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Abstract. We study piecewise-linear and birational lifts of Schiitzenberger promotion, evac-
uation, and the RSK correspondence defined in terms of toggles. Using this perspective, we
prove that certain chain statistics in rectangles shift predictably under the action of these
maps. We then use this to construct piecewise-linear and birational versions of Rubey’s
bijections between fillings of equivalent moon polyominoes that preserve these chain statis-
tics, and we show that these maps form a commuting diagram. We also discuss how these
results imply Ehrhart equivalence and Ehrhart quasi-polynomial period collapse of certain
analogues of chain polytopes for moon polyominoes.
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1. Introduction

For any finite poset P, Cameron and Fon-Der-Flaass [CFDF95] introduce an action p on
the order ideals of P called combinatorial rowmotion that sends I to the order ideal generated
by the minimal elements of P \ I. Rowmotion has been studied by many authors due to its
desirable dynamical properties on certain graded posets [CFDF95, FDF93, GR16, GR15, JR21,
JR20, PR15, SW12, TW19]. For example, on the product of two chains R = [r| x [s] (called the
rectangle poset), the order of rowmotion is  + s [CFDF95]. The study of rowmotion has also
led to a number of results about homomesy and cyclic sieving phenomena—see [EP21, JR21,
MR19, PR15, TW19].

*Partially supported by grants from the National Science Foundation (DMS-1700302/2204415 and CCF-
1900460).
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Rowmotion can also be described as a composition of local involutive transformations called
toggles [CFDF95]. By encoding the order ideals of P as lattice points in RI;O, Einstein and
Propp [EP14, EP21] define piecewise-linear liftings of combinatorial toggles and rowmotion.
They also note that these maps can be lifted further to birational maps via a procedure called
detropicalization. (These notions can be studied from a noncommutative perspective as well;
see [JR20].) Many properties of rowmotion on the combinatorial level remain true for its piece-
wise-linear and birational counterparts. For example, the period of piecewise-linear and bira-
tional rowmotion on the rectangle poset remains r + s [GR15].

In this paper, we investigate the relationship between rowmotion and another combinatorial
map with a birational analogue, namely the Robinson—Schensted—Knuth correspondence (RSK).
Piecewise-linear and birational liftings of RSK have been studied previously in, for instance,
[DKO7, Hop14, NY04]. These maps, along with related maps such as Schiitzenberger promo-
tion (Pro) acting on semistandard Young tableaux, can also be described in terms of toggles—
see [JLL.24] for an exposition.

One key property of rowmotion is the following chain shifting lemma that appears in [JL24,
Lemma 4.1]. Define the weight of a path C' in a nonnegative labeling = of a rectangle R to
be ZpEC' xp. Then the maximum sum of weights of £ nonintersecting paths within an inter-
val [(u, 1), (v, s)] € R shifts downward to the same quantity in the interval [(u—1,1), (v—1, s)]
when we apply ¢ o p~! o ¢!, where p is (piecewise-linear) rowmotion and ¢ is the transfer
map [Sta86] from the order polytope to the chain polytope. See Figure 2.3. (A noncommuta-
tive version of this lemma was also shown recently in [GR23].) In Section 3 we use the toggle
perspective to demonstrate how the chain shifting lemma for rowmotion from [JL24] is closely
related to a similar chain shifting property of Schiitzenberger promotion.

As an application of these results, we study fillings of moon polyominoes, which are diagrams
with convex rows and columns that are equivalent to partition diagrams under the equivalence of
permuting rows and columns. For equivalent moon polyominoes, Rubey [Rub11] defines a bijec-
tion between their fillings using Schiitzenberger promotion and RSK. This bijection preserves
the maximum sum of weights of nonintersecting northeast chains contained within maximal
rectangles of the polyominoes.

In Section 4, we define a rational polytope QSTAB (M) for a moon polyomino M that gener-
alizes the chain polytope of a partition shape by bounding the weights of chains contained within
the maximal rectangles of M to be at most 1. By lifting Rubey’s results to the piecewise-linear
and birational realms via new toggle-based proofs, we construct piecewise-linear bijections be-
tween the polytopes QSTAB(M) for equivalent moon polyominoes M, showing that they have
the same Ehrhart polynomial. (Since these polytopes are not in general lattice polytopes, this
implies that they exhibit Ehrhart quasi-polynomial period collapse.) Rubey also proves that
applications of the combinatorial bijection between labelings of several equivalent moon poly-
ominoes commute. In Section 5 we use properties of evacuation to give a piecewise-linear and
birational proof of this result, and we also prove a related result about commutation between
rowmotion applied on the maximal rectangles of moon polyominoes.

Our proofs rely only on properties of RSK and rowmotion proved in [JL24], namely Greene’s
Theorem and the chain shifting lemma, as well as commutation of toggles, but the exact formula
for toggles is not otherwise used. As such, our results and proofs all hold for both the piecewise-
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Figure 2.1: The rectangle [2] x [3].

linear and birational versions of these maps. However, we exclusively phrase our results on the
piecewise-linear level to avoid confusion and to more easily discuss polyhedral implications.
The structure of this paper is as follows. In Section 2 we cover background on piecewise-
linear rowmotion, promotion, RSK, chain shifting, and fillings of moon polyominoes. In Sec-
tion 3 we prove a chain shifting lemma for Schiitzenberger promotion. In Section 4 we use the
chain shifting property to define a piecewise-linear, volume preserving, and continuous lifting
of Rubey’s map, which restricts to map between certain rational polytopes associated to moon
polyominoes. In Section 5 we prove chain shifting lemmas for evacuation and Striker—Williams
promotion and prove commutation properties for maps on fillings of moon polyominoes.

2. Background

In this section we cover background on the rectangle poset, rowmotion, RSK, promotion,
and moon polyominoes.

2.1. The Rectangle Poset

Let[r] = {1,2,...,r} be the chain with r elements. Our main poset of study is the rectangle
poset R = [r] x [s], the product of two chains. We define the following subsets of interest.

* For fixed i, the ith up-diagonal of R is the set of all elements in R of the form (i, 7). In
Figure 2.1 the elements of an up-diagonal go southwest to northeast.

* For fixed j, the jth down-diagonal of R is the set of all elements in R of the form (i, j).
In Figure 2.1 the elements of a down-diagonal go northwest to southeast.

* The kth rank of R is the set of all elements (7, j) € Rsuchthati+j = k. In Figure 2.1, the
elements of a rank are horizontally aligned. (Note that the minimum element has rank 2.)

* The kth file of R is the set of all elements (7, j) € R such that i — j = k. In Figure 2.1 the
elements of a file are vertically aligned.

We frequently make use of locations of elements in R in relation to other elements,
up-diagonals, down-diagonals, and files. We say an element (iy, j;) is weakly left of (i, j2)
if iy — j1 = is — jo. We say (i1, 1) is strictly left of (iq, jo) if iy — j1 > i — jo. We similarly
define weakly right and strictly right.
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2.2. Rowmotion and Liftings of Rowmotion

In this subsection, we use R to denote the rectangle poset and P to denote a general poset.
Cameron and Fon-Der-Flaass [CFDF95] define the following local involution on order ideals.

Definition 2.1. Let P be a finite poset, let J(P) be the set of order ideals of P, and let p € P.
The combinatorial toggle at p is the permutation of order ideals

IU{p} ifpgland U {p}e J(P),

t,(I)=q I\ {p} ifpelandl\{p}e J(P),
I otherwise.

Let n be the number of elements of P. A linear extension of P is an order-preserving bijec-
tion L: P — [n].

Definition 2.2. Let L be a linear extension of PP. Then combinatorial rowmotion is

P = tL—l(l) e} tL—l(Q) O---0 thl(n).

In words, rowmotion is the composition of toggles at all elements in P in the order of a linear
extension from the top of P to the bottom. Toggles ¢, and ¢, commute with each other if and
only if p and ¢ do not form a cover relation in P. Consequently this definition is independent
of the linear extension L. Combinatorial rowmotion can also be described without toggles:
rowmotion maps an order ideal / to the order ideal generated by the minimal elements of P \ I;
see [CFDF95].

Rowmotion has been studied by many authors in connection to dynamical algebraic combi-
natorics. On most posets, rowmotion is ill-behaved. However, on certain graded posets, row-
motion exhibits a particularly small order. For example, rowmotion on [r| x [s] has order r + s;
see [FDF93].

We can encode order ideals as lattice points in R” by mapping an order ideal I to the indicator
vector of the order filter P \ I. These points then form the vertices of the following polytope,
first defined by Stanley [Sta86].

Definition 2.3. The order polytope O(P) C R” of P is the convex hull of the indicator vectors
of the order filters of P. Alternatively, O(P) is defined by the inequalities 0 < z, < lforpe P
and x, < z, whenp < q.

Toggles and rowmotion therefore permute the vertices of the order polytope. One can then
lift these maps to piecewise-linear, volume-preserving, and continuous maps on R? as fol-
lows [EP21].

Definition 2.4. Let p € P and let x € R”. The piecewise-linear toggle at p is the map t,, that
changes the label at p by

Tp — MINT, + max T, — Ty
q>p q<p

and changes no other labels. Throughout this article we interpret the empty max as 0 and the
empty min as 1.
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Figure 2.2: Toggles applied at each element in the Oth file.

(We abuse notation and use the same symbol for combinatorial toggles and piecewise-linear
toggles.) Note that ¢, only depends on the coordinates in the neighborhood of p € P in the
Hasse diagram. Consequently, for p, ¢ € P, t,0t, = t,ot, if and only if neither p < ¢ nor p > ¢,
as on the combinatorial level. Just as toggles lift to the piecewise-linear realm, rowmotion also
lifts in the same way as in Definition 2.2.

Example 2.5. Consider the labeling on the left hand side of Figure 2.2, which we denote x in
this example. We toggle all elements in the Oth file, which changes x into the labeling on the
right. Note that these toggles commute with each other since toggles depend only on neighboring
labels in the Hasse diagram. In particular, when we apply the toggle at (2,2) we obtain

tas(2) = max(0.15,0.15) + min(0.4,0.75) — 0.2 = 0.35.

We frequently reference the following two cases.
Observation 2.6. Let A and B be compositions of toggles in [r] X [s], and fix k € 7.

(a) If every toggle t;; in A satisfies i > k and every toggle t;; in B satisfies i < Fk,
then Ao B = Bo A

(b) If every toggle t;; in A satisfies i — j > k and every toggle t;; in B satisfies i — j < k,
then Ao B = Bo A

In other words, if the toggles in A and the toggles in B are separated by an up-diagonal or
a file, then A and B commute with each other. Similar statements hold for down-diagonals and
ranks.

Stanley [Sta86] defines another polytope associated to a poset called the chain polytope.

Definition 2.7. The chain polytope C(P) C R of P is the convex hull of the indicator vectors
of the antichains of P. Alternatively, C(P) is defined by the inequalities z,, > 0 for all p € P

and ) x, < 1 for all (maximal) chains C' of P.
peC

Stanley defines a piecewise-linear, volume-preserving, and continuous map ¢: O(P) —C(P)
called the transfer map.
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Definition 2.8. The transfer map ¢: RY — RF is given by

Lp — Tp — INAX Tq.
q<p

The inverse of the transfer map is

T max E Ly,
p q1<g2<- <Qk_P &

and ¢ restricts to a bijection O(P) — C(P). On the vertices of O(P) and C(P), the transfer map
gives a bijection between the order filters and the antichains of P. The transfer map equivariantly
induces an antichain rowmotion on P. See [BS74, PR15] for information on combinatorial
antichain rowmotion and [JR20] for the piecewise-linear and birational liftings.

We now describe a chain shifting behavior of rowmotion on C(R) for R = [r] x [s] that
appears in [JL24]. For u; < ug, v1 < vz, and k < min(up — uy + 1,v2 — vy + 1), let P22 (k)
denote the set of all systems of & nonintersecting lattice paths from (uy,vy), (u1,v1 + 1),...,
(up,v1 + k — 1) to (ug,ve — k + 1), (ug, v — k +2),..., (uz, ve). Given a labeling z € RR
and a system of paths £ € P;22(k), the weight of L is the sum of the weights z; of all

vertices (i, j) in the paths of £. We let H,/2}?(x;k) denote the maximum weight over all

systems of paths in P;272(k). (Here the H in the notation is meant to suggest the heaviest
or maximum weight collection of chains. For this reason, we take H,2}?(z;k) to stabilize
for k > min(us — uy + 1, v — vy + 1) by convention.)

Let / be a size n induced subposet of R and let L: I — [n] be a linear extension. We define

the piecewise-linear rowmotion associated to I to be

pr=1tr-11) 0 otr-1xy),

where the toggles and p; act on R¥ (and thus may depend on labels outside I). In other words,

we toggle from the top of I to the bottom of [ in the order of a linear extension. When [ is

a principal order ideal, we frequently write only the maximum element in the subscript. For

example, the rowmotion associated to the order ideal generated by (i, j) will be denoted by p;;.
We have the following chain shifting lemma. (The case of / = R appears in [JL24].)

Lemma 2.9 (Piecewise-Linear Chain Shifting). Suppose 1 < u < v < r. If I C R satis-
fies [v — 1] x [s] C I, then for any k € Z~q and any © € RE,

Hyi(wsk) = Hy -5 (6 0 prt o 67 (a); k).
Similarly, by transposing, if | <u < v < sand [r] x [v—1] C I C R, then
Hyn(wik) = Hi (60 prt o ¢ (2)s k).

On the left hand side we have the maximum weight of all sets of k& nonintersecting lattice
paths in ;7 (k). On the right hand side we see that after applying ¢op~'o¢ " to z, the endpoints
of the lattice paths of the maximum weight sum have shifted southeast by one in the rectangle.



COMBINATORIAL THEORY 5 (3) (2025), #9 7

Figure 2.3: The maximum weight pair of nonintersecting paths in each blue rectangle is high-
lighted in red. By Lemma 2.9, these weights are the same.

Example 2.10. Consider the labeling of R = [4] x [3] appearing in Figure 2.3 and its image
under ¢ o p~! 0 ¢! (here I = R) with u = 2 and v = 4. The total weight of the red chains in
both labelings equals 1.15. Note that this is the maximum possible sum of weights among pairs
of chains in both rectangles. Visually, the maximum weight of two nonintersecting chains in the
interval [(2,1), (4, 3)] shifts down in the poset to the interval [(1, 1), (3, 3)]. Note that the chains
achieving the maximum weight in the shifted interval need not be shifts of the maximum weight
chains in the original interval.

Proof of Lemma 2.9. In the case of I = R, it follows from [JL24, Lemma 4.1] that
Hyi(wik) = HyZ33 (60 p~t 0 07" (2); ).
The weight on the right hand side is independent of the labels of coordinates outside of the order

ideal [v — 1] x [s], so replacing p~! in the right hand side with p;* for any I D [v — 1] x [s] does
not change the right hand side. 0

In this paper, we exclusively prove results in the piecewise-linear setting for consistency.
However, most of our results (except for those specifically referencing a polytope in Section 4)
lift to the birational level as well. For this reason, we briefly review birational rowmotion.

Tropical expressions and functions in terms of max, min, +, and — can be detropicalized by
replacing max with addition, addition with multiplication, and subtraction with division. Note
that for all a, b € R,

min(a,b) = —max(—a, —b).

Then the minimum detropicalizes to the parallel sum (a=* + bil)_l. Piecewise-linear toggles
then detropicalize to the following birational toggles [EP21].

Definition 2.11. Let P be a finite poset, let p € P, and let € RZ,. The birational toggle at p
is the map ¢, that changes the p-coordinate of x by

1 1
) (50)

q<p
a>p

and changes no other coordinates. (We interpret the empty sum as 1.)
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We can lift rowmotion as well by the definition analogous to Definition 2.2. Typically, it is
easier to work on the birational level than it is to work on the piecewise-linear level. Since any
subtraction-free rational formula tropicalizes, results on the piecewise-linear level are frequently
inherited from the birational level. Most of the results in this paper will stem primarily from the
birational versions of Lemma 2.9 and Greene’s theorem (to be described below) and hence will
hold in both the birational and the piecewise-linear settings.

2.3. RSK and Promotion

In this subsection we discuss piecewise-linear RSK in terms of toggles as described
by [Hopl4, JL24, Pak02]. We also describe piecewise-linear Greene’s theorem and define
piecewise-linear promotion. See [Sag01] for background on standard Young tableaux and clas-
sical RSK.

Classical RSK maps a matrix A € ZZ§" to a pair of semistandard Young tableaux (P, Q) of
the same shape, called the insertion tableau and the recording tableau, respectively, with entries
at most n. We can represent a semistandard Young tableau with a Gelfand-Tsetlin pattern.

Definition 2.12. A Gelfand-Tsetlin pattern is a triangular array of nonnegative integers

9nn ce 933 92,2 91,1
In,n—1 s 93,2 921
Inn—2 ce 93,1

gn,l

such that g; ; > ¢, ;1 and g, ; = g;—1 ; for all 7 and j.

If P is a semistandard Young tableau with entries at most n, we associate a Gelfand—Tsetlin
pattern to P as follows. For i € [n], let A"~“™! be the shape of the subtableau of P on boxes
with label at most n — ¢ + 1. The ¢th row of the Gelfand-Tsetlin pattern associated to P
is A7 LU APTH the lengths of the rows of A"~ (adding trailing zeroes if needed).

Since RSK maps a matrix to two semistandard Young tableaux of the same shape, the
Gelfand-Tsetlin patterns of these tableaux have the same first row. We form a matrix RSK(A)
by gluing the Gelfand-Tsetlin patterns for P and () together along their common first row. By
convention, we glue so that the Gelfand—Tsetlin pattern of the P-tableau is a labeling of the set
of points (i,j) € R that lie weakly left of (n,n), and similarly the Gelfand—Tsetlin pattern of
the ()-tableau is a labeling of the points lying weakly right of (n, n). The inequalities in the def-
inition of the Gelfand-Tsetlin pattern imply that the rows and columns of RSK(A) are weakly
increasing.

Labelings of the rectangle poset [r] X [s] can be realized as r x s matrices. Hopkins [Hop14]
shows that this version of RSK has a description in terms of toggles in the rectangle poset.
This description can be rearranged so that the transfer map factors out (see [JL.24]), giving the
following expression which we take to be the definition of RSK.
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Figure 2.4: Computing RSK(x) = p;' 0 pys 0 ¢~ '(z) whenr = s = 3.

Definition 2.13. Let r, s € Z~o, m = min{r, s}, and R = [r] x [s]. Then RSK is defined to be
the following composition:

-1 -1 -1
R‘SK pr m+1,s—m+1 ©--+0 pr—Z,s—Q © pr—l,s—l © ¢

Example 2.14. An example computation of RSK(z) using Definition 2.13 when r = s = 3 is
shown in Figure 2.4. Note that p2_21 = {99 0191 019 0¢y7 and P1_11 = 1y3.

For a labeling = of R, we define the following two coordinate projections of RSK(z):

P(z) = (RSK(x);j :i—j=r—s),
Q(xr) = (RSK(z);; :i—j <r—s).

On the combinatorial level (when r = s), P(z) and Q(z) are the Gelfand-Tsetlin patterns of P-
and ()-tableaux. As an abuse of language, we refer to P(z) and Q(z) as the P- and ()-tableaux
of = on the piecewise-linear level.

Classical results about RSK also lift to the piecewise-linear and birational realms. For ex-
ample, we have the following version of Greene’s theorem [JL.24, NY04].

Theorem 2.15 (Piecewise-Linear Greene’s Theorem). Let R = [r]| x [s], and choose (i, j) € R
such that either i = r or j = s. Then for any x € R® and 1 < k < min{i, j},

k—1

> RSK(2)i—rjs = Hy (z; k).

t=0
Very similar versions of this in the combinatorial realm appear in [Kra06, Rub11].

Example 2.16. Consider again the computation of RSK(x) in Figure 2.4. One can alternatively
compute the coordinates of RSK(z) by Greene’s theorem. The maximum weight among all
paths from (1, 1) to (3, 3) in the leftmost labeling = is 5, and so RSK(x)3 3 = 5. The maximum
weight of all pairs of nonintersecting paths from {(1,1), (1,2)} to {(3,2),(3,3)} is 6. Hence
by Theorem 2.15,

RSK(7)s2 = Hy (2;2) — Hyy(231) =6 — 5 = 1.
The other coordinates of RSK(x) can be computed similarly via this method.

Another important map on semistandard Young tableaux is Schiitzenberger promotion. The
piecewise-linear analogue is the following.



10 Joseph Johnson, Ricky Ini Liu

Figure 2.5: Computing Q2 = RSK™! o Pro” o RSK when r = s = 3.

Definition 2.17. Let S be the subposet of elements weakly left of (r, s) in R, and let F), be the
kth file of S. Then piecewise-linear promotion Pro: R® — R is given by

Pro = pFr—s+1 S OpFr—l'

We write Pro” : R — R* for the map that applies Pro to S and keeps the labels of R \ S fixed.
We define Pro? analogously by transposing, i.e., flipping the construction across the vertical
axis, so that Pro® corresponds to pp.___, 00 pp_..

This definition does not depend on the order of the toggles in any given Fj, since elements
in a file do not form cover relations with one another. If a labeling of S is a Gelfand—Tsetlin
pattern, then pp, is the kth Bender—Knuth involution on the corresponding semistandard Young
tableau [KirO1, Proposition 2.4].

Rubey [Rub1 1] shows as a consequence of a stronger result about Knuth equivalence that the
map 2 = RSK ™' o Pro” o RSK (which Rubey denotes ;) on nonnegative integer labelings of R
cyclically shifts the down-diagonal sums of the labeling and preserves the up-diagonal sums.

Example 2.18. Figure 2.5 gives an example computation of ). Here Pro’ is the composition
of toggles pp, © pr, = (P21 © p32) © p31. Note that the up-diagonal sums remain unchanged when
applying €2, whereas the down-diagonal sums become cyclically rotated.

In Section 3 we give a piecewise-linear proof of this chain shifting result for all labelings
of R with nonnegative real entries using toggles.

2.4. Moon Polyominoes

A polyomino is a finite subset of Z x Z. We represent polyominoes with boxes and draw
them tilted, so that boxes form up- and down-diagonals analogous to the rectangle poset as in
Figure 2.6. We say a polyomino is convex if each up- and down-diagonal of the polyomino is
connected. A polyomino M is intersection-free if for any two i1, 1o € Z, either

{j€Z: (ir,j) e M} C{j€Z: (i, j) € M}

or the reverse inclusion holds. A moon polyomino is a convex and intersection-free polyomino.
For example, in Figure 2.6, the left diagram is a moon polyomino, but the other two are not: in
the center diagram, the top up-diagonal is not convex, while in the right diagram, the two up-
diagonals do not form an inclusion relation (as subsets of Z). A filling of a moon polyomino M
is a labeling = € Z% of its boxes, as shown in the left diagram of Figure 2.6.



COMBINATORIAL THEORY 5 (3) (2025), #9 11
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Figure 2.6: Three polyominoes and a filling. The first is a moon polyomino (with a filling) while
the other two are not.

Any maximal subrectangle I? of a moon polyomino naturally has a rectangle poset structure.
Combinatorial statistics related to maximal rectangles are of particular interest in the study of
moon polyominoes [Jon05, Rub11].

Definition 2.19. Let M be a moon polyomino, k € Z~, and x € Z% a filling of M.

(a) A (weak) northeast chain of x of weight k is a chain in some rectangle R C M such that
the sum of all labels in the chain is k.

(b) A (strict) southeast chain of x of size k is an antichain of k elements in some rectan-
gle R C M such that each element of the antichain has a nonzero label.

The directions northeast and southeast are from [Rub11], where the northeast chains run
from the southwest to the northeast in a moon polyomino obtained by rotating our moon poly-
ominoes 45° clockwise. Analogous to weights in the rectangle poset, we let H(x; k) denote
the maximum weight of & disjoint northeast chains contained in a common rectangle in M. We
let L (x) denote the maximum size among all (strict) southeast chains in M. Here the L in the
notation is meant to suggest the longest or maximum size southeast chain.

Example 2.20. In the filling in Figure 2.6, H4(z; 1) = 3. Note that the two 1s and the 2 do not
all form a single northeast chain since they do not lie in a common rectangle. Also L (x) = 1.
The 2 does not contribute more than 1 to the longest strict southeast chain since strict chains are
not weighted by entries; all nonzero entries count the same.

Definition 2.21. We say that two moon polyominoes M and N are equivalent if N can be
obtained from M by permuting the set of up-diagonals and permuting the set of down-diagonals.

Let M and N be moon polyominoes, let R be a maximal rectangle of M, and let D be
the union of all down-diagonals of M intersecting R. Suppose further that we can obtain N
from M as the image of the following map on M:

o (i,7—1) if(i,j) € D\ R,
(65) = {(i,j) otherwise.

In words, NV is obtained from M by shifting the boxes in the down-diagonals containing R that
lie outside of R downward. For instance, we could transform M into A as follows:
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G-

Then M and N are equivalent. Any equivalence of moon polyominoes can be described in
terms of shifts of down-diagonals or up-diagonals of this form. (Note that we only consider
transformations of this form that result in moon polyominoes; this requires that D \ R does not
contain any boxes in the lowest down-diagonal intersecting R so that boxes do not shift past the
end of R.)

Rubey [Rub11] defines a bijection from fillings of M to fillings of A\ that preserves H ((x;k)
and L (z), which we now describe. As in the previous subsection, let 2 = RSK'oPro” oRSK
on fillings of R. Let M, N, and R be as above and let £ denote the down-diagonals of A
intersecting R. Extend the action of {2 on fillings of R to a bijection between fillings of M and
N as follows:

Qz);; if (i,7) € R,
Quon(@)ig = S @igm i (6,5) €EN R,

In other words, apply €2 inside of R and shift the labels outside of R appropriately. (One can
symmetrically define an extension of RSK~! o Pro o RSK on R to shift up-diagonals.)

In Section 4 we show that €2,y lifts to a piecewise-linear, volume-preserving, continuous
map between non-lattice polytopes, and we give piecewise-linear generalizations of Rubey’s
preserved statistics. Rubey also shows that applications of €2, - to distinct maximal rectangle
of a moon polyomino commute with one another. We prove the piecewise-linearization of this in
Section 5. Our methods differ significantly from Rubey’s. We use very few of the combinatorial
properties of RSK; instead we rely near exclusively on commutation of toggles, the chain shifting
properties of rowmotion, and piecewise-linear Greene’s theorem. Consequently all proofs in
Sections 3 and 5 are valid in the combinatorial, piecewise-linear, and birational realms.

3. Promotion and Chain Shifting

In this section, we show that the chain shifting properties of {2 from Rubey [Rub11] can be
derived completely on the piecewise-linear (or birational) level in terms of the rowmotion chain
shifting property and RSK. (All proofs in this section are valid in both the piecewise-linear and
birational realms.)

We begin by studying a slight variant of the map RSK. To each (a,b) € [r + 1] x [s + 1],
define

_ -1 P | -1
RSKa:b - pafmin(a,b)+1,b7min(a,b)+1 © © pa—l,b—l © ¢ )

so that RSK = RSK, ;. Note that we allow a = r + 1 and b = s + 1, so that (a, b) may lie just
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f f 1

RS’Cg}g pg’é

Figure 3.1: Anexample of RSK, ;1 where r = 3 and s = 4. Toggles are composed in the order
indicated by the arrow beneath each rectangle, from the rightmost rectangle to the leftmost.

outside of the rectangle R. Let RSK,;, denote RSK, ;, o ¢, the toggle part of RSK, ;. Note that
RSK:H—LS = RS’CT,S_l o pr_,;fl'
See Figure 3.1. When (a, b) lies inside of the rectangle, we have the following proposition.

Proposition 3.1. Let (a,b) € R and let m: R® — RI¥Y pe g coordinate projection. Then for
all (i,7) € R,

RSKor(e)y i (i,J) € la] x 1],

o ()i otherwise,

RSK%b (.Z‘)z] = {

where the RSK on the right hand side acts on the rectangle [a] X [b].

Proof. Since RSK,; contains no toggles in up-diagonals a through r or in down-diagonals b
through s, we know that for (i, 7) € R\ ([a] x [b]),

RSKQV()(ZE)Z']‘ = gzﬁ_l(x)ij.
For (i,j) € [a] x [b], note that toggles appearing in RSK,; do not depend on elements
in R\ ([a] x [b]), so RSK, 4(z);; = RSK(x);;. O

If we compose instances of RSK, ;, and RSIC;;, a great deal of cancellation occurs since
these maps are nearly inverses of each other. When a and c differ by 1, we can give an explicit
description of the toggles that do not cancel.

As in Section 2, let S be the induced subposet of [r] x [s] of elements weakly left of (r, s),
and let F}, be the file indexed by k. If we now let F}” = Fj, N ([i] x [j]), then define

PIOij = pFiiij+1 O---0 szziz e} szZil
on R®, and similarly define Prof; on R¥. Hence Prof . = Pro”. We also define Prog by
transposing appropriately.

Lemma 3.2. Let (a,b) € R. Then
RSKat1 0 RSK,;, = RSKay1p 0 RSK,, = Pro}, .

Similarly,
RSKap+1 0 RSK,; = RSKapr1 0 RSK, ) = Pro?, .
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To visualize Lemma 3.2 in the case (a,b) = (r,s), refer to Figure 3.1 for a depiction of
the toggles in RSK, 11 5. One can peel off the top up-diagonal of toggles in each rectangle and
commute them to the left past the other toggles as much as possible. This yields Pro” o RSK.
(See also Figure 3.2 for an alternate depiction in the transposed setting.)

Proof. Letm = min(a+1,b). Fork < a,let I;, = {k}x[b—a+k—1], so that in particular Pro},

can be written as p;! o---opt op;t Then

_ -1 s -1
RSK:@JFLb - pa—m+2,b—m+1 © ° pa—l,b—2 O Pup-1

)

(1 -1 -1 -1 11
= (/)Ia,m+2 © Pa—m+1,b—m+1> 00 (Pza,l o Pa—2,b-2> o (Pja o pa—l,b—l) .

We note that each I,_ lies in the (a — k)th up-diagonal. Each p,',, , to the left of p; ' is
separated from [, j by at least one up-diagonal. By Observation 2.6 we can then rewrite this as

(Pz_al_m+2 ©---0 Pf_al> o (p;flerl,bferl 0--+0 Pil,b&) = Proib 0 RSKqp- L
In the case that (a, b) = (r, s), conjugating Lemma 3.2 by RSK gives the following corollary.

Corollary 3.3.
RSK; . oRSK, 1, = RSK' o Pro” o RSK = (.

Using Lemma 3.2 we can compute any composition RSK,;, o RSIC;}). For the following
proposition, we state it in the transposed version since it will be of more use to us.

Proposition 3.4. Let a € [r + 1] and let b,c € [s+ 1]. If ¢ > b, then

RSK,. 0 RSK,; = RSK,, 0 RSK, = Pro?,_ oPro?, o0+ oPro2,

In particular, for any b and ¢, RSK, . o RS/C;}, is equivalent to a toggle sequence containing
only toggles at elements strictly right of (a, min(b, c)).

Similarly, for b,c € [r + 1] and a € [s + 1], RSK., o RSICZ;; is equivalent to a toggle
sequence containing only toggles at elements strictly left of (min(b, ¢), a).

Proof. It b > ¢, consider the inverse:
(RSK.u. 0 RSK;3) ™" = RSKap 0 RSK, L.

Toggles are involutions, so the inverse of a composition of toggles is the sequence of
toggles applied in the reverse order. Thus it suffices to prove the case b < c. In this case,
write RSK, . o RSIC;}, as

(RSKacoRSK ;1) © (RSKae1 0 RSK 5 o) 0+ 0 (RSKapi1 0 RSK,})

a,c—1 a,c—2

— Q Q
= Pro;._,0---0Pro;,

by Lemma 3.2. [
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Figure 3.2: The composition RSKj3 4 o RSK3 3 of toggles in R = |. Toggles shown in
red are composed in the order indicated by the arrow beneath the rectangle, from the rightmost
rectangle to the leftmost. Toggles in the highlighted regions cancel out.

Example 3.5. Consider the case of r = @ = b = 3 and s = ¢ = 4. In Figure 3.2 the yellow
subrectangles of toggles cancel since toggles are involutions. The blue rectangles also cancel
since they can commute past the remaining toggles between them.

We can use Proposition 3.4 to prove that RSK;}, o RSK, . preserves certain chain statistics.

Lemma 3.6. Let a € [r] and let b, c € [s + 1]. Then for all ¢ < j < min(b, c),
Hyd(x; k) = H (RSK, ; 0 RSK,,o(2); k:) .
Similarly, by transposing, if a € [s| and b,c € [r + 1], then
H}{(w; k) = HY (RSK; s o RSKca(2); k) -

On the birational level, Lemma 3.6 can be proven easily using Greene’s theorem and the
Lindstrom-Gessel-Viennot lemma. However, this proof uses subtraction and therefore does not
tropicalize to the piecewise-linear case. By using only Greene’s theorem and the chain shifting
lemma, we can give a proof that also works in the piecewise-linear realm.

Proof. Without loss of generality, suppose that b < c¢. We start with the base case / = 1. By
Proposition 3.4, RSK, . o RSK;}) is equivalent to a composition of toggles that are strictly right
of (a,b). Similarly, by transposing, RSK, j o RSK;}) is equivalent to a composition of toggles
that are strictly left of (a,b). Since there is a file of elements separating these, they commute
with each other by Observation 2.6. Therefore

(RSK,,. o RSK, ;) o (RSK,;, o RSK ;) = (RSK,; o RSK_ ;) o (RSK, 0 RSK_ ).

Solving for the underlined quantity gives
RSK;, o RSK,.0RSK_, o RSK,;, = RSK_; o RSK, .

By Greene’s Theorem (Theorem 2.15) and Proposition 3.1,

= Z RSKT‘,b (J:)T’—m,j—m'
m=0
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Recall that RSK, .o RSK;}) is equivalent to a composition of toggles that are strictly right
of (a,b). Since r > a and j < b, (r — m,j — m) is weakly left of (a,b), so these entries
are unaffected by RSK, . o RSK;}). Hence

k—1 k—1
> RSKpp(2)r—mjom = »_ RSKye 0 RSK,} 0 RSK, 4(2)r—m j-m
=0 m=0

= H{{(RSK;} o RSK,. o RSK, ; o RSK,4(); k)
= Hy} (RSK,} o RSK,,.(2); k)
by another application of Greene’s Theorem, proving the case ¢ = 1.

For the induction step, let I be the order ideal generated by (a — 1,¢— 1) and (r,b — 1), and
let J =1\ ([a—1] x [c—1]). Then

R‘S’C;i 0 RSEKac = (pa-1-10 RS’CgfILb—l) °opso P;l 0 (RSKq—1,c-10 P;—11,c—1)-

Since J lies strictly above the (a — 1)st up-diagonal, while all toggles in RS IC;_lLb_l
and RSKC,_1 .1 lie strictly below the (a— 1)st up-diagonal, by Observation 2.6 we can commute
the RSK’s to the inside to obtain

Pa—1,b—10 PJ © RS’C;qu 0o RSKa—1e-10p5" 0 pty oy
= Prp—1 O 'R,S/C;ﬁll’bil 0 RSK4—1 10 p?l,

Applying Lemma 2.9 with p, ;_; and using the inductive hypothesis gives

HY9 (RSK, ) o RSK,o(); k)
= HI% (¢ O Prp—1© RS’C;_lLb_l o RSKy 1.0 10p;too () k)
= H7 7 (9o RSK, 0 RSKy 1010 p; 067 (2); k)
= Hy97) (¢op;tog™ (2):k) .

Applying Lemma 2.9 again with p; shows that this equals H Iz (x; k), as desired. [

For = RSK™! o Pro” o RSK, we have two distinct chain shifting lemmas, which both hold
on the piecewise-linear and birational levels. While they are difficult to prove in the coordinates x
and ¢~ '(z), it is natural to prove them in the RSK coordinates instead.

Corollary 3.7. Let v € RE, and k € Z-,.

(a) Foralll <u<v<r,
Hyi(z k) = H, (Q(x); k).

(b) Foralll <u < v <s,
HY (k) = HywZy ()i k)



COMBINATORIAL THEORY 5 (3) (2025), #9 17

Proof. Recall from Corollary 3.3 that ) = RSK_ ; oRSK, ;. Part (a) then follows from
Lemma 3.6. For part (b), note that

RSIC;; oRSEK, 41,5 = RS}C;; o RSK, 10 p;;_l.
By Lemma 3.6 we have
H7w "1 (90 RSK L o RSK a1 0p, ) 1 0¢  (w)ik) = Hiw ) (doprty 067 (2)ik).
The result then follows from Lemma 2.9. [

The case when £ = 1 and u = v of Corollary 3.7 implies that the up-diagonal sums are
fixed while the down-diagonal sums cyclically rotate when applying € as alluded to at the end of
Section 2.3. (Technically (b) only shows that the down-diagonal sums shift down when possible,
but the cyclic shift follows since the fixed up-diagonal sums imply that the sum of all entries
remains the same.)

Recall that the P-tableau of a labeling x of [r] X [s] is the set of coordinates of RSK(x) that
lie weakly left of (7, s). Knowing the P-tableau of a labeling tells us more chain statistics than
just those appearing in RSK. Using €2, we can prove the following lemma.

Lemma 3.8. Let x and © be labelings of R. The following are equivalent:

2. Foralll <u<v<sandk € Zx

Hy, (s k) = Hy, (35 F).
Proof. Obviously (2) implies (1) by Greene’s Theorem, and (1) implies the case of (2)
where u = 1. If u > 1, then by Corollary 3.7(b),

Hiw(x k) = HI}’T_"H(RSK*l o (Prop)u_1 o RSK(x); k).
Toggles in (ProP ) “ie strictly left of (7, s), and so they depend only on coordinates weakly left

of (r, s). But the coordinates weakly left of (r, s) are in P(x). Consequently if P(z) = P(Z),
then these P-tableaux remain equal after applications of Pro’’. [

In [JL24], it is shown that one can use Lemma 2.9 to compute all coordinates
of RSK o ¢ o p~! o ¢~!(x) except those in the file containing (r, s). In this sense, the chain
shifting lemma quantifiably “knows” most of the information about piecewise-linear rowmo-
tion. For Q@ = RSK o RSK, 11 s, we have the following stronger statement.

Corollary 3.9. The function Q: RY — RE is the unique function satisfying Corollary 3.7.
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Proof. Suppose f: RF — RFE satisfies Corollary 3.7. We will show that this information is
sufficient to compute RSK o f.
Letz € RE, j < s,and k € Z-. We seek to compute RSKo f(z),_1 ;1. By Theorem 2.15,

k
> RSKo f(a)rrjor = H{(f(x);k +1).

By Corollary 3.7(b), this equals HIZ%H(:U; k+ 1), and so
RSK o f() iy = H3  (@sk +1) — HY3 (3 ).

A similar argument using Corollary 3.7(a) computes RSK o f(x);_j s fori < r. [

4. The Ehrhart Theory of Northeast Chains

In this section, we associate to each moon polyomino a rational polytope and show that if
two moon polyominoes are equivalent, then their corresponding polytopes have the same Ehrhart
series. We cover the relevant definitions and background as needed.

4.1. Stable set polytopes

Let G = (V, E') be a graph with vertex set I and edge set E. A clique in GisasetC C V
such that any two vertices in C' are connected by an edge.

Definition 4.1. The clique constraint stable set polytope QSTAB(G) is the intersection of half

spaces in RV of the form x, > O forallv € V and > z, < 1 for all (maximal) cliques C of G.
veC

The inequality for a clique C' implies the corresponding inequality for any subset S C C'
(due to nonnegativity of x), so it suffices to let C' range over maximal cliques.

While QSTAB(G) is always a rational polytope, it is not always a lattice polytope.
QSTAB(G) is a lattice polytope if and only if G is a perfect graph—that is, neither the graph
nor its complement contains an induced odd cycle of length at least 5 [GLS93].

Let M be a moon polyomino. We define a graph G, on the boxes of M by drawing an edge
from (uq,v1) to (ug,ve) if ug < vy, us < o, and [ug, ug] X [v1,v2] € M. In other words, two
boxes are connected by an edge if they are comparable in some rectangle poset & C M. We
write QSTAB(M) for QSTAB(G ).

Example 4.2. Consider the moon polyomino M in Figure 4.1. In G ,:

* There is no edge from (2,1) to (1,2) because these elements are incomparable in the
subrectangle containing them.

e There is an edge from (1,1) to (2,2) because these boxes are comparable in the rectan-
gle [1,2] x [1,2] € M. Similarly we have an edge from (2, 2) to (3, 3).
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Figure 4.1: A moon polyomino with 13 boxes and an induced 5-cycle in its associated graph.
This is the smallest moon polyomino for which the associated clique constraint stable set poly-
tope is not a lattice polytope.

* There is no edge from (1, 1) to (3, 3) because (1,3) ¢ M, so (1,1) and (3, 3) do not lie
in a common rectangle.

Note that due to the induced 5-cycle shown, QSTAB(M) is not a lattice polytope (in
fact, M is the smallest such moon polyomino). Indeed, QSTAB(M) contains the rational ver-
tex v where v1; = Vgg = U33 = Ugqg = V4] = % and all other coordinates are 0.

4.2. Ehrhart theory

The Ehrhart theory of QSTAB(M) will be particularly relevant, so we review some defi-
nitions and results here. Let P C R? be a convex polytope. The Ehrhart function of P is the
function ip: Z>g — Z>( defined by

ip(k) = #{Z N kP}.

When P is a lattice polytope, ip(k) is a polynomial in % called the Ehrhart polynomial of P.
When the vertices of P are only known to be rational, the Ehrhart function is instead a quasi-
polynomial—a function of the form

ag(k)k* 4 ag_1 (k)k™' + - 4 ag(k)

where each a;(k) is a periodic function. In either case, the generating function of the Ehrhart
function is called the Ehrhart series of P and is denoted Ehrp ().

For QSTAB(M), lattice points in the kth dilate are integer points x satisfying z;; > 0
for (i,j) € M and Z(z‘,j)ec x;; < k for all maximal cliques C'in G p4. Since each clique in G vy
forms a chain in some maximal rectangle of M, the lattice points in k QSTAB(,M) are nonneg-
ative fillings x such that the maximum weight of all weak northeast chains (that is, H(x; 1))
is bounded above by k. Hence we have the following lemma.

Lemma 4.3. The Ehrhart quasi-polynomial of QST AB(M) counts the number of nonnegative
integer fillings x of M with Hpy(x;1) < k.
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4.3. Shifts in moon polyominoes

Recall from Section 2 that Rubey [Rubl1] constructs a map between fillings of moon poly-
ominoes M and N differing by a shift of down-diagonals intersecting a maximal rectangle R.
Given a filling of M, we obtain a new filling of N by applying {2 to the labels of R and shifting
certain boxes and labels parallel to the sides of R. Using the piecewise-linear versions of RSK
and Pro”’, we can define a piecewise-linear version of 2 = RSK™" o Pro” o RSK as well as the
extended map Q. (If instead M and N differ by a shift of up-diagonals with respect to a
maximal rectangle R, we can similarly define Q- using RSK~! o Pro? o RSK on R.)

For a rectangle S = [iy, i2] X [j1,72] € Mand d € Z,, let

Hg(x;d) = H>P2(x; d).

11,01
This map acts on QSTAB(M) according to the following theorem.

Theorem 4.4. Let M and N be moon polyominoes related by a shift of down-diagonals.
Then Qp_ v is a piecewise-linear, volume-preserving, continuous map RM — RV such that

(a) for all d € Z-y and for every maximal rectangle S of M with corresponding maximal
rectangle S" in N, Hg(x;d) = Hg (Qmon(2); d);

(b) forall k € Z=o, Qusn(k QSTAB(M)) = k QSTAB(N); and

(c) forall k € 7o, the restriction Qp_pn: k QSTAB(M)NZM — kQSTABWN)NZN isa
bijection.
In particular,
EhrgstaBm) (t) = Ehrgsrasov) (1)
Here the term volume-preserving means that for each linear map comprising 2,(_ s, the
matrix representing the linear map has determinant +1.

Example 4.5. Consider the labeling in Figure 4.2 and apply 21,7, where M is the moon
polyomino on the left and N on the right. Then QA preserves the values a, c, g, h outside
of the bolded rectangle R and shifts them appropriately. The map 2 = RSK~! o Pro” o RSK
is applied within R, ignoring all other labels. In this case, () acts on R by applying ¢!, then
toggles t11, t21, and ¢11, and finally applying ¢. The resulting coordinates (represented by capital
letters in ) are as follows:

= a,
= min(b, f) + max(d,e) —d,
= ¢,
= min(d, e) + max(b, f) — b,
min(d, e) + max(b, f) — f,
= min(b, f) + max(d, e) — e,
9
h.

TOTMEH DA W
[
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Figure 4.2: The labeling of moon polyominoes in Example 4.5, related by an application

Note that since max(d, e) > d, B > 0. By similar arguments, all other coordinates are nonnega-
tive. All coordinates are integers if the original labeling is a lattice point. Consider the following
sum:

B+ D = min(b, f) + max(d, e) — d + min(d, e) + max(b, f) —b=e+ f.

Thus € algebraically shifts the weight e + f downward in the bolded rectangle. Adding in the
shifted coordinates C and G, we obtain

B+C+D+G=c+e+ f+yg.

Intuitively, shifting the weights C' and G causes the chain statistics to “line up” after apply-
ing Q2 rq_.a so that the weight of this chain is preserved. In general, the maximum weight of all
chains in each maximal rectangle is preserved, and so the maximum weights among all northeast
chains in both labelings are the same.

Let x; be a labeling of [i| x [s] and let x5 be a labeling of [j] X [s]. In many of the remaining
results in this paper, we will stack the labelings x; and z5 to form a labeling 1 @ x5 as in the

following picture:

In other words, we will shift the labeling x5 to be a labeling of [i + 1,7+ j]| X [s] and concatenate
it with z; to give a new labeling 1 @ x5 of [i + j] x [s]. To prove Theorem 4.4 we need the
following lemma.

Lemma 4.6. If x1 and T, are labelings of a rectangle with the same P-tableaux, and similarly
for xy and T4, then x1 @ x5 and T1 @ To have the same P-tableaux.

On the combinatorial level, this lemma states that the plactic monoid is well-defined as a
monoid. Since the proof of Lemma 4.6 using toggles involves evacuation, we defer the proof
until Section 5.3.
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Figure 4.3: The action of {2, _,»- on a moon polyomino. Outside of R, the labels in the rectan-
gle S shift, while €2 is applied inside of R.

4.4. Proof of Ehrhart equivalence
We are now ready to relate the stable set polytopes of M and .

Proof of Theorem 4.4. Let M and N differ by a single shift of their down-diagonals with respect
to a maximal rectangle R. When €2, » acts on R, we can express it as a composition of toggles
and the transfer map on R. Since toggles and the transfer map are piecewise-linear, volume-
preserving, and continuous, their composition is as well. The transfer map and toggles also map
lattice points to lattice points, so it suffices to prove (a) and (b).

For (a), suppose that we have two maximal rectangles R and .S in M as in Figure 4.3. We
apply Qu_nr to R. Let S’ be the image of S in A under this shifting. Let x1, xo, x3, and T be
labelings as in Figure 4.3 (note that the z; and x5 labels just shift).

By Corollary 3.7(a) and Lemma 3.8, x5 and 75 have the same P-tableaux. By Lemma 4.6,
the labelings x1 @ x9 @ x3 and x1 @ T @ x3 in Figure 4.3 have the same P-tableaux. In particular,
by Lemma 3.8

Hy (Quon(2);d) = Hs(z; d).

A similar proof holds using Corollary 3.7(b) and ()-tableaux for rectangles that do not shift
under o nr.

For (b), the transfer map and toggles preserve nonnegativity. We know that {2y, () sat-
isfies the chain constraint inequalities because this is the special case of (a) when d = 1. [

We can relate any equivalent moon polyominoes M and N via a series of shifts of
up- and down-diagonals (see Figure 4.4 for an example). This allows us to define a
map Qnn: RM — RN by composing the respective maps for each of these shifts. It is then
clear that Theorem 4.4 applies to {2y, as well. (We will prove in Section 5 that {2\, is
independent of the choice of shifts from M to N.)

As mentioned previously, usually the Ehrhart function of a rational polytope is not a polyno-
mial but only a quasi-polynomial. However, one can use the map in Theorem 4.4 to show that
the Ehrhart function is a polynomial, that is, it experiences period collapse when QSTAB(M)
is not a lattice polytope.

Corollary 4.7. The Ehrhart function of QSTAB(M) is a polynomial for any moon polyo-
mino M. In other words, the number of fillings of M with maximum weight northeast chain
of weight at most k is polynomial in k. Moreover, this polynomial depends only on M up to
equivalence.



COMBINATORIAL THEORY 5 (3) (2025), 23

P

Figure 4.4: Equivalence of a moon polyomino to a straight partition shape using diagonal shifts.
Shift either the down-diagonals (in the first moon polyomino) or the up-diagonals (in the second
and third) intersecting the bolded rectangle to obtain the next shape.

Proof. By Theorem 4.4, we need only consider moon polyominoes up to equivalence. Any
moon polyomino M is equivalent to some straight partition shape A (since the intersection-
free condition implies that we can permute up- and down-diagonals until they are ordered by
inclusion). Consider the poset P, of boxes of A ordered by (i,7) < (¢/,j) if i < and j < 7.
The clique constraint inequalities of QSTAB(\) are exactly the chain constraint inequalities of
the chain polytope of P4, and so these polytopes are the same. But chain polytopes are lattice
polytopes, and so the Ehrhart function is a polynomial. 0

The Ehrhart polynomial of the chain or order polytope of a poset P (also known as the order
polynomial of P) can be calculated using the methods of Stanley [Sta72]. In particular, the
normalized volume of this polytope is equal to the number of linear extensions of P. In our
case, this gives the following immediate corollary.

Corollary 4.8. Let M be a moon polyomino equivalent to a straight partition shape \. Then
the normalized volume of QSTAB(M) is the number of standard Young tableaux of shape ).

Theorem 4.4 tells us that the maximum weight among all weak northeast chains in M is
preserved by Q,_,n. We close this section by proving the analogous result on strict southeast
chains.

Corollary 4.9. Let M and N be equivalent moon polyominoes. Then for any x € R%, Y VENY:
preserves the maximum length of all strict southeast chains.

Proof. Tt suffices to consider the case when M and N differ by a single shift of down-diagonals.
Consider the nondecreasing sequence

Hp(x;1) < Hy(x;2) <

This sequence stabilizes at some H n(x; k), where k is the minimum number such that for all
maximal rectangles R of M, the entries of R such that z;; # 0 can be partitioned into k weak
northeast chains. Recall that Dilworth’s theorem states that the size of the largest antichain of a
poset is the same as the minimum number of chains that partition the elements of the poset. It
follows that the length of the longest strict southeast chain is the value of £ at which the previous
sequence stabilizes. But by Theorem 4.4(a) we have Hn((x; k) = Ha(Quon(2); k), so the
stabilization occurs at the same £ for both labelings. 0
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5. Evacuation and Commutation

In this section, we investigate properties of piecewise-linear (and birational) evacuation and
connections to Striker—Williams promotion. We also show that the piecewise-linear (and bi-
rational) analogue of {2, is canonically defined for any equivalent moon polyominoes M
and N\ by proving the appropriate commutation property for €2 applied to different maximal
rectangles as shown in the combinatorial case by Rubey [Rub11].

5.1. Evacuation

Let S be the induced subposet of 12 on elements (3, j) weakly left of (r, s) as in Section 2.
Let I}’ denote the intersection of the file indexed by % and the order ideal generated by (i, j).
Recall that Pro;; is the following composition of toggles:

Proij - sz'iZj+l oo prif
We have the following definition of evacuation.

Definition 5.1. Piecewise-linear evacuation Evac: R® — R¥ is the composition
Evac = Pro,30---0Pro, 1 oPro, ;.
We similarly define Evac” on R”, as well as Evac® by transposition.
It will also be helpful to define the variant
Evacfj = PronOProf3o--- oProfj

Q . .
and Evac;’; similarly.

The evacuation operation is of interest from a chain shifting perspective because it is a com-
position of Pro”” maps, which we know shift chain statistics downward in the poset.

Proposition 5.2. Let v € RR and let 1 < u < s. Then forall k € L
HP_ (23 k) = HU'Y (RSK™' o Evac” o RSK(2); k).
The symmetric statement given by transposing also holds.

Proof. We induct on s — u. The case u = s follows from Theorem 2.15 since Evac’” does not
change any entries in the file containing (r, s).
If s > w, then by Corollary 3.7,
HYS (i) = HYZ () b).
The inductive hypothesis applied to the restriction of {2(x) to the subrectangle [r| x [s — 1] (using
Proposition 3.1) implies
H722(Q(x); k) = H Y (RSK;,_ o Evacl,_; o RSK, 1 0 Q(z); k).

1,s—u
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But by Lemma 3.2, RSKoRSK ! | = Progs_1 commutes with Evac’, |, so this equals

»S r,s—1°
H{Y(RSK™" o Evacl,_; o RSK 0 Q(x); k) = H{'{(RSK ™' o Evac],_, o Pro” o RSK(x); k)
= H'{(RSK ™" o Evac” o RSK(z); k),
as desired. ]

Let z* be the dual labeling obtained by rotating x by 180°, so z; = Zy41-is41-5. This
rotation map satisfies Lemma 5.3.

Lemma 5.3.
RSK™! o Evac’ o Evac? o RSK(z) = z*.

Proof. By Proposition 5.2 we have
H{Y(RSK ' oEvac” o RSK(z); k) = HY'_, .1 (z; k) = H{Y (2" k).

By Lemma 3.8 the P-tableaux of z* and RSK ™' o Evac” o RSK(z) agree, as does then that
of RSK™! o Evac” o Evac? o RSK(z) (since Evac® will only affect the Q-tableau). Likewise
the )-tableaux of z* and RSK ! o Evac’” o Evac? o RSK are also the same, so they must be
equal. [

Note that Lemma 5.3 implies that Evac is an involution (this can also be proved easily from
the toggle definition).

We can also prove a chain shifting lemma, which we state below for Evac” (an analogous
statement holds for Evac®).

Lemma 5.4. Let v € RE and let k € Z,.
(a) If 1 <u<v<r, then
H.i(z;k) = H,{(RSK™! o Evac” o RSK(); k).
(b) If 1 <u < v < s, then
Hyv(z; k) = HI:EH:ZL(RSK’l o Evac” o RSK(z); k).
Proof. For (a), RSK ! o Evac’ o RSK does not change the ()-tableau of x, so the result follows

by Lemma 3.8 (for the @ tableaux). By Lemma 5.3, RSK ! o Evac” o RSK(z) and z* have the
same P-tableaux. Then (b) follows from Lemma 3.8 since H7, (v; k) = H Ijﬂ:ﬁ (k). O
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5.2. Striker—Williams Promotion

In this subsection we use properties of evacuation to prove a chain shifting lemma for Striker—
Williams promotion.

Definition 5.5. Let F}, denote the kth file of R. Then Striker—Williams promotion is the map
SWPrO - pFlfs © pFQ*S O OpF'rfl‘

Striker and Williams introduce this map for rc-posets in [SW12]. Visually, we toggle at every
element in the files of 12 from the leftmost file to the rightmost. Striker—Williams promotion can
be written in the Pro’” notation as

SWPro = (Pro“)™' o pp,__ o Pro”.
We can use this factorization to prove the following chain shifting lemma for SWPro.
Lemma 5.6. Let R = [r]| x [s] and let k € Zo.
(a) If2 <u<v<s, then

Hyo(xik) = Hyw_}(RSK™ 0 SWPro o RSK(z); k).

(b) Ifl <u<v<r—1,then

5 (x;k) = Hyf 5 (RSK™' 0 SWPro o RSK(z); k).

Proof. We first prove (a). Let 7 = RSK ™! 0 SWPro o RSK(z), and let 7(z) denote the coordi-
nate projection of x to coordinates indexed by [r] x [s — 1]. By Theorem 2.15, P(7(x)) is the

collection of labels of P(z) strictly left of (r, s). Since (Pro®) o pr,, only changes coordinates
weakly right of (7, s),

By Lemma 3.8
Hy W2y (F5 k) = H 2y () k).
Then (a) follows from Corollary 3.7.
For (b), note that 7 = RSK™' o SWPro ™! o RSK(Z). Let 27 denote the transpose of x and

similarly for 7. Since SWPro ' is given by toggling along files from the rightmost to the
leftmost, we have 27 = RSK™* 0 SWPro o RSK(z ). Then (b) becomes

qyu(a™ k) = Hyot (375 k),

which follows directly from (a). 0
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For the remainder of this subsection, we reprove Lemma 5.6 as a consequence of the fact
that p~! and SWPro are conjugate to each other in the group generated by all toggles in R.
Striker and Williams [SW12] define a composition of toggles D for rc-posets such that

SWPro=Dop oD
We define a similar element here. Let
E=pryopys0---0p .

Proposition 5.7.
SWPro=FEop toE™"

Proof. Let SWPro; ; and E; ; denote the composition of toggles on labelings of R analogous
to SWPro and £ on the order ideal [i] x [j]. Observe that

SWPro; s = E; 50 p;i o Ef;
since I;  contains no toggles. By induction suppose that

_ —1 —1
SWPro; 1= FE; 150p,_ 4,0 FE;

i—1,s"
If I = {i} x [s], then

-1 -1 _ -1 -1 -1
EisopisoE ; =Eisopr op .0k,
=FE; o p;l oE !

i—1,s

All toggles in ,0;1 lie in the ith up-diagonal and all toggles in E;!, | lie strictly below the (i —1)st

i—1,s
up-diagonal. By Observation 2.6 these toggle sequences commute, yielding

Eiso B opr
We peel p;llys off of £ ; to obtain
-1 -1 -1
Eivsopiys0o By 0pr -

By induction this equals
SWPro;_ 50 p;l = SWPro, ;. l

Throughout this paper we use RS, s to map from the setting where one applies rowmotion
to the setting where one applies promotion. One desirable quality in a toggle sequence relating
rowmotion and Striker—Williams promotion by conjugation is that it has a natural description in
terms of RSK. We have the following lemma regarding F.

Lemma 5.8.
E = Evac®? o RSK.
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Proof. First write
Evac® o RSK = EvacQ 15© Pro® o RSEK, s
= Evac s O RSK, o1
by Lemma 3.2. Then by Lemma 3.2 again,

Evac,gl’s 0 RSK,.e41 = Evac? , 50 Pro% , s O RSK, 11
= Evacr 95 © RSK,—1,541 0 RSIC_1 1,50 RSK; 541
= Evac? ,, 0 RSK,_; S0P s

Repeating this argument, we find that

— Q -1

Evac? | sORSK, 511 =Evacy 5 , 0o RSK, 155100,
— Q -1 -1
= Evac,’ 3 ;0 RSK, 251100, 950 Pr_1

= PIs 0O P
= F. L]

Since SWPro = Eop~'o E~!, and FE and p~! have chain shifting lemmas, we now reprove
the previous chain shifting lemma for SWPro.

Proof of Lemma 5.6. For (b), if 1 < u < v < r — 1, then by Proposition 5.7 and Lemma 5.8,

u

= H 7 (RSK™ 0 Evac? oRSK, s 0 p' 0 RSK, ! o Evac? o RSK(z); k).

Hvﬁ:f(RSKfl o SWPro o RSK(z); k)

By Lemma 5.4 this expression simplifies to

H =) (o p ' oRSK, ! o Evac? o RSK(z); k).

r—u,l

By Lemma 2.9 this equals
H; 7y (RSK o Evac® o RSK(2); k),
and so (b) follows by another application of Lemma 5.4. A similar proof yields (a). 0

Example 5.9. Proposition 5.7 and Lemma 5.8 imply that the diagram in Figure 5.1 commutes.
All red chains in Figure 5.1 have the same weight, which is the maximum weight in each
blue rectangle. Then RSK ™' o SWPro o RSK shifts the maximum weight among chains in
interval [, j| x [s] upward in the poset and shifts weight of chains in intervals [r] x [i, ]
downward in the poset. Alternatively, we can think of this upward shifting by first
applying RSK ! o Evac® o RSK, which reflects the rectangle along the axis perpendicular to
the direction we shift. Note that chains themselves do not reflect, only the region they lie in.
Then applying ¢ o p~! o ¢~ shifts the maximum weight of chains downward in the poset. Re-
flecting again transforms this downward shift into an upward shift.
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1o Evac¥® RSK~! o Evac®
o RSK

RSK™! 0 SWPro
o RSK

Figure 5.1: A commuting diagram showing how the chain shifting lemma for p~! induces the
chain shifting lemma for SWPro.
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5.3. Proof of Lemma 4.6

In this subsection we prove Lemma 4.6. For a labeling x of [r] x [s], let Q(z) denote the
coordinates of the ()-tableau that lie strictly right of (r, s). Given a labeling (z; @ ... © z,,)
and some i € [n], we say that a function f is independent of Q(x;) if f can be expressed as a
function of 1, ..., %1, Tit1, ..., Ty, and P(z;).

Proposition 5.10. Let v = x; @ x5 be a labeling of R, where (i, s) is the maximum element
labeled by x1. Then the coordinates of RSK; () weakly left of (i, s) can be expressed invertibly
in terms of P(x1) and x5 (independent of Q(x1)).

Proof. Let (k,j) € R with (k, j) weakly left of (¢,s). If & < ¢, then (k, ) € [i] x [s] and by
Proposition 3.1
RSKi,s<x)k,j = P(Il)k,j-

If £ > 7, then by Proposition 3.1

RSKis(2)k; = ¢~ (2)r,; = max (Cb_l(x)i,é + Hy 1)) :

el

Note that ¢~ (x); , is a coordinate of P(z) and Hff‘u(x; 1) depends only on .

We can easily invert this procedure to recover P(xy) (trivial) and x5 by computing
qb(RSKZ,S ($))k,j = RSK@S(I')]QJ‘ — max {RSK,’75(£L‘)]§7J‘_1, RSK,’75(£L‘)]€_17]‘}
for k > 1. ]

We are now ready to prove that P(z; @ x2) only depends on P(x7) and P(z5).

Proof of Lemma 4.6. Let R = [r] x [s], let x; be a labeling of [i] x [s] for some i < r, and
let 75 be a labeling of [r — 4] x [s]. It suffices to show that P(x; @ x») is independent of Q(x;)
and Q(z).

We first show that P(z; @ ) is independent of Q(z;). Let y = RSK; (7, @ x3). By
Proposition 5.10 y;, ; is a function of P(z;) and x5 when (£, j) is weakly left of (¢, s). Note that

RSK(z) = RSKo RSK;S1 (y).

By Proposition 3.4, RSK o RSK; 1 is equivalent to a toggle sequence that only contains toggles
strictly left of (7, s). The result of each such toggle depends only on entries weakly left of (i, s),
which are all functions of P(z) and z.
We now show that P(z; @ x5) is independent of Q(z»). Let 23 @ 2% = (2, @ x2)*. By
Lemma 5.3,
P(x1 © x2) = Evac(P(z3 © 1)),

so it suffices to show that P(x} @ z7) is a function of z; and P(x2). By the previous argument,
we know P(x} @ x7) is a function of P(x3) and 23. By Lemma 5.3, P(z%) = Evac(P(xz)) is a
function of P(x3), and clearly z7 is a function of z;. O
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5.4. Commutation

In this subsection, we prove a commutation theorem for maps on labelings of moon poly-
ominoes. This theorem will apply not only to maps like €2 applied to a maximal rectangle of a
moon polyomino, but also to the map ¢ o p~! o ¢! applied as follows.

Let M be a moon polyomino with maximal rectangle R. Suppose that the equivalent moon
polyomino N is formed from M by shifting boxes outside R downward parallel to both sets
of sides of R. (This differs from the extension of {2, where we shift boxes parallel to only one
side—this reflects the differences in the chain shifting lemmas of ¢ o p~! 0 ¢! and £2.) We can
extend ¢ o p~' o ¢! to amap RM — RV by applying ¢ o p— 0 ¢! to the coordinates of R and
shifting all other coordinates appropriately.

Theorem 5.11. Let ), and 15 be maps in the set
{RSK ™" o Pro” o RSK,RSK " o Pro? oRSK, po p ' 0 ™'}

acting on distinct maximal rectangles R, and Ry of some moon polyomino, respectively (shifting
labels outside the rectangle appropriately). Then

1 0Py = Py 0 Y.

We prove Theorem 5.11 at the end of this subsection. In particular, note that (disallo-
wing ¢ o p~! o ¢~ 1) this implies that the map Q_, o~ described in Section 4 between any equiv-
alent moon polyominoes M and N is independent of the choice and order of shifts from one to
the other.

To prove Theorem 5.11, we will need some preliminary results about how applying various
maps depends on the ()-tableaux of subrectangles.

Proposition 5.12. Let x = ©1 @ x5 @ x3 be a labeling of R such that (i,s) and (j, s) are the
maximum elements labeled by x| and x», respectively. If

7 =RSK ' oEvac?, oRSK(z) =%, 071 @ 73
(where T; and x; label rectangles of the same size), then:

(a) Q(72) = Evac(Q(x2)), and

(b) the coordinates of RSK(Z) weakly left of (j, s) can be expressed invertibly in terms of x1,
P(z3), and x3 (independent of Q(x2)).

Proof. For (a), by Theorem 2.15 we know Q(x; @ x3) is the restriction of Q(x) to labels
weakly right of (j, s). Applying Evacg-?s, we find that Q(72 @ 71) = Evac(Q(z1 © x2)), which

equals Q(z3 @ z7) by Lemma 5.3. Then restricting to the labels weakly right of (j — i, s)
gives Q(72) = Q(x3) = Evac Q(x2).

For (b), write

RSK(z) = Evacjci?s oRSK(zx) = Evacfs o T oRSK, 4(z),
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where by Proposition 3.4, 7' = RSK o RSK;S1 is equivalent to a composition of toggles that lie
strictly left of (j, s). By Proposition 5.10, coordinates of RSK; ;(x) that lie weakly left of (7, s)
depend only on P(z1 @ x5) and x3. By Lemma 4.6 P(z; ©z5) is a function of P(x;) and P(x5),
so these coordinates are independent of Q(x5). Since each toggle in T lies strlctly left of (j,s),

the result of each of these toggles remains independent of Q(z5). Since Evac ., does not change
labels weakly left of (j,s), we conclude that the coordinates of RSK(Z) that are weakly left
of (j, s) are independent of Q(z5).

Now consider labels that are both weakly right of (j, s) and weakly left of (j — 7, s). All
coordinates weakly right of (7, s) form the Q-tableau Evac(Q(z; @ x2)) = Q(z5 @ x7). By
Proposition 5.10, the coordinates of Q(x3 @ x7) that are weakly left of (j — 4, s) are functions
of P(z%) and z3. But both P(x3) = Evac(P(x3)) and x} are functions of P(ZL‘Q) and x; and
hence independent of Q(z5).

This procedure can be inverted using Proposition 5.10: P(z; @ z2) and z3 can be recov-
ered from the coordinates of RSK(Z) weakly left of (4, s) as in the first half of the argument,
and combining Evac(P(x; @ z3)) = P(xz3 @ x7) with the remaining coordinates weakly left
of (j — i, s) yields P(z%) and z7 as in the second half. O

Lemma 5.13. Let © = (x1 © x5 @ x3) be a labeling of R such that (i, s) and (], s) are the
maximum elements labeled by x| and x respectively. Suppose that we have one of the following
scenarios:

(a) Let T be a composition of toggles strictly left of (j, s), and let
T= (T, 0% ®T3) = RSK™ o T o RSK(x),

where (i, s) and (j, s) are the maximum elements labeled by T, and T, respectively.

(b) Let T be a composition of toggles weakly left of (j, s), and let
T= (T, Ty ®T3) = RSK™' o T o Pro® o RSK(z),

where (i— 1, s) and (j — 1, s) are the maximum elements labeled by T, and T, respectively.
Then Q(T2) = Q(x3), and 71, P(%,), and T3 are independent of Q(x).
Proof. We will prove (b) (the proof of (a) is similar). Let

y =RSK'o Evac _oRSK(z) and 7 =RSK'o Evac 1,0 RSK(z).

Here y = (o @ y1 @ y3) and y = (2 @ y1 @ y3) where y; and x; have the same dimensions,
as do 7; and 7;. Let L be the composition of toggles in Pro® that lie weakly left of (7, s),
so that Pro? = L o Profs. We claim that the diagram in Figure 5.2 commutes. Indeed, by
Observation 2.6
Evac?_lvs oT oPro® = Evac?_lvs oT'oLo Proj?s
=ToLo Evac?_LS o Projci?s
:ToLoEvaC]?S.
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Q
RSK(z) — LoPro”  pok ()
J Evacgs J EV&C]Q_LS
RSK(y) —°L | RsK ()

Figure 5.2: The commuting diagram in the proof of Lemma 5.13.

By Proposition 5.12, Q(y2) = Evac(Q(z2)), while the entries weakly left of (j — i, s)
in RSK(y) are independent of Q(z5). Toggles in 7" and L are all strictly left of (j — 4, s), so the
labels weakly left of (j—1i, s) in RSK(7) are still independent of Q (), and Q(72) = Q(y2). The
proof is completed by an application of Proposition 5.12 since 7=RSK ' o Evauc?_1 o RSK(9).

O

»S

Proposition 5.14. The maps
poptop !, RSK ! oPro” o RSK, and RSK™! o Pro? o RSK
have the required form for Lemma 5.13.

Proof. We consider ¢ o p~—! o ¢~!, which is the only nontrivial case. By Proposition 5.7
poptopt =RSK ! oEvac? o SWPro o Evac? o RSK .

We will express Evac® o SWPro o Evac® as T'oPro® for some composition T of toggles weakly

left of (r, s). Recall that SWPro = (Pro®) o pr o Pro”’, where F is the file containing (r, s).
Then

Q

Evac? o SWPro o Evac® = Evac® o (ProQ) o pr o Pro’” o Evac

= Evacg_lys o pr o Pro” o (Evac? 1.6 © Pro?).

By Observation 2.6 the instances of Evacfﬂlys commute with p o Pro’” and cancel, yielding
pr o Prof o Pro® = T o Pro%,
where T' = pp o Pro” contains only toggles weakly left of (r, s). O

We are now ready to prove Theorem 5.11. The theorem is nearly immediate from Lem-
ma 5.13 and is similar to the proof in Rubey [Rub11] from this point.

Proof of Theorem 5.11. Consider the diagram in Figure 5.3. It suffices to consider only
the moon polyomino R; U R, since all coordinates outside of this shape are preserved. By
Lemma 5.13 and Proposition 5.14, P(x%) is a function of 2y, P(x2) and x'3; and P(ZT>) is the same
function of z1, P(T,), and z3. But by Corollary 3.7, P(x3) = P(T») and so P(z}) = P(T3). By
Corollary 3.7 again, P(x}) = P(z}), and so P(x}) = P(T5). Similarly Q(z4) = Q(T2), so we
must have 7y = T5. The other four sections of the moon polyomino can be treated similarly. [
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1 !Rz 1 !RQ
Figure 5.3: Labelings associated to applications of wl and v, on maximal rectangles R; and R,
of a moon polyomino. Since the maps commute, x4y = T».
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