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Abstract. Recall that a binary linear code of length n is a linear subspace C = {z € F7 |
Az = 0}. Here the parity check matrix A is a binary m x n matrix of rank m. We say that C
has rate R = 1—"". Its distance, denoted dn is the smallest Hamming weight of a non-zero
vector in C. The rate vs. distance problem for binary linear codes is a fundamental open
problem in coding theory, and a fascinating question in discrete mathematics. It concerns
the function Ry, (0), the largest possible rate R for given 0 < § < 1 and arbitrarily large
length n. Here we investigate a variation of this fundamental question that we describe next.

Clearly, C has distance dn, if and only if for every 0 < n’ < dn, every m x n’' sub-
matrix of A has a row of odd weight. Motivated by several problems from coding theory,
we say that A has the unique-neighbor property with parameter n, if every such subma-
trix has a row of weight 1. Let Ry(d) be the largest possible asymptotic rate of linear
codes with a parity check matrix that has this stronger property. Clearly, Ry (-), Ry, (+) are
non-increasing functions, and Ry (0) < Rp(6) for all 6. Also, Ry(0) = Rr(0) = 1,
and Ry (1) = Rr(1) = 0,s0let 0 < 0y < o, < 1 be the smallest values of 0 at which Ry
resp. Ry, vanish. It is well known that 67, = % and we conjecture that J is strictly smaller
than % i.e., the rate of linear codes with the unique-neighbor property is more strictly
bounded. While the conjecture remains open, we prove here several results supporting it.

The reader is not assumed to have any specific background in coding theory, but we
occasionally point out some relevant facts from that area.
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1. Introduction and main problems

We consider here only binary codes C C {0, 1}" of length n. As usual, we denote the rate of C

by R = R(C) = 1log, |C| and its distance by 6n = dist(C) = min,.sy » yec du(z,y), where dy

stands for the Hamming distance. A fundamental open problem in coding theory seeks the best
possible tradeoff between R and 0 < § < 1. We refer to this as

Problem 1.1. Determine, or estimate the real function

R(6) = limsup{R(C) | C C {0,1}", dist(C) = on}.
n—oo

A linear code is a linear subspace of the vector space F4, which we identify with {0, 1}".
Such a code can be defined in terms of a parity check matrix A whichisa [(1 — R)n]| x n binary
matrix. Namely, C = {z € F} | Az = 0}.

Let S be a nonempty set of columns in a binary matrix and let z be the sum over the integers
of the columns in S. We say that the set S'is 1-free if no entry of z equals 1, and we call S even,
if all entries of z are even integers. The number of 1-entries in a binary vector is said to be its
weight or sum.

Here are some basic comments:

Remark 1.2. * A given linear code C can clearly have various distinct parity check matri-
ces A. While the distance of C does not depend on the choice of A, different parity check
matrices of the same code may have different 1-free sets.

* If we delete from A any row that linearly depends on the other rows, the code C does not
change. Consequently, all parity check matrices herein can, with no loss in generality be
assumed to have full row rank.

* Coding theorists refer to a 1-free set as a stopping set, see Section 1.1.

* We consider below also vanishingly small rates R = 0,(1), in which case we may speak of
ann X (n+ f(n)) parity check matrix with f(n) = o(n). Although this deviates from our
standard of considering length-n codes, the asymptotic conclusions remain unchanged.

We are ready now to introduce the protagonists of this article.
Definition 1.3. Let A be a binary m x n matrix of rank m. Define:

* The smallest cardinality of a nonempty even set of columns in A, i.e., the distance of the
binary linear code with parity check A is denoted by £(A).

* The smallest cardinality of a nonempty 1-free set of columns in A is denoted by u(A).
* The maximum value of £(A) over all binary m x n matrices is denoted £(m, n).
* The maximum value of u(A) over all binary m x n matrices is denoted u(m, n).

The best available estimates of €(m, n) are extensively tabulated, e.g., in [Gra07]. We seek
to likewise determine or estimate the values of u(m, n). Note the following:
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Remark 1.4. * The claim that 7" < u(m, n) means that there exists a binary m x n matrix A
of rank m where every nonempty set of at most 7' columns has a row of weight 1.

* Proving that u(m, n) < T entails showing that in every binary m X n matrix A of rank m
there is a set of 7" or fewer columns for which no row weighs 1.

In analogy with Problem 1.1, the following asymptotic question suggests itself:

Problem 1.5. Determine, or estimate the real function

Ry (0) == limsup{R | there exists a [(1 — R)n| x n binary matrix A with e(A) > |on]|}.

n—oo

In other words, Ry, (9) is the smallest real R such that
For any p > R and large enough n, every [(1 — p)n| X n binary matrix

has an even set of < dn columns.
And for 1-free sets:

Problem 1.6. Determine, or estimate the real function

Ry (0) :== limsup{R | there exists a [(1 — R)n] x n binary matrix with u(A) > |[on]}.

n—oo

In other words, Ry () is the smallest real R such that
For any p > R and large enough n, every [(1 — p)n| X n binary matrix

has a 1-free set of < dn columns.

Clearly,
Ry(6) < Rp(0) < R(6) forall 0 < 6.

At present, we cannot even rule out the possibility that all these three functions are,
in fact, identical. It is easily verified that (i) All three are non-increasing functions of ¢,
and (ii) R(0) = R.(0) = Ry(0) =1. Tt is also well known that R(5), R;(0) are positive
for 6 < 3 (by the Gilbert—Varshamov bound for linear codes [Gil52, Var57]) and R(6), R.(6) =0
for % < 0 (e.g., by the Plotkin bound [P1060]).

We believe that the strict inequality Ry(0) < Rp(d) holds for at least some of the
range 0 < 6 < % More specifically that R;; vanishes already at some §p < % Concretely,
we state

Conjecture 1.7. There exists some ¢, > 0 such that function R;(J) vanishes already
atd = % — €9.

In other words, for every R > 0 and large enough n, every [(1 — R)n]| X n binary matrix
has a 1-free set of at most (3 — €)n columns.
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It is conceivable that the same conclusion holds even for R = o,(1) and with a specified
o(1)-term.

Conjecture 1.8. There exists some ¢, > 0 and a positive function 7(n) = o(n) such that for
every large enough n, every [n — n(n)] x n binary matrix has a 1-free set of at most (5 — eo)n
columns.

Let A be a parity check matrix of a linear code C C {0, 1}". Of course C remains invariant
under elementary row operations on A. Also, distances among vectors in C remain unchanged
as A’s columns get permuted. Consequently, in the study of R, () as in Problem 1.5, there is no
loss of generality in assuming that A is in standard form, i.e., its first n columns form an order-n
identity matrix. We pose:

Problem 1.9. Let n, k be positive integers, and let A be a binary n x (n + k) matrix whose
first n columns form the order-n identity matrix. How large can u(A) be?

Below, we often use the invariance of « and € under row and column permutations.

1.1. Unique-neighbor codes in other contexts

The function u was previously (e.g., [DPTT02, KV03, OVZ05, SV06]) defined under the name of
the stopping distance of a matrix. This notion arises in the study of binary erasure channels (see,
e.g., [Gur06]). For further algorithmic aspects of stopping sets see [JXF10, JXF11, LMSSO01,
PH17, Rat06].

The closely related notion of unique-neighbor expansion of codes appears in the study of
message-passing algorithms and expander codes (see [HLWO06] for a survey). Such algorithms
offer an approach to the decoding of linear codes C = {x € Fy' | Az = 0}. Here A
is viewed as the bipartite adjacency matrix (U, V; E') of the code’s factor graph (or Tanner
graph [Tan81]). Here U,V are the sets of A’s rows and columns, and edges correspond to 1-
entries in A. Message-passing algorithms such as belief propagation [ Gal62] work by iteratively
passing messages between vertices in U and those in V.

When the factor graph is a bounded-degree expander graph, we say that C is an expander
code. Such codes belong to the class of low density parity check (LDPC) codes introduced by
Gallager [Gal62]. An important feature of such codes is that they can be efficiently decoded,
using message-passing algorithms [Gal62, RUO1, ZP75]. In a highly influential paper [SS96],
Sipser and Spielman showed that message-passing algorithms can efficiently decode expander
codes even when linearly many (in n) errors occur. The performance of the algorithm depends
on the unique-neighbor expansion of the graph’s bipartite adjacency matrix. For more on this
subject, see [DG17, Gur06, HLWO06, RU08, Sho04, Vid13].

Unique-neighbor expanders and unique-neighbor codes are still not sufficiently well un-
derstood. Alon and Capalbo [AC02] found explicit constructions of bipartite graphs which
are (o, B)-unique-neighbor expander graphs, where a,  are some positive absolute constants
and 1—‘5? is bounded away from 1. See also [Bec16] and [BSV09] for more. In a recent pa-
per [HLM*24], explicit unique-neighbor expanders are constructed with o bounded away from 0
and [ ~ %, which surpasses spectral methods that achieve 5 < %
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2. Our new results

Our work addresses Problems 1.6 and 1.9. Problems 1.1 and 1.5 are mentioned here for context
only.

1. Theorem 3.1 shows that matrices A in which all row sums are 9 or more, satisfy Conjec-
ture 1.7 with g = 0.03 even when R = 0.

2. Theorem 6.1 shows that the conclusion of Conjecture 1.8 fails when n(n) < log,(n).

3. Theorem 4.1 answers Problem 1.9: u;(n,n + k) = - & O,(1). Here Hy, is the k-th
harmonic sum. In particular we prove Conjecture 1.7 for matrices in standard form.

4. Clearly u(m, n) < &(m,n) forall m and n. Theorem 7.1 shows that u = ¢ whenn—m < 3
and that (m,n) = (4, 8) is the first case where u < .

3. With lower bounds on row weights

As we show next, matrices of sufficiently large row weights satisfy Conjecture 1.7. In contrast,
small 1-free sets seem harder to find in sparse matrices. The case of row weights 3 may be the
hardest. The theorem below, as well as Theorem 6.1 and Theorem 7.1 exhibit matrices with row
weights all either 3 or 4 for which the conclusion of Conjecture 1.7 fails to hold.

Theorem 3.1.  [. If every row in a binary n x n matrix A has weight at least 9,
then u(A) < 0.47n. Namely, A must have an n X n' submatrix with n’ < 0.47n in which
no row has weight 1.

2. On the other hand, for every n there exists a binary n X n matrix A where every row has
weight 4, such that u(A) = W Namely, every n x n' submatrix of A with no row of
weight 1 satisfies n' > 3.

3. For every n there also exists a binary n X n matrix B where every row has weight 3, such

that u(B) = [2].

Proof. Ttem 1: Let Z() be a random set of columns in A that is obtained by picking every
column independently with probability p. Let B™) be the resulting [n] x Z() submatrix of A,
and let X(gl), Xl(l) the set of rows in B() of weight zero, resp. one. For every row i € Xl(l) add
some column to Z*) whose i-th entry is 1, and let Z @) > ZW pe the resulting, extended column
set. We denote the [n] x Z® submatrix of A by B®. Let X\*, X'* be the set of rows in B?®
of weight 0, resp. 1. Note that XéQ), Xl(z) - Xél). We proceed in the same way with XSQ), sz)
until no row in the submatrix has weight 1, and let Z = U,/ (k) be the column set of the resulting
matrix. Note that

1 1
2] < |20] + | X5V + | X1V,
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because every column in Z \ Z(!) accounts for some row in X(()l) UX 1(1) that no other column

in Z \ ZW does. Therefore
E(2]) < E( 29+ X5 + 1 x (7).
We have
(200 = pn; E(X5V]) <n(l—p)° +o(n); E(X;"]) < nep(l = ) +o(n),
if the Hamming weight of every row in A is at least c. The claim follows by observing that
E(|Z|) < 0.47n forc = 9, p = 0.3757.

Item 2: Let A be the n x n binary matrix whose rows are comprised of all n cyclic rotations
of the vector 170", Given a vector z € {0, 1}™\ {0} (here O is the all-zero vector of length n),
let the vector Ax be defined by integer arithmetic. Clearly, Az € {0, 1,2,3,4}". Multiply on
the left by the all-1 vector to conclude that ||Az||; = 4|z||;. Note next that if (Az), = 0,
then (Ax);11 mod » 18 either O or 1. Therefore, if Az has no 1 coordinates, then all its coordinates
are at least 2, so that 4(|z||, = ||Az||; > 2n and ||z||; > F, so u(A) > §. A 1-free set of
size [ 2] is the set {1,3,...,2[2] —1}. Letz € {0, 1}" be its indicator vector. Since every two
neighboring columns in the selected set have distance at most 2 (where the distance between 1
and n is 1), then for every row i, ||(Ax);||; = 2 as claimed.

Item 3: The matrix B is similar to A but with row weights of 3, and a similar argument
yields u(B) = [%*]. To show that u(B) > %, letz € {0, 1}" be the indicator vector of a 1-free

set of columns in B. As before, 3||z||; = || Bz||; > 2n, so that ||z||; > %* as claimed. To show
that u(B) < [%], notice that the set {j € [n] | j # 0 mod 3} is 1-free column set with 2]
columns. The conclusion follows. O]

Item 2 of Theorem 3.1 reflects on the validity of Conjecture 1.7. It shows that to guarantee
the existence of small 1-free sets of columns, we must consider matrices with more columns
than rows. This statement is made quantitative in Theorem 6.1.

We suspect that Item 1 of Theorem 3.1 remains valid even when all row weights are at least 5.
However, this seems to require a substantial new idea.

4. Matrices in standard form

We denote by wu;(m,n) the maximum of u(A) for a binary m x n matrix in standard
form A = [I,,|B], where I,,, stands for the identity m x m matrix. Answering Problem 1.9,
we give an upper bound on u;(m, n) that is tight in infinitely many cases.

Theorem 4.1. For every positive integer k and n — 0o, every binary n x (n + k) matrix of the
form A = [I,|B] has a 1-free set of at most 3;- + k columns where Hy = S 7 is the k-th
harmonic sum. For fixed k, the bound is tight, i.e., - — exp((1 + 0k(1))k) < ur(n,n + k).
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Proof. The vector z € {0, 1}""* is the characteristic vector of a 1-free set of columns in A if and
only if the vector Az (computed over the reals) has no 1-coordinates. It is convenient to express 2
as the concatenation of x € {0,1}" and y € {0,1}"*. Clearly, Az = = + By, and Az has no
1-coordinates if and only if x is the characteristic vector of a set that contains every 1-coordinate
in By, and none of its O-coordinates. Therefore, the smallest size of a 1-free set of columns
in Ais

u(A) = min {||y||; + the number of 1-coordinates in By} overall 0 # y € {0,1}". (4.1)

In this view, the order at which B’s rows appear is immaterial, and all we care is,
given v € {0, 1}*, how many rows in B equal v. We denote this number by c,. If a row of B
equals v, then the corresponding coordinate in By equals (v, y), where (-,-) stands for inner
product over the reals. Therefore, we can rewrite Equation (4.1) as

u(A) = min{HyH1 + Z cv} overall 0 # y € {0,1}%. 4.2)
v, (v,y)=1

It transpires that the theorem seeks the maximum of the expression in Equation (4.2), and
this over the choice of the matrix B. However, as we saw, all we need to know about B are
the nonnegative integers c,, where clearly ) (0,1}k Co = M. This means that the answer to our
problem can be expressed as the optimal value of an integer linear program.

To simplify matters, we neglect the term ||y||; in Equation (4.2). This causes only a minor
loss, since 1 < ||y||1 < k, while n — oo. Furthermore, without loss of generality, to maximize
the expression in Equation (4.2) we can set ¢y = 0. Having made these simplifications, we seek
the smallest integer m = m(k, n) for which the following statement holds true:

Given any 2¥ — 1 integers ¢, > 0 indexed by v € {0, 1}*\ {0} with > 0zve{01}k Co = Ty
there is some 0 # y € {0, 1}* with 3>\ ¢, <m.

Let M be the (2% — 1) x (2¥ — 1) binary matrix that is indexed by {0, 1}*\ {0}, whose (u, v)
entry equals 1 if and only if (u,v) = 1. The above statement can be restated as follows:

Vinteger vector ¢ > 0 with 3 o, (o 1yx Cw = 1, some coordinate in M ¢ corresponding to a
0+#ye{0,1}Fis <m.

In other words, m = m(k,n) is the largest integer ¢ for which there is some ¢ as above such
that

Mc>1-t.
It follows that

O <un,n+k)<P+Ek,
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(the +k slack reflects the neglection of the term ||y||;) where

¢ = maxt,
subjectto Mc > 1 -1, 4.3)

(c,1) = nand c > 0 is a vector of integers,

where 1 € {0, 1}2" is the all-1 vector.
‘We turn to solve the rational relaxation of the above ILP.

maxt,
subjectto Mc > 1 -1, “4.4)
(¢,1) =nandc > 0.

Clearly, this optimum is an upper bound on ®. Using the idea of LP duality, we left-multiply
Inequality (4.4) by the following 2*-dimensional vector w:

1
w, = ——— for every v # 0 in {0, 1}*.

(1)
Clearly, if v € {0, 1}* with |v| = j for some 1 < j < k then
T B L (k—=3\ ' k—j) k—i\ gl k=)' (kY

i=1 \i—1 Toi=1

The first equality follows from the definition. The second only involves reorganizing terms. The
third one uses the standard and easy fact that for all positive integers s < NNV it holds that

v \s s+1

As we left-multiply Inequality (4.4) by w, Equation (4.5) yields w' M =1 - k.
Also

=~ ()
(w,1) = e = kHy.
i=1 (i—l)
Therefore,

kHit=w'l -t <w'Me<k-1Te<kn = t< Hﬁ
k
The optimum of the LP is an upper bound on the optimum of the ILP. Therefore

ur(n,n + k) < HikJrk:.
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For the lower bound in the theorem we need a lower bound on the ILP (4.3). To this end we
define

w
kH,’

zZ=nNn

and observe that the above calculations yield (z,1) = n, and Mz = lHL So Hik is a lower
bound on the LP (4.4). We now use this to lower bound the ILP.

Let H, :== “: written as a reduced rational. If n is divisible by ay, then u;(n, n+k) = i 4K,
for some 0 < &’ < k, because in this case the optimal solutions to our LP and the ILP coincide.
In the general case, say n = njax +no where 0 < ny < ay, then by the structure of our matrices,

ur(n,n+k) = ur(n,n+k) —ur(ng,ng + k) = niby, — (ng + 1) = niby — ag.
There holds
ap = Hipby, < Hylem(1, ... k) = (Ink 4+ v+ Ok(1/k)) exp((1 + ox(1))k)
= exp((1 + ox(1))F),
where we employed the following two well known facts:
* Hy =3 =1Ink+ v+ Ok(1/k), where v is Euler’s constant.

e by =lem(l,... k) =exp((1+o0k(1))k), where In(lecm(1, ..., k)) is Chebyshev’s second
function.

The lower bound on u;(n,n + k) now follows. O

This implies Conjecture 1.7 for these matrices:
Corollary 4.2. For every n > 400 and k > 4 there holds u;(n,n + k) < 0.49n.

Proof. When k > 4, u;(n,n + k) < us(n,n 4+ 4) < H% +4 = 048n + 4 < 0.49n for
all n > 400. O

5. Some useful constructions

In what follows we make occasional comments that pertain to some well-known families of
codes, that the reader may find interesting. However, no familiarity with coding theory is as-
sumed. All the relevant background information may be found in standard texts such as [RUO8]
and [vL98].

In this section we introduce several constructions of binary matrices. The building blocks
of these constructions are binary (28 — 1 — k) x (2% — 1) matrices called Uy that we define
for k = 2,3, . ... Further building blocks are U, ,,, which are ((2¥ — 1)m — k) x ((2¥ — 1)m)
binary matrices. We define U both recursively and directly. It is easy to verify by a simple
inductive argument that the two definitions coincide. Here is the recursive definition:

Up=(1 1 1), (5.1)
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(v Lokgng Lo
U1 = < 0 0 U, | (5.2)
where 1,,,, is the all-1 matrix of dimensions p X q.
In the direct definition of U, we index its columns by all integers 28 — 1,2¥ — 2 ... 1, in

this order. The rows are indexed by the subsequence of the above excluding the powers of 2.
Each row of U, has weight 3. If the integer m € {1,...,2* — 1} is not a power of 2, such
that 2! < m < 2*! for an integer ¢, then the three 1 entries in row m appear in columns m, m — 2°
and 2°.

For example,

1001100
U, — 01 01010
P“loo 1100 1]
000O0T1T1T1
with rows called 7, 6, 5, 3 in this order and columns called 7, ..., 1.

We note that Uy, is, by definition, a generator matrix of the [2* — 1, 2¥ — 1 — k, 3], Hamming
code, and a parity check matrix of the corresponding simplex code (shortened Hadamard code).
Its rows are linearly independent, since it has an upper-triangular square submatrix with 1’s on
its diagonal. This matrix, called 7}, is attained by erasing those columns of U}, that correspond
to powers of two. The remaining submatrix is called Ry, namely the columns of U/;, whose index
is a power of 2. For example,

T3: aR3:

o O O
o O = O
O = O O
_ o O =
O~ = =
— o~ O
— o O

An interesting note is that this construction exploits the duality between Hamming codes and
simplex codes. A Hamming code is generated by a matrix with row weights 3, so it is relatively
easy to derive a lower bound b on u(Uy). On the other hand, all non-zero codewords in the
order-/V simplex code have weight % So for N = 2% — 1 this duality yields an upper bound
of 2°=1 on (Uy). The resulting inequality reads b < u(Uy) < e(U},) < 287!, and when b = 2F~1
holds true, they are both equalities.

We next construct the following ((2¥ — 1)m — k) x ((2¥ — 1)m) binary matrix for ev-
eryk =22 m > 1:

T Ry,

Upm = £l fe | (5.3)

Tim—1)k

The numbers of 7}, and Ry, blocks are m, and empty blocks are all-zero blocks.



COMBINATORIAL THEORY 5 (3) (2025), #6 11
6. Conjecture 1.8 fails for sub-logarithmic

We prove next that u(n —logyn —1,n — 1) = £(n —logyn — 1,n — 1) = % for infinitely many
integers n. Concretely,

Theorem 6.1. For every integer k > 2 it holds that
(2 —1 -k, 28— 1) =¢(2" -1 -k, 2F — 1) = 2F 1.
Proof. We proceed by showing that
e(2F —1 -k, 2" —1) <27 and w(Uy) = 287

We start with the upper bound on €:

Proposition 6.2. Every n x (n+ k) binary matrix A has an even set of at most <1 + 2k1—1) nik
columns.

In particular, (28 — 1 — k, 2% — 1) < 281,

Proof. We provide two proofs, one linear algebraic and one that appeals to known bounds in
coding theory. Consider the linear code C = {z € F3** | Az = 0}. As usual, we may and do
assume that A has rank n, so that |C| = 2% Clearly, C is invariant under addition of any given
vector x € C. Consequently, for any 1 < ¢ < n + k either the i-th coordinate is identically zero
in C or there are exactly 2°~! vectors in C whose i-th coordinate is zero, resp. one. Consequently,
the average Hamming weight of vectors in C is at most "T”“ It follows that the average weight

2 (k) _ <1 + L ) "T*k The conclusion follows.

. . 2k
of non-zero codewords in C is at most ~——z— T

Alternatively we can appeal to Griesmer’s bound [Gri60] which says that the length of a
k-dimensional binary linear code of minimum distance d is at least Zf;ol [21-‘ . As we remove
ceilings we conclude that this expression is at least d(2 — 2,%1) After simplifying terms we
arrive at 2;;115(%1) < n + k, as claimed.

The second statement follows by letting n = 28 — 1 — k. [

We turn to prove that u(Uy) > 2%, The proof proceeds by induction on k > 2. For k = 2
the claim clearly holds. For the induction step we use the recursive description of Uy, in Sec-
tion 5. Consider a 1-free set of U, . If it contains column 2%, then it must include at least 2% — 1
additional columns (from either side of the column), for a total of at least 2¥ columns, as claimed.

Thus it suffices to consider a 1-free set of columns of the form L LI R, where R, L are the
subsets of columns from the 2% — 1 rightmost, leftmost ones, respectively. Using the recursive
definition in Equation (5.2), we have |R| > 2F~1 by the induction hypothesis. Furthermore, for
every r € R, one of its first (upper) 2¥ — 1 coordinates contains a 1. Since column 2* is absent
from L LI R, the (unique) matching column from the 2¥ — 1 leftmost columns should be included
in L, in order for L LI R to be a 1-free set. It follows that | L LI R| > 2%, completing the proof. [

Notice that the bound in Proposition 6.2 holds with equality for the parity check matrices
of simplex codes. In this case, the weight of all non-zero codewords coincides with the upper
bound in Proposition 6.2.

The following extension of Theorem 6.1 yields further cases where € and « coincide.
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Theorem 6.3. For every integers k > 2 and m > 1 it holds that
u((2 — 1)ym — k, (28 — )m) = ¢((2F — D)m — k, (2% — 1)m) = 2""'m.

Proof. Again we bound u from below and € from above. The bound on u uses the matrices Uy, ,,
from Section 5 and the bound on ¢ follows from Proposition 6.2. To show that u(Uy,,,,) = 2" 'm,
we consider 1-free sets in Uy,,. The matrix U, with its last k& columns removed
has no nonempty 1-free sets, since it is an upper-triangular, full-rank matrix. So consider a
1-free set that includes ¢ > 0 columns among the last & columns of Uy, ,,,. By Theorem 6.1 at
least (25! — ¢)m additional columns are needed, specifically at least 2*~* — ¢ from every T},
in the direct sum. The lower part of Uy ,,, necessitates adding exactly (m — 1)t columns from
the columns that contain the block (,;,_1)x. In total the cardinality of the 1-free set at hand is at
least t + (2571 — t)m + (m — 1)t = 28~1m, as claimed. O

Theorem 6.3 and the monotonicity of u, € (see Proposition 7.2 below) yield

Corollary 6.4. For every k,n it holds that u(n,n + k) > e(n,n + k) — 21

7. Between u© and £ when n — m is bounded

In this section we compare u(m, n) and €(m, n) when n—m > 1 is bounded from above. A most
helpful resource in studying these problems is [Gra0O7], which records best possible linear codes
of small lengths. Below we refer to the notion of an elementary collapse that we now define.
Say that A is a binary matrix and A(4, 7) = 1. If the i-th row has Hamming weight of 1, then
elementary collapse with pivot (i, 7) is the matrix that is obtained upon removing row i and
column j from A.

Here is our main result:

Theorem 7.1. 1. u(4,8) = 3 whereas £(4,8) = 4. This is the lexicographically first case
where u < ¢, i.e., the ordering that compares n — m,m,n in this order.

2. u(n,n+1) =¢e(n,n+ 1) =n+ 1. The case of equality is fully characterized.
3. uln,n+2)=c(n,n+2) =252

4. Ifn#—1mod 7, thenu(n,n+3)=e(n,n+3)= | 22|, Also, u(Tm—1,Tm+2)=4m
for every positive integer m.

Proof. We start with several simple observations:

Proposition 7.2. 1. u(m,n) <e(m,n) <m+ 1.
2. Both u(m,n) and £(m,n) increase with m and decrease with n.
3. u(m,n) <ulm+1,n+1), e(m,n) <e(m+1,n+1).

4. The functions u(-),£(-) are invariant under elementary collapses.
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Proof. 1. u < € by definition. £(m,n) < m + 1 because the columns of every m x (m + 1)
matrix are linearly dependent.

2. This is because every 1-free/even set of columns in an (m+ 1) x n matrix A is 1-free/even
for every m x n submatrix of A, and these properties are preserved when any column is
added to A.

3. Observe that u(A) = u(B), €(A) = £(B) for every m x n matrix B and the matrix

B 0
A= ( 50 ) |
4. If A has an elementary collapse with pivot (7, j), then no even resp. 1-free set of columns

of A can contain j. Therefore u, ¢ remain unchanged under an elementary collapse with
pivot (7, ). O

We now prove the 4 items of the theorem in order.

7.1. Proof of Item 1: u(4,8) =3 < 4 =¢(4,8).

As recorded in [Gra07], there holds €(4, 8) = 4 (see reference for a linear code that attains this
bound). We now show that u(4,8) = 3. The following matrix yields u(4,8) > 3, since every
nonempty set of 2 or fewer columns has a row of weight 1.

10001100
01000110
00100O0O0T1T71 7.1
00011001

Next we show that u(A) < 3 for every binary 4 x 8 matrix A. We reduce to the case that
every column of A has weight at least 2. If A has a zero column, then clearly u(A) = 1. If some
column of A has weight 1,say a;; = landa,;; = Ofori = 2, 3, 4, consider the submatrix B of A
that is obtained by erasing its first row and column. If B has an all-zero column, then u(A) < 2,
and if B has two equal columns, then u(A) < 3. In the only remaining case

0001111
B=10110011], (7.2)
1010101
up to permutations of the rows and columns. We index the columns of B with 2,...,8. Con-

sider the weight w = > a;; of row 1in A. If w = 1, then a; ; = 0 for all j > 2. Conse-
quently, u(A) = u(B) = 3, since every 1-free set in B is also 1-free in A. If w > 3 there are at
least two indices 1 < 3 < « such that a; , = a1 3 = 1. If columns «, 3 of B are the vectors u
resp. v, then some column v corresponds to u & v (mod 2 sum). Columns «, 3,y form a 1-free
setin A. Finally, if w = 2, there is exactly one index 6 > 1 such that a; ; = 1. Then we can find
a triplet of columns of the form u, v, u & v in B none of which is column ¢.
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We can now assume that every column of A has weight 2, 3 or 4. A has no repeated columns,
or else u(A) = 2. Also A can have at most two columns of weight at least 3, for any three such
distinct vectors form a 1-free set. Consequently A has exactly two columns of weight at least 3
and each of the six columns of weight 2. The latter 6-tuple contains a 1-free set of three columns.
This establishes Item 1 of Theorem 7.1.

Note that 4,8 are the minimal m,n for which u(m,n) < e(m,n), with respect to the
lexicographical ordering that first compares n — m, then m, n: the other parts of the present
theorem show that equality holds when n — m < 3. One can verify that u(m,n) = £(m,n)
for (m,n) € {(1,5),(2,6),(3,7)} using the table in [Gra07].

7.2. Proof of Item 2

Itis clear that u(n,n+1) = e(n,n+1) = n+1. Alsoe(A) = n+1forann x (n+ 1) matrix A
if and only if its rank is n and all its row weights are even.

An example of an n x (n+ 1) matrix A with u(A) = n+ 1 is obtained by taking the edges vs.
vertices incidence matrix A7 of a tree with n + 1 vertices. As we show, no other examples exist.

Proposition 7.3. If u(A) = n+ 1 for some n x (n+ 1) binary matrix A, then A = A for some
tree T with n + 1 vertices.

Proof. A cannot have a zero row, or else u(A) < e(A) < Q(”TH), by Proposition 6.2.

As in Proposition 7.2, Item 4, any row of weight 1 in A can be collapsed, without changing &
and u. So we may and will assume that every row of A weighs at least 2. Let us view A as
the edges vs. vertices incidence matrix of a hypergraph G = (V, E). An edge in F of size 2
(resp. = 3) is called light (resp. heavy). Let L C E be the set of light edges. If all edges in &
are heavy, we can omit any single column of A and obtain a matrix in which all rows weigh at
least 2, contrary to our assumption that u(A) = n + 1.

The graph (V, L) has no isolated vertices, for if v € V is incident with no light edge,
then V'\ {v} is a 1-free set, contrary to our assumption. If L = E, then the vertex set of any con-
nected component of G is a 1-free set. Therefore G is a connected graph with n+1 vertices and n
edges, i.e., a tree, as claimed. On the other hand, if L # F, the graph (V, L) must be discon-
nected, since it has n+ 1 vertices and at most n — 1 edges. In this case, let (V3, Ly), ..., (Vi, L)
be the connected components of (V, L). By the above ) . |Vi| = n + 1, |L;| > |Vi| — 1, so
that |[L| = >, |L;| > n+ 1 — k, with equality if and only if (V, L) is a forest with no isolated
vertices. Consequently, at most £ — 1 edges in £ are heavy.

Let B be the edges vs. vertices matrix of the hypergraph that results from G by shrinking
each V; to a single new vertex v;. Since L # & this actually reduces the size of the matrix and
we can use induction to prove the proposition. Every 1-free set .S in B yields a 1-free set in A by
inflating each v; € S to V;. In particular u(B) < k would imply u(A) < n. Consequently, B is
a (k — 1) x k matrix with u(B) = k. By induction it is the edge-vertex matrix of K, a tree
with vertex set {v1,...,v;}. Say that vy is a leaf of K, and let e be the single edge of K that
is incident with v;. We claim that either V; or V' \ V; comprise a 1-free set in A. Indeed, only
the row corresponding to e may have weight 1 in the submatrix of A corresponding to either V;
or V'\ Vj. But it is impossible that both cases occur, for that would mean that the edge e has
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size 2 contrary to the fact that e is a heavy edge. The set of vertices (or columns) V; or V'\ V; in
which e has weight at least 2 comprises a 1-free set of columns in A. Since both V;, V' \ V; are
nonempty, this contradicts our assumption that u(A) = n + 1. This establishes the proposition
and Item 2 of Theorem 7.1. ]

7.3. Proof of Items 3 and 4

The proof for £ = 2 splits to cases according to the value of » mod 3. When n = 1 mod 3 we
have u(3m — 2,3m) = ¢(3m — 2,3m) = 2m by Theorem 6.3. By Proposition 6.2, u, ¢ do not
change as we move to n = 3m — 1. Finally, for n = 3m we introduce the matrix

o U2,m 0
a=( 0" )

with U, ,,, as defined in Equation (5.3). It is easy to see that u(A) = ¢(A) = 2m + 1. By
Proposition 6.2 this is also the upper bound on u(3m, 3m + 2),e(3m, 3m + 2). We conclude
that u(n,n + 2) = e(n,n + 2) = | 24|, establishing Item 3.

The analysis when k£ = 3 is somewhat more involved and proceeds according to the value of
n mod 7. We start with the upper bound: By Proposition 6.2, £(n, n+3) < | 22 |. This bound
is shown to be tight, except if n = —1 mod 7, when it can be reduced by 1 due to Griesmer’s
bound [Gri60]: indeed, our general upper bound is e(7m — 1, 7m + 2) < LMJ =4m+1,
but by Griesmer’s bound if the code’s distance is 4m + 1, then its length is at least
Am 414 [ 4 [4mi] = 7m + 3. So e(Tm — 1, Tm + 2) < 4m.

We proceed to deal with the lower bounds. The case £ = 3 of Theorem 6.3 gives
u(7m — 3,7m) = e(Tm — 3,7m) = 4m. Namely, u = £ when n = 4 mod 7.

Item 3 of Proposition 7.2 and Proposition 6.2 yield

uln—1,n+2) <u(n,n+3) <e(n,n+3) < F(n—i—S)J

7
Soifu(n—1,n+2) = L%(n + 3)J , this trivially allows to derive the case n = r + 1 mod 7 after
establishing v = ¢ in the case n = rmod 7. This works verbatim for » = 1,4.

Whenn = 5 mod 7, asimilar argument establishes u(7m—1, Tm+2) =e(Tm—1, Tm+2) =4m.
It is left to establish the cases n = 0, 1, 3 mod 7. Here, an additional argument is needed. To this
end, we extend Us ,,, from Section 5 to an n x (n + 3) matrix for the appropriate n. This resem-
bles the construction of Uy, ,,, from Uy, and the construction in the case £ = 2. In all three cases,
these matrices show that u(n, n+ 3) attains the upper bound on (n, n+3), namely | 3(n + 3) |.
Hence we get in each case a matrix U such thate(n, n+3) < |2(n + 3)| < u(U) < u(n,n+3).
For illustration, when n = 7m, we use the matrix Us ,,, to construct

o U3,m 0
(4 2)

Note that 4m+1 = w(U) < w(7m, 7m+3) and e(7m, 7m+3) < 4m+ 1 from Proposition 6.2,
so u(7m,Tm + 3) = (Tm,Tm + 3) = 4m + 1.
We note that Item 4 holds as well when n = 1,2, 3, but we skip this verification.

This concludes the proof of Theorem 7.1. [
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8. Open problems

Problem 8.1. The most obvious question is Conjecture 1.7 which remains open.
Problem 8.2. What is the smallest ¢ for which the conclusion of Theorem 3.1 holds? Is it 5?

Problem 8.3. The proof of Theorem 3.1 suggests a more general setup. We seek a 1-free set of
columns in a binary matrix A. Having committed to some subset of columns, the rows of A are
splitinto: [y U I U I,, those of weight 0, 1 and > 2, respectively. To extend our initially chosen
set into a 1-free set, we need an additional set of columns J, the weight of whose I and /; rows
differ from 1, O respectively. Under what conditions is it possible to pre-specify which row sums
we wish to be # 0 and which # 1?

Problem 8.4. Let usz(m,n) denote maxu(A) of an m X n binary matrix A where every
row has weight 3. Proposition 7.3 implies that uz(n,n + 1) < wu(n,n + 1), but perhaps
ug(m,n) =u(m,n) when n + 1 < m.  Some supportive evidence for this is
that u3(4,8) = u(4,8), uz(2¥ =1 —k,2¥ — 1) = u(2¥ — 1 — k,2F — 1). We note that more
generally, uz((28 — 1)m — 1, (28 — 1)m) = u((2¥ — 1)m — 1, (2¥ — 1)m) holds, because the
matrices Uy, ,, can be modified so all rows have weight 3 without changing u, €.

Remark 8.5. If indeed, Conjecture 1.7 is true, then its proof would require some substantial new
ideas. Because, as Theorem 6.1 shows, methods that work for square matrices and matrices with
only a few more columns than rows as in Theorem 3.1 and Theorem 6.3 are not likely to deliver
a full answer.
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