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Abstract. We prove that the symmetric function A/ek,len appearing in the Delta Conjec-
ture can be obtained from the symmetric function in the Rectangular Shuffle Theorem by
applying a Schur skewing operator. This generalizes a formula by the first and third authors
for the Delta Conjecture at ¢ = 0, and follows from work of Blasiak, Haiman, Morse, Pun,
and Seelinger.

Our main result is that we also provide a purely combinatorial proof of this skewing
identity, giving a new proof of the Rise Delta Theorem from the Rectangular Shuffle Theo-
rem.

Keywords. Delta conjecture, parking functions, sign reversing involutions, skewing for-
mula, Rectangular shuffle theorem, dinv, symmetric functions

Mathematics Subject Classifications. 05E05

1. Introduction

In the last several decades, many connections have been discovered between Catalan combi-
natorics and algebraic geometry. One of the most important results in this direction has been
Haiman’s (n + 1)"~! Theorem which asserts that the total dimension of the ring of diagonal
coinvariants for the group S, is (n+1)"~1. This formula was proven by Haiman [Hai0O1, Hai02]
using deep results on the Hilbert scheme of n points in C2. In fact, this ring carries an extra
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structure as a bigraded CS,,-module. The bigraded (Frobenius) character of this module has
also been shown by Haiman to be equal to Ve,,, where e,, is an elementary symmetric function
and V is a Macdonald eigenoperator [BGHT99]. The Shuffle Theorem, which was conjectured
in [HHL"05b] and proven in [CM 18] gives a beautiful combinatorial formula (1.2) for Ve, in
terms of labeled Dyck paths.

Two prominent generalizations of the Shuffle Theorem are the Rectangular Shuffle Theorem,
which gives a combinatorial formula for £y, 1, - 1 where Ej, i is a certain operator from the
elliptic Hall Algebra, and the Delta Conjecture, which gives a combinatorial formula for A}, e,
where A’; is a class of Macdonald eigenoperators generalizing V. In this article, we show that
the two are directly related by a Schur skewing operator, as follows.

Theorem 1.1. Letting K = k(n — k + 1) and A = (k — 1)"7*, we have

Al e, =sy(Egp-1), (1.1)

€k—1
where sy is the adjoint to multiplication by the Schur function s.

We give two proofs of Theorem 1.1; one is algebraic in nature and uses the relation be-
tween the Elliptic Hall Algebra and the Shuffle Algebra and certain identities for F ; studied
in [BHM"23a, BHM23b, Neg14]. The second is a direct combinatorial proof linking the park-
ing functions and statistics from the Rise Delta Conjecture and the Rectangular Shuffle Theorem,
see Theorem 1.3 and Corollary 1.4 below.

In a forthcoming paper [GGG24], we give geometric realizations of the Rectangular Shuf-
fle Theorem (in the integer slope case (km, k)) and of the Delta Conjecture in terms of affine
Springer fibers. This also makes use of Theorem 1.1.

1.1. Shuffle Theorems

A labeled (n,n) Dyck path or (n,n) word parking function is a Dyck path in the n x n grid
whose vertical steps are labeled with positive integers, such that the labeling strictly increases
up each vertical run. See the left-most example in Figure 1.1. The Shuffle Theorem [CM18]
gives the following remarkable combinatorial formula for the evaluation Ve,,,

Ve, = Z tarea(P)qdinv(P)xP’ (1.2)

PGWPFn,n

see Section 2 for relevant definitions. Similarly, given ged(a,b) = 1 one can define a (ka, kb)
rational word parking function as a lattice path (also knowns as a rational Dyck path) in
the (ka) x (kb) grid that stays weakly above the line y = ax/b, starts in the southwest cor-
ner (0, 0), and ends in the northeast corner (kb, ka), together with a column-strictly-increasing
labeling of the up steps (see the middle path in Figure 1.1 for an example where k = 3, a = 2
and b = 1). The combinatorial statistics area and dinv in the “combinatorial” right hand side
of (1.2) has a natural generalization to rational parking functions.

However, to generalize the “algebraic” left-hand side one needs to consider the Elliptic Hall
Algebra &, defined in [BS12] and extensively studied in the last two decades [BGSLX16,
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Figure 1.1: Examples of (3, 3) and (6, 3) word parking functions.

BHM*23a, BHM"23b, GN15, Negl4, SV11, SV13]. This is a remarkable algebra acting on
the space A(q, t) of symmetric functions in infinitely many variables with coefficients in Q(q, t).
The Rectangular Shuffle Theorem, proposed by Bergeron, Garsia, Leven and Xin [BGSLX16]
(see also [GN15] for k = 1 case and a connection to Hilbert schemes), subsequently proven by
Mellit [Mel21], states that

Eka,kb . (_1>k(a+1) — Z tarea(P)qdinv(P)xP’
PeWPFiaq, kb

where Ej, i is a particular element of £,;. Note that our conventions for a and b are flipped
from [BGSLX16].

We will be primarily interested in the case (ka, kb) = (K, k) where K = k(n — k + 1) (so
that a = n — k + 1 and b = 1) and consider parking functions in the K x k rectangle. The
corresponding symmetric function F j, - 1 has degree K.

Remark 1.2. For k = n wehave K = k, and the symmetric function in questionis £, ,,-1 = Ve,,.

1.2. Delta Conjecture

A second generalization of the Shuffle Theorem called the Delta Conjecture was formulated
by Haglund, Remmel, and Wilson [HRW18]. It involves a more general Macdonald eigenoper-
ator A and relates it to stacked parking functions. A stack S of boxes in an n x k grid is a
subset of grid boxes such that there is one element of .S in each row, at least one in each column,
and each box in S is weakly to the right of the one below it. A (word) stacked parking function
with respect to a stack .S is a lattice path above S, with the labeling which strictly increasing up
each column (see Figure 1.2, right; the stack S is shaded). The set of stacked parking functions
is denoted by WLD3%-,
The (Rise) Delta Conjecture, in terms of stacked parking functions, states
A e, = Z tarea(P) qhdinv(P):L,P.

€k—1
tack
PEWLD;;C
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Figure 1.2: Mapping a standard (/, k)-parking function to a stacked parking function by remov-
ing the big labels, that is, those that are greater than n. Here k = 3 and n = 5, so K = 9.

This version of the Delta Conjecture was proven by [DM22] and independently by [BHM™23a].
To the authors’ knowledge, the Valley version (involving a statistic wdinv) of the conjecture
remains open.

Our next main result is a combinatorial proof of the skewing identity starting from the Rise
Delta and Rectangular Shuffle combinatorial formulas.

Theorem 1.3. We have

4L di P) _hdinv(P) .P
S(k_l)n—k 2 tarea(ﬂ)q 1nv(7r)x7r _ E tarea( )q inv( ).T ’
TEWPF g 1. PEWLDf’Lt?;:k

where the sums are over word parking functions and stacked (word) parking functions respec-
tively.

Our proof of Theorem 1.3 is combinatorial, which in turn gives a combinatorial proof of
Theorem 1.1.

There are several major steps to proving this directly. First, we need the following combi-
natorial construction relating (K, k) rational parking functions to stacked parking functions in
the n x k rectangle. Given a standard (K, k) parking function (that is, it has all distinct la-
bels from 1 to /'), we call a label “small” if it is less than or equal to n, and “big” otherwise.
We can erase the “big” labels together with the corresponding vertical steps in the Dyck path.
Furthermore, we record the number b; of erased labels in the ¢-th column by making a stack of
height w; = n—k+1—10;, see Figure 1.2. We check in Section 4.2 that this yields a well-defined
stacked parking function provided that b; < n — k.

We algebraically extend the notion of “big” and “small” letters to the setting of word
parking functions as follows. We fix a (K, k) Dyck path D and the vectors b = (b1, ..., bx)
and s = (s1,...,S;) where b; (resp. s;) is the number of big (resp. small) labels in the i-th
column. We denote by WPF®(D, b) (resp. WPF*(D, s) the set of partial word parking func-
tions for a sequence of a designated number of big (resp. small) boxes. We call b admissible
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if b, < n — k for all ¢, in this case erasing the big labels again yields a stacked parking function,
see Sections 4.1 and 4.2 for details.

The contributions of all these parking functions can be expressed in terms of specific LLT
polynomials [HHL*05b, LLT97] of the form

fD _ Z qtdinv(ﬂ)xw

TEWPF(D)

and

fD,b — § qtdinvbig (Wbig) :L-ﬂ'big , fD,§ — § qtdinvsmall (ﬂ'small) :Cﬂ'small .
Thig EWPF?(D,b) Tsmall EWPF? (D, s)

See Section 4.3 for all details. The above discussion implies that the right hand side of Theo-
rem 1.3 can be rewritten as

area(P) hdinv(P),.P area(D
O e e P S C P (1.3)
PEWLDStack Db,s
€ nk admissible

In the left hand side of Theorem 1.3, we rewrite

Sé;g_l)n—k Z tarea(ﬂ)qdinv(ﬂ*)mﬂ* _ 5&_1)n—k Z tarea(D) q*CD,b*d(éb) fD (1.4)
TEWPF 1 D

and prove the identity

Sp_1yntSD = Z g™ fp [ X5 ql, Sp1y+) fD.s- (1.5)

b,s

Here cp and d(s, b) are some combinatorial statistics depending on D, s, b, and (,) denotes
the Hall inner product.The technical core of the proof is Theorem 4.11 which shows that the
following inner product is this single power of g:

q°Pt if b admissible

<fD,g[X;Q],S(k—1)n—k> = { (1.6)

0 otherwise.

After combining (1.4), (1.5) and (1.6), the result agrees with (1.3) thus proving Theorem 1.3.
We show (1.6) by expressing s;_1)»—+ in terms of an alternating sum of homogeneous sym-
metric functions using the Jacobi—Trudi identity, which expresses the inner product as a sum of
monomials given by the combinatorial LLT expansion. Finally, we use a sign-reversing involu-
tion to cancel all but one term in the resulting sum (Section 4.4), and use an inductive argument
to show that the remaining term has the correct power (Section 4.5).
Finally, this analysis leads to a new proof of the Rise Delta Theorem as follows.
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Corollary 1.4. The Rise Delta Theorem (bottom horizontal arrow below) follows from the Rect-
angular Shuffle Theorem (top horizontal arrow) and Theorem 1.1 (left vertical arrow) via a
direct combinatorial proof (right vertical arrow, see Section 4).

EK,k: 1 Z tarea(ﬂ)qtdinv(ﬂ)xﬂ

FEVVPFR;k
1L
Sh_1yn—Fk L
(k=1) ls(k—l)"*k

A/ (en) Z tarea(w) qhdinv(P):LJr

€k—1
TeWLDSkack
1.3. Organization of the paper

The paper is organized as follows. In Section 2, we give a combinatorial background on symmet-
ric functions, parking functions and affine permutations. In Section 3, we discuss the operators
from the Elliptic Hall Algebra and their properties, and prove Theorem 1.1. Finally, we give
our direct combinatorial proof of Theorem 1.3 that links the combinatorics of the Rise Delta
Theorem and the Rectangular Shuffle Theorem in Section 4.

2. Notation and background

2.1. Symmetric functions

We refer to [Mac79] for details on many of the standard definitions in this section.
We will work with rings of symmetric functions both in & and in infinitely many variables,
denoted respectively by A, and A. There is a natural projection 7, : A — Aj which sends f € A

to f(xl,...,:vk,O,...).
We will use elementary and complete homogeneous symmetric functions

Em = Z Tiy Ty, hy = Z iy * Ty,
iy <o i i1 < Sim
Note that 74 (e,,) = 0 for m > k. For a partition A we write
6A2H6>\i7 hA:HhM‘
i i

Denote by w the unique algebra involution on A such that w(e,) = h,, for all n. We also have
monomial symmetric functions

_ E A1, A2 Ae
my = l’il l’iQ R ZL'Z-[
(1,-y%¢)

where (i1, ..., 1) is any tuple of distinct positive integers such that i; <i,,; whenever \; = ;1.
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We also use the Schur functions sy, which may be defined in terms of the Jacobi—Trudi
formula sy = det((hx,1i—;); ,—1)- They can alternatively be defined in terms of the monomial
symmetric functions, via the formula s, = ) | K, m,, where the coefficients K, are the Kostka
numbers, which count the number of column-strict Young tableaux of shape )\ and content .
We draw our Young tableaux in French notation:

4]
215
1/1]5]5]

and the above tableau has content (2, 1, 0, 1, 3), with the ith entry indicating the multiplicity of
in the tableau. Its shape is (4, 2, 1), indicating the length of each row from bottom to top.

Note that e, = my¢) = s1¢), hy = 5. We will denote these symmetric functions and their
images under 7, in the same way, if the number of variables is clear from the context. Note that

mr(s)) = 0 if and only if /() > F, (2.1
and 7 (sy) = sa(z1, ..., xx) for £(X) < k form a basis of Ay.

Definition 2.1. The Hall inner product on A is defined by

<5>\? 3#) = 5&#'

Similarly, the Hall inner product on Ay, is defined by
(s, Suhk = O 1 L(A), () < k.

Note that in general (f,g) # (mx(f), mx(g))x since for f = g = s, with /(\) > k the left
hand side equals 1 and the right hand side vanishes. Nevertheless, we have the following:

Proposition 2.2. Suppose f € A and g € Span{sy:{(\) <k} CA. Then (f, g) = (mc(f), 7x(9))%-

Proof. If f = s,,, g = s) with {(\) < k, then

(T (s0)s Tr(sa))k = Oxp = (Su; 50).
The Proposition then follows from linearity. 0

It will be useful to consider an extension of Ay to the space Af of symmetric Laurent poly-
nomials in z1,...,x,. Any element of A,f can be written as (z1---xy) " f(xy,...,z) for
some s >0and f €Ay, so A,f is a localization of Ay in (zy - - - ). Since sy, 1#) = (T1 -~ Tk )5,
we get the following decomposition of Alf:

AfF = Ay @ Span{(z1---x) sy 1 s> 0,0(\) < k}. (2.2)

Given f € Af we denote by f,,o1 the projection of f on A along the decomposition (2.2).
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Alternatively, one can think of Af as the space of characters of finite dimensional rational
GLyg-representations, with basis

(1 x) *sx(zy,...,2x) = ch [(det)_s ® VA] )

Here det is the one-dimensional determinant representation of GLj, V) is the irreducible
representation of GLj with highest weight )\, and (det)™® = (det™)®*. The elements of Ay
correspond to polynomial representations of GLy. Note that ch(V*) = ch(V)(z7', ...,z ")
and ch(V; ® V5) = ch(17) - ch(V5).

Proposition 2.3.

(a) For representations U,V of GLy we have
(ch(U), ch(V)); = dim Homgy, (U, V) = dim(U* @ V)C*,

(b) For symmetric functions f,g € \j we have

(fo g = @) flzrt o D, a)

where (z°) denotes the constant term.
(c) For f € Ay, and g € A we have
<f7 gp01>k = <$O>f($;1, s 737];1).9(3717 ] ,JZk;)

Proof. Part (a) follows from Schur’s Lemma and part (b) follows from (a) by linearity. To
prove (c), we decompose g = gpo1+g- asin (2.2), then (z°) f(z1 ', ... 2. g (21,...,21) = 0.
Therefore,

<f7 gpol)k = <£L‘0>f(l’1_l, cee 7$]:1)gp01(x17 cee 7xk)
= (x())f(:pl_l,...,x;l)g(ml,...,xk). O

Next, we would like to discuss multiplication operators and their adjoints with respect to the
Hall inner product.

Definition 2.4. The operators s+ : A — A and s,* : A, — Ay are defined such that the
identities

(sxfr9) = (Fr0a), (3" 00k = (fr 5290k
hold for all symmetric functions f,g € A (resp. f,g € Ap).

Lemma 2.5. Assume ((\) < k and suppose f € Span{s, : {(v) < k} C A. Then
Sff = Z Cusu
{p)<k

where

ey = (s, (xyt, o Dsalart e D) (T, ).

Furthermore,
1.k
mi(sy f) = sy (me(f)).
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Proof. We have sys, = s,/ =y . Ox uSu Where ¢ are Littlewood—Richardson coefficients.
If £(v) < k then the coefficients cf , could be nonzero only when £()), £(x) < k. This implies

sys, € Span{s, : £(u) < k},

and the same holds for sy f if f € Span{s, : ¢(v) < k}.
To determine the coeflicients c,, we write

Cu = (s 53 f) = (838 ) = (mr(snsp), m( )
= (2%s, (a7t Dsa(ar D) (T, ).

The third equation follows from Proposition 2.2 and the last equation follows from Proposi-
tion 2.3. 0

We will also need the following interpretation of skewing in terms of the Hall inner product,
which is standard, but for completeness we include a proof.

Lemma 2.6. Let X = {x1,22,...} andY = {y1,ya, ... } be two infinite sets of variables. For
any f € Nand \ + n,
syf = (Y] FIX +Y]),

where f[X + Y] = f(x1,y1,%2,Y2,...), a formal power series symmetric in both X and Y,
and the Hall inner product on the right-hand side is computed over symmetric functions in the Y
variables (with coefficients in symmetric functions over X).

Proof. For f = s, F m, by a Cauchy identity we have f[X + Y] =>" s,[X]s,,[Y], so
(A\Y], FIX +Y]) = 8.0 = 838,
The result follows by linearity. [

Lemma 2.7. Suppose that f € Ay then

1.k — _
ST = [sa(ar e ) )]

Proof. By Proposition 2.3 we have for all g € Ay,
<ga [S}\(ZL‘I_I, s 7$];1)f(x17 s ,f]fk)} p01>k =

(% g(z, ... ,x,;l)sk(xl_l, . ,x,;l)f(xl, oo xe) = (g9sh, i,

and the result follows. O
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2.2. Rational parking functions

We consider rational Dyck paths of height K and width £, that stay weakly above the northeast
diagonal in the grid. A word parking function is a labeling of the vertical runs of the Dyck
path by positive integers such that the labeling strictly increases up each vertical run (but letters
may repeat between columns; hence “word” parking function). We let WPF . ;, be the set of
word parking functions whose path is a rational Dyck path in the K x £ grid.

Definition 2.8. The area of an element of WPF i, is the number of whole boxes lying between
the path and the diagonal, so that the diagonal does not pass through the interior of the box.

Definition 2.9. The dinv statistic (for “diagonal inversions”) on WPF ;, is defined as
dinv(P) = pathdinv(D) + tdinv(P) — maxtdinv(D)
where D is the Dyck path of P. We define each of these three quantities separately below.

To define pathdinv(D), recall that the arm of a box above a Dyck path in the K x k grid is
the number of boxes to its right that still lie above the Dyck path. The /eg is the number of boxes
below it that still lie above the Dyck path.

Below, we use Cartesian coordinates in the first quadrant for both the boxes and points in the
grid, where the coordinates of a box are the coordinates of its lower left corner. In particular,
the lower left-most point (and box) in the grid has coordinates (0, 0).

Definition 2.10. The pathdinv of Dyck path D from (0, 0) to (k, K) (with k| K) is the number
of boxes b above the Dyck path of P for which

arm(b) + 1
leg(b)

Remark 2.11. We call this statistic pathdinv here to emphasize that it only depends on the
path shape, and to distinguish it from dinv of the parking function. It was simply called dinv
in [BGSLX16, LW09].

A diagonal in the K by k grid, where k| K, is a set of boxes that pairwise differ by an integer
multiple of the vector (1, K/k). The main diagonal of the K by k rectangle is the diagonal
containing the lower left box of the grid.

arm(b)
—— < k/K
leg(b) + 1 /K <

Definition 2.12. A pair of boxes a,b in a K by k grid (with k|K) is an attacking pair if and
only if either:

* ¢ and b are on the same diagonal, with « to the left of b, or
* q is one diagonal below 0, and to the right of b.

Remark 2.13. It should be noted that the definition of ‘attacking pair’ given in Definition 2.12
is not the original one, but it is an equivalent reformulation of the one given in [BGSLX16] in
the special case when k| K.
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Remark 2.14. When boxes are known to be labeled, we often use the name of the box and its
label interchangeably, as in the definition below.

Definition 2.15. The tdinv of P € WPF . is the number of attacking pairs of boxes labeled a, b
in P such that a < b.

Definition 2.16. The maxtdinv of a Dyck path D is the number of attacking pairs a, b of boxes
of D such that a and b are directly to the right of an up step of D.

Example 2.17. The right hand diagram in Figure 1.1 has the following tdinv pairs:
* Two pairs of the form (2, 3) on the main diagonal
* Pairs (2,5), (3,5), (3, 6) between the main diagonal and the second diagonal.
* A pair (5, 6) on the second diagonal.
* A pair (5, 6) between the second and third diagonal.
* A pair (1, 8) between the third and fourth diagonal.

Thus tdinv is equal to 8 in this rational parking function. To compute maxtdinv, we include all
other attacking pairs of labels, even if they are not in increasing order. Thus maxtdinv is 16.
The pathdinv is 12 since the boxes in xy-coordinates (1,7) (column 1, row 7), (2,7), (1,9),
and (2, 9) do not satisfy the inequality in Definition 2.10, and all other boxes above the path do
satisfy it.

Note that for a fixed Dyck path D, the largest value of tdinv(P) over all parking functions of
shape D is maxtdinv(D) (hence the reason for its name). This can be achieved by defining P to
be the labeling across diagonals starting from the bottom-most diagonal and moving upwards.

3. Skewing formula

3.1. Delta and Shuffle Theorems

We denote by A(q,t) and Ax (g, t) the spaces of symmetric functions in infinitely many (resp. k)
variables with coefficients in rational functions in ¢ and ¢. We can extend the Hall inner product
from A to A(q,t), and from Ay to Ay (g,t) and apply the results of Section 2 verbatim.

The following result was conjectured in [HRW 18] and proved independently in [BHM*23a]
and [DM22]:

Theorem 3.1 (Rise Delta Theorem [BHM"23a, DM22]). We have

A e, = Z qarea(P) thdinv(P):L,P‘

€k—1
tack
PeWLD3ae
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See Section 4.1 for definitions of the combinatorial objects and statistics on the right-hand
side above.
Here the A, is the operator on A(g,t) which is diagonal in the modified Macdonald ba-

sis H A(z; q,t) [HHLO5a] with eigenvalues

A, Hy=ea[BHy, By= >  ¢"O'O
Oe, 0£(0,0)

Here e;_[B}] denotes the operation of evaluating e,_; at the |[\| — 1 terms of B}, where we
consider e;,_; as a symmetric function in |[A| — 1 variables. We also write a/(CJ) and ¢ (0J) to
denote the co-arm and co-leg of the box [ respectively, which are the number of boxes to their
left and below. At k = n we have

ek—l[B;] _ H qa/(D)tg/(D)’
OeX

so that A/ coincides with the celebrated V operator [BGHT99] and Delta Theorem special-
izes to the Shuffle Theorem conjectured in [HHL"05b] and proved in [CM18].

There is also a A, operator (without the prime), which is diagonal in the modified Macdon-
ald basis with eigenvalues _ _
which we will need for the statement of Theorem 3.8 due to Blasiak et al. [BHM23a] below.

We will need a generalization of the Shuffle Theorem known as the Compositional Rectan-
gular Shuffle Theorem, conjectured in [BGSLX16] and proved in [Mel21]. To state it, we need
to recall some constructions related to the Elliptic Hall Algebra &, ;.

The algebra &,; has generators P, (a,b) € Z? satisfying certain complicated rela-
tions [BS12]. We will not need these relations but record some useful properties:

(a) If (a/, V') = (ca,cb) € Z?* for some rational constant ¢ > 0, then [P, Py ] = 0. In
particular, for each pair (a, b) with ged(a, b) = 1 (or, equivalently, for each slope b/a € Q)
there is a commutative subalgebra of £, ; generated by P, ., for all integers ¢ > 1.

(b) A certain extension of the group SL(2,Z) acts on £, by algebra automorphisms [BS12,
Corollary 3.9, Lemma 5.3]. If M € SL(2, Z) then the corresponding automorphism sends
the generator P, ; to PM(a,b)a up to a certain monomial in g, t.

(c) There is an anti-automorphism ) of £, ; such that {)(P, ;) = Dy ,.

(d) The algebra &, acts on A(q,t). The operator P, ; has degree a, that is,
deg P, y(f) = deg f + a.

The operators P, o act on A(g, t) by multiplication by power sums p, (up to a scalar factor).
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Given a symmetric function /' € A(q,t), we can transform it to an operator F,, /o in &y as
follows: first expand [ in power sums p;, then replace each p; by P, € &, Since Py
pairwise commute, we obtain a well-defined element of &, ; of slope b/a. Alternatively, we can
find M € SL(2,Z) such that M (1,0) = (a,b), then the corresponding automorphism of &, ;
sends F' (thought of as a multiplication operator and hence an element of &, of slope zero)
to Fb/a-

Definition 3.2. Suppose GCD(a,b) = d. We define the operator £, € &,; as the result of
rotation of the elementary symmetric function e, to slope b/a as above.

In particular, E,  is the operation of multiplication by the elementary symmetric function e,.
The formula for the symmetric function £, - 1 was conjectured in [BGSLX16, Conjecture 3.2]
and proved in [Mel21], and we restate its specialization to the case (a,b) = (K, k) here.

Theorem 3.3 (Rectangular Shuffle Theorem [Mel21]).

EK,k 1= Z qarea(P)tdinv(P)xP
PEWPF

Remark 3.4. As we have already noted, this article focuses on the special case of the Rectangular
Shuffle Theorem corresponding to integer slope, where the Dyck paths are contained ina K x k
grid. This is different from the £ x K version of the Rectangular Shuffle Theorem studied
in [HHL*05b, LN14] which coincides with V%/*¢, and yields a degree k symmetric function
instead of a degree K symmetric function.

3.2. Shuffle algebra expressions

We will also need another incarnation of &, ; that is known as the Shuffle algebra S.

Let f(x1,...,x,) be a Laurent series in x1, . . ., x,,. We define
/
o(f)=> v :
vESm (HZ<J(1 B l']/ZL'Z)
and

my P (1 — gtifa;)
Hyy(f) =0 <Hi<j(1 — qz;/7;)(1 = mi/xi)) |

For any f the rational function H";(f) is symmetric in zy,...,7,,. Following [BHM"23a,
BHM23b] we will always implicitly expand the denominators as geometric series

o

- 1 -
z::qbsjb’m thb b

(1 — 4T /x] b=0

and interpret H",(f) as a Laurent power series in a certain completion of AE. As before, we
denote by H,}(f)yo1 the projection to (a certain completion of) A,,. We will need the following
easy observation:
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Proposition 3.5. Assume that h is a symmetric function in x+, . .., x,, and f is arbitrary. Then

Hyy(hf) = hH{(f).

Let £,,, denote the space of Laurent polynomials in m variables, and let R,,, denote the space
of symmetric rational functions in m variables. We denote by S,, the image

Sm = H]\ (L) C R

More abstractly, the rational functions in S,,, can be characterized by the so-called “wheel con-
ditions”, see [Negl4].

The space £ = €D, L,, has an (associative, non-commutative) algebra structure given by
concatenation f(z1,...,%m)9(Tmi1, ..., Tmye) for f € Ly, g € L. Similarly, S = €, Sy,
has an algebra structure given by the shuffle product

f(xl,...,xm)*g(xl,...,xg) = Z v f('rlu"'7xm>g(xm+17"'7xm+Z) H F(xl/xj)
VES 40 1<ism,

m+1<g<k+{

where

(1 — qtx)
(1 =211 - qz)(1 —tx)
The map H,, : L — & is an algebra homomorphism with respect to the two products, and
the shuffle algebra S is isomorphic to &,;. We refer to [BHM23a, BHM*23b, Negl14] on
more details and a specific isomorphism relating S and £, ;. In our normalization of the shuffle
product and the isomorphism we follow the conventions of [BHM*23a]. In particular, we have
the following.

I'(z) =

Theorem 3.6. [Negl4, Proposition 6.7] Let

S1 S,
‘/'L.]_ ...xaa

T105 (1 — gta/zi)

<[22

Then H{ (¢ap) € S, and under the isomorphism relating S and &y, the element E,p, € Eq;
corresponds to Hg ,(¢a,p)-

¢a,b =

where

Here we use the conventions of [BHM™'23b, Proposition 3.6.1] which is slightly different
from the original conventions of [Negl4] due to the different normalization of shuffle product.
Note that ¢, is not a Laurent polynomial, so it is a nontrivial fact that /1 g’t(gba,b) satisfies “wheel
conditions” and belongs to S,,.
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Theorem 3.7. [BHM"23a, Proposition 3.4.2] Suppose H, (’;t( f) is an element of the shuffle
algebra S ~ &, and, as above, 1 is an anti-automorphism of £, such that (FP,;) = By,
Then

T(wp (£)(1) = (o)D) (@1 wr) = Hy (ol

(In the statement above, recall that we write 7, : A — A, for the restriction to the first k
variables.) Next, we write the expressions for the Delta conjecture from [BHM*23a].

Theorem 3.8. [BHM*23a, Theorem 4.4.1] For 0 <1 < m < N we have

(WARA, en ) (1, @) = HYY(A(2))por,

where I
- T CTIRR o TC S N}
¢(l’) H(l _ thz/xz+1) N (l’l; , X )6[(5[}2 ) LT, )

Corollary 3.9. Settingl =0, m = k, and N = n, we get

1 (J}l Ik)
(WA, en) = (WAL, en)(z1,. .., x3) = Hy (xl R '
k( h—1 ) ( k—1 >( 1 k) 9.t H(l — thi/xi+1> pol

Lemma 3.10. We have

. ljlz—k-l—l . (L'Z_]H—l
Fk(wEK,k(l)) = (CL)EKJg(].))(.Il, e ,Ik) = Hq,t (H(l — th»/x»+1)) .
v/ pol

Proof. We have )(Ek ) = Eji k. By Theorem 3.6 the operator Ej, i € &, corresponds to the
element

Sk
k k xl .. .x
Hq,t(ﬁbkﬁ) = ant (H(l — qmi/k%ﬂ)) €5

51 [ [E) gy 8

where

k k
Now by Theorem 3.7 we get
Te(WEk k(1)) = Te(Wi(drx ) (1)) = HY (Pk,k ) po

and the result follows. O]

3.3. From Shuffle conjecture to Delta conjecture

We now connect the two formulas with a skewing operator. First note the following lemma for
the rectangular Schur function in % variables.

Lemma 3.11. We have

= § H1 Hi
S(n_k)k—l(l‘l,...,l‘k) = Ty Ty

niSn—k
lul=(n—k)(k—1)
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Proof. We have

S(n_k)kfl = Z K(n_k)k—17umu7
w

where K(;,_jk-1, is the Kostka number computing the number of column-strict tableaux of
shape (n — k)*~1 and content . If ¢(1) > k, then m,, (21, ..., ;) vanishes and we can ignore
all such terms. If /(1) < k, then by [GG24, Lemma 3.5] we have

i 1 ifallp; <n—k
(=BT 0 otherwise
which gives the resulting formula. [
Corollary 3.12. We have

hp—g(x1,. .., xk)
1 1 n—k\+1, s Lk
S -1\ P = .
(n—k)k 1( 1> [l ) :L‘?_k Z_k

Proof. Given a monomial z/" --- 2}* with 0 < p; < m—Fkand Y p; = (n — k)(k — 1), we
write ; = n—k— ;. Notethat 0 < oy <n—kand > o, = (n—k)k—(n—k)(k—1) =n—k,
so that

-1 -1\ _ —H1 —Hk __ Za m(l)é1 e :C(I:k _ h”—k(xb cc 7Ik)
Sipepyk-1(x] ., ) = x Mg M = k= a &
(n—k)*k 1(1 k:) Z 1 k xqkazk m?kl’zk
m
as desired. [
Lemma 3.13. Let (x4, . . ., x1) be an arbitrary Laurent polynomial. Then we have the identity:
Lk K o (P2, ... Tp)
S(n_k)k—lHq,t(sp(x))Pd = Hq,t ( n—k n—k ’
l’l PR xk p01

Proof. We pair both sides with s, using the Hall inner product on A;. On the left-hand side we
have
(520 85 pyer Hy 1(0(2) )i = (818 (=1, Hy 1(0(2))pol)
= (@) sa(zy", ) syt (2 D HE (o).

The last equation follows from Proposition 2.3(c). In the right-hand side by Propositions 2.3(c)
and 3.5 we have

)hp_p(x1,...,x
<8A,H;t(@< Mncila.-.. k>) >
) pol/ g

_ _ gO(;C)hn,]AZIZ' 3 wrk:)
= (2%)sx (27, ,xkl)H§7t< n—k : n—k
1'1 ) xk
_ — hn—k(aj 7"'axk’)
= <J]O>S>\(ZE1 ) ) kl) n—k : n—*k HZ;AQD({L’))
T T
1 k

Now the statement follows from Corollary 3.12. [
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We conclude our main skewing formula as follows.

Theorem 1.1. We have
Sé;,l)n—kEK,k(l) = A;I%l (€n)

Proof. First, we apply the w involution to both sides, which transposes the Schur skewing oper-
ator and yields the equivalent statement:

€k—1

S(Ln,k)k—1WEK’k(1) =wA! e, (3.1)

We then show that the restrictions of both sides to k variables agree.
n—k+1 n—k+1

. . _ Il .
Consider the function gO(I'l, R 7[Ek> = m

Ty

. By Lemmas 3.10 and 3.13 we get

Szﬁk)k—lﬂ'k (WEK,k(l)) = Sé;ik)kfl Héc,t(SO)pol

(gp(m)hn_k(ml, . ,xk))

n—k n—k
1:1 ...x‘k

_ gk <x1 e mphg (2, . ,xk)>
q,t H(l — qtl’i/$i+1)) pol
which agrees with 7, (WA, e,) by Corollary 3.9. Thus, (3.1) is true after applying 7.

Next, we need to argue that all Schur functions appearing in the both sides of (3.1) have at
most k parts, so that we do not lose any information when restricting to £ variables. For the right
hand side, it follows from [BHM " 23a, Remark 4.4.2].

For the left hand side, by e.g. [BHM*23b, Corollary 3.7.2] (or by Rectangular Shuffle The-

orem) we have that all Schur functions appearing in wE ;(1) have at most k£ parts. Now by
Lemma 2.5 we get

(8t wBr k(1)) = S(i’ﬁk)k_lwk(wEKk(l)) = (WAL, e,)
and by the above (3.1) holds, as desired. ]
Example 3.14. For (n, k) = (3,2), then K = 4 and we have

Ey2(1) = s2,2) + (¢ +t)s(21,1) + (q2 +qt+ 752)5(1,1,1,1)

and
ALes=(1+q+t)sen+ (@+t+ ¢ +q+t)su-

We apply s(ll) to the former to obtain the latter.

4. Combinatorial proof of the skewing formula

In this section, we give a combinatorial proof of Theorem 1.3. Throughout this section, we say a
parking function of any type is standard if its labels are 1, 2, 3, . . . , m for some m, each occuring
exactly once. A word parking function is a generalization of a standard parking function in
which labels may occur with higher multiplicity, but columns still must be strictly increasing.
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*
9 9
7 x| x| * 7
4 4
3 3
1 — | x 1
8 8
6 6
5 5
2 2

Figure 4.1: At left, a stacked parking function P for k£ = 4, n = 9. At right, the corresponding
ordinary parking function P’ of size n. Stars are shown on the expanded columns, indicating
the columns to ignore in order to preserve the area statistic.

4.1. Stacks

We use the notation of [HRW 18] here, and recall the definition of a stacked parking function
that can be used to reformulate the Rise version of the Delta Conjecture.

Definition 4.1. A stack S of boxes in an n x k grid is a subset of the grid boxes such that there
is one element of .S in each row, at least one in each column, and each box in S is weakly to the
right of the one below it.

A (word) stacked parking function with respect to S is a labeled up-right path D such that
each box of S lies below D, and the labeling is strictly increasing up each column.

We write WLD(.S) for the set of stacked parking functions with respect to S, and

WLDS* == ] WLD(S).

SeStacky,

The notation WLD®*** stands for “word labeled Dyck paths”. In [HRW 18] the authors used
the notation £D*** but we would like to emphasize that the labels on D could repeat.

Definition 4.2. The area of an element of WLD(.S) is the number of boxes between the path
and the stack S.

In Figure 4.1, the area of the parking function is 4.

Definition 4.3. The hdinv statistic on WLD is defined as follows. Given P € WLfof}fk, con-
sider the stack heights w, ws, . . . , wy, of each column of P. Insert w;—1 empty columns between
column ¢ and ¢ 4 1 for each 7 from right to left, and connect the new gaps in the Dyck path with
horizontal lines, as in Figure 4.1. This forms an ordinary word parking function P’ on a square
grid, and

hdinv(P) := dinv(P’),
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Figure 4.2: At left, an element of WPF(D,b) for K = 9,k = 3 where b = (2,1,1). Atright,
an element of WPF (D, s) where s = (2, 1, 2) is the corresponding composition of small labels.
Note that b is admissible because b; < n — k =2foralli,and Y b, =4=9—-5= K —n.

where dinv(P’) is the number of pairs of labeled boxes (a, b) with labels («, 3) with « < /3 and
either:

* a, b in the same diagonal with b to the right,
* a in one diagonal lower and to the right.

Remark 4.4. The map P — P’ described above is the map ngT:j% . map from [HRW18, page 9].

For example, the stacked parking function P in Figure 4.1 has hdinv(P) = 5, because the
ordinary parking function at right has five diagonal inversions: (2, 7), (5,9), (1, 3), (1, 8),(3,8).

4.2. Reducing to stacks

Given a standard parking function in the K X k rectangle, that is, using the labels 1,2,... K
each exactly once, we call a label a big if @ > n, and small if ¢ < n. Then there are n small
labels and K —n big labels in total, and we write b; for the number of big labels in column z. We
say it is admissible if b; < n — k for all 7, and we note there is a natural map /' from admissible
standard (K, k) parking functions to the set WLfof}fk as follows:

* The parking function F'(7) is obtained by erasing all big labels in 7 and deleting all vertical
steps of the Dyck path to the left of these labels.

* The heights of the stacks are given by w; =n — k+ 1 — b;.

See Figure 1.2 from the introduction for an example.
We need to generalize this map to word parking functions and stacks. To do so, we define
two new sets of combinatorial objects.
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Definition 4.5. Let D be a (K, k) Dyck path, and let b = (b1, ..., b;) be a sequence of numbers
such that b; is less than or equal to the number of vertical steps just left of column ¢ in D for
each 4, and S b; = K — n. Then we define WPF’(D, b) to be the set of all column-strict
labelings of the top b; boxes in the ¢th column under D for each .

Similarly, if s = (s1,...,Sx) is a sequence of numbers with the same column by column
restriction and ) | s; = n, then we define WPF?*(D, s) to be the set of all column-strict labelings
of the bottom s; boxes to the right of each vertical run in D.

We say 0 is admissible if b; < n— £ for all 7, and we say s is admissible if the corresponding
big sequence—formed by the complements of s; relative to the heights of the vertical runs of D—is
admissible. (See Figure 4.2.)

We generalize the map F’ to this setting as follows.

Definition 4.6. We define
F:J |J WPF(D,s)— WLDj3™
D s admissible
by

* The parking function F'(7) is obtained by deleting all vertical steps of the Dyck path above
the small labeled letters.

* The heights of the stacks are given by w; = n — k + 1 — b;, where b is the big sequence
corresponding to s.

Lemma 4.7. The map F is a well-defined bijection.

Proof. Since m has an admissible sequence b, we have b; < n — k and w; > 0. We check that
the stacks add up to n. Using the above definition, which says that w; = n — k + 1 — b;,

wy+ - twp=k(n—k+1)— Zb—K Zb—n
Next, we need to check that the Dyck path is above the stack. This is equivalent to
s+t zw - Ftw=in—k+1)— (b +---+b). 4.1)
Indeed, (b; + s;); are the lengths of the vertical runs of the original Dyck path, so we have
(by +51) 4+ (bi +5) = i(n—k+1),

which is equivalent to (4.1). Hence F' is well-defined.

To show it is bijective, we show we can reverse it. Consider a stacked parking function S
in WLDStaCk We can recover the unique parking function 7 such that F'(w) = S as follows.
The sequence s is simply given by the heights of the vertical runs of the Dyck path of S. The
sequence b is given by the heights of the stack and the formula b; = n — k 4+ 1 — w;. The
numbers s; + b; determine the heights of the vertical runs of the Dyck path of 7, recovering D,
and this lies above the diagonal by (4.1). Finally, the labeling of 7 is precisely the labeling of S,
placed on the bottom-most s; letters of each vertical run in 7. This completes the proof. [
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Lemma 4.8. We have area(m) = area(F'(7)), where the two area statistics are the appropriate
ones for each object.

Proof. Indeed, the number of boxes in the :-th column of 7 which contribute to its area equals
(by+s1)+--+(b;+s;)—iln—k+1),
while the number of area boxes in the i-th column of F'(7) equals
(s14-+s)—(wi+-Fw)=(s14+-+s)—in—k+1)+ b1+ +b)
and the result follows. O

Following Definition 4.3, we can relate the labeled boxes in P € WLfofk and P'€e WPF,, ,,
as follows. Given a box A = (i, x) containing a parking function label in P, we define

A/:<Z+(w1—1)—|—+(U)Z,1—1),.T):(w1++w171+1,$’)

where h; is the number of stacked boxes in the i-th column. Then we move the label from box A
into box A’ in the n x n square.

Lemma 4.9. Suppose A and B are two labeled boxes in the (K, k) small parking func-
tion m € WPF*(D,s), let F(A) and F(B) be their images under F' in F(r) and F(A)
and F(B)' the corresponding boxes in F(r)'. Then A and B form an attacking pair if and

only if F(A)" and F(B)' do.

Proof. Suppose that A = (i,x) and B = (j,y) and i < j. They are on the same diagonal if and
only if

y—x=(n—k+1)(j—1). (4.2)
We have
F(‘A) = <Z7$_ <b1++blfl>),
and
FA) =(wi+- w1+ 1,z — (b1 + -+ bi_1)),
F(B)’:(w1—|—...—|—w]—_1—{—1,y—(b1_|_..._|_bj_1)).
Now

=+ +bi1) = (=14 +b))=y—ax— i+ +b-1)
while
(wi+ - Fwj+1)— (w4 Fwj_1+1) = wi+- - +w;j_y = (j—i)(n—k+1)—(bi+ - -+bj_1).

By (4.2), A and B are on the same diagonal if and only if F/(A) and F(B) are on the same
diagonal. The same proof shows that if A and B are on neighboring diagonals then F'(A)’
and F'(B)’ are on the neigboring diagonals as well. O

Corollary 4.10. The statistic hdinv(F (7)) is equal to tdinvgy.n(7), the number of tdinv’s be-
tween the small labels in .
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4.3. Proof setup and outline

Returning to the motivation from standard parking functions, given a (K, k)-parking function 7
with numbers 1, 2, ..., K used exactly once, we write:

* tdinvgyan () is the number of diagonal inversions between the boxes with small labels.

* d(s,b) is the number of pairs (¢, ¢’) such that c is a small box, ¢’ is a big box, and (¢, ¢)
are attacking (in that order).

* tdinvye () is the number of diagonal inversions between the boxes with big labels.

Note that d(s, b) depends only on the positions of big and small labels, but not on a specific
parking function 7. Also,

tdinv(m) = tdinvgman(m) + d(s, b) + tdinvpig (). 4.3)

We generalize these notions to word parking functions as follows. Given a K x k Dyck
path D and any weak composition b = (by, ..., by) of (n — k)(k — 1) such that b; is at most the
number of vertical steps in column ¢ of D, we will say the big boxes of D are the top b; boxes
in column ¢ that are immediately to the right of a vertical step of D). Similarly, the small boxes
of D are the remaining boxes to the right of vertical steps. We introduce symmetric functions

fD,b — § qtdinvbig (Wbig)xﬂbig7
Thig € WPF?(D,b)

fD,g — E qtdinvsmall(Wsmall)xﬂ-small
Tsmall EWPF?(D,s)

where tdinvy;, measures the number of diagonal inversions on big labels of 7y, and tdinvgman
measures the number of inversions on small labels of 7g,.1. We also still write d(s, b) for the
number of attacking pairs between big and small boxes such that if the big box is labeled with
a larger number than the small box, it would form an inversion. Note that all of these statistics
and polynomials are defined for general b, not necessarily admissible.

Finally, we define the statistic

cpyp = maxtdinv(D) — pathdinv(D) — d(s, b). 4.4)

The following is our main combinatorial result. The proof relies on several combinatorial
constructions which we outline and prove in detail in Sections 4.4 and 4.5, but we provide pin-
point references to these results here.

Theorem 4.11. Let D be a Dyck path and b be an admissible sequence (so b; < n — k and at
most the number of vertical steps of D in column i). Then

(WfDpl X5 4], S(nopy-1) = (fDb[X; ], Sp_1)n-k) = ¢"PL.
If b is not admissible, then (fp [ X; q], s(x—1yn-+) = 0.

Proof. The proof goes in several steps.
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Step 1: Given a composition & = (ay, ..., &), the pairing (hgz, fp[X;q]) equals the coef-
ficient of fp[X; ¢] at the monomial symmetric function mg, which counts the column-strict
fillings of (D, b) with content &. We denote the set of such labelings by Pp ;5 and write

(ha, foplX;q)) = > gt (4.5)

PEPDVQ’&

Note that (D, b) has at most & vertical runs, so in a column-strict filling of (D, b) any label is
repeated at most k times. Therefore, for &; > k + 1 there are no such fillings.

Step 2: We expand the Schur function using the Jacobi—Trudi formula, where we replace
any h; with 0if j > k + 1:

hi—1 Iy 0 0 0
hg—o  hg—1 hr O 0
Puge— hi—o hi_1 h 0
S(p—1)n—k = det k, ’ ko TR . * 0 mod (h;,j > k+1). (4.6)
hok—nir - ey Iy
hog—n ... hy—1
For a composition & such that hg = hg, - - - - hg, _, appearing in the expansion of (4.6), we

write « to be the complementary composition where o; = k — «; for all . We call all resulting
compositions « allowable contents (see Definition 4.22 and Lemma 4.24), and rewrite (4.6) as

S(k—1)n—k = Z (_1)sgn(&)ha mod (hj,j = k+ 1)

« allowable

For the definition of sgn(a), see (4.11). By combining this with (4.5) and observing that com-
positions with a;; > k + 1 do not contribute to the sum, we get

(sg—ryss foplXsa) = Y Y (—1)pE @), (4.7)

a allowable Pe P(D,b,&)

Also, since a has (n — k) parts, the set P(D, b, &) is empty for all v if b; > n — k for some ¢
(that is, b is not admissible). This implies that (fp[X;ql, s(s—1y»-+) = 0 whenever b is not
admissible which proves the second part of the theorem. From now on we assume b; < n — k.

Step 3: This is the crucial step. In Definition 4.28 we define a sign-reversing involution ¢ and
prove in Theorem 4.31 the following:

* ¢ is an involution on the set of column-strict fillings with allowable contents

* ¢ has a unique fixed point, which we denote PIOM, that has positive sign,

* ¢ preserves the statistics tdinvy;, and reverses the sign (1)@ for every element ex-
cept Pp .
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Step 4: By the previous step, the terms in (4.7) cancel in pairs according to the involution ¢,
and we are left with a single term corresponding to the fixed point:

tdinvpig (PP ;)

(Sk—1)n—+, fDa[ X5 4]) = ¢ :

To complete the proof, we prove in Theorem 4.41 (combined with Lemma 4.39)
that tdinvbig(PB’b) = cpy. By Equation (4.4), this translates to showing the combinatorial
fact that .

tdinvyig(Pp,) = maxtdinv(D) — pathdinv(D) — d(s, b) 4.8)

This is highly nontrivial and occupies most of Subsection 4.5 (see Theorem 4.41). [

Assuming all of the above steps, the main combinatorial result can now be proven.

Theorem 1.3. We have

Séfl)n—k E : tarea(rr) qdil’lv(ﬁ)xﬁ _ § tarea(P) qhdinv(P)xP.
WG\VFH?Knk })EVVL[wf%k

where the sums are over column-strict parking functions that may have repeats between columns.
In other words, we give a combinatorial proof of

Sé;cfl)n—kEK,k 1=A e,

€k—1

Proof. We fix a K x k Dyck path D and denote

fD _ Z qtdinv(w) s

TFEWPFK,k (D)

where the sum is over column-strict word parking functions.
It is easy to see from (4.3) (compare [BHM ™24, Equation (11)]) that

folX +Yiq)=> " fp [X;q] foulY i ]
bs

where the sum is over all possible decompositions of vertical steps of D into big and small. By
Lemma 2.6,

Sty Sp = (g [Y], F[X +Yiql) = Y ¢ fo o[X; alsgnye[Y], FoulY; ).
b,s

By Theorem 4.11 we can rewrite this as

Sé_l)n—ka _ Z qd(§,b)+cD,QfD7§[X; CI] — Z qmaxtdinv(D)—pathdinV(D)fDé[X; q] (49)
b,s bs
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where the sum is over admissible decompositions (b, s). Therefore

Séfl)n—k Z tarea(w)qdinv(w)xw _ Sékfl)n—k Z tarea(D)qpathdinv(D)—maxtdinv(D) fD
TEWPF & DeDyck(K k)
Z tarea(D) qpathdinv(D)—maxtdinv(D)Sail)n_kfD
DeDyck(K k)

_ Z Z tarea(D) fD,ﬁ'

DeDyck(K k) b,s

Here the first equation follows from the definitions
area(m) = area(D), dinv(w) = pathdinv(D) + tdinv(7) — maxtdinv(D),

the second equation is the linearity of S#h k-1 and the last equation follows from (4.9).
By Lemma 4.7 there is a bijection F" between the union of WPF (D, s) over all (K, k) Dyck
paths D and admissible sequences s and stacked parking functions WLfo";‘fk. Furthermore, by

Lemma 4.8 and Corollary 4.10 we have
tdinvgpan () = hdinv(F()), area(D) = area(F'(m)),

SO

Z Z tarea(D) fD,§ _ Z Z Z 2faureau(ﬂ') qtdinvsmall(w)xw

DeDyck(K,k) b,s DeDyck(K,k) b,s meWPF(D,s))

_ Z tarea(F(ﬂ))qhd1nv(F(7r))xF(7r). ]
F(m)eWLDji5ck

4.4. Sign-reversing involution

We now provide the details for Step 3 of the proof of Theorem 4.11. An admissible tuple b for
the number of big entries in each column, by, .. ., b, satisfies

Y bi=K-n=kn—k+1)-n=(k-1)(n—k)

and b, < n—kforalls = 1,... k. This means that we can form the set of big boxes by first
setting the top n — k elements of each column to be big, and then removing a total of exactly n—k
of these boxes from the bottoms of the columns.

Leta=(aj,...,a,_k) be acomposition such that 0 < &; <k and )| Pai=k—1)(n—k).
Let P, 5 be a way of filling the b-labeled boxes in a given Dyck path with content a (that is, the
number of 1’s equals a1, the number of 2’s equals a, and so on), with the columns increasing.
We call such a filling a b-parking function. Since > o; = > b;, the labels in a b-parking
function range from 1 to n — k, as opposed to general word parking functions.

In order to simplify the diagrams and notation, we shrink the height of the diagram as follows.
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— D
DO QO W~

ol (O
— o
— DO O

Figure 4.3: A b-parking function and its shrunken diagram.

Definition 4.12. The shrunken diagram corresponding to a b-parking function P, 5 is obtained
by shifting the i-th column of big entries down exactly (n —k+1)(i — 1) = (K/k)(i — 1) steps
for each i. We write shrink(P, 5) for the resulting diagram. (See Figure 4.3).

Notice that attacking pairs from the original b-parking function become either pairs of en-
tries (z,y) in the same row with z left of y, or in adjacent rows with = below and to the right
of y.

Remark 4.13. These are the same type of attacking pairs as used in the definition of the inv
statistic for the combinatorial formula for Macdonald polynomials in [HHLOS5a] (but reversed
from left to right). However, the Macdonald inv statistic also subtracts the arms of certain boxes.
The set of attacking pairs in which z < y is denoted by Inv in [HHLOS5a], so we use Inv here for
the number of inversions of a b-parking function.

Definition 4.14. We define Inv(shrink(F,z)) to be the number of pairs (x,y) in which x < y
and either z is left of y in the same row, or x is right of y and one row below y.

The following observation is now clear.
Proposition 4.15. We have Inv(shrink(P,z)) = tdinvyig(Fp5)-
We therefore will replace tdinvy,, with Inv in the shrunken diagram from here on.

Example 4.16. Consider the parking function in Figure 4.3 for n — k = 4 (in this example,
k = 4, K = 20). We lower each subsequent column by another n — k£ + 1 = 5 so that the
same-diagonal entries are actually on the same row in the diagram at right.
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6 6 6
435 5.5 45
23 23 24
12 12 1
31 51 3.1
5 4 4-4 53
7.6 7.6 7.6

7 7 7

Figure 4.4: The three pairs of columns shown each have a total of six inversions, when count-
ing Inv(Cy, Cy) + Inv(C, Cy).

Definition 4.17. For a column C' of big letters of size b, define its complement column C
to be the filling of the n — k — b boxes below C' respectively with the complementary set

in{1,2,...,n — k}, increasing from top to bottom.
Definition 4.18. If @ = (ay,...,q, k) is a content vector with 0 < a@; < k, we define the
complementary content o = (ay, . . ., ay,_x) Where

o =k — q. (4.10)

Lemma 4.19. Let P be a filling of b with content o. Then its complement P has content c.

Proof. The union of P and P has exactly k columns each containing 1,2,...,n — k exactly
once, so has content (k, k, k, ..., k) of length n — k. Thus the content of P plus the content of P
is this tuple. [

An example of the complementary fillings of columns are shown in red in Figures 4.4 and 4.6.
We count inversions slightly differently in the complement P.

Definition 4.20. We define Inv(P) for a complement P of a shrunken b-parking function P to
be the number of attacking pairs (z, y) where = < y (rather than just x < y as in ordinary inver-
sions). That is, we allow ties in the complement, and we call these inversions tied inversions.
We similarly write Inv(C}, Cy) and Inv(C4, C) for the number of inversions between two
fixed columns, and the number of tied inversions between their complements, respectively.

Lemma 4.21. Let C'y, C5 be two columns of big letters with Cy left of Cs, with fixed heights hy
and hy, and let C'y,C be their complements. Then Inv(C, Cy) + Inv(C1, Cs) is independent
of the fillings C and Cs and only depends on the heights hy and hy and the relative vertical
positioning of the columns. (See Figure 4.4.)

Proof. Let by, by be the heights of C', (5. Then each of ', C5 is the increasing ordering of
some b, -element subset (respectively bo-element subset) of {1,2,...,n — k}.

Note that any b-element subset can be obtained by starting with {1,2, ..., b} and performing
moves that replace some i in the subset with 7 + 1 where 7 + 1 is not in the subset. This means
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that it suffices to show that such a replacement applied to C; or Cs, forming C7, C, and their
complements 6/1 , U;, does not change the total, i.e.

Inv(Cy, Cy) + Inv(Cy, Cs) = Inv(C4, C4) + Inv(C, Thy).

Let ¢ be in C'; such that 4 1 is not in C';. Then when we replace ¢ with 7 41 in C', essentially
we are switching i in C; with i + 1 in C; to form C/, C', (and Cs, Cs stay the same); all other
labels remain in their original positions. The only inversions that can change are between ¢ in C'y
and the entry x in 5 in the same row (if it exists) and y in C5 in the next row below (if it exists).
Similarly, let z and w be the entries in (5 in the same row and next row below i + 1 in C1, if
they exist.

1 x
Y
1+1 =z

w

Notice that there are precisely i — 1 boxes between the 4 in C; and the i + 1 in C', since by
construction those boxes are labeled with 1,2,...,7 — 1 in some order. Thus there are ¢ — 1
boxes between x and z, and between y and w.

Casel. Supposex # i+1,y # i,z # i, w # i+1 (this includes the possibility that one or more
of these letters does not exist). Then changing the ¢ in C' to ¢ + 1 does not change Inv(Cy, Cy),
and changing the i + 1 in C'; to i does not change Inv(C'y, C5).

Case2. Ifz =i+ 1andy = ¢ both hold, then 2 and w are not equal to 7 or ¢ + 1 (or do not
exist) since O is the complement of C,. Notice that changing the i to i + 1 in O} removes the
inversion between the ¢ and x, and adds one between the new 7 + 1 and vy, so the total number
of diagonal inversions between (', C, remains unchanged, and the total Inv between C', C is
also unchanged since z, w are not ¢ or 7 + 1.

Case3. Ifz =i+ 1landy # i, theni & Cysoi € Cy. Since z, z are i — 1 spaces apart it
follows that z = 7, and w # ¢ + 1. Then we see that changing the 7 in C'; to 7 + 1 removes one
inversion between C', C; (with z) and the change of the ¢ + 1 in (' to i adds one tied inversion
(with z) between C'1, C5. Thus the total remains unchanged.

Cased4. Ifx # i+ 1landy = i, now ¢ + 1 &€ (5 and by similar reasoning to above we
have w =i+ 1 and z # i, End _changing the 7 to 7 + 1 in C'; adds one inversion between C', C5
and removes one between C'y, C’.

CaseS. Ifz =14andw =i+ 1, then x, y are not equal to 7, ¢ + 1 (or do not exist), and a similar
check to Case 2 shows both Inv totals are unchanged.
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Case 6. Ifeither z =iandw # i+ 1 or z # ¢ and w = i + 1, we are in Case 3 or 4 above by
similar reasoning.

Finally, we need to consider an ¢ in C changing to an ¢+ 1, and compare it to the elements u, v
in C; in the row above and the same row respectively, and compare the 7 + 1 in C', changing to
an i to the elements 7, s in C'; that can form an inversion with it. An exactly analogous casework
argument completes the proof in this case as well. 0

In light of Lemma 4.21, in order to find a sign-reversing involution that cancels pairs with
same Inv statistic, we may instead find a sign-reversing involution that cancels pairs with the
same Inv statistic on the complement.

We now analyze the possible contents of the complementary diagrams.

Definition 4.22. We say a tuple @« = (a, . . ., ) of nonnegative integers between 0 and n—k
inclusive is an allowable content if it satisfies the following condition: a; > 0, and for any
positive entry ¢ = «; > 0 in « there follows a run of exactly ¢ — 1 zeroes before the next positive
entry.

An alternative way of thinking about an allowable content is that for any ¢, the entry «;

preceding any maximal continuous run o1 = - -+ = a4 = 0 of ¢ zeros is equal to ¢ 4 1.
For an allowable content «, we write
sgn(e) = Y (a; —1) = #{i: a; = 0}. (4.11)
a; >0

Example 4.23. The allowable contents « for n — k = 5 are:

(1,1,1,1,1),  (1,1,1,2,0),  (1,1,2,0,1),  (1,2,0,1,1),
(2,0,1,1,1),  (1,2,0,2,0),  (2,0,1,2,0),  (2,0,2,0,1),
(1,1,3,0,0),  (1,3,0,0,1),  (3,0,0,1,1),  (2,0,3,0,0),
(3,0,0,2,0),  (1,4,0,0,0),  (4,0,0,0,1),  (5,0,0,0,0).

Notice that there are 2"~*~1 allowable contents in general, formed by choosing where the 0’s are
among the entries after a;.

Lemma 4.24. For each allowable o, hg appears in the determinant

hi—1 hy 0 ... 0

uge— Puge— hy ... 0
det k 2 k—1 .k:

hok—n  hog—nt1 hi—1

with the same coefficient as h,, in the determinant

he  he 0 - 0
he  hi hg -+ 0O
det | b = 3 (~1)@h, (4.12)

: « allowable
hnfk hnfkf 1 hl
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Here we order the subscripts «; as they appear in the columns of the matrix from left to right.
For instance, o can be (2,0,1,1,1,...,1).

Proof. The first statement is clear from the fact that each entry h; in the first determinant corre-
sponds to entry hj_; in the second determinant (in particular, h corresponds to hg = 1), so we
analyze the determinant (4.12). We expand this determinant using the Leibniz formula that says
that for an (n — k) x (n — k) matrix M,

det(M) = Z sgn(o) HMW@.

O'Esn_k

For our matrix, the only nonvanishing terms in the formula above will correspond to permu-
tations whose entries avoid the 0’s in (4.12). For a given such o, consider the smallest value a;
for My, o(a;) # 1. Then in particular o(1) = 2, 0(2) = 3, and soonup to o(a; — 1) = o,
and since o is a permutation with o(a;) # a; + 1, we must have o(«;) = 1. Thus o starts with
acycle (12 --- ay) in cycle notation, and has selected the entries in the top left corner of the
form:

resulting in a factor (—1)*~'h,, h3*~'. Continuing inductively, we see that o is a product of
cycles of consecutive elements, each contributing a factor of the form (—1)*~'h,h}" for some ¢.
Thus, the resulting term of subscripts on the product of h;’s precisely corresponds to the defini-
tion of an allowable sequence. 0

Definition 4.25. The reading word of the complementary filling P of a filling P of the big
boxes is formed by reading the entries of the top row (in shrunken notation) from right to left,
then the second-to-top row from right to left, and so on. (See Figure 4.6.)

Definition 4.26. A tied inversion in a word w is a pair of numbers ¢, j in w with ¢ > 7 and 7 to
the left of 7 in w.

The following is clear by the definition of the reading word and diagonal inversions.

Lemma 4.27. If u,v contribute to Inv in a complementary tableau P, then they form a tied
inversion in the reading word as well. Thus, changing ani + 1 in P to ani, oranito ani+ 1
preserves all tied inversion pairs (and non-inversion pairs) in its reading word and also preserves
all Inv pairs in P itself.

In particular, such an operation retains the property that the columns of P are increasing
top to bottom, since these pairs do not form an inversion in the reading word.

It follows that to complete Step 3 of the proof of Theorem 4.11, it suffices to construct a
sign-reversing involution that lowers or raises one letter on the set of all possible reading words



COMBINATORIAL THEORY 5 (3) (2025), #4 31

with allowable contents, since such an involution will induce an involution on the possible com-
plementary parking functions P for any given shape of P. Our sign-reversing involution will
leave one fixed point, the word 123 - - - (n — k), which is always the reading word of a unique
way of filling any diagram, namely in reading order. It will also preserve tied inversions, hence
canceling all desired terms of the sum. This involution then automatically leads to an involution
on the b-parking functions P on a fixed Dyck path D that preserves the number of tied inversions
of the complement P by Lemma 4.21.

Definition 4.28. We define a sign-reversing involution ¢ on the set of words w of length n — k
with allowable contents, as follows.
Let ¢ be the largest entry in w such that ¢ > 1 and

(a) there is only one 7, and
(b) if j is the largest letter in w that is less than ¢, then ¢ is to the left of every j.

Let m be the largest repeated letter in w. Note that ¢ and m may not exist, but when they do
exist ¢ # m.

Case 1. If: > m or m does not exist, replace ¢ with ;.

Case2. If: < moridoesnotexist, let ¢ be the smallest letter larger than m inw (ort = n—k+1
if m is the largest letter in w). Then replace the first m with ¢t — 1.

Case 3. If neither m nor ¢ exist, do nothing.
The resulting word is ¢(w).

Example 4.29. Consider the word 34174184, which has allowable content (2,0, 1,3,0,0,1,1).
Since the 7 is not to the left of every 4 and the 8 is not to the left of the 7, but the 3 is to the left
of every 1, we have ¢ = 3. We also have m = 4 is the largest repeated entry. Since ¢ < m, we
are in Case 2, so we change the first 4 to 7 — 1 = 6 and obtain

p(34174184) = 36174184.

To compute ¢ applied to this output, notice that in 36174184 we now have © = 6 and still m = 4,
so now we are in Case 1 since ¢ > m. We therefore change the 6 back to a 4, demonstrating in
this example that ¢ is an involution.

Example 4.30. Consider the case n — k = 4. The determinant we are considering is

hi hg 0 0

ha hi hy O
det 2 ! 0 = h1111 — hgou — h1201 — h1120 + h3001 + h1300 + h2020 - h4000
hs ha hi hg

hy hs he hy

and the pairings of the corresponding words under ¢ are shown in Figure 4.5.
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1243 < 1233 3124 ~ 2124 4221 <« 2221
1324 <« 1224 3142 « 2142 4212 < 2212
1342 <~ 1242 3214 <« 2214 4122 <« 2122
1423 <+~ 1323 3241 <+ 2241 1422 < 1222
1432 < 1332 3412 2412
2134 < 1134 3421 <+ 2421 1143 <+ 1133
2143 « 2133 4123 <+ 3123 1413 <« 1313
2314 <+~ 1314 4132 <« 3132 4113 <« 3113
2341 <+~ 1341 4213 <« 3213 1431 <+ 1331
2413 <+~ 2313 4231 <+ 3231 4131 <« 3131
2431 <+ 2331 4312 + 3312 4311 <« 3311
4321 << 3321
4111 <« 1111 3411 <« 1411
3141 <~ 1141
3114 <« 1114

Figure 4.5: The pairings of words of length 4 under the sign-reversing involution. Not shown:
the unique fixed point 1234 maps to itself.

Theorem 4.31. The map ¢ (on complement reading words) is a sign-reversing involution on
words with allowable content, has exactly one fixed point, and preserves tied inversions. The
unique fixed point is the word 12 .. .. (n — k), which has positive sign.

Proof. We first show that ¢ sends a word of allowable content to another word of allowable
content. If it changes ¢ to j as in Case 1, then the content tuple o had «; = 1, and then by
the definition of allowable content, we must have (o, ..., a5, i41) = (i — 7,0,0,...,0,1,a)
where @ > 0. Changing the ¢ to j results in this substring of the content changing
to(i—j+1,0,0,...,0,0,a), and so the content is still allowable.

Otherwise, if ¢ changes the leftmost m in w, and ? is the smallest letter larger than m, then

we have a,,, = t —m and a content subsequence (o, @11, ..., ) = (t—m,0,0,...,0,0,1)
(where the first nonzero entry after «,,, must be 1 since m is the largest repeated entry). When
we change an m to ¢ — 1, the content subsequence changes to (t —m — 1,0,0,...,0,1,1), and

the content is still allowable. (Note that the analysis above still goes through if ¢ does not exist,
that is, m is the largest entry in the word, and in this case we simply treat ¢t as n — k + 1 and the
content subsequence above ends at a;_1.)

We now show ¢ is an involution. Let v = ¢(w), and let ¢, j, m be the corresponding values
for w in Definition 4.28, and similarly let ¢’, ', m’ be the values for v.

Before we proceed, observe that m < ¢ — 1 in Case 2 (so in particular Case 2 does not result
in a fixed point) since m < ¢t —1 even when ¢t = n — k+ 1, by the definition of allowable content.

First, suppose that Case 1 applies to w, so that ¢ > m and v is formed by changing 7 to j
in w. Then j is a repeated letter in v, with the first j being where the ¢ was, and j > ¢ > m, s0 j
is now the largest repeated letter in v. Thus, m’ = j. Since we changed 4, there is no singleton
larger than ¢ satisfying the condition for i’ in v, so either ¢/ < j = m/ or ¢’ does not exist. Either
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44 44
3324 33924
1213 1213
132 7132 ot 44
P 3214 3334 ::)
b h
71711
173
44 44 14
3334 3334
1213 1213
132 71722 /
2122 2214

Figure 4.6: At top left, a b-parking function P written in shrunken notation with n — k& = 4.
From left to right at top we find the complement P in red, and the reading word of P, and then
apply ¢ and reinterpret on the parking function to obtain ¢( P). Atright, the unique fixed point P
for this shape.

way, Case 2 applies to v. Since w’s content was allowable and ¢ was a singleton, there is an 7 + 1
in w (and hence in v), and so the smallest letter ¢’ larger than m’ = jin visnow ¢’ = i + 1
(since there are no i’s remaining in v). Thus, the first appearance of m’ = j in v changes back
toi =t — 1 when we apply ¢, and we have p(p(w)) = p(v) = w.

Second, suppose Case 2 applies to w so that v is formed by changing the first m to ¢ — 1,
where ¢ is the smallest entry in w larger than m (or otherwise t = n — k& + 1). We claim
thati’ = t—1,j' = m,and ¢’ > m’ (or m’ does not exist). In particular, there is only one t—1 in v
since t — 1 did not exist in w by the definition of allowable content. Furthermore, ¢ —1 > m > ¢
since we are in Case 2, and so ¢ — 1 is a larger singleton than ¢ in v. The largest entry smaller
than £ — 1 is m by definition, and since we changed the leftmost m, we have the ¢ — 1 is a singleton
in v that is to the left of all the copies of the entry just smaller than it (namely, m). Thusi' =t —1
and ;' = m. Since i’ =t —1 > m, then i’ > m’ as well (or m’ does not exist), so Case 1 applies
and ¢ changes i’ = t — 1 back to m. Thus ¢ is an involution.

We now show ¢ changes sign. Indeed, by (4.11) the sign sgn(«) equals the number of zeros
in . Since  changes the number of 0’s in the content by £1, it is a sign-reversing involution.
The unique fixed point is the unique word satisfying Case 3, which mustbe w = 12...(n — k).
This fixed point w has content o = (1, ..., 1) with no zeros, and hence has positive sign.

Finally, we show ¢ preserves tied inversions. Since we are always changing a letter to an
adjacent-sized letter in order in the word, only the inversions between those two letters can
change. If we are in Case 1 and an ¢ changes to a j, then since the ¢ was left of every j, it
formed an inversion with every j and the new j still forms those inversions since we count tied
inversions. In Case 2, an m changes to a ¢t — 1. Since we are changing the leftmost m, it already
forms a tied inversion with the m’s to its right, and then so does ¢t — 1 since t — 1 > m. O
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Corollary 4.32. The map ¢ extends to a sign-reversing involution on the set

|| P(D.ba)

« allowable

that preserves the statistic tdinvy;, and has a unique fixed point Pgb. Consequently, the right-
hand side of (4.7) is a single term ¢""™ ¥ (P5p),
Proof. As Figure 4.6 illustrates, the induced involution on the set of b-parking functions on Dyck
path D is defined as follows: Given P such a parking function, first find the complement P and
the reading word w of P. Then define P’ to be the unique complement parking function with
reading word ((w) on Dyck path D. Then let P map to P’, the complement of P’. The desired
properties of this map follow by Lemma 4.27 and Theorem 4.31.

Since there is a unique fixed point for the complement parking function, namely the filling
that has reading word 12--- (n — k), there is a unique fixed point parking function that we
call P} . O

4.5. Final coefficient

Let us recall Equation (4.7),

<S(k_1)n7k, fD,Q[X; q]> = Z Z sgn(a) tdanblg(P)

a allowable PeP(D,b,&)

Since the sign-reversing involution ¢ cancels all terms in the right-hand sum except the one
corresponding to the unique fixed point PP p» the sum simplifies to qtdinvbig(P bo). To complete
the proof of Theorem 4.11, we now only need to show that the exponent tdinvy;, (P ) is correct,
which we showed in Equation (4.8) amounts to proving that

tdinvyig (Pp,) = maxtdinv(D) — pathdinv(D) — d(s, b).

We make a few simplifications to this formula before proving it. First, if we fill all of the
small boxes (which are unfilled in PP 1) With the letter 0 to form a full parking function P', then
tdinvyig(Pp ,) + d(s,b) = tdinv(P’). Thus the equation we wish to prove becomes

tdinv(P") 4+ pathdinv(D) = maxtdinv(D), (4.13)

which we rephrase and prove in Theorem 4.41. We first reinterpret each of these statistics on the
corresponding shrunken diagrams.

Definition 4.33. A complete shrunken diagram (see Figure 4.7) with parameters n, k consists
of a finite set of unit squares with positions (¢, ) where r € {1,2,3,...} is the row of the box
indexed from bottom to top and ¢ € {1,2,. .., k} is the column indexed from left to right, such
that:

* Downward closure: If box (c,r) is in the diagram then so is (¢, ') forall 1 < ' < r. We
label these columns C', ..., C} from left to right.
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* Minimum height: For all 7, the row A/, of the top box in column C; satisfies h, > n—k+1.

* Labels: Each box in the diagram is either labeled or unlabeled, and if column C; has its
top box in row h!, the labeled boxes in column C; form an interval from height h; to h;
inclusive. The labels have values in {0, 1,...,n — k}, weakly increase from bottom to
top, and only the label 0 may repeat in a column.

* Initial and final labels: We have h; = 1 and b} =n — k + 1.
» Compatibility: For all i, we have h;; = h} — (n — k).

Definition 4.34. The complement of a column C; in a generalized shrunken diagram is the
set C; of letters in {1,2,...,n — k} that do not appear in C;, and we draw the letters of each C,
in red underneath the nonzero letters of C}, increasing downwards as in Figure 4.6. The com-
plement of a generalized shrunken diagram is the union of the columns C';.

Definition 4.35. We say that a complete shrunken diagram is a generalized shrunken fixed
point if the reading word of its complement is strictly increasing. In particular, all the labels in
the complement are distinct.

It is not hard to see that if the complement reading word is 123 - - (n — k), then we have
the result of shrinking one of the fixed points of the sign-reversing involution. We also write
shrink(P) to denote the shrunken drawing of a parking function P, as in the case of b-parking
functions.

Remark 4.36. In the notations of Section 4.1, we have
hz(shrlnk(P)) =1+ (Sl -+ bl) + ..+ (51;1 + b1;1> - z(n —k + 1) (414)

and
hi(shrink(P)) =1+ (s1+b1) + ...+ (s; + b;) —i(n — k+1).

A column C; has s; zeros and b; non-zero entries.

We now redefine the statistics maxtdinv, tdinv, and pathdinv for the generalized shrunken
fixed points. Note that maxtdinv simply becomes the number of attacking pairs among labeled
boxes, defined as pairs z,y such that either x is left of y in the same row, or y is in the row
above z and to the left of z. Then, tdinv is the number of such pairs for which z < y.

Definition 4.37. We define maxInv of a shrunken diagram to be the maximum number of at-
tacking pairs among labeled entries in the sense of Definition 4.14. We also define its Inv to be
the number of such pairs (z, y) that form inversions, that is, z < y.

It remains to reinterpret pathdinv, as in the following lemma.

Definition 4.38. The pathdinv of a complete shrunken diagram is the number of pairs of
boxes x,y in the same row, with x left of y, such that y contains a label (possibly 0), and x
is at most n — k + 1 steps below the top entry of its column. (Note that box x does not have to
contain a label; it may be an empty box.)
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Figure 4.7: A generalized shrunken fixed point for k = S8and n = 15 (son — k = 7). The
complement is shown at right, and its reading word is 124567, which is strictly increasing.

Lemma 4.39. We have pathdinv(shrink(P)) = pathdinv(D) where D is the path of P.

Proof. By Definition 2.10, a box B that counts towards the pathdinv statistic of D is a box
above the path such that if @ is the arm of B and / is the leg of B we have

te{as—1,as,as+1,as+2,...,as+ (s — 1)} (4.15)

where s = n — k + 1 is the slope of the parking function.

Consider the column C that B is in, and the unique column C; of D containing a label y
in the same row as B. We also call C}, C; the corresponding columns in shrink(P), and iden-
tify y in shrink(P) as well. Finally, define z to be the box in C that is in the same row as y
in shrink(P).

Since we moved column C5 down (a+1)s steps vertically (relative to C) to make shrink(P),
it follows that box z is formed by moving box B down (a + 1)s steps. By (4.15), { — (a + 1)s
is one of

—(s+1),—s,—s+1,...,—1,

and since ¢ was the number of boxes between the top of C'; and B, it follows that x is one of the
top s + 1 boxes in column C (possibly empty). Thus the box B corresponds to a pair (x,y) as
in the definition of pathdinv of the shrunken diagram. [

Putting together all of the above with Equation 4.13, our goal is to show the theorem below.
We will use the following definition throughout.

Definition 4.40. We call a column C; of a complete shrunken diagram basic if h; = 1,
h; =n — k + 1 and the labels in C; are exactly 0, 1, ..., n — k from bottom to top. Note that the
complement of a basic column is empty.

Theorem 4.41. For any generalized shrunken fixed point P, we have

Inv(P) + pathdinv(P) = maxInv(P) (4.16)
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Proof. We prove the statement by changing P in a series of reduction steps. At each step,
we prove that the new diagram P is again a generalized shrunken fixed point, and the quan-
tity maxInv — pathdinv — Inv does not change.

As the base case, let I be the unique generalized shrunken fixed point in which all columns
are basic. Then the complement of F, is empty, and F; is indeed a generalized shrunken fixed
point. By Lemma 4.42 below, (4.16) holds for Fj.

Now let P # Py, and let C' = C; be the leftmost non-basic column. We claim that h; = 1.
Indeed, if i = 1 then h; = 1 by assumption. If ¢ > 1 then C;_; is basic,so h,_; =n —k +1
and h; = 1. Moreover, h; > n — k + 1 by the definition of a shrunken diagram, and so C’s
labels start at the bottom of the diagram, and C' contains at least one 0. Since C' is not basic,
either it does not contain all of 1,...,n — k, or it contains 1,...,n — k and more than one 0.
We consider these two cases separately:

Case 1. Suppose C does not contain all of 1,2,...,n — k, and let m be the smallest positive
integer that does not appear in C. Let P’ be obtained from P by removing the highest 0 in
column C' (which exists because h; > n — k + 1), bumping down 1,2, ... ,m — 1 each by one
row, and inserting m in the row that used to contain m — 1 in column C' (see Figure 4.8). Note
that this step does not change h; or k., so P’ is a complete shrunken diagram.

Let us prove that P’ is a generalized shrunken fixed point. Indeed, in the complement of C,
we delete m and do not shift any other labels. Therefore, the reading word for the complement
of P’ is obtained from the one for P by deleting m and is strictly increasing.

Finally, by Lemma 4.43 below, the quantity maxInv — pathdinv — Inv does not change.

Case 2. Suppose C' = (C}; contains all labels 1, 2, ..., n — k and more than one 0. In particular,
h; > n — k4 1 and C' is not the rightmost column (since k), = n — k + 1). Also, h;;1 > 1.

Let P’ be obtained from P by removing the highest 0 in column C, bumping
down 1,2,...,n — k each by one row in C, then placing an additional 0 at the bottom of the
column C} 4 to the right of C' (without shifting the rest of C; ). This decreases both A/ and h;
by 1, so the equation h, — (n — k) = h;;; still holds and P’ is a complete shrunken diagram.
See Figure 4.9.

The complement of C'is empty both in P and P’, and the complement of C; is unchanged
and not shifted. So the complements of P and P’ are the same, and P’ is a generalized shrunken
fixed point.

Finally, by Lemma 4.44 below, the quantity maxInv — pathdinv — Inv does not change. [

Lemma 4.42. Define P, to be the unique generalized shrunken fixed point that consists of k
basic columns. Then (4.16) holds for F,.

Proof. Note that any two columns have n— k41 pathdinv’s between them, n — k (off-row) Inv’s,
and a total of 2n — 2k 4+ 1 maxInv’s. Thus the equality holds between each pair of columns, and
hence holds globally for F. [

We now establish the first of two types of reduction steps.
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7 7
6 6
757 757

77 6467 77 6467
56653567 56653567
354245 6 4 54245 6
24331345 34331345
13120234 23120234
02010 23 12010 23
01000 1 2 01000 1 2
0000 1 0000 1
0 0 0 0

Figure 4.8: A parking function P at left, and the parking function P’ at right formed by moving
down the boldfaced elements 1,2, 3 in the first column and inserting a 4 above them. The m-
losses and 0-gains used in the proof of Lemma 4.43 are boxed and circled, respectively. Notice
that they alternate, when we read the columns from left to right, upwards within each column.

Lemma 4.43. Let P be a generalized shrunken fixed point, and let C' be the leftmost non-basic
column of P. Suppose C' does not contain all of 1,2, ... ,n—k, and let m be the smallest positive
integer that does not appear in C.

Let P’ be obtained from P by removing the highest 0 in column C, bumping
down 1,2, ... ,m — 1 each by one row, and inserting m in the row that used to contain m — 1 in
column C. Then Inv(P) = Inv(P’) (and pathdinv and maxInv remain unchanged as well).

Proof. Since the shape formed by the entries doesn’t change, pathdinv and maxInv do not
change from P to P’.

We now examine the changes in Inv, which all involve boxes in column C'. First consider
the Inv’s between column C' and boxes to its left; since the columns to the left are all filled
with 0,1,2,...,n — k and C has height at least n — k + 1, then for any entry b in column C' of
either P or P’, the entries to its left in the same row are some entry a > b. Thus, the Inv’s to the
left with C' are precisely the off-row attacking pairs, and this does not change under switching
to P’.

We now claim that, for any entry y to the right of column C, the number of Inv’s involving y
and an entry of column C' remains unchanged except in the following two situations:

* 0-gain: y is a 0 in the row r( that contains the top 0 in column C of P’.

» m-loss: y is an m in the row rq + m that contains the new m in column C'in P’.

Indeed, first suppose y is in row 7. If y = 0, we gain an off-row Inv between y and the new
position of the 1 in column C' in P’, and we do not gain a horizontal Inv. If y # 0, it would not
gain an off-row Inv and would retain its same-row Inv.
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Next suppose y is in row 1y + m. If y = m, we lose the horizontal Inv between the m — 1
that was in row ry + m and y, and the oft-row Inv value remains unchanged. If y # m, both the
horizontal and off-row Inv values are unchanged.

Finally, if y is not in row 1y or 7y + m, then either it is above row ry + m (in which case
no Inv’s change), below row 7 (in which case no Inv’s change), or between these two rows.
When it is between, the only time an Inv can change with y is if y = a where a — 1, a are the
entries in its row and above it in column C' in P, and they change to a,a + 1 in P’. Then y
loses a horizontal Inv with column C' and gains an off-row Inv, and so its total Inv contribution
remains unchanged.

We will now show the following two claims. Consider the ordering on the letters of P
(and P’) formed by reading the columns from left to right, where we read bottom to top within
each column.

1. There is a 0-gain between any two consecutive m-losses, and a 0-gain before the first m-
loss.

2. There is an m-loss between any two consecutive 0-gains, and an m-loss after the final
0-gain.

The two claims above will suffice, since then the 0-gains and m-losses alternate and cancel
with each other.

To prove claim (1): Among the subset of columns that either contain m-losses or are col-
umn C, let C; and C' be two consecutive such columns. (Note that C'; and C5 are not necessarily
consecutive columns in the diagram, they are simply consecutive among C' and those columns
containing m-losses). Since the m in C is in row ry + m, the highest possible height of col-
umn C is if m + 1,...,n — k all occur above the m, in which case its top entry has at most
height 7y + n — k. Thus the bottom of the next column is in or below row ry. If there is no
0-gain between C; and (5, the subsequent columns all remain sufficiently short that each next
column’s bottom entry is in or below row ry,. Thus C5’s bottom entry is in or below row ry as
well, and since it has an m in row rg + m, the lowest row that can contain a nonzero entry in Cs
istow rq+ 1 (if we putall of 1,2, ..., m — 1 below the m in C5). Thus C; contains a 0 in row r,
so there is indeed a 0-gain before the m-loss in C5 (and after C}).

To prove claim (2): Among all columns containing 0-gains, let C'; and C5 be two consecutive
such columns. That is, each has a 0 in row 7. Notice that since m is in the complement of
column C' in P, it is not in the complement of any other column, so in particular m appears in
all columns to the right of C'.

Consider the height of m in column C. If it is in row 7y + m, we have found an m-loss
between the two 0-gains and we are done. Now suppose it occurs below row 7y 4+ m. Consider
the labels from the complement C plus those in C| that are less than m. Then these labels appear
in rows at least as low as row rg, but there is a zero in row ry so some letter x < m from C;
must be in row 7 in the complement. Since m occurs in row 7y + 1 in the complement of P in
column C), this letter x < m occurs after m in reading order in the complement, a contradiction.
Thus the m in C; occurs above row o + m.

We now show that this forces the height of column C' to reach at least row 79+ (n—k)+1. To
do so, it suffices to show that the letters m+1, m+2, ..., n—k must all appear in C'; above the m.
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Figure 4.9: Lowering the column C' shown with boldface entries one step, to form P’ at right.

Since m is strictly above row ry+m, the letters 1, 2, . .., m—1 in both C'; and the complement C
occur strictly above row o+ 1 as well. Thus if any letter among m+1, m+2, ..., n—Fk is missing
in (', then the smallest such, say s, is in (', and occurs in or above row 7 in the complement P.
But then s occurs before m in reading order in P and s > m, a contradiction. Hence C; reaches
row height at least 79 + (n — k) + 1.

Then, the column just to the right of C'y has its bottom (possibly 0) entry above row ry, and
the same analysis shows that if we do not have an m-loss in this column, the subsequent bottom
entries will continue to lie above row 7. Thus if there is no m-loss between C; and C5, the
bottom entry of Cj is also above 7, a contradiction since it contains a 0-gain. This completes
the proof. [

We now establish the second reduction step.

Lemma 4.44. Let P be a generalized shrunken fixed point, and let C be the leftmost non-basic
column of P. Suppose C'’s entries are 0,0,...,0,1,2,...,n — k from bottom to top, so in
particular there is more than one 0.

Let P’ be obtained from P by removing the highest 0 in column C, bumping
down 1,2, ..., n — k each by one row in C, then placing an additional 0 at the bottom of the
column to the right of C. Then

maxInv(P) — pathdinv(P) — Inv(P) = maxInv(P") — pathdinv(P") — Inv(P’).

Proof. Letr be the row of the box in column C of P that is labeled by n — k. Then the difference
pathdinv(P’) — pathdinv(P) consists of the following changes:

» Upper pathdinv losses: There is one pathdinv lost for each entry in row 7 to the right of
column C' (from removing the top box from column C').

* Lower pathdinv gains: There is one pathdinv gained for each entry in row r — (n — k) — 2
to the right of column C' (since column C' lowered its height by 1, so the x in the pathdinv
can now be one row lower in C' than before),
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Extra pathdinvs with the new 0 entry: We gain one more pathdinv between the new 0
entry to the right of column C' and every entry to its left. (Note that every box to its left
is filled with an entry that is close enough to the top of their columns to count towards
pathdinv.)

The difference maxInv(P’) — maxInv(P) consists of the following:

Upper maxInv losses, row r: There is one maxInv lost for each entry in row r to the right
of column C'.

Upper maxlInv losses, row r — 1: There is one maxInv lost for each entry in row r — 1 to
the right of column C'.

Rightwards off-row maxInv gains with the new 0 entry: We gain one more maxInv
between the new 0 entry to the right of column C' and every entry to its right in the row
below it, row r — (n — k) — 2.

Leftwards off-row maxInv gains with the new 0 entry: We gain one more maxInv be-
tween the new 0 entry and every entry to its left in the row r — (n — k) above it.

Rightwards horizontal maxInv gains with the new 0 entry: We gain one more
maxInv between the new 0 entry to the right of column C' and every entry to its right in
row, r — (n — k) + 1.

Leftwards horizontal maxInv gains with the new 0 entry: We gain one more maxInv
between the new 0 entry to the right of column C' and every entry to its left in
row,r — (n — k) + 1.

Clearly the upper pathdinv losses cancel with the upper maxInv losses in row 7, and the lower
pathdinv gains cancel with the rightwards off-row maxInv gains. The extra pathdinvs also cancel
with the leftwards horizontal maxInv gains. It follows that we only need to match the remaining
changes in maxInv with the changes in Inv, where the remaining maxInv changes are:

Upper maxInv losses, row r — 1.
Leftwards off-row maxInv gains with the new 0 entry.

Rightwards horizontal maxInv gains with the new 0 entry.

Notice that the leftwards off-row maxInv gains all involve boxes to the left filled with some-
thing greater than 0, which are precisely the new Inv’s formed to the left. Thus we can now focus
on the Inv’s only involving boxes weakly to the right of column C' (not counting the new Inv
between the new 0 and the 1 in column C', which we have already counted), and show that they
cancel with:

Upper maxInv losses, row r — 1.

Rightwards horizontal maxInv gains with the new 0 entry.
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Consider any numbered entry y to the right of column C', occurring in some row other than
row r — 1 orrow r — (n — k) — 1. We claim that the number of Inv’s with y as the right hand
entry is unchanged. Indeed, if y is in row r, there were no Inv’s formed with it from column C,
because the entry n — & in that row from column C'is as large as possible, and there are no entries
above. Thus if y is in row r or above, its Inv contribution does not change.

If y is in a row lower than r — (n — k) — 1, it also does not gain or lose Inv’s because it only
sees 0s to the left of it in column C, and the new 0 in row r — (n — k) — 1 in P’ does not form
an Inv with y since it is smaller than, and above, y.

If y is in a row between r— (n—k) and r—2 inclusive, its Inv’s do not change with any column
besides column C' since those entries are not altered. Comparing y to column C, leta — 1 and a
be the entries in column C' in P that are in the same row, and in the row above, y respectively.
Then in P’, these entries change to a and a + 1 respectively. If y < a — 1, the upper entry forms
an Inv and the lower does not in both P and P’. If y > a+ 1, the lower entry forms an Inv in both
and the upper does not. If y = a, it changes from being one horizontal Inv to one off-row Inv.
In all cases, the Inv contribution of y is unchanged.

Now, consider an entry y to the right of column C'in row r — (n — k) — 1 in P (where y is
also not the box that becomes the new 0). If y = 0, then it did not form an Inv with column C'
in P, but it does form an Inv with the new position of the 1 in column C' in P'. If y > 0, it
forms the same number of Inv’s with column C' as before, but it forms a unique new Inv with
the new 0 in the column to the right of C'. Either way it contributes one new Inv in P’. These
extra Inv’s cancel with the rightwards horizontal maxInv gains with the new 0 entry.

Finally, consider an entry y to the right of column C in row r — 1. If y is less than n — k, then
we lose an Inv from the n — k in column C' moving down to row r — 1. If y equals n — k, then
we lose the Inv that we had from the n — k — 1 in column C'. Either way we lose exactly one Inv
for each such y, and so these cancel precisely with the upper maxInv losses in row r — 1. [

4.6. Relation to LLT and Kazhdan-Lusztig polynomials

In this subsection, we give a different interpretation of Theorem 4.11 following [HHL"05b].
Let = (u®, ..., u*7V) be a k-tuple of Young diagrams, and let ¢ = (cg, ..., cz—1) be a
sequence of integers called shifts. Given a box x € "), we define its position content c(z) to
be the number of squares to its left minus the number of squares below it. The adjusted position
content of x is
c(z) = ke(z) + ¢;.

Let T = (T,...,Ty_1) be a tuple of semistandard tableaux such that T has shape ;). A pair
of boxes x, y is called an LLT inversion pair if

r <yand0 < ¢(z) —c(y) < k.
We denote by invy (7)) the number of LLT inversion pairs in 7.

Lemma 4.45. Consider a (K, k) Dyck path D with a choice (b, s) of big and small labels, as in
Theorem 4.11. Let j1 = (1% ... 1") and ¢; = i — k(hg_; + s,_i) where h; is given by (4.14).
Then:
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* There is a bijection between WPF (D, b) and the set of semistandard tableaux of shape .
* Under this bijection, we have tdinvy;g (mig) = Invy (7).

Proof. The first part is clear, as we match a box in column C; with the corresponding box in the
diagram p(*=%) (we recall that SSY T must be strictly increasing in columns and weakly increasing
in rows).

For the second part, we shrink 7, and use the equation tdinvyg (7e) = Inv(shrink(my;))
from Proposition 4.15. To conclude the proof, we need to prove that Inv(shrink(m,,)) =
Invyp(7). Indeed, suppose that a box z in column C; in shrink(7m,,) has height ¢,. Since
there are (h; — 1) empty spaces and s; zeros in column C; below z, the position content of the
corresponding box in p*~9 equals c(z) = —(t, — h; — s;), so the adjusted content equals

E(l’) = —k(tm — h, — SZ') + Cl—i — —k‘(tm — hz — Si) + (/{? — Z) — k‘(hz + Si) =k—1-— ktm

Now suppose that y is in column j at height ¢,. The inequality 0 < ¢(x) — ¢(y) < k can be
rewrittenas 0 < (j—i)+k(t,—t,) < k, which occursifeitheri < j,t, =t,ori > j, t, =t,+1.
Thus z, y form an LLT inversion pair if and only if they contribute to tdinv. U

Given a tuple of diagrams 1 = (u(?, ..., u*~Y) and a collection of shifts ¢ = (cq, .. ., cx_1),
[HHL"05b] associate a partitign i = p(p, ¢) such that the k-quotient of 1 is v and the k-core of 11
is determined by c. We refer to [HHL*O_Sb] for more details. Furthermore, for such w [LLT97]
define an LLT polynomial G, (X; ¢q). The following theorem can be used as an alternative defi-
nition.

Theorem 4.46. [HHL"05b, Corollary 5.2.4] One has

CCuuolXia = Y gur@yL

TESSYT ()
for some exponent e.

Corollary 4.47. For W, ¢ as in Lemma 4.45 and we have

qeG,u(ﬁ,g) [X; q_l} = fD,Q[X§ q]'
Finally, we can make a connection to parabolic Kazhdan—Lusztig polynomials.

Theorem 4.48. [HHL"05b, Proposition 5.3.1] Suppose that ji = (1, c) and v is the k-core
of p. Then for all )\ one has

FNGLIX, ] 53) = P (@)

where the right hand side is the parabolic Kazhdan—Lusztig polynomial, and smin is a certain
combinatorial statistic.
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As a consequence, we can interpret the pairing

<fD,b[Xa q_2] » S(k—1)(n—Fk) >

from Theorem 4.11 as a parabolic Kazhdan—Lusztig polynomial, up to monomial factors ¢°
and ¢ ™), Theorem 4.11 then implies that this parabolic Kazhdan—Lusztig polynomial is in
fact a monomial. This can be proved directly as follows.

Lemma 4.49. For i, c as in Lemma 4.45, and A\ = $,_yyn-x) the parabolic Kazhdan—Lusztig

polynomial P, .. ,(q) is a monomial in q.

Proof. 1tis adeep result of [LLT97] that all coefficients of the parabolic Kazhdan—Lusztig poly-
nomial are nonnegative, thus it is sufficient to prove that the value of this polynomial at ¢ = 1
equals 1.

On the other hand, by the above at ¢ = 1 we get

(fpplX;1], S(k—1)<n—k>> =L

This follows from [GG24, Lemma 3.5], since at ¢ = 1 the polynomial fp, specializes to the

product ey, - - - €y, . OJ

It would be interesting to compute the power of ¢ in Theorem 4.11 directly by this method.
This would give an alternate proof of this theorem.

5. Further directions

In this section, we list some further directions stemming from our work.

Connection to other formulas

Another (conjectural) formula for the Delta Conjecture symmetric function in terms of a skewing
operation has been previously discovered by Bergeron [Ber20]. He conjectured that

AL en=(ep_p ®1d)E,, (5.1
where &, is (the character of) the space of m-variate diagonal harmonic polynomials for suf-
ficiently large m, thought of as a GL,, x S,-module. Here, eﬁ_ .. is an operator on the G'L,,
character of the space, and the skewed GG L,, characters yield the ¢, ¢ coefficients in the expan-
sion into Schur functions. On the other hand, our skewing formula Theorem 1.1 for A{ e,
starts with a larger degree symmetric function and uses s(;_1y»-+ to reduce it to the correct de-
gree n symmetric function. Thus, it would be interesting to investigate the following.

Question 5.1. Is there a direct connection between these two skewing formulas? Is there an
analogue of (5.1) for the symmetric function E , - 1?
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Approach to the Valley formula

In this article, we prove that the Rectangular Shuffle Theorem implies the Rise Delta Theorem.
As we mentioned in the introduction, there is another version of the Delta Conjecture due to
Haglund, Remmel, and Wilson [HRW 18], called the Valley Delta Conjecture, that remains open.

Question 5.2. Can Theorem 1.1 be used to prove the Valley Delta Conjecture?

We expect that the basic structure of our proof still applies to this setting but that the combi-
natorics involved would be quite different.

Extensions of the skewing formula

There are many extensions of the skewing formula Theorem 1.1 that one could explore for A" and
the related © operators of D’Adderio, Iraci, and Vanden Wyngaerd [DIVW21]. For example:

Question 5.3. Can Ay, A e, or A[ s, be expressed as a skewing operator applied to some

evaluation of an Elliptic Hall Algebra operator on 1?
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