
combinatorial theory 5 (3) (2025), #8 combinatorial-theory.org

Harmonious sequences in groups
with a unique involution

Lydia de Wolf1 and Mohammad Javaheri ∗2

1,2Department of Mathematics, Siena University, NY, U.S.A.
ldewolf@siena.edu , mjavaheri@siena.edu

Submitted: Aug 28, 2024; Accepted: Mar 27, 2025; Published: Sep 15, 2025
© The authors. Released under the CC BY license (International 4.0).

Abstract. We study several combinatorial properties of finite groups that are related
to the notions of sequenceability, R-sequenceability, and harmonious sequences. In
particular, we show that in every abelian group G with a unique involution ıG there
exists a permutation g0, . . . , gm of elements of G\{ıG} such that the consecutive
sums g0 + g1, g1 + g2, . . . , gm + g0 also form a permutation of elements of G\{ıG}. We
also show that in every abelian group of order at least 4 there exists a sequence containing
each non-identity element of G exactly twice such that the consecutive sums also contain
each non-identity element of G twice. We apply several results to the existence of transver-
sals in Latin squares.
Keywords. Sequenceable groups, Latin squares, harmonious groups, complete mappings
Mathematics Subject Classifications. 05E16, 20D60, 05B15

1. Introduction

Given a sequence g : g0, g1, . . . , gm in a finite group G, the sequence of consecutive quo-
tients ḡ : ḡ0, ḡ1, . . . , ḡm is defined by letting ḡ0 = g0 and ḡi = g−1

i−1gi for all 1 ⩽ i ⩽ m. A
group is called sequenceable if there exists a sequence g in G with g0 = 1G, where 1G is the
identity element ofG, such that g and ḡ are both permutations of elements ofG. Gordon [Gor61]
proved that a finite abelian group is sequenceable if and only if it has a unique involution (i.e.
an element of order 2).

It is conjectured by Keedwell [Kee83] that, except for the dihedral groups D6, D8, and the
quaternion group Q8, every non-abelian group is sequenceable. Keedwell’s conjecture is sup-
ported by the result that all solvable groups with a unique involution, except Q8, are sequence-
able [AI92]. See [Oll13] for a survey of results regarding sequenceable groups.
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Considering consecutive products instead of quotients, given a sequence g : g0, g1, . . . , gm
in G, let the sequence ĝ : ĝ0, ĝ1, . . . , ĝm be defined by letting ĝ0 = gmg0 and ĝi = gi−1gi
for 1 ⩽ i ⩽ m. The following definition is consistent with that of Beals et al. introduced
in 1991 [BGHJ91].

Definition 1.1. Let G be a group and A be a finite subset of G. A sequence g in A is called a
harmonious sequence in A if both g and ĝ are permutations of elements of A, in which case we
say A is harmonious.

All odd groups are harmonious. All abelian groups except the elementary 2-groups and
groups with a unique involution are harmonious. A dihedral group of order n is harmonious if
and only if n > 4 and n = 0 (mod 4). It is also known that the dicyclic group of order 4n is
not harmonious if n is odd, and it is harmonious if n = 0 (mod 4) or n = 0 (mod 6) [Wan93].
Moreover, Müyesser and Pokrovskiy [MP25] have proved that all sufficiently large groups that
satisfy the Hall–Paige condition (i.e.

∏
g∈G g ∈ G′, where G′ is the derived subgroup of G) are

harmonious.
If G is an abelian group G of order greater than 3, then G♯ = G\{0G} is harmonious if and

only if G does not have a unique involution [BGHJ91], where here and throughout, 0G denotes
the identity element of an abelian group G.

Harmonious sequences are special examples of complete mappings. For G a group and A
a finite subset of G, recall that a complete mapping of A is a bijection π : A → A such
that {g ∗ π(g) : g ∈ A} = A. Hall and Paige studied complete mappings in relation to or-
thogonality problems in Latin squares [HP55].

A harmonious sequence g : g0, . . . , gm on a subset A of a group G gives rise to the cyclic
complete mapping π(gi) = gi+1, 0 ⩽ i ⩽ m, and conversely, a cyclic complete mapping π on A
gives rise to the harmonious sequence g, π(g), π2(g), . . . , πm(g) in A, where g ∈ A.

The study of complete mappings itself is motivated by the open problem in the study of Latin
squares known as the Ryser–Brualdi–Stein conjecture. Recall that a Latin square is an n × n
array on n symbols such that each symbol appears exactly once in each row and exactly once in
each column. A partial transversal of a Latin square is a collection of cells which do not share
any row, column, or symbol. A full transversal of an n× n Latin square is a partial transversal
with n cells, while a near transversal is a partial transversal with n−1 cells. The Ryser–Brualdi–
Stein conjecture states that every odd Latin square has a full transversal and every even Latin
square has a near transversal.

Given a group G, let L(G) be its multiplication table (which is a Latin square), where the
cell (g, h) contains the term gh for g, h ∈ G. Every full transversal of L(G) corresponds to
a complete mapping of the group, where each cell (g, h) of the transversal indicates that one
maps g to h. Paige showed in 1947 that L(G) has a full transversal for abelian group G if
and only if G does not have a unique involution [Pai47]. Hall and Paige conjectured in 1955
that for a general group G, the Latin square L(G) has a full transversal if and only if the 2-
Sylow subgroups of G are either trivial or non-cyclic, and they verified the conjecture in the
solvable case [HP55]. The Hall–Paige conjecture was eventually proved in 2009 in the general
case [BCC+20, Eva09, Wil09].
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The Ryser–Brualdi–Stein conjecture holds for group-based Latin squares [BGHJ91, GH20].
Since every odd group admits a harmonious sequence, a stronger result holds in the odd case,
namely every group-based odd Latin square has a full transversal satisfying the following addi-
tional condition.

Definition 1.2. We say a collection of cells in a Latin square is cyclic if there is an order-
ing c1, . . . , ck of the cells in such a way that the row number of ci+1 matches the column number
of ci for all 1 ⩽ i ⩽ k (where ck+1 = c1).

If L(G) has a full transversal, then it decomposes into full transversals [VLW03]; we show
in Section 2 that if G is an odd abelian group of order n, then L(G) has ϕ(n) disjoint cyclic full
transversals (Theorem 2.2).

An odd Latin square does not necessarily admit a cyclic full transversal (see Figure 1.1).
Let G be a group with elements g1, . . . , gn. Then the Latin square L̄(G) =

(
g−1
i gj

)
1⩽i,j⩽n

does
not admit a cyclic full transversal, since 1G only appears on the main diagonal and no cyclic
full transversal intersects the main diagonal if n > 1. Likewise, an even Latin square does
not necessarily admit a cyclic near transversal (see Figure 1.1). If G is a group that is not R-
sequenceable (defined below), then L̄(G) does not admit a cyclic near transversal. We will show
in Theorem 4.3 that L(G) has a cyclic near transversal for all even abelian groups G.

0 1 2 3 4
4 0 1 2 3
3 4 0 1 2
2 3 4 0 1
1 2 3 4 0

0 1 2 3 4 5
5 0 1 2 3 4
4 5 0 1 2 3
3 4 5 0 1 2
2 3 4 5 0 1
1 2 3 4 5 0

Figure 1.1: The Latin square L̄(Z5) on the left does not admit a cyclic full transversal; the Latin
square L̄(Z6) on the right does not admit a cyclic near transversal.

Among other combinatorial properties related to sequenceability are R-sequenceability and
D-sequenceability. A permutation of non-identity elements g0, . . . , gm in a group G is called an
R-sequence if the consecutive quotients g−1

0 g1, g−1
1 g2, . . . , g

−1
m g0 also form a permutation of non-

identity elements of G. Every abelian group is either sequenceable or R-sequenceable [AKP17].
A group is called D-sequenceable, if there exists a sequence g in G such that every element
of G appears exactly twice in each of g and ḡ. All abelian groups are D-sequenceable, and it
is conjectured that all finite groups are D-sequenceable [Jav24]. We introduce the following
harmonious counterpart of D-sequenceability.

Definition 1.3. Let G be a group and A be a finite subset of G. We say g is a doubly harmonious
sequence in A if every element of A appears exactly twice in each of g and ĝ, in which case we
say A is doubly harmonious.

Every doubly harmonious sequence in G gives rise to a cyclic duplex in L(G). A duplex
in an n × n Latin square is a set of 2n cells that contains two cells from each row, column,
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and symbol. Rodney conjectured that every Latin square contains a duplex [CD06]. Rodney’s
conjecture has been verified for L(G) if G is solvable [VLW03].

In Section 3, we show that ifG is an odd group (possibly trivial) andH is abelian, thenG×H
is doubly harmonious (Theorem 3.5), and so L(G×H) admits a cyclic duplex. In addition, we
show that if G is an abelian group of order at least 4, then G♯ = G\{0G} is doubly harmonious
(Theorem 3.9). We conjecture that every finite group G is doubly harmonious, and if G is of
order at least 4, then G♯ is doubly harmonious.

In Section 4, we consider two combinatorial properties of groups with a unique involution.
We prove that if G is an abelian group with a unique involution ıG, then G♭ = G\{ıG} is harmo-
nious (Theorem 4.2), and if G is an abelian group of order at least 10, then G♮ = G\{ıG, 0G} is
harmonious (Theorem 4.8).

Let G be a finite group and B ⊆ G. In order for B to be harmonious, there are two necessary
conditions:

i) The Hall–Paige condition must hold on B; i.e.,
∏

a∈B a ∈ G′, where G′ is the derived
subgroup of G.

ii) If B ̸= {1G}, then for every c ∈ B there must exist a, b ∈ B such that a ̸= b and ab = c.

However, these two conditions are not sufficient for B to be harmonious. For example,
if G = Z3k, k ∈ N, and B is the set of non-multiples of 3 in G, then B is not harmonious
while conditions (i) and (ii) hold.

On the other hand, if |G| is large enough, the Hall–Paige condition holds on B,
and |B| > |G|−

√
|G|, then B is harmonious [MP25, Th. 6.9]. Prompted by these observations,

we ask if that there exists a constant α ∈ (0, 1) such that condition (i) together with |B| > α|G|
imply that B is harmonious.

2. Strongly harmonious sequences

We first establish a stronger statement regarding harmonious sequences in odd abelian groups.

Definition 2.1. We say a permutation g0, . . . , gℓ−1 of elements of a group G of order ℓ is strongly
harmonious if, with indices computed modulo ℓ, we have

i) for every integer k, the terms gigi+k, 0 ⩽ i ⩽ ℓ− 1, form a permutation of elements of G.

ii) for every integer 0 ⩽ k ⩽ ℓ− 1, gkgℓ−k = 1G.

It follows from (i) with k = 0 that g2i , 0 ⩽ i ⩽ ℓ−1, form a permutation of G, hence G must
be odd. It then follows from (ii) that g20 = 1G, hence g0 = 1G.

Theorem 2.2. Every odd abelian group is strongly harmonious.

Proof. If G ∼= Zm, where m is odd, then one simply lets gi = i, 0 ⩽ i ⩽ m − 1. It is
then sufficient to prove that if an odd abelian group H has a strongly harmonious sequence,
then H × Zm has a strongly harmonious sequence, where m is odd. Let h0, h1, . . . , hn−1 be a
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strongly harmonious sequence in H . We denote an element of (h, i) ∈ G = H×Zm by i
h
. Then

the sequence below is a strongly harmonious sequence in G:

p :

alternating 0 and 1︷ ︸︸ ︷
0
h0
,
1
h1
, . . . ,

0
hn−1︸ ︷︷ ︸

first copy

,

alternating 1 and 2︷ ︸︸ ︷
1
h0
,
2
h1
, . . . ,

1
hn−1︸ ︷︷ ︸

second copy

, . . . ,

alternating m− 1 and 0︷ ︸︸ ︷
m− 1
h0

,
0
h1
, . . . ,

m− 1
hn−1︸ ︷︷ ︸

m’th copy

. (2.1)

To be more precise, for 0 ⩽ i ⩽ mn− 1, we let

pi =

{
(hi, ⌊i/n⌋) if i+ ⌊i/n⌋ is even;
(hi, ⌊i/n⌋+ 1) if i+ ⌊i/n⌋ is odd;

where the index of hi is computed modulo n.
It follows from this definition that pi+jn = pi+(0, j) for all integers i, j. It is clear from (2.1)

that each element of G appears exactly once in p. To see that each element of G appears
exactly once in p̂, let (h, t) ∈ H × Zm be arbitrary. Since h is strongly harmonious, there
exists 0 ⩽ i ⩽ n− 1 such that h = hi + hi+k. Let r ∈ Zm such that pi + pi+k = (hi + hi+k, r).
We choose an integer j such that t = r + 2j (mod m). Then

pi+jn + pi+jn+k = pi + (0, j) + pi+k + (0, j) = (hi + hi+k, r + 2j) = (h, t).

It is straightforward to show that pi + pmn−i = 0.

Let G be an odd abelian group and g0, . . . , gn−1 be a strongly harmonious sequence in G.
Then, for each integer k, the cells (gi, gi+k), 0 ⩽ i ⩽ n− 1, form a full transversal Λk in L(G),
where the indices are computed modulo n. Clearly, Λk is a cyclic full transversal if and only
if gcd(k, n) = 1.

Corollary 2.3. LetG be an abelian group of odd order n. ThenL(G) has n disjoint full transver-
sals, ϕ(n) of which are cyclic.

3. Doubly harmonious sequences

We begin this section with an application of results on harmonious groups.

Theorem 3.1. Every finite abelian group admits a doubly harmonious sequence.

Proof. Let G be a finite abelian group. If G is harmonious, then it is doubly harmonious.
Thus, suppose that G is not harmonious, and so G is either an elementary 2-group or has a
unique involution. If G is an elementary 2-group i.e. G ∼= (Z2)

k, where k ⩾ 1, then G is D-
sequenceable [Jav24], hence it is doubly harmonious (since a+ b = −a+ b for all a, b ∈ (Z2)

n).
Thus, suppose that G is not an elementary 2-group and has a unique involution. It follows

that G ∼= Z2m × H , where m > 1 or m = 1 and H is nontrivial. Then Z2 × G is not an
elementary 2-group and its 2-Sylow subgroup is not cyclic, and so Z2 × G is harmonious. By
projecting a harmonious sequence in Z2 ×G onto G via the projection Z2 ×G → G, we obtain
a doubly harmonious sequence in G.
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We conjecture that all finite groups are doubly harmonious. Clearly, if a finite group G is
harmonious, then it is doubly harmonious (since every harmonious sequence can be doubled to
obtain a doubly harmonious sequence). As a non-abelian and non-harmonious example, if k is
odd, then the dihedral group D2k is not harmonious, but it is doubly harmonious via projecting
a harmonious sequence in D4k onto a doubly harmonious sequence in D2k. The next theorem
(Theorem 3.5) provides more support for the conjecture.

Recall that a D-sequence in a group G is a sequence g in G such that every element of G
appears exactly twice in each of g and ḡ (where ḡ is the sequence of consecutive quotients). We
say a D-sequence g : g0, g1, . . . , g2n−1 in a group G is cyclic if g0 = g2n−1 = 0, where n = |G|.
It was shown in [Jav24] that every finite abelian group admits a cyclic D-sequence. We use this
result in the following lemma.

Lemma 3.2. Let H be an abelian group of order m. Then there is a sequence k0, . . . , k4m−1

in H such that

i) The terms k0, k2, . . . , k4m−2 contain each element of H exactly twice.

ii) The terms k1, k3, . . . , k4m−1 contain each element of H exactly twice.

iii) The terms k̂0, k̂2, . . . , k̂4m−2 contain each element of H exactly twice.

iv) The terms k̂1, k̂3, . . . , k̂4m−1 contain each element of H exactly twice.

Proof. Let h0, . . . , h2m−1 be a cyclic D-sequence in H such that h0 = h2m−1. We let k be the
following sequence:

k : h0,−h1, h2, · · · ,−h2m−1, h1,−h2, . . . , h2m−1,−h0.

To be more precise, we let h2m = h0 and define

ki =

{
(−1)ihi if 0 ⩽ i ⩽ 2m− 1;

(−1)ihi−2m+1 if 2m ⩽ i ⩽ 4m− 1.

The terms k0, k2, . . . , k4m−2 consist of h0, h2, . . . , h2m−2 followed by h1, h3, . . . , h2m−1, which
include every element of H exactly twice. Similarly, the terms k1, k3, . . . , k4m−1 consist
of −h1,−h3, . . . ,−h2m−1 followed by −h2,−h4, . . . ,−h2m−2,−h0, which include every el-
ement of H exactly twice as well.

We have {k̂1, k̂3, . . . , k̂4m−1} = {−hi : 0 ⩽ i ⩽ 2m − 1}, which contains every element
of H exactly twice. Similarly, we have {k̂0, k̂2, . . . , k̂4m−2} = {hi : 0 ⩽ i ⩽ 2m − 1}, which
contains every element of H exactly twice.

In the next two lemmas, we show that the direct product of a harmonious group and an abelian
group is doubly harmonious.

Lemma 3.3. If G is an even harmonious group and H is abelian, then G×H is doubly harmo-
nious.
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Proof. Let g : g0, . . . , gn−1 be a harmonious sequence in G and k : k0, . . . , k4m−1 be the se-
quence in H obtained in Lemma 3.2. We define a sequence u : u0, . . . , u2mn−1 in G × H as
follows. Given 0 ⩽ i ⩽ 2mn−1, we let i = nj+ r, where 0 ⩽ r ⩽ n−1 and 0 ⩽ p ⩽ 2m−1.
Let

ui =

{
(gr, k2j) if r is even;
(gr, k2j+1) if r is odd.

Hence,

u :

alternating k0 and k1︷ ︸︸ ︷
k0
g0
,
k1
g1
, . . . ,

k1
gn−1︸ ︷︷ ︸

first copy

,

alternating k2 and k3︷ ︸︸ ︷
k2
g0
,
k3
g1
, . . . ,

k3
gn−1︸ ︷︷ ︸

second copy

, . . . ,

alternating k4m−2 and k4m−1︷ ︸︸ ︷
k4m−2

g0
,
k4m−1

g1
, . . . ,

k4m−1

gn−1︸ ︷︷ ︸
2m’th copy

.

Given g ∈ G, let r ∈ {0, 1, . . . , n− 1} be the unique index such that g = gr. If r is even, the
terms unj+r = (gr, k2j), 0 ⩽ j ⩽ 2m−1, contain every element of {g}×H exactly twice, while
if r is odd the terms unj+r = (gr, k2j+1), 0 ⩽ j ⩽ 2m − 1, contain every element of {g} ×H
exactly twice.

Next, we show that every element of G × H appears twice in û. Given g ∈ G,
let r ∈ {0, 1, . . . , n − 1} be the unique index such that g = ĝr. First suppose that r is odd.
For 0 ⩽ j ⩽ 2m− 1, we have

ûnj+r = unj+r−1unj+r = (gr−1, k2j)(gr, k2j+1) = (g, k̂2j+1).

Since every element of H appears twice among the sums k̂2j+1 for 0 ⩽ j ⩽ 2m − 1, we
conclude that the terms ûnj+r, 0 ⩽ j ⩽ 2m − 1, contain every element of {g} × H exactly
twice. The proof is similar when r is a nonzero even index. If r = 0, one has

ûnj = un(j−1)+n−1unj = (gn−1, k2j−1)(g0, k2j) = (g, k̂2j),

so the terms ûnj , 0 ⩽ p ⩽ 2m− 1, contain every element of {g} ×H twice as well. Thus u is
a doubly harmonious sequence in G×H .

Lemma 3.4. If G is an odd group and H is a doubly harmonious group, then G×H is doubly
harmonious.

Proof. Let h : h0, . . . , h2n−1 be a doubly harmonious sequence in H and g : g0, . . . , gm−1 be
a harmonious sequence in G. We define a doubly harmonious sequence u : u0, . . . , u2mn−1,
in G ×H as follows. Given 0 ⩽ i ⩽ 2mn − 1, we write i = 2jn + r, where 0 ⩽ j ⩽ m − 1
and 0 ⩽ r ⩽ 2n− 1, and let

ui = (gj, hr).

That is,

u :
h0

g0
,
h1

g0
, . . . ,

h2n−1

g0︸ ︷︷ ︸
all g0

,
h0

g1
,
h1

g1
, . . . ,

h2n−1

g1︸ ︷︷ ︸
all g1

, . . . ,
h0

gm−1
,
h1

gm−1
, . . . ,

h2n−1

gm−1︸ ︷︷ ︸
all gm−1

.

It is easily checked that u is a doubly harmonious sequence in G×H .
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The following theorem follows from Lemmas 3.3 and 3.4.

Theorem 3.5. If G is harmonious and H is abelian, then G×H is doubly harmonious.

Proof. If G is an even group, the claim follows directly from Lemma 3.3. If G is odd, the claim
follows from Lemma 3.4, since every abelian group is doubly harmonious by Theorem 3.1.

By Theorem 3.5, if G is an odd group, then G × Z2m is doubly harmonious. These groups
provide nontrivial examples of non-harmonious but doubly harmonious groups supporting the
conjecture that all finite groups are doubly harmonious. The following result on Latin squares
is an immediate consequence of Theorem 3.5.

Corollary 3.6. If G is an odd group and H is abelian, then L(G×H) admits a cyclic duplex.

In the rest of this section, we show that if G is an abelian group of order at least 4,
then G♯ is doubly harmonious, where G♯ = G\{0G}. We say that a doubly harmonious se-
quence g0, g1, . . . , gm in G♯ is special if g0 + gm−1 = 0 and gm−2 + gm−1 = gm, or equivalently,
if gm−2 = ĝ0 and gm = ĝm−1. For example, the following sequence is a special doubly harmo-
nious sequence in Z♯

10:

1, 1, 2, 2, 3, 3, 4, 4, 5, 6, 5, 7, 6, 8, 7, 9, 9, 8,

and the following sequence is such in Z♯
11:

1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 7, 6, 6, 8, 7, 9, 8, 10, 10, 9.

The next lemma shows that these patterns generalize to Zn for all integers n > 3.

Lemma 3.7. There exists a special doubly harmonious sequence in Z♯
n for every n > 3.

Proof. First, let n = 2k where k is an integer greater than 1. Let s1 and s2 be the following
sequences:

s1 : 1, 1, 2, 2, . . . , k − 1, k − 1︸ ︷︷ ︸
pairs i, i for 1 ⩽ i ⩽ k − 1

, k, k + 1;

s2 : k, k + 2, k + 1, . . . , 2k − 3, 2k − 1︸ ︷︷ ︸
pairs i, i+ 2 for k ⩽ i ⩽ 2k − 3

, 2k − 1, 2k − 2.

Next, let n = 2k − 1 where k is an integer greater than 2. Let t1 and t2 be the following
sequences:

t1 : 1, 1, 2, 2, . . . , k − 1, k − 1︸ ︷︷ ︸
pairs i, i for 1 ⩽ i ⩽ k

, k + 1, k;

t2 : k, k + 2, k + 1, . . . , 2k − 4, 2k − 2︸ ︷︷ ︸
pairs i, i+ 2 for k ⩽ i ⩽ 2k − 4

, 2k − 2, 2k − 3.

It is then straightforward to check that the sequence obtained by joining s2 to the end of s1 is a
special doubly harmonious sequence in Z♯

2k, and similarly, the sequence obtained by joining t2
to the end of t1 is a special doubly harmonious sequence in Z♯

2k−1.
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Lemma 3.8. Suppose that G♯ admits a special doubly harmonious sequence. Then (G× Zm)
♯

admits a special doubly harmonious sequence for every odd integer m.

Proof. Let g : g0, . . . , gn be a special doubly harmonious sequence in G♯. For 1 ⩽ i ⩽ m− 1,
let ℓi be the following sequence in (G× Zm)

♯, where j
g

denotes the element (g, j) ∈ G × Zm,
in which j is computed modulo m.

ℓi :

alternating i+ 1, i︷ ︸︸ ︷
i+ 1
g0

,
i
g1
, . . . ,

i+ 1
gn−3

,
i

gn−2
,
i
1G

,
i
1G

,
i− 2
gn

,
i− 2
gn−1

.

We also let

ℓ :

alternating 1, 0︷ ︸︸ ︷
1
g0
,
0
g1

. . . ,
1

gn−3
,

0
gn−2

,
m− 2
gn−1

,
m− 2
gn

.

Then the sequence obtained by joining ℓ1, ℓ2, . . . , ℓm−1, ℓ is a special doubly harmonious se-
quence in (G× Zm)

♯.

Now, we are ready to prove the main theorem of this section.
Theorem 3.9. Let G be a finite abelian group of order at least 4. Then G♯ is doubly harmonious.

Proof. Let G ∼= Zn1×· · ·×Znk
be an abelian group, where each ni is a prime power, 1 ⩽ i ⩽ k.

If the 2-Sylow subgroup ofG is trivial or non-cyclic, thenG♯ is harmonious (since also |G| > 3),
hence doubly harmonious. Thus, without loss of generality, suppose that n1 is even and ni is
odd for all 2 ⩽ i ⩽ k. If k = 1 then n1 > 3 and G♯ ∼= Z♯

n1
has a doubly harmonious

sequence by Lemma 3.7. If k > 1, then (Zn1 ×Zn2)
♯ = Z♯

n1n2
has a special doubly harmonious

sequence by Lemma 3.7. It then follows from Lemma 3.8 and a simple induction that G♯ is
doubly harmonious.

4. Groups with a unique involution

In this section, we show that if G is an abelian group with a unique involution ıG
then G♭ = G\{ıG} is harmonious. We also show that if, moreover, G has order at least 10,
then G♮ = G\{ıG, 0G} is also harmonious.

Lemma 4.1. For every positive integer m, (Z2m)
♭ is harmonious.

Proof. Let k = 2m−1. Then the sequence g : g0, g1, . . . , g2k−2 given by

0, k + 1, 1, k + 2, 2, . . . , 2k − 1, k − 1

is a harmonious sequence in (Z2m)
♭. More precisely, let

gi =

{
i/2 if i is even;
k + (i+ 1)/2 if i is odd.

Modulo 2k, one has ĝi = k + i for all 1 ⩽ i ⩽ 2k − 2, and ĝ0 = k − 1. Therefore, g is a
harmonious sequence in (Z2m)

♭.
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Moreover, the same construction yields a harmonious sequence in Z4n for every positive
integer n. Next, we consider general abelian groups with a unique involution.

Theorem 4.2. Let G be an abelian group with a unique element of order 2. Then G♭ is harmo-
nious.

Proof. Let G ∼= Z2m × H , where H is an odd abelian group of order n, and m ⩾ 1.
Let h : h0, h1, . . . , hn−1 be a harmonious sequence in H with h0 = 0H .

Case 1: Suppose that m > 2. Let k = 2m−1 and g : g0, . . . , g2k−2 be the harmonious sequence
in (Z2m)

♭ given in Lemma 4.1. Let s : s0, . . . , s2k−1 be the sequence

s : 0, k, g1, . . . , gk, gk+2, gk+1, gk+4, gk+3, . . . , g2k−2, g2k−3,

where s lists g1, . . . , gk in the order they appear in g but the pairs gi, gi+1 in g
for k + 1 ⩽ i ⩽ 2k − 3, i odd, are reversed in s. The set of sums {si−1 + si : 1 ⩽ i ⩽ 2k − 1}
equals {k, ĝ1, . . . , ĝ2k−2}. Let ℓi, 0 ⩽ i ⩽ (n− 3)/2, denote the “block” of 4k elements

ℓi :

all h2i︷ ︸︸ ︷
h2i

g0
,
h2i

g1
, . . . ,

h2i

g2k−2
,

all h2i+1︷ ︸︸ ︷
h2i+1

s0
,
h2i+1

s1
, . . . ,

h2i+1

s2k−1
,
h2i+2

k
,

and let ℓ be the block of 2k − 1 elements

ℓ :

all hn−1︷ ︸︸ ︷
hn−1

g0
,
hn−1

g1
, . . . ,

hn−1

g2k−2
,

in Z2m ×H . Then the sequence

p : ℓ0, ℓ1, . . . , ℓ(n−3)/2, ℓ,

is a harmonious sequence in G♭. Clearly, every element of G♭ appears in p. To see the same of p̂,
one checks that the sums consist of the elements (ĝi, 2hj) for 1 ⩽ i ⩽ 2k−2 and 0 ⩽ j ⩽ n−1,
the elements (k, 2hi) for 1 ⩽ i ⩽ n − 1, and the elements (ĝ0, ĥi) for 0 ⩽ i ⩽ n − 1. Since h
is harmonious in the odd abelian group H and g is harmonious in (Z2m)

♭, these comprise all
elements of G♭.

Case 2: m = 1. In this case, Lemma 4.1 provides g : 0 and we adjust the definition of s to
be s : 0, 1. Then the sequence p as constructed above is a harmonious sequence in G♭.

Case 3: m = 2. In this case, Lemma 4.1 provides g : 0, 1, 3 and we use s : 0, 2, 3, 1 in the
construction of the harmonious sequence p.

The following theorem is a consequence of Theorem 4.2 and results on harmonious groups.

Theorem 4.3. If G is an even abelian group, then L(G) admits a cyclic near transversal.



combinatorial theory 5 (3) (2025), #8 11

Proof. If the 2-Sylow subgroup of G is non-cyclic and G is of order at least 4,
then G♯ = G\{0G} is harmonious, hence L(G) has a cyclic near transversal. Thus, suppose
that the 2-Sylow subgroup of G is cyclic, and so G ∼= Z2m ×H , where m ⩾ 1 and H is an odd
abelian group. If G is of order at most 8, then one can prove by inspection that L(G) has a cyclic
near transversal (see Figure 4.1). Thus, suppose that G is of order at least 10. By Theorem 4.2,
G♭ = G\{ıG} is harmonious, and so L(G) has a cyclic near transversal in this case as well.

0 1 2 3
1 2 3 0
2 3 0 1
3 0 1 2

0 1 2 3 4 5
1 2 3 4 5 0
2 3 4 5 0 1
3 4 5 0 1 2
4 5 0 1 2 3
5 0 1 2 3 4

0 1 2 3 4 5 6 7
1 2 3 4 5 6 7 0
2 3 4 5 6 7 0 1
3 4 5 6 7 0 1 2
4 5 6 7 0 1 2 3
5 6 7 0 1 2 3 4
6 7 0 1 2 3 4 5
7 0 1 2 3 4 5 6

Figure 4.1: Examples of cyclic near transversals for Z4, Z6, and Z8, respectively.

In the rest of this section, we show that ifH is an abelian group of odd order andG ∼= Z2m×H
is of order at least 10, then G♮ = G\{0G, ıG} is harmonious. We begin with the case m = 1.

Lemma 4.4. Let H be an odd abelian group of order at least 5. Then (Z2 ×H)♮ is harmonious.

Proof. Let G = Z2 × H and k = |H|. Let h : h1, . . . , hk−1 be a harmonious sequence
in H♯ = H\{0H}. Let g : g1, g2, . . . , g2k−2 be the following sequence in G:

g :
h1

0
,
h1

1
,
h2

1
,

where the bottom components alternate between the pairs 0,1 and 1,0. It is clear that every
element of G, except (0, 0H) and (1, 0H), appears once in g. To see the same for ĝ, observe
that ĝ2i = (1, 2hi) for 1 ⩽ i ⩽ k − 1, yielding the elements (1, x) for all x ∈ H♯.
Also, ĝ2i+1 = (0, ĥi+1) for 0 ⩽ i ⩽ k − 2, yielding the elements (0, x) for all x ∈ H♯ since h is
harmonious in H♯. Thus g is a harmonious sequence in G♮.

The next three lemmas establish the existence of sequences with certain properties in cyclic
abelian groups of even order. We will use these sequences in the construction of harmonious
sequences.

Lemma 4.5. Let G = Z4k, where k is odd and k ⩾ 3. Then there exists a harmonious se-
quence y : y1, y2, . . . , y4k−2 in G♮ such that y1 = 2 and y4k−2 = 2k + 1.
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Proof. Define the sequence y : y1, . . . , y4k−2 as follows:

yi =



i+1
2

+ 1 if 1 ⩽ i ⩽ 2k − 3 and i is odd;
i
2
+ 2k + 1 if 1 < i < 2k − 3 and i is even;

3k + 2 if i = 2k − 2;

k + 2 if i = 2k − 1;

3k + 1 if i = 2k;

3k if i = 2k + 1;

k + 1 if i = 2k + 2;
i
2

if i = 0 (mod 4) and i > 2k + 2;
i+1
2

+ 2k + 2 if i = 1 (mod 4) and i > 2k + 2;
i
2
+ 2 if i = 2 (mod 4) and i > 2k + 2;

i+1
2

+ 2k if i = 3 (mod 4) and i > 2k + 2.

One checks that every element of Z4k, except 0 and 2k, appears once in y. To see the same for ŷ,
we first observe that

{ŷ1, ŷ2, . . . , ŷ2k−3} = {2k + 3, 2k + 4, . . . , 4k − 1}. (4.1)

In addition, we have

{ŷ2k−2, ŷ2k−1, ŷ2k, ŷ2k+1, ŷ2k+2} = {2, 4, 3, 2k + 1, 1}. (4.2)

In the case k = 3, one also has ŷ2k+3 = 5 and y2k+4 = 8. It then follows from (4.1) and (4.2)
that ŷ covers Z♮

12. When k > 3, we have

{ŷ2k+3, ŷ2k+4, ŷ2k+5, ŷ2k+6} = {5, 8, 7, 6},

and ŷ2k+4l+j = ŷ2k+j + 4l, where 3 ⩽ j ⩽ 6, 1 ⩽ l ⩽ k−3
2

. Thus

{ŷ2k+3, ŷ2k+4, . . . , ŷ4k−2} = {5, 6, . . . , 2k − 1} ∪ {2k + 2}. (4.3)

It then follows from (4.1), (4.2), and (4.3) that ŷ covers G♮.

Lemma 4.6. Let G = Z8k, where k ⩾ 2. Then there exists a harmonious sequence
y : y1, y2, . . . , y8k−2 in G♮ such that y1 = 2 and y8k−2 = 4k + 1.
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Proof. Define the sequence y : y1, . . . , y8k−2 as follows:

yi =



i+1
2

+ 1 if 1 ⩽ i ⩽ 4k − 3 and i is odd;
i
2
+ 4k + 1 if 1 < i < 4k − 3 and i is even;

6k + 2 if i = 4k − 2;

2k + 1 if i = 4k − 1;

6k if i = 4k;

6k + 1 if i = 4k + 1;

2k + 3 if i = 4k + 2;

6k + 3 if i = 4k + 3;

2k + 2 if i = 4k + 4;
i
2

if i = 0 (mod 4) and i > 4k + 4;
i+1
2

+ 4k + 2 if i = 1 (mod 4) and i > 4k + 4;
i
2
+ 2 if i = 2 (mod 4) and i > 4k + 4;

i+1
2

+ 4k if i = 3 (mod 4) and i > 4k + 4.

The proof that every element of Z8k, except for 0 and 4k, appears exactly once in each of y and ŷ
is similar to the proof of Lemma 4.5.

Lemma 4.7. Let G = Z4n, where n ⩾ 3. Then there exists a permutation x : x0, x1, . . . , x4n−1

of elements of G such that

i) {x̂0 + 2n} ∪ {x̂1, x̂2, . . . , x̂4n−1} = Z4n,

ii) x0 + 2n = 2,

iii) x4n−1 = 2n+ 1.

Proof. Define the sequence x as follows:

xi =


2(i+ n) + 2 if 0 ⩽ i ⩽ n;

i− (−1)i+nn+ 2 if n+ 1 ⩽ i ⩽ 3n− 1;

2(i+ n) + 3 if 3n ⩽ i ⩽ 4n− 1.

It is readily checked that every element of Z4n appears once in x and that the second and
third properties are satisfied. To see that the first property is satisfied, we observe that, mod-
ulo 4n, the even numbers {4i+ 2 : 1 ⩽ i ⩽ n} are given by {x̂i : 1 ⩽ i ⩽ n} and the even
numbers {4i+ 4 : 0 ⩽ i ⩽ n− 1} are given by {x̂i : 3n ⩽ i ⩽ 4n − 1}. The set of
sums {x̂i : n+ 1 ⩽ i ⩽ 3n− 1} yields the odd numbers in Z4n, except for 2n + 3, which is
given by x̂0 + 2n.

We are now ready to prove the theorem. One checks by inspection that if G is an even group
of order less than 10 with a unique involution (i.e. G ∼= Z2k, k = 1, 2, 3, 4), then G♮ is not
harmonious.
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Theorem 4.8. Let G be an abelian group of order at least 10 with a unique involution ıG.
Then G♮ = G\{0G, ıG} is harmonious.

Proof. Let G ∼= Z2m ×H , where H is an odd abelian group, and |G| ⩾ 10.

Case 1: m = 1 and |H| ⩾ 5. The result follows from Lemma 4.4.

Case 2: m = 2 and |H| ⩾ 3. We can write H ∼= Zk × H ′, where k ⩾ 3 is odd, so
that G ∼= Z4k ×H ′. If H ′ is the trivial group, the result follows directly from Lemma 4.5. Oth-
erwise, let n = |H ′| and let h : h0, . . . , hn−1 be a harmonious sequence in H ′ with h0 = 0H′ .
Let x : x0, . . . , x4k−1 and y : y1, . . . , y4k−2 be sequences in Z4k satisfying the properties in Lem-
mas 4.7 and 4.5, respectively. Also, define a new sequence x′ in Z4k by letting x′

i = xi + 2k,
0 ⩽ i ⩽ 4k − 1, which also satisfies the properties in Lemma 4.7. Denote by hi

x
the “block”

of 4k elements in G

hi

x
:

all hi︷ ︸︸ ︷
hi

x0
,
hi

x1
, . . . ,

hi

x4k−1
,

for 1 ⩽ i ⩽ n− 1, and similarly define hi

x′ , as well as the block of 4k− 2 elements h0

y
. We claim

that the sequence

g :
h0

y
,
h1

x′ ,
h2

x
,
h3

x′ , . . . ,
hn−2

x′ ,
hn−1

x
(4.4)

is a harmonious sequence in G♮. Since x and x′ are permutations of Z4k and y is a permutation
of (Z4k)

♮, all elements of G except (0, 0H′) and (2k, 0H′) appear once in g. We will show the
same for ĝ. First, consider elements of the form (u, 0H′) in G♮. The first block’s sums yield the
elements (ŷj, 0H′) for 2 ⩽ j ⩽ 4k − 2, leaving out only (ŷ1, 0H′) = (2k + 3, 0H′). Since h is
a harmonious sequence in H ′, there exists 1 ⩽ i ⩽ n − 2 such that hi + hi+1 = 0H′ . Then, at
some transition between blocks in (4.4), we will have

. . . ,
hi

x4k−1
,
hi+1

x′
0

, . . . or . . . ,
hi

x′
4k−1

,
hi+1

x0
, . . .

By the properties of x and construction of x′, we have x4k−1 + x′
0 = x′

4k−1 + x0 = 2k + 3.
Thus (u, 0H′) appears in ĝ for all u ∈ Z♮

4k. Next, we observe that the consecutive sums in
the blocks hi

x
and hi

x′ in (4.4) provide elements of the form (x̂j, 2hi) or (x̂′
j, 2hi), for

all 1 ⩽ j ⩽ 4k − 1 and 1 ⩽ i ⩽ n− 1. Since {x̂j : 1 ⩽ j ⩽ n− 1} = {x̂′
j : 1 ⩽ j ⩽ n− 1},

by Lemma 4.7, these yield the elements of G of the form (u, h) for all h ∈ H ′\{0H′} except
when u = x̂0 + 2k. At the transitions between blocks in (4.4), the sums have second compo-
nents hi + hi+1 for all 0 ⩽ i ⩽ n−1, and first components y4k−2+x′

0, x4k−1+x′
0, or x′

4k−1+x0,
all of which equal x̂0 + 2k. Since h is harmonious, these provide the remaining elements of the
form (x̂0 + 2k, h) for all h ∈ H ′\{0H′}. This completes the proof that g is a harmonious
sequence in (Z4k ×H ′)♮.
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Case 3: m ⩾ 3 and |H| ⩾ 3. We write G = Z8k ×H ′ for some integer k and odd group H ′.
When k ⩾ 3 and H ′ is the trivial group, the result follows directly from Lemma 4.6. Otherwise,
we construct a harmonious sequence g as in Case 2, with two adjustments to the proof. First, let
the sequence y : y1, . . . , y4k−2 be as in Lemma 4.6, and the sequence x : x0, . . . , x8k−1 be the
sequence obtained in Lemma 4.7. Second, define the sequence x′ by x′

i = xi + 4k. Using these
sequences, the same construction using blocks yields a harmonious sequence for G♮.
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