T2
1 , and note

that B⃗2 = B⃗T1△T2

1 . If T1 = T2, then there is nothing to prove, so we may suppose that T1 ̸= T2.
By the first part of Proposition 2.5, |T1 △ T2| is the edge set of a spanning quasi-tree of B⃗1,

so by Theorem 4.2, the matrix A(B⃗1)[T1 △ T2] is invertible. Hence it must contain at least one
non-zero entry implying that there are edges e and f in T1 △ T2 which are interlaced in B⃗1.
By Lemma 4.6, {e, f} is the edge set of a spanning quasi-tree of B⃗1. Let T3 := T1 △ {e, f}
and B⃗3 := B⃗{e,f}

1 = G⃗T3
1 . By Lemma 4.8, A(B⃗1) + I and A(B⃗3) + I have the same invariant

factors, so Lemma 3.3 implies that A(G⃗1, T1) + I and A(G⃗1, T3) + I have the same invariant
factors. Now |T3 △ T2| < |T1 △ T2|, so we may apply the inductive hypothesis to deduce
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that A(G⃗1, T3) + I and A(G⃗1, T2) + I have the same invariant factors. Hence A(G⃗1, T1) + I

and A(G⃗1, T2) + I have the same invariant factors.

Our next result generalizes work of Cori and Rossin [CR00, Theorem 2] who established
the case where G is a plane map and also of Berman [Ber86, Proposition 4.1] who essentially
proved the plane case but without mentioning critical groups.

Theorem 4.9. Let G be a connected map and A be a subset of its edges. Then the critical groups
of G and GA are isomorphic. In particular, the critical groups of G and G∗ are isomorphic.

Proof. Let T be the edge set of a spanning quasi-tree of G. Then by Proposition 2.5, T △ A is
the edge set of a spanning quasi-tree of GA. Moreover, (GA)T△A and GT are the same bouquet.
Thus, by Lemma 3.3, A(G⃗, T ) + I = A(G⃗A, T △ A) + I and the result follows.

In our final result of this section we show that the critical group is independent of the surface
orientation. More precisely suppose that G1 is a connected embedded graph and G2 is obtained
from G1 by reversing the surface embedding. Let G1 = [σ1, α1, ϕ1] and G2 = [σ2, α2, ϕ2]
be the connected maps obtained from G1 and G2 respectively. Then σ2 = σ−1

1 and α2 = α1.
So ϕ2=α1ϕ

−1
1 α1. We show that the critical groups ofG1 andG2 are isomorphic. Before proving

the theorem, we note that if B1=[β, α, β−1α] is a bouquet, then B2 = [αTβ−1αT , α, αTβαE−T ]

is a bouquet. Moreover, if the edges of B1 and B2 are directed to give B⃗1 and B⃗2, respectively,
so that the same darts are heads of edges in both directed bouquets, then A(B⃗2) is obtained
from A(B⃗1)

t by multiplying the elements in rows indexed by T by −1 and then multiplying the
elements in columns indexed by T by −1.

Theorem 4.10. Let G1 = [σ, α, σ−1α] and G2 = [σ−1, α, σα] be connected maps. Then the
critical groups of G1 and G2 are isomorphic.

Proof. Direct the edges of G1 and G2 so that the head of each edge is the same dart in each
map. Observe that T is the edge set of a spanning quasi-tree of G1 if and only if it is the edge
set of a spanning quasi-tree of G2. Furthermore, αTσ−1 = αT (αTσ)−1αT . So, by the remarks
before the theorem, A(G2, T ) may be obtained from A(G1, T )

t, and similarly A(G2, T ) + I
may be obtained from A(G1, T )

t + I , by multiplying the elements in rows indexed by T by −1
and then multiplying the elements in columns indexed by T by −1. The matrices A(G1, T ) + I
and A(G1, T )

t+I have the same Smith Normal form, as one may obtain the Smith Normal form
of A(G2, T )

t + I by applying the same sequence of operations as one would apply to obtain the
Smith Normal form of A(G1, T )+ I , but replacing each column operation by the corresponding
row operation and vice versa. Finally we note that A(G2, T ) + I has the same Smith Normal
form as A(G1, T )

t + I . So the critical groups of G1 and G2 are isomorphic, as required.
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5. Connections with the classical critical group

In this section we compare the critical group of a map with the classical critical group of an
abstract graph. We begin by showing that ifG is a plane map, then its critical group is isomorphic
to the classical critical group of its underlying abstract graph.

Lemma 5.1. Let G⃗ be a directed connected map and let T be the edge set of a spanning tree
of the underlying abstract directed graph G⃗ of G⃗. Let e be in T . Then the row of A(G⃗, T ) + I

indexed by e is the signed incidence vector of the fundamental cocycle C∗(T, e) of G⃗.

Proof. Suppose that G = [σ, α, ϕ] is the underlying map of G⃗. Then α{e}αTσ has two cycles,
one containing e+ and the other containing e−. Let C+ be the cycle containing e+ and C− be
the cycle containing e−. Let A := A(G, T ). For f ̸= e, it is easy to check that

Ae,f =


1 if f+ ∈ C+ and f− ∈ C−,
−1 if f+ ∈ C− and f− ∈ C+,
0 otherwise.

By Lemma 4.6, if Ae,f ̸= 0, then T △ {e, f} is the edge set of a spanning quasi-tree of G. But
no spanning quasi-tree has fewer edges than a spanning tree, so f /∈ T . Therefore no edge of T
other than e has one dart in C+ and the other in C−.

We can write σ = αT−{e}(αeαTσ). For each edge in T −{e}, its two constituent darts lie in
the same cycle of αeαTσ, so we can partition the cycles of σ into two sets S+ and S−, so that
for i ∈ {+,−} the darts belonging to one of the cycles in Si are precisely those belonging to Ci.
The edges with one dart in S+ and one dart in S− are precisely the edges of the fundamental
cocircuit C∗(T, e) of G⃗. For each such edge f , its sign is positive in the signed incidence vector
if and only if f+ is in S+.

Thus we see that the row of A(G⃗, T ) + I indexed by e is the signed incidence vector of the
fundamental cocycle C∗(T, e).

We will require the following well-known lemma on abstract directed graphs.

Lemma 5.2. LetG be a directed connected abstract graph and let T be the edge set of a spanning
tree of G, containing edge f but not edge e. Then f ∈ C(T, e) if and only if e ∈ C∗(T, f).
Moreover when these both occur, e and f have the same sign in the signed incidence vector
of C(T, e) if and only if they have opposite signs in the signed incidence vector of C∗(T, f).

It is now easy to verify the following theorem.

Theorem 5.3. Let G⃗ be a directed, connected plane map and T be the edge set of a spanning
tree of G⃗. Then the signed cycle–cocycle matrix of the underlying abstract directed graph of G⃗
and T is A(G⃗, T ) + I .

Therefore the critical group of a plane map is isomorphic to the classical critical group of
its underlying abstract graph.
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Proof. Let M := M(G⃗, T ) and A := A(G⃗, T ). By Lemma 5.1, for each edge e of T , the rows
corresponding to e in M and A+ I are equal.

Now suppose that e /∈ T . As M depends only on the underlying abstract directed graph of G⃗,
Lemma 5.2 implies that for each f ̸= e

Me,f =

{
0 if f /∈ T ,
−Mf,e if f ∈ T .

As G⃗ is plane, the edge sets of the spanning quasi-trees of G⃗ are precisely the edge sets of the
spanning trees of the underlying abstract directed graph G⃗. So if f /∈ T , then T △ {e, f} is not
the edge set of a spanning quasi-tree of G⃗. Thus Lemma 4.6 implies that Ae,f = 0. If f ∈ T ,
then as A is skew-symmetric, Ae,f = −Af,e. The first part of the theorem follows and the second
is an immediate consequence.

In Corollary 6.5 we shall see that the critical group of a map coincides with the classical
critical group of its underlying abstract graph if and only if the map is plane.
Remark 5.4. In [Bou97, Proposition 5.7] Bouchet proved a result concerning multimatroids
which may be translated to delta-matroids and then applied to maps as follows. Let G be a
connected map with edge set E and let T be the edge set of a spanning quasi-tree of G. For
every edge e of E there is a unique minimal pair (X, Y ) of disjoint subsets of E − {e} so that

1. if e ∈ T , then there is no set T ′ with X ⊆ T ′ ⊆ (E − {e})− Y , so that T ′ is the edge set
of a spanning quasi-tree of G;

2. if e /∈ T , then there is no set T ′ with X ∪ {e} ⊆ T ′ ⊆ E − Y , so that T ′ is the edge set of
a spanning quasi-tree of G.

Furthermore T △{e, f} is the edge set of a spanning quasi-tree of G if and only if f ∈ X ∪ Y .
The set X ∪ Y ∪ {e} is called the fundamental circuit of T and e.

Combining these observations with Lemma 4.6, we see that each row of A(G⃗, T ) + I is an
appropriately signed incidence vector of the fundamental circuit of T and the edge indexing the
row. So the critical group is constructed using the row space of a matrix formed by appropriately
signed fundamental circuits, in much the same way as it can be for abstract graphs.

Let G be a connected abstract graph with edge set E of size m and T be the edge set of a
spanning tree of G with r edges. Then, by Lemma 5.2, the abstract directed graph G⃗ has signed
circuit–cocycle matrix of the form

M(G⃗, T ) =

( T E − T
T Ir B

E − T −Bt Im−r

)
.

Proposition 5.5. Let G = (V,E) be a connected abstract graph with m edges and T be the
edge set of a spanning tree of G with r edges. Let G⃗ be any directed graph obtained from G by
giving a direction to each of its edges and let B = M(G⃗, T )[T,E − T ]. Then, for the critical
group K(G) we have the following isomorphisms.

K(G) ∼= Zm−r/⟨BtB + Im−r⟩ ∼= Zr/⟨BBt + Ir⟩.
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Proof. Recall that K(G) := Zm/⟨M(G⃗, T )⟩. We have(
Ir 0
Bt Im−r

)(
Ir B
−Bt Im−r

)(
Ir −B
0 Im−r

)
=

(
Ir 0
0 BtB + Im−r

)
.

As the integer matrices
(
Ir 0
Bt Im−r

)
and

(
Ir −B
0 Im−r

)
are unimodular, the matrices M(G⃗, T )

andBtB+Im−r have the same non-trivial invariant factors. ThusK(G) ∼= Zm−r/⟨BtB+Im−r⟩.
A similar argument shows that K(G) ∼= Zr/⟨BBt + Ir⟩.

If an abstract loopless graph G has an apex vertex q, that is a vertex sending a single edge to
every other vertex, then we may take T to be the spanning tree whose edges are the edges of G
incident with q. Then, the matrix BBt + Ir is just the reduced Laplacian of the graph ∆q(G)
and we get the usual presentation of the critical group as K(G) ∼= Zr/⟨∆q(G)⟩, see [Big99].
We extend this approach to maps to get another presentation of the critical group of a map.

Lemma 5.2 implies the following.

Lemma 5.6. Let G⃗ be a directed, connected map with edge set E and T be the edge set of a
spanning tree of G⃗ with r edges. Let G be the underlying abstract directed graph of G⃗ and
let B = M(G⃗, T )[T,E − T ]. Then

A(G⃗, T ) + I =

( T E − T
T Ir B

E − T −Bt D

)
.

Moreover, the matrix (Ir |B) is the totally unimodular representation of the cycle matroid of the
underlying abstract graph of G and D′ := D − I , is PU.

Thus, the information needed to recover A(G⃗, T ) + I is the matrices B and D′.

Theorem 5.7. Let G⃗ be a directed, connected map with edge set E comprising m edges, and
let T be the edge set of a spanning tree of G⃗ with r edges. Let B = A(G⃗, T )[T,E − T ],
D′ = A(G⃗, T )[E − T ] and D = D′ + Im−r. Then

K(G) ∼= Zm−r/⟨BtB +D⟩.

Proof. Postmultiplying A(G⃗, T ) + I by the unimodular matrix
(
Ir −B
0 Im−r

)
yields

(
Ir B
−Bt D

)(
Ir −B
0 Im−r

)
=

(
Ir 0
−Bt D +BtB

)
.

Thus the matrices A(G⃗, T ) + I and D + BtB have the same invariant factors, except possibly
for the addition or removal of factors equal to one.

Taken together, the previous theorem and Proposition 5.5 explain formally our intuition that
the critical group of a map is the classical critical group of the underlying abstract graph modified
by a perturbation due to the topological information describing the embedding.
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6. Enumerating quasi-trees and the order of the critical group

The spanning trees of an abstract graph play an important role in the theory of the classical
critical group. In particular, the order of the critical group of an abstract graph is equal to its
number of spanning trees. Key to this fact are the connections between the reduced Laplacian
and spanning trees, as demonstrated by the Matrix–Tree Theorem (stated here as Theorem 2.1).

Recent work in the areas of graph polynomials [But18, CKS11, HM20, VT11] and ma-
troids [CMNR19a, CMNR19b] hints at a general principle that spanning quasi-trees play the
role of spanning trees when changing setting from abstract graph theory to topological graph
theory. In this section we see further evidence towards such a general principle by demonstrat-
ing intimate relationships between spanning quasi-trees, the matrices A(G⃗, T ) and the critical
groups for maps that run parallel to the classical relationships between spanning trees, the re-
duced Laplacian ∆q(G), and the critical group of an abstract graph.

We begin with the surprising result that that the characteristic polynomial of A(B⃗) enumer-
ates the spanning quasi-trees of a bouquet B with respect to genus. We use PA(t) to denote the
characteristic polynomial, det(tIm − A), of an m×m matrix A.

Theorem 6.1. Let B be a bouquet with edge set E, and suppose that B⃗ is obtained by arbitrarily
directing the edges of B. Then

t|E|PA(B⃗)(t
−1) =

∑
T

t2g(T),

where the sum is over all spanning quasi-trees of B, and where g(T) denotes the genus of T.

Proof. For any m×m matrix A it is well-known (see, for example, [HJ13, Section 1.2]) that

PA(t) =
m∑
k=0

(−1)m−kEm−k(A)t
k, (6.1)

where Ek(A) denotes the sum of the principal minors of A of size k. Recall from Subsection 2.3
that a skew-symmetric matrix of odd order is necessarily singular. Combining this observation
with Corollary 4.4, we see that

tmPA(B⃗)(t
−1) =

m∑
k=0

tkEk(A(B⃗)) =
∑
X⊆E

B⃗[X] is a quasi-tree

t|X|. (6.2)

When B⃗[X] is a quasi-tree it has one vertex, |X| edges, and one face and therefore has
genus (2− 1 + |X| − 1)/2 = |X|/2.

Example 6.2. Let G and G⃗ be as in Example 2.6. Then G{c} and G{a,b,c} are both bouquets. The
matrix A(G⃗{c}) has characteristic polynomial t4 + 5t2, and so by Theorem 6.1 the generating
function for the spanning quasi-trees of B with respect to genus is 5t2 + 1. It can be checked
directly that the edge set of the spanning quasi-tree of genus zero is ∅, and the edge sets of those
of genus one are {a, b}, {a, c}, {a, d}, {b, d} and {c, d}.
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Similarly, A(G⃗{a,b,c}) has characteristic polynomial t4 + 4t2 + 1, so by Theorem 6.1 the
generating function for the spanning quasi-trees of B with respect to genus is t4+4t2+1. Again
it can be checked directly that edge set of the spanning quasi-tree of genus zero is∅, and the edge
sets of those of genus one are {a, b}, {a, d}, {b, c}, {b, d}, and the one of genus two is {a, b, c, d}.

Theorem 6.1 shows that the characteristic polynomial of A(B⃗) enumerates the spanning
quasi-trees of a bouquet B by genus. As every connected map is a partial dual of a bouquet,
one may hope to extend Theorem 6.1 to an arbitrary map G by forming a partial dual GT that is
a bouquet and considering the characteristic polynomial of A(G⃗T ) = A(G⃗, T ). But, as partial
duals may have different numbers of spanning quasi-trees of any given genus, t|E|PA(G⃗,T ))(t

−1)
does not in general enumerate the spanning quasi-trees of G by genus. However, since partial
duality does not change the total number of spanning trees, evaluating this polynomial at t = 1
gives the total number of spanning quasi-trees in G.

This observation leads to an analogue of the Matrix–Tree Theorem for maps, expressing the
number of spanning quasi-trees in a map as the determinant of a matrix. The resulting “Matrix–
Quasi-tree Theorem”, stated below as Theorem 6.3 is implicit in the literature. As outlined in
Remark 3.7, by considering the directed medial graph, it can be deduced from Macris and Pule’s
work [MP96, Theorem 1] on counting Eulerian circuits (see also [Lau97, Lau99]).

Theorem 6.3 (Matrix–Quasi-tree Theorem). Let G be a connected map on m edges, T be the
edge set of any spanning quasi-tree of G, and G⃗ be obtained by directing the edges of G. Then G
contains exactly det(A(G⃗, T ) + Im) spanning quasi-trees.

Proof. As T is the edge set of a spanning quasi-tree, by Proposition 2.5 the partial dual G⃗T is a
bouquet. Applying Theorem 6.1 to this bouquet, then taking t = 1, gives that det(Im−A(G⃗T ))

equals the number of spanning quasi-trees in GT . Since A(G⃗T ) is skew-symmetric and the
determinant is invariant under transposition we may write this as det(A(G⃗T ) + Im).

Next by Lemma 3.3, A(G⃗T ) = A(G⃗, T ), so det(A(G⃗, T ) + Im) equals the number of span-
ning quasi-trees of GT . The result then follows upon noting that by Proposition 2.5 the maps G
and GT contain the same number of spanning quasi-trees.

It is worth highlighting that, following the notation in the statement of Theorem 6.3, when G
is plane, det(A(G⃗, T ) + Im) counts the number of spanning trees of G.

Through an application of Theorem 6.3 we can determine the order of the critical group of
a map.

Theorem 6.4. The order of the critical groupK(G) of a connected mapG is equal to the number
of spanning quasi-trees in G.

Proof. K(G) is defined as Zm/⟨A(G⃗, T ) + Im⟩, where G⃗ is obtained by directing the m edges
ofG and T is the edge set of any spanning quasi-tree. By Theorem 6.3 det(A(G⃗, T )+Im) equals
the number of spanning quasi-trees in G. In particular, it is non-zero. As A(G⃗, T ) + Im is non-
singular, it follows from the remarks in Section 2.3 that |K(G)| = |Zm/⟨A(G⃗, T ) + Im⟩| =
det(A(G⃗, T ) + Im).
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Combining Theorems 5.3 and 6.4 gives the following result.

Corollary 6.5. The critical group K(G) of a connected map G is isomorphic to the critical
group K(G) of its underlying abstract graph G if and only if G is plane.

Proof. Every non-plane connected map contains a non-plane spanning quasi-tree. (To see this,
let T be the edge set of a spanning tree of G∗ and let E − T be its complementary set. By
Proposition 2.5, G[E−T ] is a spanning quasi-tree of G. Using Equation (2.1) and the definition
of G∗, G[E − T ] has strictly more edges than a spanning tree of G unless G has genus zero.)
Furthermore, every spanning tree of G is a spanning quasi-tree. Thus by Theorems 2.3 and 6.4,
when G is non-plane |K(G)| < |K(G)|. The converse is Theorem 5.3.

Remark 6.6. Much in the proofs of Theorems 6.1 and 6.3 depend on properties of skew-symme-
tric PU-matrices rather than properties of maps. Extracting the matrix parts of the arguments in
fact proves a more general result about delta-matroids. We keep our remarks concise and refer
to [Mof19] for an introduction to delta-matroids.

Delta-matroids were introduced by Bouchet in [Bou87a] and generalise matroids by effec-
tively allowing bases of different sizes. A delta-matroid consists of a pair (E,F), where E is a
finite set andF is a non-empty collection of its subsets, satisfying a particular exchange property
whose definition we do not include here. The elements of F are called feasible sets. A matroid
is exactly a delta-matroid in which all feasible sets have the same size. A delta-matroid is normal
if the empty set is feasible. Delta-matroids also have a notion of a partial dual (often called a
twist) which is an analogue of the map partial dual (see [CMNR19a]).

If A is a skew-symmetric matrix over any field F , then a delta-matroid D(A) = (E,F)
can be obtained by taking E to be a set of row labels of the matrix, and taking X ∈ F if and
only if A[X] is non-singular. If a delta-matroid has a partial dual isomorphic to D(A) then it is
representable over F . It is regular if it is representable over every field. Geelen [Gee96] showed
that a delta-matroid is regular if and only if we can take the matrix A to be a skew-symmetric
PU-matrix over the reals. The proofs of Theorems 6.1 and 6.3 thus give results about regular
delta-matroids.

Following the proof of Theorem 6.1 until Equation (6.2) shows that the characteristic poly-
nomial enumerates the feasible sets in a normal regular delta-matroid by size. Specifically, if A
is an m×m skew-symmetric PU matrix over the reals, then

tmPA(t
−1) =

∑
F∈F

t|F |.

Since partial duality does not change the number of feasible sets of delta-matroids, by taking t=1
in this equation gives an analogue of Theorem 6.3: a regular delta-matroid has exactly det(A+I)
feasible sets, where A is a representing real skew-symmetric PU-matrix for one of its partial
duals.
Remark 6.7. In the light of Remark 6.6 it is natural to ask if the critical group of a mapG depends
only on the delta-matroid D(A(G⃗, T )). Rather surprisingly the answer is no.

Let G1 = [σ1, α, ϕ1] for σ1 = (1+2+3+4+5+6+1−3−2−4−6−5−) and G2 = [σ2, α, ϕ2]
for σ2 = (1+2+3+6+5+4+1−3−2−5−6−4−), where α is given by Convention 2.4 and the ϕi
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are implicit. Then it can be checked that K(G1) = Z/3Z ⊕ Z/6Z and K(G2) = Z/18Z. The
delta-matroids D(A(G1)) and D(A(G2)) are equal, because the matrices A(G1) and A(G2) are
both PU and are equal modulo 2. Indeed the maps G1 and G2 are 2-isomorphic in the sense
of [MO21] and hence give rise to the same delta-matroid.

However, Geelen showed [Gee96, Theorem 6.2] that every normal 3-connected regular delta-
matroid is represented by a unique PU-matrix up to multiplying rows and columns by −1. It
follows from this and the fact that the principal pivot transform [CPS09, Gee96] on matrices
preserves the PU-property, that we can define the critical group for 3-connected regular delta-
matroids. We omit the details.

We now established weighted versions of Theorem 6.3. Given a connected map G with edge
set E = {1, . . . ,m} we associate an indeterminate zi with each edge i. With each subset X
of E, we associate a monomial Z(X) :=

∏
i∈X zi. Then the weighted quasi-tree generating

polynomial is defined by
Q(G) :=

∑
X⊆E:

B[X] is a quasi-tree

Z(X).

Suppose that we arbitrarily direct the edges of B to obtain B⃗. Define the matrix
Z := diag(z1, . . . , zm).

Theorem 6.8 (Weighted Matrix–Quasi-tree Theorem for bouquets). Let B be a bouquet with m
edges and let B⃗ be obtained from B by arbitrarily directing its edges. Then

Q(B) = det(A(B⃗)Z + Im).

Proof. We have
det(A(B⃗)Z + Im) =

∑
X⊆E

det((A(B⃗)Z)[X]),

where (A(B⃗)Z)[X] denotes the principal submatrix A(B⃗)Z containing the rows and columns
corresponding to edges in X . Furthermore for any subset X of E, we have

det(A(B⃗)Z)[X] = det(A(B⃗)[X])Z(X).

The result now follows from Corollary 4.4.

The general case follows easily.

Theorem 6.9 (Weighted Matrix–Quasi-tree Theorem). Let G be a connected map with m edges,
let G⃗ be obtained from G by arbitrarily directing its edges and let T be the edge set of a spanning
quasi-tree of G. Then

Q(G) = det(A(G⃗, T )ZT + Im)Z(T ),

where ZT is the m×m diagonal matrix so that

zi,i =

{
zi if i /∈ T ,
z−1
i if i ∈ T .
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As Q(G) is a multivariate polynomial in the variables z1, . . . , zm, we may consider ques-
tions concerning the location of its complex roots. Because A(B⃗, T ) is skew-symmetric, we
may deduce the following result from the remarks after Theorem 4.2 of [Brä07]. Recall that a
multivariate polynomial with complex coefficients is Hurwitz stable if it is non-zero when each
of its variables has strictly positive real part.

Theorem 6.10. Let G be a connected map. Then Q(G) is Hurwitz stable.

We close this section by showing that a result of Berman [Ber86] concerning abstract graphs
also holds for maps. Given an abstract graph G, its (binary) cycle space C2(G) is the subspace
of Z|E(G)|

2 generated by the incidence vectors of its cycles. Its orthogonal complement C⊥2 (G)

is the (binary) cocycle space of G, that is, the subspace of Z|E(G)|
2 generated by the incidence

vectors of its cocycles. Its bicycle space is B2(G) := C2(G) ∩ C⊥2 (G). Berman [Ber86] showed
that if G is connected, then |B2(G)| divides the number of spanning trees of G.

As C2(G) and C⊥2 (G) are orthogonal complements, we have B2(G) = (C2(G)+C⊥2 (G))⊥. It
is well-known [GR01] that if T is the edge set of a spanning tree ofG, then the rows ofM2(G, T ),
the binary matrix obtained fromM(G⃗, T ) by ignoring the signs, form a basis for C2(G)+C⊥2 (G).
Thus B2(G) is the kernel of M2(G, T ). It does not seem to be possible to define analogues of
the cycle and cocycle space for maps, but the preceding discussion suggests a way to define the
bicycle space of a map.

For a connected map G and edge set T of a spanning quasi-tree of G, we define the ma-
trix A2(G, T ) to be the binary matrix obtained from A(G⃗, T ) by ignoring the signs. (This does
not depend on the direction of the edges in G⃗, so it is a function of the underlying map G.) It
may be shown directly using elementary row operations that if M is a symmetric binary matrix
having zero diagonal with Me,f ̸= 0, then the binary rowspaces of I +M and I + (M ∗ {e, f})
coincide. Consequently ker(I + M) = ker(I + (M ∗ {e, f})). Now, it is straightforward to
apply the methods of Section 4, to show that ker(A2(G, T ) + I) does not depend on the choice
of T . So we define the bicycle space B2(G) := ker(A2(G, T )+ I), where T is the edge set of an
arbitrary spanning quasi-tree of G. The proof of the next result follows Berman’s proof [Ber86]
of the analogous result for abstract graphs.

Theorem 6.11. Let G be a connected map. Then |B2(G)| divides the number of spanning quasi-
trees of G.

Proof. By definition, |B2(G)| = | ker(A2(G, T ) + I)|, where T is the edge set of an arbitrary
spanning quasi-tree of G. Let l denote the (binary) nullity of A2(G, T ) + I . Then l equals the
number of even invariant factors of A(G⃗, T ) + I , where G⃗ is obtained from G by arbitrarily
directing its edges. Theorem 6.4 implies that 2l divides the number of spanning quasi-trees of G
and the result follows.
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7. The critical group through the Laplacian

Recall from Section 2 that the classical critical group of an abstract graph can be defined as the
cokernel of its signed cycle–cocycle matrix or of its reduced Laplacian. Definition 3.5 introduces
the critical group of a map as the cokernel of a map version of the signed cycle–cocycle matrix.
We now give an analogue of the Laplacian definition and show that these two definitions yield
isomorphic groups.

Let G = [σ, α, ϕ] be a connected map with set D of darts. For a dart d, let e(d) denote the
edge (d, α(d)). The directed medial graph M⃗(G) is an abstract directed graph, with a vertex
corresponding to each edge of G and for each dart d a directed edge from e(d) to e(σ(d)).
Notice that M⃗(G) may contain parallel edges and loops, is strongly connected and every vertex
of M⃗(G) has both indegree and outdegree equal to 2. Furthermore, for any set A of edges of G,
we have M⃗(GA) = M⃗(G). (Note that, in the literature, in contrast with our usage, medial graphs
are typically embedded graphs.)

Given an abstract directed graph G⃗ with n vertices, its adjacency matrix Θ(G⃗) has rows
and columns indexed by the vertices of G⃗, and (i, j)-entry equal to the number of edges of G⃗
with tail i and head j. Let di denote the outdegree of vertex i. Then the Laplacian ∆(G⃗) is
given by ∆(G⃗) := diag(d1, . . . , dn) − Θ(G⃗). Thus every row and column of ∆(M⃗(G)) has
sum zero, ∆(M⃗(G)) has rank n− 1 over the reals, and if M⃗(G) is loopless, then each diagonal
element of ∆(M⃗(G)) is equal to 2.

Definition 7.1. Given a connected map G with m edges, we let K∆(G) denote the group defined
by

K∆(G) := (Zm ∩ 1⊥)/⟨∆(M⃗(G))⟩.

It follows from Equation (2.3) that

K∆(G) ∼= Zm−1/⟨∆q(M⃗(G))⟩. (7.1)

Thus Equation (2.2) gives
|K∆(G)| = det(∆q(M⃗(G))). (7.2)

Example 7.2. Consider the map G in Figure 2.3a, and its directed medial graph M⃗(G) which
is shown in Figure 2.3e. Its Laplacian is

2 −1 −1 0
0 2 −1 −1
0 −1 2 −1
−2 0 0 2

 .

It is easily checked that its Smith Normal Form is diag(1, 1, 6, 0), and that K∆(G) = Z/6Z.

The main result of this section is the following.

Theorem 7.3. Let G be a connected map. Then K(G) ∼= K∆(G).
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Before proving the theorem we show that the groups K(G) and K∆(G) have the same size.

Lemma 7.4. Let G be a connected map. Then |K(G)| = |K∆(G)|.
Proof. The proof follows by combining some classical results with Theorem 6.3. First note
that |K(G)| is equal to the number of spanning quasi-trees of G, by Theorem 6.3. Next the num-
ber of spanning quasi-trees of G equals the number of Euler tours in M⃗(G) by Bouchet [Bou89,
Corollary 3.4]. As every vertex of M⃗(G) has both indegree and outdegree 2, by the special case
of the BEST Theorem [vAEdB51] proved by Tutte and Smith in [TS41], the number of Euler
tours of M⃗(G) equals the number of arborescences rooted at an arbitrary vertex q of M⃗(G).
Then, by the Matrix–Tree Theorem for directed graphs [Bor60, Tut48], the number of arbores-
cences rooted at q is equal to the determinant of the reduced Laplacian, det(∆q(M⃗(G))), which
by Equation (7.2) is |K∆(G)|.

Proof of Theorem 7.3. It follows from Theorem 4.9 and our earlier observation
that M⃗(GA) = M⃗(G) for any set A of edges of G, that we need only consider the case where G
is a bouquet. Let B⃗ = [σ, α, ϕ] be a directed bouquet with set D of darts, and let B be its un-
derlying map. Suppose that E(B⃗) = {1, . . . ,m}. For i = 1, . . . ,m, let ui denote the element
of Zm with 1 in position i and zeros elsewhere.

Our aim is to define a group homomorphism f : Zm → Zm ∩ 1⊥ which will induce an iso-
morphism from K(B) to K∆(B). To define f , we first introduce a map g on the set of darts of B
and determine some of its key properties. Let g : D → Zm ∩ 1⊥ so that g(d) = ue(σ(d)) − ue(d).
(Recall that e(d) is the edge containing the dart d.)

Suppose that d1 . . . dk is a subword of σ. Then
k−1∑
i=1

g(di) = ue(dk)) − ue(d1).

In particular, if dk = α(d1), then e(dk) = e(d1) and
∑k−1

i=1 g(di) = 0. Furthermore, for each
edge i

g(i+) + g(i−) = ue(σ(i+)) + ue(σ(i−)) − 2u(i),

which is equal to i-th row of ∆(M⃗(B)) multiplied by −1. So g(i+) + g(i−) ∈ ⟨∆(M⃗(B))⟩.
Now define f : Zm → Zm ∩ 1⊥ by setting f(ui) = g(i+) and extending f linearly to all

elements of Zm. Clearly f is a homomorphism. We will show that f induces an isomorphism

f̂ : Zm/⟨A(B⃗) + I⟩ → (Zm ∩ 1⊥)/⟨∆(M⃗(B))⟩,

so that
f̂(x+ ⟨A(B⃗) + I⟩) = f(x) + ⟨∆(M⃗(B))⟩.

Before we proceed, we introduce some notation. Given a set D′ of darts, the edges of B to which
elements of D′ belong can be partitioned into three sets:

E+ = {e ∈ E(B⃗) : e+ ∈ D′, e− /∈ D′}.
E− = {e ∈ E(B⃗) : e− ∈ D′, e+ /∈ D′}.

E+− = {e ∈ E(B⃗) : e+ ∈ D′, e− ∈ D′}.
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(To avoid clutter we omit the dependency on D′ in this notation. This will always be clear from
context.)

We first show that f̂ is well defined. As f is a homomorphism, to do this it is sufficient to
show that for all i = 1, . . . ,m, if x is the i-th row of A(B⃗) + I , then f(x) ∈ ⟨∆(M⃗(B))⟩.

Consider the subword d1 = i+d2 . . . dk = i− of σ. Let D′ := {d1, . . . , dk−1} and define E+,
E− and E+− as above. Note that

f(x) =
∑
e∈E+

f(ue)−
∑
e∈E−

f(ue).

Hence

f(x) =f(x)−
k−1∑
i=1

g(di)

=
∑
e∈E+

f(ue)−
∑
e∈E−

f(ue)

−
( ∑

e∈E+

g(e+) +
∑
e∈E−

g(e+) +
∑

e∈E+−

(g(e+) + g(e−))
)

=
∑
e∈E+

(f(ue)− g(e+))−
∑
e∈E−

(f(ue) + g(e−))

−
∑

e∈E+−

(g(e+) + g(e−)).

We have f(ue) = g(e+) so each term in the first sum is zero and each term in the second and
third sums has the form g(e+) + g(e−) which belongs to ⟨∆(M⃗(B))⟩. So f(x) ∈ ⟨∆(M⃗(B))⟩
and f̂ is well-defined.

As f is a homomorphism, it is clear that f̂ is a homomorphism.
We now show that f̂ is onto. It is sufficient to show that for any distinct edges i and j of B,

we have uj − ui + ⟨∆(M⃗(B))⟩ ∈ im(f̂). Consider the subword d1 = i+d2 . . . dk = j+ of σ.
Let D′ := {d1, . . . , dk−1} and define E+, E− and E+− as above.

Then

uj − ui −
( ∑

e∈E+

f(ue)−
∑
e∈E−

f(ue)
)

=
k−1∑
i=1

g(di)−
( ∑

e∈E+

f(ue)−
∑
e∈E−

f(ue)
)

=
∑
e∈E+

(g(e+)− f(ue)) +
∑
e∈E−

(g(e−) + f(ue)) +
∑

e∈E+−

(g(e+) + g(e−)).

Each term in the first sum is zero and each term in the second and third sums has the
form g(e+) + g(e−), which belongs to ⟨∆(M⃗(B))⟩. Thus

uj − ui −
( ∑

e∈E+

f(ue)−
∑
e∈E−

f(ue)
)
∈ ⟨∆(M⃗(B))⟩.
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It follows that
f̂
( ∑

e∈E+

ue −
∑
e∈E−

ue

)
= uj − ui + ⟨∆(M⃗(B))⟩,

as required.
As f̂ is onto, it follows from Lemma 7.4 that it is a bijection. Thus K(B) and K∆(B) are

isomorphic, as claimed.

8. Chip firing

In this section we show that the expression for the critical group in terms of the Laplacian of
the directed medial graph allows us to develop a chip-firing game for maps. We begin by briefly
recalling the definition of the chip-firing game in both abstract graphs, where it has received
most attention, and directed graphs, and its link with the critical group.

Within the literature [Big99, BLS91, Cha18, CP18, Dha90, HLM+08, Kli19, Spe93], there
are many variants on the chip-firing game, each with sometimes subtle differences in the defini-
tion, but informally speaking they are all based on the same idea: a number of chips is placed on
each vertex of a graph and at any stage of the game, a vertex with at least as many chips as it has
incident edges can fire by sending one chip along each of its incident edges to its neighbouring
vertices. The game may stop should no vertex be able to fire or may be infinite.

From the many variants of chip-firing in undirected graphs we describe the dollar game.
Our exposition follows [GR01]. For simplicity we assume that our graphs are loopless. Given
a loopless, connected graph G with vertex set V and a distinguished vertex q, a state of G is a
function s : V → Z such that s(v) ⩾ 0 for all v ∈ V − {q} and

∑
v∈V s(v) = 0. A vertex other

than q can fire (explained below) if s(v) ⩾ d(v), where d(v) is the degree of v. The vertex q can
fire if and only if no other vertex can fire. When a vertex v fires, the state s is transformed to a
new state s′, so that

s′(u) :=

{
s(u)− d(u) if u = v,
s(u) + Θ(G)v,u otherwise,

where Θ(G) is the adjacency matrix of G.
A state s is critical if s(v) < deg(v) for all v ∈ V − {q} and there is a non-empty sequence

of firings transforming s back to itself. A slight adaptation of Theorem 14.11.1 of [GR01]
shows that if there is such a sequence, then there is one in which every vertex fires once. By
regarding critical states as vectors in Zn indexed by the vertices of G, the following is then
shown in [GR01].

Theorem 8.1. LetG be a loopless, connected graph with n vertices. Then every coset of ⟨∆(G)⟩
in Zn ∩ 1⊥ contains precisely one critical state. It follows that we can define a group on the set
of critical states of G, by defining the sum of two critical states s and s′ to be the unique critical
state in the coset of ⟨∆(G)⟩ in Zn ∩ 1⊥ containing s + s′ and that this group is isomorphic
to K(G).

We now move on to chip-firing in Eulerian directed graphs, following the exposition
in [Cha18]. The set-up is very similar to the undirected case, although we allow directed loops.
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We take G⃗ to be a strongly connected Eulerian directed graph. States are defined in the same way
as for undirected graphs. Given a state s, a vertex other than q can fire if s(v) ⩾ d+(v) where
d+(v) is the outdegree of v. The vertex q can fire if and only if no other vertex can fire. When a
vertex v fires, it sends one chip along each edge whose tail is v. Thus the state s is transformed
to a new state s′, so that

s′(u) :=

{
s(u)− d+(u) + Θ(G)u,u if u = v,
s(u) + Θ⃗(G)v,u otherwise.

A state s is stable if s(v) < deg+(v) for all v ∈ V − {q}. A stabilization s◦ of a state s is
a stable state reached from s by firing vertices in V − {q}, possibly multiple times. It follows
from [HLM+08, Lemma 2.4] that every state has a unique stabilization.

A state s is critical if s is stable and for every state s1 there exists a state s2 such
that (s1 + s2)

◦ = s. It follows from [Spe93, Theorem 3] and [AB10, Theorem 3.11] that a
state s is critical if and only if it is stable and there is a sequence of firings transforming s to
itself in which each vertex fires once. The next result follows in a similar way to Theorem 8.1.

Theorem 8.2. Let G⃗ be a strongly connected Eulerian directed graph with n vertices. Then
every coset of ⟨∆(G⃗)⟩ in Zn ∩ 1⊥ contains precisely one critical state. It follows that we can
define a group on the set of critical states of G⃗, by defining the sum of two critical states s and s′

to be the unique critical state in the coset of ⟨∆(G⃗)⟩ in Zn ∩ 1⊥ containing s+ s′ and that this
group is isomorphic to K(G⃗).

Our attention returns to maps. Recall that our aim in this section is to describe the critical
group K(G) in terms of the critical states of a chip-firing game on G. That is, we want an
analogue of Theorem 8.1.

By Theorem 7.3, we have that K(G) ∼= (Zm ∩ 1⊥)/⟨∆(M⃗(G))⟩ where m is the number
of edges of G. Applying Theorem 8.2 to the directed medial graph M⃗(G) and translating the
chip-firing game to maps gives us our analogue, as follows.

Let G = [σ, α, ϕ] be a map with a distinguished edge q. A state of G is a function s : E → Z
such that s(e) ⩾ 0 for all e ∈ E − {q} and

∑
e∈E s(e) = 0. The value s(e) gives the number of

chips on e. An edge other than q can fire if s(e) ⩾ 2. The edge q can fire if and only if no other
edge can fire. When an edge e fires, two chips are removed from e and are then replaced on the
edges that contain the darts σ(e−) and σ(e+).

A state s is critical if and only if s(e) < 2 for all e ∈ E − {q} and there is a sequence of
firings transforming s to itself in which each edge fires once. The following is then seen to hold
as a consequence of Theorem 8.2.

Theorem 8.3. Let G = [σ, α, ϕ] be a connected map with m edges including a distinguished
edge q. Then every coset of ⟨∆(M⃗(G))⟩ in Zm ∩ 1⊥ contains precisely one critical state. It
follows that we can define a group on the set of critical states of G⃗, by defining the sum of two
critical states s and s′ to be the unique critical state in the coset of ⟨∆(M⃗(G))⟩ in Zm ∩ 1⊥

containing s+ s′ and that this group is isomorphic to K(G).
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(d) The Heawood graph in the
torus, giving G4.

Figure 9.1: Maps, drawn here as embedded graphs, considered in Section 9. (The orientation is
anticlockwise.)

Example 8.4. Let G be the map in Figure 2.3a, and let q = a. If the initial state is

(s(q), s(b), s(c), s(d)) = (−1, 0, 1, 0),

then firing q gives state (−3, 1, 2, 0), then firing c gives (−3, 2, 0, 1), then firing b
gives (−3, 0, 1, 2), and finally firing d gives (−1, 0, 1, 0). Thus (−1, 0, 1, 0) is a critical state.
Similar calculations show that the set of critical states is

{(−1, 0, 1, 0), (−1, 1, 0, 0), (−2, 0, 1, 1), (−2, 1, 0, 1), (−2, 1, 1, 0), (−3, 1, 1, 1)}.

9. Further examples

We close by presenting a collection of examples illustrating the calculation of the critical group
of a map and contrasting it with the critical group of the underlying abstract graph.

For our first example, consider Figure 9.1a which shows a self-dual quadrangulation of the
torus with edge set E = {1, . . . , 10}. Its underlying abstract graph is K5, and the edges have
been directed arbitrarily. The corresponding directed map G⃗1 has 250 spanning quasi-trees of
which 125 are spanning trees and the edge sets of the other 125 are the complements of the



combinatorial theory 5 (3) (2025), #2 35

edge sets of spanning trees. Taking the partial dual with respect to T1 = {1, 2, 6, 9} gives the
bouquet B⃗1 = [σ, α, ϕ], where

σ = (1−9+8+10+3+9−6+4+8−7+6−2+5+4−3−2−1+10−5−7−).

The matrix A(B⃗1) = A(G⃗1, T1) is

0 0 0 0 −1 0 −1 0 0 −1
0 0 −1 −1 1 0 0 0 0 0
0 1 0 0 1 0 1 −1 −1 0
0 1 0 0 1 −1 1 −1 0 0
1 −1 −1 −1 0 0 0 0 0 −1
0 0 0 1 0 0 1 −1 0 0
1 0 −1 −1 0 −1 0 0 0 −1
0 0 1 1 0 1 0 0 −1 1
0 0 1 0 0 0 0 1 0 1
1 0 0 0 1 0 1 −1 −1 0


. (9.1)

From Theorem 6.1 we find that the generating function for the number of spanning quasi-trees
in B1 with respect to (two times the) genus is

t10PA(B⃗1)
(t−1) = 16t8 + 116t6 + 96t4 + 21t2 + 1,

and by computing the Smith Normal Form of A(B⃗1) + I = A(G⃗1, T1) + I we find that the
critical group K(G1) is (Z/5Z)2 ⊕ Z/10Z. Note that the classical critical group of the abstract
graph K5 is (Z/5Z)3.

For our next example we consider the directed map G⃗2 shown as an embedded graph in
Figure 9.1b. Its underlying abstract graph is K3,3. Taking T2 = {1, 2, 3, 4, 5}, we have

A(G⃗2, T2) =



1 0 0 0 0 1 −1 0 0
0 1 0 0 0 1 −1 1 0
0 0 1 0 0 −1 0 −1 1
0 0 0 1 0 0 0 −1 1
0 0 0 0 1 0 1 0 −1
−1 −1 1 0 0 1 −1 1 0
1 1 0 0 −1 1 1 0 −1
0 −1 1 1 0 −1 0 1 1
0 0 −1 −1 1 0 1 −1 1


.

From this we find that the critical group K(G2) is Z/6Z⊕Z/18Z. For comparison, the classical
critical group K(K3,3) of its underlying abstract graph is (Z/3Z)2 ⊕ Z/9Z.

Next consider the unique embedding of the Petersen graph in the torus shown in Figure 9.1c,
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and giving a map G3. Taking T3 = {1, 2, 3, 4, 5, 6, 7, 8, 9}, gives

A(G⃗3, T3) =



1 0 0 0 0 0 0 0 0 0 −1 −1 0 0 0
0 1 0 0 0 0 0 0 0 −1 −1 −1 0 0 0
0 0 1 0 0 0 0 0 0 −1 −1 −1 −1 −1 0
0 0 0 1 0 0 0 0 0 −1 −1 0 −1 −1 −1
0 0 0 0 1 0 0 0 0 −1 0 0 −1 0 −1
0 0 0 0 0 1 0 0 0 0 0 0 −1 0 −1
0 0 0 0 0 0 1 0 0 0 0 0 −1 −1 0
0 0 0 0 0 0 0 1 0 0 0 −1 0 0 1
0 0 0 0 0 0 0 0 1 0 −1 0 0 −1 0
0 1 1 1 1 0 0 0 0 1 0 0 0 0 0
1 1 1 1 0 0 0 0 1 0 1 0 1 1 1
1 1 1 0 0 0 0 1 0 0 0 1 1 1 1
0 0 1 1 1 1 1 0 0 0 −1 −1 1 0 1
0 0 1 1 0 0 1 0 1 0 −1 −1 0 1 1
0 0 0 1 1 1 0 −1 0 0 −1 −1 −1 −1 1



.

Then we find that the critical group is Z/2Z⊕ Z/1270Z. For comparison, the classical critical
group of the Petersen graph (as an abstract graph) is Z/2Z⊕ (Z/10Z)3.

We now consider a computational technique arising from Theorem 5.7. In general, given a
directed connected map G⃗ and the edge set T of one of its spanning quasi-trees, computing the
matrix A(G⃗, T ) + I is not difficult. Nevertheless, the matrices B and D′ of Section 5 are more
manageable and BtB+D′ + I is more succinct in general. Thus we can use them to streamline
computations of the critical group.

To illustrate this we reconsider the critical group of the map G1 given by Figure 9.1a, and
the matrix A(G⃗1, T1) in (9.1). The matrix B is then the submatrix of A(G⃗1, T1) with row labels
in T1 and column labels in E−T1, and D′ is the principal submatrix with labels in E−T1. Then

BtB +D′ + I =


3 1 0 1 0 1
1 3 0 2 −2 0
−2 −2 3 1 0 0
−1 0 1 3 −1 0
2 0 0 −1 3 2
1 0 2 2 0 3

 .

Computing the Smith Normal Form of this matrix once again shows that K(G1) = (Z/5Z)2 ⊕
Z/10Z.

As another example of this method, consider Figure 9.1d which shows the unique embed-
ding of the Heawood graph in the torus. Its edges have been directed arbitrarily and we let G⃗4

denote the corresponding directed map. The underlying abstract graph of its dual G∗
4 is K7. The

set T4 = {1, 2, . . . , 13} is the edge set of a spanning tree of G4.
To compute K(G4), again using the techniques suggested by Theorem 5.7, we have that the
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information in the 21×21matrixA(G⃗4, T4)+I may be compressed into the matrixBtB+I+D′

14 4 4 4 4 10 10 10
6 6 3 1 0 6 5 3
6 3 6 3 1 6 6 5
6 1 3 6 3 5 6 6
6 0 1 3 6 3 5 6
8 4 4 3 1 10 7 5
8 3 4 4 3 7 10 7
8 1 3 4 4 5 7 10


.

By considering the Smith Normal Form of this matrix we find critical group K(G4) of the
Heawood graph embedded in the torus (and also of its dual, an embedding of K7 in the torus)
is (Z/7Z)3⊕ (Z/14Z)2. The classical critical group of the Heawood graph as an abstract graph
is (Z/7Z)4 ⊕ (Z/21Z).

We continue with an observation on this computational technique. For a map with m edges
and with a spanning tree with r edges, the matrix D′ has m−r rows and columns. As the critical
group of a map G is unchanged by taking partial duals, a strategy to minimize the size of the
matrices involved in its computation is to find a partial dual of G with the maximum possible
number of vertices. But this strategy has limitations and does not always lead to a matrix D′

significantly smaller than A(G⃗, T ) + I . For example, consider the bouquet Nm, comprising m
edges which are pairwise interlaced. Each of its partial duals has at most two vertices. After
appropriately directing the edges, the matrix A(N⃗m)+I has 1 in every position on and above the
main diagonal and −1 in every position below the main diagonal. Basic matrix manipulation
shows that the invariant factors are a single one and m− 1 twos. Thus, the number of spanning
quasi-trees in Nm is 2m−1 and the critical group K(Nm) is (Z/2Z)m−1. Furthermore, as there
are m − 1 invariant factors the critical group cannot be computed from a matrix with fewer
than m− 1 rows and columns.

Finally, we conclude with an open question on the form of the critical groups of maps. For any
finite abelian group H :=

⊕s
i=1 Z/piZ there is a planar abstract graph G with classical critical

groupH . Thus, any finite abelian group is the critical group of some plane mapG. It is, however,
not difficult to prove that there is no 2-connected abstract graph G with critical group K(G)
isomorphic to Z/2Z ⊕ Z/2Z. But, the bouquet N3 comprising 3 pairwise interlaced edges
is non-separable (meaning here that it does not arise as the map amalgamation, or connected
sum, of two non-trivial maps) and has critical group isomorphic to Z/2Z ⊕ Z/2Z. Thus, an
interesting question is to determine whether every finite abelian group is the critical group of a
non-separable map.
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