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Abstract. We study the Kronecker product of two Schur functions sy * s,, defined as
the image of the characteristic map of the product of two S,, irreducible characters. We
prove special cases of a conjecture of Monical-Tokcan—Yong that its monomial expansion
has a saturated Newton polytope. Our proofs employ the Horn inequalities for positivity
of Littlewood—Richardson coefficients and imply necessary conditions for the positivity of
Kronecker coefficients.
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1. Introduction

The Kronecker coefficients g(\, i, ) of the symmetric group present an 85-year-old mystery in
algebraic combinatorics and representation theory. They are defined as the multiplicities of an
irreducible S,,-module S, in the tensor product of two other irreducibles: Sy ®S,,. Originally in-
troduced by Murnaghan in 1938 [Mur55, Mur56], the question of their efficient computation has
been reiterated many times since the 1980s, see for example works of [Las80, GR85, Rem89].
Stanley’s 10th open problem in algebraic combinatorics [Sta00] is to find a manifestly posi-
tive combinatorial interpretation for the Kronecker coefficients. Yet, over the years, very little
progress on this problem has been made and only for special cases. We refer to [Pan24] for an
overview of these results, as well as other open problems related to the Kronecker coefficients
which justify the “mystery” label. Their importance has been reinforced by their role in Ge-
ometric Complexity Theory, a program aimed at establishing computational lower bounds and
ultimately separating complexity classes like P vs NP, see [Pan23] and references therein. While
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no positive combinatorial formula exists, we also lack understanding for when such coefficients
would be positive. Recent work, see §7.2, has cast doubt on the possibility of answering these
questions in a “nice” way.

In a different direction, [MTY 19] initiated the study of the Newton polytopes of important
polynomials in algebraic combinatorics. It has been established that some of the main poly-
nomials of interest, such as the Schur and Schubert polynomials, have saturated Newton poly-
tope (SNP). See §1.3 for more details and background.

Definition 1.1. A multivariate polynomial with nonnegative coefficients

flzy,. .. x) = anxa

«

has a saturated Newton polytope (SNP) if the set of points M (f) := {(aq,- -+ ,ax) : ¢ > 0}
coincides with its convex hull in Z*.

Given a symmetric function f, let f(xy,...,z;) denote the specialization of f to the vari-
ables z1, ...,z that sets x,, = O forallm > k + 1.

Definition 1.2. A symmetric function f has a saturated Newton polytope (SNP) if f(z1, ..., xx)
has a SNP for all k¥ > 1.

1.1. SNP for the Kronecker product

The Kronecker coefficients of S, denoted by g(A, i, v), give the multiplicities of one Specht
module in the tensor product of the other two, namely

SA\®S, = @wnS?g(A’“’”)'

The Kronecker (tensor) product * of symmetric functions is defined on the Schur basis as
Sy kS, 1= Zg()\,u, V)Sy,

and extended by linearity. It is equivalent to the inner product of .S,, characters under the charac-
teristic map. Via Schur—Weyl duality the Kronecker coeflicients can be interpreted in the context
of the representation theory of the general linear group, namely g(\, i, v) is the dimension of
the projection of V(A ® B) to V,,(A) x V,(B), where V,, V,,, V,, are irreducible Weyl modules
and A, B are vector spaces. This viewpoint is important in the applications to Quantum Infor-
mation Theory, see e.g. [CM06, CHMO07], and motivates the consideration of partitions of fixed
length 2 or 3.

Conjecture 1.3 ((MTY19]). The Kronecker product s * s, = > ¢(A, i1, v)s, has a saturated
Newton polytope.

Here we prove this conjecture for partitions of lengths 2 and 3 and various truncations.



COMBINATORIAL THEORY 5 (3) (2025), #10 3

Theorem 1.4. Let A\, = n with ((X\) < 2,0(p) < 3, and 1y > A then sy * s,,(z1, ..., xx) has
a saturated Newton polytope for every k € N.

This theorem follows from the fact that the Kronecker product in these cases contains a
term s,, with v dominating all other partitions appearing in the product. Consequently,
the degree vectors of the monomials which appear in that Kronecker product are the integer
points (ay, . .., ax) for which when sorted in weakly decreasing order sort(ay,...,a;) < v in
the dominance order. This ensures that the polytope is saturated. However, it is not always the
case that there is a unique maximal term with respect to the dominance order. The first instance
where no such dominant partition exists is covered in the following theorem.

Theorem 1.5. Let \, pu = nwith {(\) < 3and ((j1) < 2. Then s)*s,(x1, x2, x3) has a saturated
Newton polytope.

The difficulty with this problem in general lies in the lack of explicit criteria for the pos-
itivity of the Kronecker coeflicients. Instead of working directly with the Kronecker coeffi-
cients, we express the Kronecker product in the monomial basis in terms of sums of products of
multi-Littlewood—Richardson coefficients. We then use the Horn inequalities, which determine
when a Littlewood—Richardson coefficient would be nonzero, to construct a polytope P(\, 1; a)
parametrized by partitions \, 2 and a composition a = (ay, . .., aj). A monomial x7'z5? - - - z*
appears in sy s, (1, . .., x) if and only if P (), p; a) has an integer point. Using this construc-
tion we can infer the following.

Proposition 1.6. Let 1, \ = n. The Kronecker product sy * s,(z1,...,xx) has a saturated
Newton polytope if and only if for every a € ZF the polytope P(\, ji; a) is either empty or has
an integer point.

Since g(A, A, (n)) = 1, we have that sy sy = 5(,)+- - - and contains every monomial of total
degree n. This implies that P(\, A; a) is always nonempty and has an integer point. However, it
is far from clear how to explicitly characterize when P (A, ; a) # @ once y # A and the number
of variables k grows. Additionally, determining whether there is an integer point, in this case,
is likely hard from computational complexity point of view, see §7.2. It is also not apparent
whether these polytopes have any integer vertices, as the associated inequalities often result in
many non-integral ones.

While Conjecture 1.3 may not necessarily hold in full generality, its limiting version does:

Theorem 1.7. Let )\, i be partitions of the same size and k € N. Then the set of points

(e 9]
p=1

Mi(spa * Spp)

e~

is a convex subset of QF.

This is not surprising given that the set of triples ﬁ()\, w, v) for which there is a p, such
that g(pA, pu, pv) >0, forms a polytope known as the Moment polytope, see [VW17, BCMW17].
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1.2. Positivity implications

Suppose that g(\, u, ) > 0 and g(\, i, 8) > 0 for some partitions «, 3. Then the monomials
with powers v and 3 appear in s) * s,,. Suppose thaty = ta+(1—t)3 € Z* for some t = § €eQ
with p < q. The SNP property would imply that v appears as a monomial, and thus there exists
a partition 6 > ~ such that g(\, i, #) > 0. By the semigroup property, if g(pA, pu, par) > 0
and g((¢ — p)\, (¢ — p)p, (¢ — p)B) > 0, then it follows that g(g\, qu,qy) > 0. However,
the Kronecker coeflicients do not, in general, possess the saturation property (see §7.1), so we
cannot expect g(A, i,y) > 0. We can generalize the above reasoning into the following.

Proposition 1.8. Suppose that sy * s, has a saturated Newton polytope. Then for every col-
lection of partitions o', a2, ... such that g(\,u,a®) > 0 and > tia" has integer parts for
some t; € [0,1] with t; + to + -+ = 1, there exists a partition 0 = sort(}_, t;a") in the

dominance order, such that g(\, j1,60) > 0.

Our methods and the Horn inequalities also give some necessary conditions for a Kronecker
coefficient to be positive. We cannot expect easy necessary and sufficient criteria for positivity
since this decision problem is NP-hard by [IMW17]. The general statement is Theorem 6.2
stated in Section 6 in terms of the so-called LR-consistent triples. We illustrate the criteria with
a simplified version below in the case of one two-row partition.

Proposition 1.9 (Corollary 6.3). Suppose that g(\, p,v) > 0 and ((pn) = 2, k = ((\). Then
there exist nonnegative integers y; € [0, | \;/2]] for i € [k], such that

SoNAD oy — > v <min{d > v} (1.1)

1€ AUC 1€B ieC jedJ jedJ

for all triples of mutually disjoint sets ALUBUC C [kland J ={1,...,r,7+2,...,r+b+1}
or J = {1,...,T+b—1,7’—l—2b}, wherer:2|A‘+‘C’andb: |B|

1.3.

The topic of studying Newton polytopes in algebraic combinatorics has quickly gained momen-
tum. Already in [MTY19] it was shown that, besides Schur and skew Schur functions, the
Stanley symmetric functions and Macdonald polynomials have SNP. Since [MTY 19] there has
been a flurry of activity, studying the SNP property for Schubert polynomials, see [FMSDI18,
CCRMMn23], Grothendieck polynomials, see [EY 17, MSD20] and chromatic symmetric func-
tions, see [Monl18, MMS24]. In the case of Schubert and double Schubert polynomials, the
conjectures were completely resolved, revealing a nice geometric structure. For Grothendieck
polynomials, the conjectures were resolved for Grassmannian permutations but remain open in
general. In the case of chromatic symmetric functions, the conjectures hold for claw-free in-
comparability graphs and are false in other cases. Naturally, saturated Newton polytopes are a
necessary condition for stronger nice properties like the (normalized) polynomials being Loren-
zian, or having log-concave coefficients. It is also useful in the study of positivity questions and
Schur expansions.
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1.4. Paper outline

We define the necessary background objects and tools in Section 2. In Section 3, we study cases
where there is a unique maximal dominant partition in the Kronecker product. In this section,
we prove Theorem 1.4 and one case of Theorem 1.5. In Section 4, we reformulate the problem
in terms of multi-Littlewood—Richardson coefficients, recall the Horn inequalities and define
the polytope P (A, u;a). In Section 5, we consider partitions of length 2 and 3 and show that
when P (A, y; a) is nonempty it has an integer point proving Theorem 1.5. We study positivity
properties of Kronecker coefficients in Section 6. In Section 7, we discuss related aspects of the
Kronecker SNP problem, including some observations for the analogous problem on plethysms
in §7.4.

2. Definitions and tools

2.1. Basic notions from algebraic combinatorics

We use standard notation from [Mac15] and [Stal2, §7] throughout the paper.

Let A = (A1, A\o,...,\¢) be a partition of size n = |\ = A\ + X+ ... + Ay,
where \; > X\o > ... > Ay > 1. We write A - n for such a partition. The length of \ is
denoted /(\) := {. Let A\ + p denote a partition (A + f11, Ao + pa, . . .)

A Young diagram of shape ) is an arrangement of squares (7, j) C N? with 1 < 7 < £())
and 1 < 5 < \;. Let A - n. A semistandard Young tableau (SSYT) T of shape A and type o
is an arrangement of o, many integers k in squares of A\, which weakly increase along rows and
strictly increase down columns, i.e. 7(7,j) < T'(i,j+1) and T'(¢,5) < T'(i+1, 7). For example,

1[1[2[4[4]
212135
15

is an SSYT of shape A\ = (5,4, 2) and type (weight) o = (2,3, 1, 3,2). Denote by SSYT(\, «)
the set of such tableaux, and K, = [SSYT(), )| the Kostka number. We have that
Ko = K sort(a), Where sort(«) is the partition obtained by listing the parts of « in weakly
decreasing order. When A and « are both partitions, we have K , > 0 if and only if A > « in
the dominance order on partitions, which is defined as follows:

A=<= M+ -+ >a;+ -+ q;forall i.

A standard Young tableau (SYT) of shape A is an SSYT of type (1").

The irreducible representations of the symmetric group S,, are the Specht modules S, and
are indexed by partitions A = n. We have that S, is the trivial representation assigning to
every w € .S, the value 1 and Sy~ is the sign representation.

The Kronecker coefficients of S,,, denoted by g(\, i, v) give the multiplicities of one Specht
module in the tensor product of two other irreducibles, namely

Sy®S, = @VHLS?Q(A,M,VX
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The irreducible polynomial representations of G Ly (C) are the Weyl modules V, and are
indexed by all partitions with ¢(A\) < N. Their characters are the Schur polynomials
sx(x1,...,xN), where xq, ..., xy are the eigenvalues of g € GLy(C).

We will use the standard bases for the ring of symmetric functions A: the monomial sym-

metric functions
Mo (T1, T, ..., Tp E TolTg

where the sum goes over all permutations o giving dlfferent monomials.
The Schur functions s, can be defined as the generating functions for SSYTs of shape A, i.e.

Sy = Z KoM, 2.1)

We will also use the homogeneous symmetric functions i) defined as

hk = Sk) = Z Tiy = Ty, andhA = h)\lh,\2 cee

11 <K

They are dual to the monomial symmetric functions under the inner product of the ring of sym-
metric functions A:

<h)\7mu> = 5)\,u = <S>\7 Su>a
where 9, , = 1 if and only if A = p and is O otherwise.
The Littlewood—Richardson coeflicients cﬁy are defined as structure constants in A for the

C)\
Schur basis, and also as the multiplicities in the G L-module decomposition V,, ® V,, = ©,\V,*".
We have
SuSy = Z cﬁysk.
A

They can be evaluated by the Littlewood—Richardson rule as a positive sum of skew SSYT
of shape A/u and type v whose reverse reading word is a ballot sequence. The reverse reading
word of a tableau is the sequence obtained by reading the tableau from top to bottom and right to
left. A ballot sequence is a sequence of positive integers such that in every prefix of the sequence
and for every i, there are at least as many occurrences of ¢ as there are of ¢ + 1. For example,
we have cgg 11)3() 432) = 2 as there are two LR tableaux, i.e., SSYT of shape (6,4,3)/(3,1) and
type (4, 3, 2) whose reading words are ballot sequences. These tableaux are:

™ % 1[1] with reading word 111221332, and

PIBIB

55 % 1[1] with reading word 111222331.

133

Their positivity can be decided in poylnomial time as c , > 0if and only if its correspond-
ing polytope is nonempty, see [KT99, MNS12]. The multz thtlewood Richardson (multi-LR)
coefficients can be defined recursively as

A e _ z : A k1
CV17V2 vk = <S)\, S 18,2 - S,jk> = C 1 101/27—2 P Cyka,

-----
Tlr2 . 7k



COMBINATORIAL THEORY 5 (3) (2025), #10 7

where the sum is over all sequences of partitions (71, ..., 7%), such that |7¢| = |7¢71| — |/}
fori =2,...,kand || = |\ — |}
2.2. The Kronecker product

The Kronecker product, denoted by *, of symmetric functions can be defined on the basis of the
Schur functions and extended by linearity:

S\ * S, = Zg()\,u, V)Sy.

It is also ch(x*x*), where x* and x* are the S,, characters indexed by ) and 1, respectively,
and ch is the Frobenius characteristic map. The Kronecker coefficients can be equivalently de-
fined as the coeflicients in the following expansion

salz -yl =D g0\ 1 v)su(x)s,(y) (2.2)
"%
where [z - y| :== (z1y1, €192, - . -, T2y1, - . .) denote all pairwise products of the two sets of vari-
ables. From this identity, we can derive the triple Cauchy identity, see e.g. [Sta24, Exercise 7.78]:
1
Z 9, 1, v)sx(@)s,u(y)su(2) = H szjzk (2.3)

A7,’1‘7V i7j7k

It is clear from the last equation that the Kronecker coefficient is invariant under the permu-
tation of the three partitions, i.e. g(\, u, ) = g(v, u, \) = - - -.

Via Schur—Weyl duality the Kronecker coefficients can be interpreted as the dimensions
of G L highest weight spaces, which then makes the following semigroup property, apparent:

Lemma 2.1 ((CHMO7]). If o', 81, 4! = n and o?,B*,v* = m satisfy g(a’, 5%,v") > 0
fori=1,2 then g(a* +a? B + %,9' + %) > max{g(a’, B',7"), g(a?, 5%, 7*) 1

Here we will be concerned with the monomial expansion. Since the homogeneous and mono-
mial bases are orthogonal to each other, i.e. (hy,m,) = J ,, we have that

S\ * S, = Zg()\, Wy v)s, = Z g\ p, V) Kpyame = Z(S)\ * Sy, R )M (2.4)

akFn

In Section 4 we will see further ways of finding the monomial expansion.

2.3. Newton polytopes

Let f(z1,...,21) = ), Ccox™ be a polynomial with nonnegative coefficients, i.e., ¢, > 0
for all o, where 2% := a{'---2* and o € Z% is the degree vector. We denote
by My(f) :== {a € Z%, : ¢, > 0} the set of vectors, for which the corresponding mono-
mial appears in f(xy,...,z;). For brevity, we will say “the monomial v appears in f”. We
denote by Ni(f) := Conv(My(f)) the convex hull of M(f), this is the Newton polytope
of f(xy,..., ). We can restate Definition 1.1 as follows.
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Definition 2.2 ([MTY19]). A polynomial f has a saturated Newton polytope (SNP)
if My, (f) = Ni(f)

In particular, a polynomial f has an SNP if and only if the following condition holds:
For every k + 1-tuple of compositions (', ..., "), such that c,: > 0, and

(SNP)
k1
weights t; € [0, 1], such that¢; 4+ - - + t;,1 = 1 and 7y := Ztio/ € ZF, we have cy > 0.
i=1

By Caratheodory’s theorem, any point in the convex hull of My(f) can be written as a convex
combination of at most £ + 1 points in k-dimensional space. Therefore, to show M(f) is
convex, it suffices to verify that every convex combination of £ + 1 points in M (f) remains

Asnoted in [MTY 19] many of the important symmetric polynomials have SNP. Since Kostka
coefficients K, are positive if and only if A > p in the dominance order, we get an immediate
characterization of My(s,) and the following important statement.

Proposition 2.3 ((MTY 19]). The Schur polynomial sy(x1, . .., xy) has a saturated Newton poly-
tope and
My (sy) = conv{(As,, ..., As,,) forall o € Si.}.

3. Two and three-row partitions

Here we deduce the SNP property for certain cases from existing formulas. In the cases treated
here we will see that there will be a unique partition A, such that g(y, v, A) >0 and if g(p, v, a) >0
then A > « and so s, * s, will contain all monomials o < A, as observed in [MTY 19].

Lemma 3.1. Suppose that © + n and v F n are such that there is a partition \
with g(p, v, A) > 0 and for every T, such that g(u,v,7) > 0 we have T < X in the dominance
order. Then My(s, * s,) = My(sx) = Ni(sy) for all k and s, * s, has a saturated Newton

polytope.

Proof. Let o be such that m,, appears in s, * s,,. By equation (2.4) we have that there must be
a 7, such that g(p, v, 7)K; o, > 0,80 K, > 0and o < 7. Also, g(p,v,7) > 0, thus by the
hypothesis of this lemma, 7 < A, so we get &« < 7 < A. Thus K , > 0 and m,, appears in s.
The other direction follows since s, is itself a term in the Kronecker product. 0

First, let /(v) = ¢(p) = 2 and let the number of variables be arbitrary. Here we will show
that Ny (s, * s,) = Nj(sy) for a certain partition \ for all .

In [RosO1], Rosas computed the Kronecker product of Schur functions corresponding to
two-row partitions. In particular, she showed that
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Proposition 3.2 ([RosO1, Corollary 5]). Let o« = (ay, ), 5 = (b1, Ba), and v = (71, 72) be
partitions of n. Assume that o < Py < ag. Then

9(0%577) = max{y - $a0}a

52+72;-Oé2—n"> 62+V2—a2+1'|_

where x = max (0, ( and y = ( 5

Lemma 3.3. Ler A\ = (A, \2), p = (1, p2), and v = (v1,15) be two-row partitions of
n. Without loss of generality, suppose that {15 > vo. Then (s, * s,,hy) > 0 if and only
if Ao 2 g — 1o

By equation (2.4) this means that m, appears with a nonzero coeflicient in that Kronecker
product.

Proof. First, suppose that \y > o — 5. We consider two cases.

Case 1: Ay < po. Then by Proposition 3.2, applied with v = A\, = v,a = p we have
that y = [M}, so g(u,v,\) = 0 whenever v + Ay — 1o < 0. Also g(p,v,\) =1
Whenl/g—i-)\z—ﬂz :0sincey: 1and)\2—{—u2—|—yg—n:)\2—l—ug—u1 < )\2—|—I/2—,u2 =0
so z = 0. It follows that (s, * s, hy) = (s, % S, 50) > 0if 1o — 5 < Ay < pio.

Case 2: Ay > po. Then g > A\ and i = A. Applying Proposition 3.2 with y=v, f=a=pu
we have y = [22F] > [2H22] — 4 with equality if and only if 15 = p1 and 15 is odd.
However this case is impossible, since 1/2 > Ay > 9, we have po < pg, 80 g(p, v, 1) > 0. As
above, (s, * s,,5,) > 0 and since K,y > 0, then the monomial m, appears.

In the opposite direction, consider A\ < o —v5. Then, Ay < o, and Ay + 15 — s < 0, which
implies that g(\, p1, v) = 0 by Corollary 2. Thus, (s, * s,,sx) = 0 for all A with Ay < p1o — v».
If (s, * s,, hy) > 0 for some A with \y < 19 — v then there must exist some partition § > A,
such that (s, * s, s9) > 0. Butas 6§ > X we would have 6, < \y < 2 — 1, and thus reach a
contradiction. ]

We now move to a more general case and invoke Theorem 4 from [RosO1]. Adopting the
notation from [Ros01], we treat the coordinate axes as if working with matrices, where the first
entry corresponds to (0, 0). Specifically, the point (¢, j) refers to i-th row and j-th column.

Let £ and [ be positive integers representing the length and height of a rectangle, respectively.
Define the function o4; : N — N, where oy;(h) counts the number of points in N? inside a
rectangle of dimensions k& x [ that can be reached from (0, 2) by moving any number of steps
southwest or northwest. As shown in [RosO1, Lemma 1], the function satisfies the following
recursive definition:

(0, h <0
(517, 0 < h < min(k, )
ori(h) = 4 op(s) + (25%) min(k,1),  min(k,1) < h < max(k,l) > (3.1)
(8] —opy(k+1—h—4), hisevenand max(k,l) <h
&) —oki(k+1—h—4), hisoddand max(k,1) <h
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where
_Jmin(k,l) =2 if h —min(k,[) is even,
| min(k,l) —1 otherwise.

Let R be the rectangle with vertices (a, ¢), (a +b, ¢), (a,c+d), and (a+b, c+d). The func-
tion ¢(a, b, ¢, d)(x, y) counts the number of points in N? inside R that can be reached from (z, y)
by moving any number of steps southwest or northwest. Rosas provided a concise form for this
function as follows:

Opi1dr1(T +y—a—c), 0<y<c
P(a, b, c,d)(z,y) = Obity—ct1(T —a) + Opr1crayr1(T—a) =0, c<y<c+d (3.2)
Opt1.4+1( —y+c+d—a), c+d<y

where the auxiliary variable 0 is defined as follows:
e If x < a, then d = 0;
e Ifa <z <a-+b thend = [£=2H];

o If x > a + b then we consider two cases: If © — a — b is even then § = {ML other-

2
wise, § = [ 41 ].
Then there is the following formula for Kronecker coefficients of 2 two-row partitions.

Theorem 3.4 ([RosO1, Theorem 4]). Let (3,~, and « be partitions of n, where § = (B4, B2)
and v = (71, 72) are two two-row partitions and let « = (a1, g, s, ) be a partition of length
less than or equal to 4. Assume that v5 < [o. Then

9(B.7,2) = (#(a,b,a+b+1,¢) —¢(a,ba+b+c+d+2,0)) (v2, 02+ 1),
where a = a3 + g, b = g — a3, c = min (o] — g, a3 — ay) and d = oy + oy — g — ag.

Example 3.5. Consider § = (7,6), vy = (8,5) and o = (5,4, 3, 1).

By Theorem 3.4, a = a3+ a4y = 4,b = ag —az = 1,¢ = min (ag — ag, a3 — ay) = 1,
d=|oqg + ay — ag — as| = 1, and hence, g(5,7,a) = (¢(4,1,6,1) — #(4,1,9,1)) (5,7) .

By equation (3.2), we have

¢(4, 1, 6, 1)(5, 7) = 0'2,2(5 - 7 + 6 + 1-— 4) = 0'272(1)

and
»(4,1,9,1)(5,7) = 02,2(5 +7—-4-9)= 02,2(—1).

Applying equation (3.1), we have o32(—1) = 0 and 035(1) = L(
fore, g(5,v,a) =2 —-0=2.

+ 1)2J = 2. There-

Proposition 3.6. Let 1 and v be partitions of n, where pn = (uy, p2) and v = (v1, vo, v3), such
that py < vi. Then the Kronecker product s, * s, has a saturated Newton polytope.
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Proof. We have that max{\; | g(, v, \) # 0} = | Nv| = p + vo, a result due to [Dvi93].
Let A = (u1 + vo,m — g — v2). We apply Theorem 3.4 with o = (v, 10,13), 8 = (1, o).
Then a = v3,b = vy — v3,c = min(v; — o, v3) = v3,d = |V — Vs — 3] = V] — 1y — 13, and

g(p, v, N) = (¢(vs, v0 — 3,10 + 1, 13) — (3,0 — V3,11 + 2,13) (A2, 1o + 1).
Since)\g </.L2+1 <V1+1,

O(vs, vo — v, 1 4+ 2,03)( Aoy o + 1) = Ovp—vgrtpgr1( A2+ o +1 — 5 — 1y — 2)

= O-Vz—V3+1,V3+1<:u2 - M1 — 1)
=0.

It follows that
g(l% v, A) = ¢(V37 vy — U3,V + 1, V3)()\27 M2 + 1)-

SinCCM2+1>V2+V3+1,

P(v3,v0 — 3,0 + 1,13) (A2, phe + 1) = vyt imr1 (A2 — 2 — 1+ 12 + 1 + 13 — 13)

= UVz—V3+1,V3+1<O) =1

Then, among all partitions A - n such that g(u, v, \) > 0, (n — py — vo, g + 1) is the unique
maximal in dominance order, and therefore, by Lemma 3.1, s, * s, has a SNP. L]

Remark 3.7. We cannot expect to have unique maximal terms in general. For instance,
5(5,4,4) * S(7.6) = 5(3,2,2,2,2,2) T 5(3,3.2,2,2,1) T 5(3,3,3,2,1,1) T 5(3,3,3,2,2) T 5(3,3,33,1) T 5(4,2,2.2,2,1) +
25322,1,1) T 2543222 T S@33.1,1,1) + 35u3321) + 514333 + S@u421,1,1) T 2544,2.21) +
25(4,431,1)254,4,32) T 54,4,4,1)T55,2.2,2,1,1)T5(5,2,2.2,2) T255,32,1,1,1) T45(5,32,2,1) +35(5,3,3,1,1)
28(533.2) T SG.4,1,1,1,1) T 385,4,2,1,1) T 355,4.2,2) T 45(5.4,3,1) T S544) T S5,5,1,1,1) T 285,52,1) T
5(5,5,3) T 5(6,2,2,1,1,1) T 5(6,2,2,2,1) T 5(6,3,1,1,1,1) T 45(6,3,2,1,1) T 35(6,3,2,2) T 3% 5(6,3,3,1) +25(6,4,1,1,1) +
D8(6,4,2,1) T25(6,4,3) T 256,5,1,1) +25(6,5,2) T 5(6,6,1) T5(7,2,2,1,1) +8(7,2,2,2) T 257,3,1,1,1) +45(7,32,1) +
5(7.33) T 38(74,1,1) T 38(74,2) T 2575,1) + S(7.6) T S(8,2,2,1) + 2883,1,1) T 28832) + 28184,1) +
5(8,5) T 5(9,2,2) 1 5(9,3,1)- In this product, (8,5) and (9, 3, 1) are incomparable maximal elements
with respect to the dominance order.

AlSO, S(6,6) * S(8,2,1,1) = S(4,4,2,1,1) T S(4,4.31) T S(5,3,1,1,1,1) T 5(53.2,1,1) T 5(5,32,2) T 5(5,33,1) +
28(5,4,1,1,1) T 38(54,2,1) T 8(54,3) T 55,51,1) T 2855,2) + S6,22,1,1) T 256,3,1,1,1) + 356,3.2,1) T
56,3,3) T 45(6,4,1,1) T 25(6,4,2) T 25@6,5,1) T S7.2,1,1,1) T S(7,2,2,1) +28(7,3,1,1) +28(7,3.2) + 28(7,4,1) +
S(7,5) + S(8,2,1,1) + S(8,3,1)- In this product, (7,5) and (8, 3, 1) are incomparable maximal.

4. Multi-LR coefficients and Horn inequalities

4.1. Monomial expansion via multi-LR coefficients

As we observed, the Kronecker product does not necessarily have a unique dominating term s.
Furthermore, there are no known positive formulas available for many other cases. We thus
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move directly towards the monomial expansion. The coefficient of 2, where a = (aq, as, . ..)
in s, * s, can be determined as follows. From equation (2.3) we have that

Su 8y (x) = Zg(/\, w,v)sx(z) = (H !

b
1 —zy;2

SH(y)sl,(z»

over the rings A, and A,. We have that

I = X ma(whato)

so substituting this with w = x and v = [y - z] = (y121, y122,...) we get that the coefficient
at m, () above is (s,(y) * 5,(2), haly - 2]). Observe that h, = hq, hq, - - - and that

hinlyz] = somly2] = Z Sa(y)sa(z)

aFm

from the fact that g((m), A, ;1) = 0x, as Sy, is the trivial representation. Thus we can expand
the above as

(5u(W) % 50(2), Py - 2]) = (54 (1) %5, (2), [ [ D sar@)sai(2)) = D e g,

i atla; atla;,i=1,...
4.1)
We now define the following set of points given by the concatenation of the

vectors o', o2, ..., aF:

P(u;a) = {(a*,a?, - ,a") € Zg{f)k o, >0and|d'| =a;foralli=1,... k}. (4.2)

(a0}

P(u;a) # o for all p,a of the same size. This can be seen either by a greedy algorithm to
construct ', . . . giving a nonzero multi-LR coefficient, or by observing that s, * s, = () +- - -
and contains every monomial of degree n, so for every a there are some o’ - a; with ci >0.

The monomials appearing in s, * s, correspond to a, for which there exist o', -
with ¢, > 0and ¢, > 0. Thus

Proposition 4.1. The set of monomial degrees a = (a1, . .., a;) appearing in s, * s, is given as
Mj(s, x s,) = {a € ZL, : P(u;a) N P(v;a) # o}
We turn towards understanding the above set of points, and in particular, whether they form
a convex polytope.
4.2. Horn inequalities for multi-LR’s

We first reduce our multi-LR positivity problem from (4.1) and (4.2) to the case of regular LR

coefficients. Let again ¢/, L, = (Sa1842 -+, 5,) be the multi-LR coefficients.

Theorem 4.2 ([VLO1]). Let A, j1, v be partitions such that |\| = ||+ |v|. Thenc),, = (sx, Suo),
where |1 © v denotes the skew shape (Vf(“ )+ w,v)/v.
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The skew shape 1o v is just the union of two disjoint shapes 1 and v with the top right corner
of v touching the bottom left corner of ;1. We can generalize this as follows

Lemma 4.3. Let A\ = n. For a k-tuple of partitions o',--- , o* with ((a?) < {, such

1 k A w(a
that |a'| + --- 4+ |@®| = n we have that ¢, . = (5x Salon2omoak) = C>\7(5k)(n,£)’
where al o a? o a® - = al o (a?--+) recursively,

w(a) = ((n(k =) +a', (n(k —2) + a2 ---,a"
and 5,(n,0) == ((n(k — 1)), (n(k — 2))",--- ,n’).

Proof. We can recursively apply Theorem 4.2. Alternatively, we can see from the combinatorial
definition via SSYTs that

Sal " Sgk = SaloaZoad. = Sw(a)/dk(n,k)-
This holds because the skew shape consists of disjoint straight shapes a', o2, ..., o*. [

We next turn to LR positivity as described by the Horn inequalities. For a subset
I ={iy <iy<--- <ig} C[r|,let p(I) denote the partition p(/) := (is—s,...,ia —2,i; —1).
We say a triple of subsets [, .J, K C [r]| is LR-consistent if they have the same cardinality s

(1) —
and ¢, o) = -

Theorem 4.4 ([Zel99, Kly98, KT99]). Let A\, u,v € N" with weakly decreasing component.
Then c,,, > 0 if and only if |\| = |u| + |v| and

Z)\igzw4‘2%

iel jed keK
for all LR-consistent triples I, J, K C [r].

A complete list of LR-consistent triples and the resulting inequalities for » = 6 is given in
Appendix B.

Foraset [ C{1,..., ¢k} constructtheset D(I):={(7, j) € [k]x[{], such that {(i—1)+j €I},
that is the set of pairs ([7 ], #%(), where x € I and 2%/ is its remainder by division by ¢, ad-
justed to be in the range from 1 to ¢. Applying Theorem 4.4 with A = w(«), pand v = dx(n, ¢)
from Lemma 4.3, and observing that if m = £(i — 1) + j then w(a), = n(k — i) + o
and (0x(n,{))m = n(k — i) we get the following.

Corollary 4.5. Let () = ¢ and a = (ay, . . .,a). Then P(u;a) is a polytope consisting of the

points (o, ... o) € Zg“o satisfying the following linear conditions.
Z a;- = a fori € [kl; (4.3)
J
af = al, forj e[t —1],i€ [k]; (4.4)
Yo (nk—i)+al) < D> i+ > n(k—d), (4.5)

(.3)€D(I) jeJ (d,r)ED(K)

where the last inequalities hold for all LR-consistent triples I, J, K € [(k]
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4.3. The case k = 3.

As we know the values of LR coefficients for the triples of partitions p(1), p(J), p(K)
when |I| < 6, see Appendix B, we can write all the linear inequalities defining the set of (\, y, v/)
with £(\), £(u), £(v) < 6 and see that they are the integer points in a convex polytope. In general,
the polytope P(u;a) is defined by a large set of inequalities, which are complicated and them-
selves recursively defined. It is not known whether it always has at least one integral nonzero
vertex, see the Appendix. We will approach the first cases beyond Section 3.

We will restrict ourselves to the Kronecker product of a two-row and a three-row
partition and monomials z{*z5%z5*. Let ¢(v) = 3 and ¢(u) = 2. Our goal is to describe
P(v;ay,ag,a3) N P(p; a1, a9,a3). Since we need c“lyo&o&3 > (), which would imply that o C p,

w(a)

we must have /(a’) < 2. Applying Lemma 4.3, we have that Cig2as = C, 5(n,2)
with w(a) = (2n + a},2n + ad,n + a2, n + a3,a3,ad), v = (v1,10,13,0,0,0),
03(n,2) = (2n,2n,n,n,0,0). Since n = |v| = |a'| + |a?| + |a?|, we can derive the fol-

lowing relations from Theorem 4.4 applied to the triple of partitions w(«), v, d3(n, 2), to get
that

Cot a2,q3 > 0if and only if (4.6)
max{a}, a2, ad, as + a3, ah +ad, a8 +ad} < 1y
max{ay, a5, s} < v
a%—l—a%—l—ag <vy+us
max{a] + a3+ a3, ay+ad+ad a3 +as+ad} v+
max{og +ai +aj, ap +of +af, af + a3 + i} < v+ 1,
max{aj +ag + a5+ a5 +ad +ai+ay, b+ a3 +ad +ad} <+

Similarly we obtain the inequalities for CZ 1,243 > 0, and observe that they are the same as (4.6)
with (v, v, v3) replaced by (i1, p2,0). Noting that the inequalities are all of the form “linear
combination of a;’s < linear combinations of v;’s”, we can combine them for 1 and v as

Cot 02,03Ch1 o2 o3 > 0 if and only if 4.7)
max{ai,a?,af, ab + a3, ap + ab,ai + o} <min{vy, pu}
max{ay, a3, s} < min{ve, o}
b + a5 + as < min{vy + v, 1o}
max{aj +aj +aj, oy +a? +al ay + a3+ a3} < min{vy + vs, 1}
max{a} + af + aj, ap +af + af o) + a3 + o} < min{vy + o,y + o}
max{aj + ay + a3 + aj, b + aF + a5 + ai, ap +as + oF +as} < min{y + vy, gy + o}

Since (1 + 1o = n, thus on the RHS we have some simplifications: vy 4+ 15 < 41 + 2. Note
also that the case p1; < v; was resolved in Proposition 3.6, and so we can assume that p; > 14
and then vy+v3 = n—vy > n—py = py. We also have that the max{aj, a3, a5} < ad+as+as3,
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and so we can replace the RHS of the second inequality by 1, as the third inequality would imply
itis < po. We can thus rewrite the above inequalities as

Cot 02 ascal azas >0 if and only if (4.8)
maX{O&? Oé?? Oé?, Oé + CY%, Oé% + Oé%, 04% + Oég} <
max{ay, a3, a5} < vy
ap +ag +ay < pio
max{a} + a5 + a3, ay +at +as, ay + a5 + a3} <min{yy + vs, g}
max{ol + 0 + a3, b 1 a? +ab,a} + a2 +al) <+ 1o
max{a] + ay + a5 + i, ap +af +aj +ay,ah + a5 +ab +ast < v+

4.4. The polytope P(u;a) N P(v;a)

The linear inequalities (4.8) describe a polytope in R for the variables (af, a3, . ..). By Section 4
amonomial 2 occurs in s, *s, if and only if the set P(;; a)NP(v; a) has a nonzero integer point.
This set corresponds to the section of the polytope in (4.8) with o + o, = a; for i = 1,2, 3,
as well as o} > o, which comes from «'s being partitions. To simplify notation, let x := ai,
y = a2,z := a3, s0 ay = a; — x etc. Define P(u, v, a) to be that polytope, substituting the
new constraints in (4.8); it is defined by the following inequalities

P(u,v,a) = {(:v,y, z) € R? such that

a1

a; — min(vy, fio, — 2 ) < o < min(ay, 1) (D

. a
as — min(vey, fig, 52) y < min(az, 1) 2)
az — min(vsy, g, %) z < min(ag, v4) 3)
max(vz, a1 +as — 1) < T +y 4)
max(yg, ay + asz — l/1> é xr—+z (5)
max(vs, as +az —vi) <y + 2 (6)
ST +y+z (7
max(vo, o) —a1 < —x +y+2< v+ 10 —ay (8)
max(vy, flz) — s K T —y+2 < v+ 1y — a ©)

max(vo, fi2) —az3 < x+y — 2 < V1+V2—a3} (10)

We can summarize these descriptions and derivations in the following.

Proposition 4.6. The monomial x* occurs in s, * s, if and only if P(y;a) N P(v;a) # @.
When ((11) = 2,0(v) = 3 and v, < i this is equivalent to P(u,v,a) N Z3 # @.
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5. Integer points in P(u, v, a)

We are now ready to prove the counterpart of Proposition 3.6 by analyzing the polytope P(j:,v,a).
Suppose that the monomials z® for some ¢ = 1,... occur in s, * s,(x1, Ta, T3), and suppose
that ¢ := tia' + t,a® + --- € Z3 for some t; € [0,1] with t; + ¢, + --- = 1 is a convex
combination. We want to show that 2 also occurs in that Kronecker product. This is equivalent
to understanding when P (1, v, a) is nonempty and has integer points.

Proposition 5.1. Suppose that P(u, v, a') # & for some vectorsa', i = 1,...,4dandc =Y, t;a’
for some t; € [0, 1] with t; +ty +t3 +t4 = 1. Then P(u, v, ¢) # O.

Proof. The inequalities defining P (1, v, a) can be written in the form A[z, y, 2|7 < vfora31x3
matrix A with entries {0, 1, —1} and vector v = B[y, pa]” + Ba[vy, va, v3]T + Bs[ay, ag, az]”.
Here we separate the inequalities involving min and max functions. Specifically, the inequality
max{p, ¢} < x + y — z is equivalent to the two inequalities p < z+y — zand ¢ < x + y — 2,
and similarly for others. The bounds then become linear combinations of the parameters j, v, a
and can be written as a vector v above.

Suppose now that P(u,v,a') # & for all i and let p; := (2%,y",2") € P(u,v,a’) be a
collection of points in each, so Ap] < Byu' + Bov®' + Bs(a’)! forall i. Let p := Y. t;pi.
Then, since ¢; > 0 and ) | ¢; = 1 we have

Ap' = Z tiAp; < Z ti(Biu®" + Bov™ + Bs(a')") = Bip' + By’ + B3(Z t,a1)"

So p satisfies the inequalities for P (1, v, ¢) and hence this polytope is nonempty. [
We will now show that this polytope is nonempty if and only if it has an integer point.
Theorem 5.2. If P(u,v,a) # O then it has an integer point, i.e. P(j,v,a) NZ> # 2.

This will follow from the next two propositions which further characterize the points in the
polytope.
Proposition 5.3. Suppose that P(u,v;a) # &. Then it has a half-integer point,
ie. P(p,via) N (32)° + @.

Proof. The statement would hold if we could always guarantee the existence of a half-integer
vertex. The existence of such vertices is not apparent. However, we can find points near any
vertex which are half-integers. Since we assume the polytope is nonempty it would have at least
one vertex, and by our proof a half-integer point near it. We proceed by first characterizing the
vertices in the following claim.

Claim 5.4. If (x,y, 2) is a vertex of P(p, v, a), then x,y, z € iZ orzx,y,z € %Z.

Proof of claim: The vertices correspond to extremal points, i.e. when 3 or more of the defining
inequalities become equalities. If (z,y, z) is a vertex then it would be a solution to an equation
of the general form
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for an invertible 3 x 3 matrix A with entries in {—1,0, 1}, which come from the form of the
listed inequalities. The values v, vy, v3 are from the set of bounds on the left or right of inequal-
ities (1)—(10), which are almost all integers except possibly for the LHS of the first 3 equations,
which could be half integers. The vertex coordinates are thus given by A~![vy, vy, v3]7. We con-
sider the different types of matrices A. The following cases give us all possibilities up to sign
changes of rows and row/column permutations. The cases are obtained by considering how many
inequalities from each of the 3 groups group I:(1)-(3), I1:(4)-(6), I11:(7)-(10) we have. Since the
inequalities are symmetric with respect to x, y, z, we can make some assumptions on the form
of the chosen equations. For example, if we choose at least one equation from group I, then we
can chose one of them to be x = %, and depending on whether we choose 1, 2 or 0 equations
from group II and one or two more from group I we get cases (a) and (b) below. Observe that
each of these cases encompasses several possibilities of group I, II or III choices. Next, if we
do not choose an equation from group I, we can have either two equations from group II (giving
case (c)), one equation from group II (case (d)). The last two cases come from the choices of
equations only from group III.

1 00
(@ A= [« 1 0|, where x € {0,+1,—1}. In that case (z,vy,2) is an integral linear
x % 1
combination of the vy, vo, v3 and thus is in %Z.

1 0 O
(b) A= [« 1 1 |,wherex* € {0,+1,—1}. Observe that other +1 combinations in the
* 1 —1

second and third row would either be equivalent up to sign change or result in det A = 0.
In this case, if v € Z we have y, z € %Z, otherwise if x = %1 then y, 2z € iZ.

1 1 0
(c) A=|1 0 1 | coming from atleast two equations from (4)-(6) and one from (7)-(10).
x 1 +£1

Then vy,v9,v3 € 7Z and in most cases the solutions are integral linear combinations
of vy, v9,v3. In the case where the last line is [—1, 1, 1] we can have %Z. In the case
when the last line is [0, 1, 1] then the solutions are in 3Z.

1 1 0

(d) A=|1 +£1 =£1| where we have one equation from (4)-(6) and 2 equations from (7)-(10).
1 £1 =+1

Then v; € Z, and [y, z| is a solution to {61 Lo [y, 2]T = [vy — vy,v3 — v1]7,

€3 — 1 €4
where ¢; € {—1,+1}. For this matrix to be invertible we must have €, €3 not both equal
to 1. If €; # €3, then the determinant is +2 and y, z € %Z. Ife; =e3 = —1,then z € %Z
andy € %Z.
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1 1 1
(e) A=|1 1 —1|, taking one equation from (7) and two from (8)-(10). Then x,y, z €
1 -1 1
17,
-1 1 1
HA=]1 1 -1 ,thenx,y,zE%Z. [
1 -1 1

Claim 5.5. Suppose that P(, v,a) has a vertex with x,y, z € %Z. Then it has a point in %Z.

Proof of claim: From the proof of Claim 5.4, we see that a nonintegral vertex in %Z can occur
only from equations (4), (5) and (8) (up to permutation of x, y, z). Letv; =max{vs, a;+as—11 },
vy = max{vs,a; + a3 — v1} and vy = max{vy, o} — a; or v3 = vy + 9 — ay. The vertex is
either (z,y,2) = (¢' + 2,y + 5,2/ + 3) or (&' + 5,4/ + 2,2/ + 2) for some o', ¢/, 2’ € Z.

In the first case, we have that (2/ + 1,4/, ') and (2’ + 5,4/ + 5,2’ + 3) still satisfy inequali-
ties (1)-(6) as the bounds are integers or half-integers. We have (z'+1)+y'+2'= x+y+z—% = [
since |# + y + z] > p and similarly (2/ + 3,4 + 3, 2’ + 3) satisfies inequality (7). Moreover,
—('+)+y 4+ =—(+1/3)+y—1/3+2—-1/3=—av+y+2—-1< v +1n—ay,
(@' +1)—y +2 =(x+3) —y— 2= |z —y— z] and satisfies inequality (9) as both sides
are integers, similarly with inequality (10). If (' + 1,v/,2") € P(u, v, a), we are done. Now
suppose that (z' + 1,9/, 2') & P(u,v,a). Then —(z' + 1) + ¢/ + 2’ < max{wo, u2} — a, so
—2'+y + 2 = max{vy, o} — a1. The point (' + 1,4/ + 3,2/ +3) = (z,4,2) + (3, =5, —¢)
still satisfies (9) and (10) since the bounds are integral and (z' + ) — (v + 3) + (2' + 3) =
' —y +2' 4+ 1= |z—y+ z] + 5. For inequality (8), we have

, 1 , 1 , 1 P | 1 1
—(@"+ )+ W)+ +3) == +y++ s = —z+y+z+s =max{, o} —a1+=

2 2 2 2 2 2
according to the implication from the assumption that (2’ + 1,%/,2') € P(u,v,a). Since the
upper and lower bounds of these inequalities are at least vy +vo —max{vy, uo} = 1 —v3 = n/6
apart, we have that (' + 1,9/ + 3,2 + 3) € P(u, v, a).

In the second case, (z,y,2) = (2' + 3,4/ + 2,2/ + 2) we consider («/,y' + 1,2/ + 1)
and (' + %, Y+ %, '+ %) and performing an analogous analysis we see that one of these points
isin P(u, v, a). N

Claim 5.6. Suppose that P(, v, a) has a vertex with z,y, z € iZ. Then it has a point in %Z.

Proof of claim: From the proof of Claim 1, we observe that a nonintegral vertex in iZ can
occur from case (b) or (d). In case (b), a nonintegral vertex in iZ can occur only when x = 4
from equations (1), (6) and (9) (up to permutation of x,y, z). The vertex can be expressed as
either (z,y, 2) = (2/+3,y'+3,7/+3)or (z,y,2) = (2'+3,y'+3,2/+1) forsome 2/, ¢/, 2’ € Z.
We have that (' + 3,9/ +3, 2 +1) and (2/ + 3,y + 1, 2/ + 3) will satisfy all inequalities (1)-(10)
in the two cases, respectively, as the bounds are either integers or half-integers.

In case (d), a nonintegral vertex in %Z can only result from equations (4), (8)

and (9) (up to permutation of x,y,z). Such a vertex can be represented as either



COMBINATORIAL THEORY 5 (3) (2025), #10 19

(z,y,2) = (@'+3,y+3, 2+ or (z,y,2) = (2/+2,y/+1, 2 +3) forsome 2’, i, 2’ € Z. Then
we have that (2/+ %, y'+1,2'+ 1) and (2/+ 1,y + 1, 2/ + 5) will satisfy all inequalities (1)-(10)
in the two cases, respectively, as the bounds are integers or half-integers. [

In all other cases, the vertices are already in Z or %Z, so we always have a half-integer
point. U

Proposition 5.7. Suppose that P(u,v,a) N (3Z)3 # @, then it has an integer point,

ie. P(u,v,a) NZ> + @.

1
2

Proof. Suppose that (u + €1,v + €9, w + €3) € P(p, v, a) for some ¢; € {0, %} and u,v,w € Z.
We will show that (u + 01, v + 02, w + J3) € P(u, v, a) for some §; € {0, 1}.

Claim 5.8. If I or 3 components in (€1, €2, €3) are equal to %, then we have a point in P(u, v, a)
with O or 2 of the components equal to %

Proof of Claim. Suppose that one component of (€1, €, €3) is % say €1 = % Then, other than
inequality (1), the inequalities involving the variable x are of the form a < m + % < b,
where a, b, m are integers, which hold if and only if botha < m < banda < m+1 < b
hold. Moreover, inequality (1) holds for v + 1 as the upper bound is an integer. It follows that
if (u,v,w) + (3,0,0) € P(u,v,a) then (u+ 1,v,w) € Py, v,a).

If all three components in (€1, €2, €3) are equal to %, we can increase one value by %, to
get (u+1, v+ %, w+ %) Such a point will not be in the polytope only if it no longer satisfies some
of the inequalities (8)-(10). However, the expressions are of the forma < —z+y+2z = m+% <b
with a,b,m € Z, and so changing a value by 5 will keep the expressions within [a, b].

So(u+1,w+3,w+3) € Pu,v,a). O

Claim 5.9. If (z + 1,y + 1,2) € P(u,v,a), then there exists (51,0,) € {0,1}* such that
(:E + 517y + 527 Z) S P(/L, v, a)‘

Proof of Claim 5.9. Let (z + 1,y + 3,2) € P(u,v,a), so it satisfies all inequalities (1)-(10).
Suppose, to the contrary, that (z + 81,y + 2, 2) & P(u, v, a) for every (d1,d2) € {0,1}>.

If (z+ 1,y +1,2) ¢ P(u,v,a), then, since it satisfies all inequalities except possibly
the upper bound in inequality (10), we should have z + 1 + y + 1 — 2 £ vy + vy — as.
Since:c+%+y+%—z < v + 19 — a3, we have

r+y—z=v1+1p—ag—1. 5.1

The point (z + 1,y, z) satisfies all inequalities (1),(3)-(7), (10), so if (z + 1,y,2) ¢ P
one of the inequalities (8) or (9) is not satisfied. Then either x + 1 — y + 2 f V1 + vy — as
or —z — 1 — y + 2z # max(ve, 1) — a;. Since (z + 3,y + 3, z) satisfy these inequalities, this
implies that one of the following equations holds:

T—Y+z2=1,+1Vs — ag, (5.2)

—z +y + 2z = max(vy, i) — ay, (5.3)
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1 a
ytg = (5.4)

Similarly, if (x,y + 1, 2) ¢ P(u, v, a), then one of the following equations holds:

x —y+ 2z =max(vg, z) — az (5.5)

—r4+y+z=11+1vy—a, (5.6)
1 ay

- = —. 5.7

r + 5 2 5.7

It (ZE,y,Z) ¢ P(luayva)’ then x + Yy z maX(V?nal + ay — Vl)a T + Yy + 2z z 4!
or x +y — z # max(va, ys) — ag, which implies that one of the following equations holds:

r+y=max(vs,a +ay —vy) — 1, (5.8)
r+y—z=max(vy, p2) —az — 1, (5.9)
rT+y+z=p —1, (5.10)

1 ai
—=—= 5.11
rhs =2, (5.1
4l (5.12)
yts=5 :

We now consider the possible combinations of the above equalities, at least one from each
group, and will aim to reach a contradiction in each case. We have that equation (5.1) must hold
in every case.

Case1 : Atleast one of x + % =G ory+ % = 2 holds. We have the following subcases.

Case 1.1: If x4 5 = % and y + 5 = % and equation (5.1) holds, it follows that z = v — 2392 but
then for equation (8) we would have —(z+3)+ (y+3)+2 = v3—a; < max(vs, ) —ay.
Hence we must have v3 = max{ry, uo} and thus po < o = v3. Then the LHS of
equation (3) gives & < ag — min{jy, £} < z = vy — BF2 g0 1y > WHLEL — /9,

which is not possible.

Case 1.2: If x + % = 4, buty + % > % and equation (5.2) holds, then z = v1 + v, —ax +y —x >
v+ 1o — C”Qﬂ It follows that —x + y + 2 > 141 + 1, — a4, contradicting inequality (8)
for (x +1/2,y+1/2,z) € P.

Case 1.3: If v + % = % and y + % > % and equation (5.3) holds, then z < max(vy, y2) — %
However, it implies that © — y + 2z < max(vy, 2) — ag, contradicting inequality (9)
for (z +1/2,y+1/2,2) € P.

Case 1.4: If a;+% > 4 and y+% = %, by acompletely analogously argument, similar contradictions
are reached.
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ai

Case 2 : We can now assume that v > <+ and y > %, so neither of equations (5.4), (5.7),
(5.11), and (5.12) are satisfied.

Since max(vs, p2) < vy + e, it is not possible for equations (5.2) and (5.5) to both be
satisfied simultaneously. Similarly, equations (5.3) and (5.6), (5.1) and (5.9) cannot both be
satisfied simultaneously. Thus, it can be reduced to two possibilities:

Case 2.1: When equations (5.1), (5.2), (5.6) hold, the system of equations has solution

r =1 + Vo — —a2+;3+1

_ _ aitaz+1
y=uv+rvy—- =5

z=1 F vy, — B
If equation (5.8) holds, we have

a +a
r+y=2v+1) — ! 2

— as — 1= I’IlaX<I/3,CL1 + as — 1/1) — 1.

Ifvs > a1 + ag — vy, using a; + as + ag = n = vy + v, + v3, we have

a + a
2(V1+V2)— ! 2

—a3—1=13—1

as = 3(v1 + vy —v3) > n,
which is impossible.
If v3 < a; + ay — vy, then we have

a; +a
2 + 1) — ! 2

—a3—1:a1+a2—1/1—1
a; + ag = 2201 + v — v3) > 1,

which is also impossible.

If equation (5.10) holds, we have
r4+y+z=3w+w) —(a1+ay+a3)—1=3u1+wm)—n—1=p —1,
from which it follows p; = 2(v; + 1) — v3 > n, contradicting our assumption.

Case 2.2: When equations (5.1), (5.3), (5.5) hold, the system of equations has solution

v1+ve+max(va,u2)—az—az—1
2
v1+va+max(vo,uz2)—a;—az—1

Y= 2
z = max(vy, fig) —

xr =

ai1tag
2

By inequality (3), we have z = max(vs, p12) — “3%2 > % which implies
that max (vy, p1o) > % and hence pi; = pip = 5.
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If equation (5.8) holds, we have

ap + as

T4y =11+ Vo + max(ve, o) — — a3z — 1 =max(vs, a1 + as — 1) — 1,

which gives that vy + vy + g — § — % = vy + 10 — € = max(vs, a1 + ag — 11).

Ifa; +as — vy > v, thenn > a1+a2+% = 211 4+ v > n. Then we must have a3 = 0,
m=vy=wv3=n/3and uy = pg = n/2. Thenz+ = 3(fn—az), y+ % = 3(tn—a1)
and z 4+ y + 1 — z = gn < max{vs, y2} and this point would not satisfy inequality (10)

and be in P(u, v, a), so this is also impossible.

If a; + az — v1 < v3, then we have vy + 1, — %} = v3, which implies that v3 =
Substituting in the values, we can rewrite the solution as

N3

— a3
1

:%(al—l—%—l)
y=3(a2+%—1)
i= %

Since & > v3 = 2 — %, we can derive that 2a3 > nand a; +ap = n —ag < %. The

upper bounds in inequalities (1), (2) for the integers x 4+ 1,y + 1 hold since they hold
for z + %,y + % Thus z + 1 < ay, implying % + 1 < a4, and similarly % + 1 < as.
Then a; + ap > %} + 2 violating the above conclusion.

If equation (5.10) holds, we have
r4+y+z=2max(vo, o)+ +1rs—n—1=2uy—v3—1=py — 1,
which implies that ;4; = 15, reaching another contradiction.

In all cases, we reached contradictions, so the claim is true and there is an integer point. [

From Claim 5.8 we have that a point in P(u, v, a) N (3Z)* implies that there is either an
integer point, or a point with one integer and two half-integer entries. Claim 5.9 shows that then

there is always an integer point. [

Proof of Theorem 5.2. Propositions 5.3 and 5.7 together show that if the polytope is nonempty
then it has an integer point. [

Proof of Theorem 1.5. Let x| z5* x5, fori=1, . .. be monomials appearing in s, s, (1, T, 23)
with nonzero coefficients. By Proposition 4.6 we have that P(u,v;a’) N Z3 # &. Suppose
that (¢, ¢2, ¢3) is in the convex hull of {a'};, soe=)" t;a’ forsome ¢; € [0, 1] with t+to+- - - =1.
By Proposition 5.1 we have that P(u,v,¢) # @. Then if ¢; € 7Z by Theorem 5.2 we
have P(p, v;¢) N Z? # & and thus x© appears as a monomial in s, * s,. By the (SNP) charac-
terization then s, * s, (21, 2, x3) has a saturated Newton polytope. O
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6. Positivity of Kronecker coefficients

First, we will discuss the limiting case of the SNP property.

Proof of Theorem 1.7. By Caratheodory’s theorem, it is enough to show that if every point
which is a convex combination of k£ + 1 points from our set is contained in the set, then the
set is convex.

Suppose that o' a? ---, ot € (i pMk(p)\ pi), where we abbreviate the
notation M. (pA,pp) = My(spr * spu). Then o' € LMy(pi),pips) for some p;. First,
let p = lem(py,...,pr). Since p;a® € M (p\, pi) there must be a ' = pa
with g(p;\, pspt, %) > 0. By the semigroup property then g(pA, pi, ﬁﬂi) > 0, so that Kronecker
product contains s,,,, 5 and all of its monomials. Since 7' := p/p;5* = p/p;(pic’) = pa’ then
it contains o and o € %Mk(pa,pu) for all 4 with pa® < " and g(pA, pu,7*) > 0.

Suppose that § € Q" is a convex combination of a',... af*!, ie. 6 = Y t;a’ for
some t; € [0,1] with ¢; + t5 + --- = 1. By Caratheodory’s theorem %k + 1 points suffice.
Moreover, we can assume that the numbers ¢; € Q, because the vector (¢y, ..., t;1) is a solu-

tion (not necessarily unique) to a system of k linear equations with rational coefficients coming
from o, 6, and the equation >t = 1. We can then write ¢; = % for ¢; € Z and the same q € Z.

By the semigroup property then g(q;pA, ¢;pp, ¢;q:y') > 0 for all ¢ and so, again by semigroup,

we have
g ((qu@-)& (Z @) quZ) >0

SO 55~ gi APPEAIS iN Spgx * Spqy. Since gpf = >, gipa’ < Y, ¢iy" in the dominance order, the
monomial gpf appears in that product and gpf € My (gp), gpp), so 6 € #Mk(qp)\, qpp), which
completes the proof. [

We next consider positivity criteria for Kronecker coefficients.

Suppose that g(A, p, ) > 0, then s, appears in s, * s,,, and so its leading monomial m, also
appears, so P(u, v, \) N Z" # &, where r = min{¢(u), {(v)}¢(\). Then from Section 4 we
must have that P(u; \) N P(v; \) has an integer point. We can then apply Corollary 4.5 and its
inequalities to infer that the following polytope P (1, v; A) has an integer point.

Proposition 6.1. Suppose that g(\, j1,v) > 0. Then there exist nonnegative integers 04;- satisfy-

ing
doal = N, fori € [k]; 6.1)
J
af = aly, forj € [e — 1] € [k]; (6.2)
Y (k=i +al) < D> Z (6.3)
(4.5)eD(I) jeJ (d,r)eD(K

> (k=i t+a)) < Yowu+ Z (64)

(4.9)eD(I) jeJ (d,r)ED(K)

where the last inequalities hold for all LR-consistent triples I, J, K € [(k].
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The above conditions can be simplified to the following. We define an mLR-consistent
triple (1, J, K) of subsets of [1,..., (k] as an LR-consistent triples satisfying the condition
that [IN[((j—1)+1,....0] = |KN[l(G—1),...,07]| forevery j = 1,... k.

Theorem 6.2. Suppose that g(\, j,v) > 0 and let { = min{l(u),l(v)}. Then there exist
nonnegative integers {o; }ic(i) jeq Satisfying

D ak= A, fori € [k]; (6.5)
J
O‘; >a§+1, forjet—1], i€ [kl (6.6)
Z o < min{z i, Z v}, for every mLR-consistent (1, J, K). (6.7)
(i,/)eD(I) jel  jeJ

Proof. First note that for I, J, K to be an LR-consistent triple we must have p(K) C p(I), which
implies that if ] = {i; < iy <--- <is}and K = {ky < --- < k,} then k; < 4; for all j. Thus
in equation (6.1) we would have

Y. nlk—d)z Y ki),
(d,r)eD(K) (4,5)€D(I)

with a difference of at least n if the two sums are not actually equal. If they are not
equal then the inequalities are trivially satisfied since the sums of aé and p;’s are each
within [0,n]. We can thus assume that we have an equality. Thus / = U, and K = UK,

where I;,K; C [((j — 1)+ 1,...,¢j] and |I;] = |K,| for all j. For the set J we must
have |.J| = |I| and cz E?)p( x) = L, which is the definition of mLR-consistent. O

Corollary 6.3. Suppose that g(\, u,v) > 0 and {(p) = 2, and set k = ((\). Then there exist
nonnegative integers y; € [0, | \;/2]] fori € [k], such that

Yoty w<min{d p, Y v} (6.8)

i€ AuC i€B ieC jeJ jed

for all triples of mutually disjoint sets ALUBUC C [kland J ={1,...,r,r+2,...,r+b+1}
orJ=A{1,....r+b—1,r+2b}, wherer = 2|A| + |C| and b = |B|.

Proof. To derive these conditions from Theorem 6.2, we have { = 2 and we set z; := ag,
so the partition conditions for o’ become 0 < z; < \; /2 as 04?;[ = \; — x;. For the sets [
and K we must have /] = UI, and K = UK, where [;, K; C {2j — 1,2j}. For each j,
if |I;] = |Kj|, then either [, = Kj or I; = {2j},K; = {2j — 1}. Then for such I, K,
the skew shape p(I)/p(K) has no two boxes in the same column or row. Then, for any set J
with |J| = |I|and p(J) & |p(I)/p(K)]|, we have CZE?)p(K) > 0. This coefficient is equal to 1 only
when p(J) = (1,1,..., 1) or p(J) = (|p(1)/p(K)|),s0 J ={1,2...,r,7+2,--- ;7 + b+ 1}
orJ ={1,2...,7+b— 1,7 + 2b} for some r, b, respectively. Now set A = {j : |[;| = 2},
set B={j: I[;={2j}}and C={j : [;={2j — 1}}, then we have |J|=|I|=2|A| + |B| + |C|,
and [p(1)/p(K)| = |B| = b,sor = 2|A| 4 |C/|. Finally, for the indices in / coming from j € A
we have the terms o + a3 = \;, from B we have o] = \; — y;, and from B we have y;. [
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Remark 6.4. In particular, taking A,C' = @ and B = {1} we have [\/2] < min(u,1);
taking A, B = @ and C' = {1} we have \; — [A1/2]| < min(ug, ). Summing up the two
inequalities recovers \; < min(uy, 1) 4+ min(usg, v2), equivalent to a result from [Dvi93] in the
given case {(p) = 2.

Remark 6.5. Using this approach we can also understand the maximal partitions A\, such
that g(\, u,v) > 0 for a fixed pair u, v. Maximal here means with respect to the dominance
order, i.e. such that if v > \ then g(+y, 1, ) = 0. First, we have that

Pu(p,v):={(a*,a? - o ay,...,a) : (ot -+, a*)eP(p;a1,...,ax) N P(viay ... a;)}
is a convex polytope, described by the set of equalities and inequalities in Corollary 4.5
for p and v. Projecting Py (1, v) to R* onto its last k coordinates: (at,...,a% ay,..., a;) —
(ai,...,ar), results in another polytope K (u,v), which is exactly Ng(s, * s,).
Since My, (s, * 51) = Unigrnuw)>0Mi(5x), and My (sy) are convex polytopes, we have that the
extremal points of that union must be among the extremal points of the individual polytopes.
So the vertices (aq, - - ,ax) of K(u,v) for which a; > as > -+ > a;, are among partitions \,
for which g(\, p, ) > 0. If X is not maximal with respect to the dominance order, i.e. there is
a7y > A, such that g(v, u, ) > 0. Then Ny(sn) C Ni(s,) and X is inside, but not an extremal
point, of Ni(s,) C K(u,v), and is thus not a vertex of the latter polytope.

7. Additional remarks

7.1.

The set of partitions « for which g(\, u,«) > 0 is not convex and so is not saturated by
our definitions. For example, when A = (8,8) and p = (5,3,1,1,1,1,1,1,1,1) we can
take « = (7,3,2,2,2), 5 = (5,5,2,2,2) and a—;ﬁ = (6,4,2,2,2). We have
that g(\, p, ) = g(\, u, ) = 1, but g(A, p, a—;ﬂ) = 0. At the same time, sy * s,, does not
have a unique maximal element with respect to the dominance order, see Appendix A.

This is not surprising, given that the Kronecker coefficients, unlike the Littlewood—Richard-
son coefficients, fail to satisfy the saturation property. Knutson—Tao’s saturation theorem [KT99]
gives that ¢, > 0 if and only if ¢}, v, > 0 for every N > 1. Their proof shows that ¢;,, > 0 if
and only if the associated LR polytope is nonempty because that polytope always has an integer
vertex. For the Kronecker coeflicients there are no such criteria, and in fact saturation fails
already with ¢((1,1),(1,1),(1,1)) = 0 but g((2,2),(2,2),(2,2)) = 1, see further [BOR09].
Saturation does not hold for the reduced Kronecker coefficients either, see [PP20] and [1P24].

7.2.

As shown in [IMW17] the following decision problem KronPos is NP-hard: given input (\, 1, v/)
(in unary) determine whether g(\, iz, ) > 0. This, in particular, implies that the partition triples
with positive Kronecker coeflicients cannot be characterized in a computationally efficient man-
ner. At the same time, the rescaled version is slightly easier: deciding if g(NA, Ny, Nv) > 0
for some NV is in NP and coNP, as shown in [BCMW17]. This follows from [VW17] as such
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triples can now be characterized by a set of linear inequalities. See also Remark 6.5 for another
possible way of describing extremal points.

Characterization by determining if a polytope has an integer point does not necessarily make
the problem easy (as in computable in polynomial time, i.e. in P). While it is easy to decide if
a system of linear inequalities has a real solution, deciding if there is an integral solution, i.e.
solving an Integer Linear Program (ILP), in general is an NP-complete problem.

The presence of a monomial z® in sy * s, appears to be an intermediate problem defined as:

KronMonomial
Input: \, u,a € Nf.
Output: Yes, if and only if 2* appears in sy * s, (x1, ..., T).

Open Problem. Is KronMonomial NP-complete?

Unlike KronPos, we have that KronMonomial is in NP and the question is to determine
whether it is NP-hard. A witness would be any tuple (a!,...a*), such that o’ - a;, together
with two multi-LR tableaux of shapes A and ; which give cﬁkaz’m >0, c 1> 0. Checking if
the SSYTs satisfy the ballot conditions can be done in O(n?) time.

Answering such computational complexity questions helps us understand the possibilities
and limitations for combinatorial interpretations or “nice” formulas. For more such problems
and formal framework see [Pak22, Pan23].

7.3.

We doubt that sy * s, always has a saturated Newton polytope, but finding counterexamples com-
putationally becomes quickly infeasible. Studying the polytope P (A, u;a) = P(A\;a) N P(u; a)
in depth and employing geometric packages like LaTTe would be the next natural step.

74.

In the context of open problems in algebraic combinatorics and representation theory, see,
e.g., [COS™24], the Kronecker and plethysm coefficients often appear in analogous and some-
what unexpected relations. These relations are also evident within Geometric Complexity The-
ory, see, e.g., [F120, IP17]. It is thus natural to ask whether the plethysm of two Schur func-
tions s,[s,] has SNP. Recall that the plethysm of two symmetric functions is defined as follows.
Suppose that g = > x*, where monomials with coefficients larger than 1 just appear multiple
times. Then f[g] := f(z®, 2", ---), substituting all monomials as variables in f. In particular

silsd = 3 a,(Aul)s,

gives the plethysm coefficients a,(A[p]), which are the multiplicites of irreducible G L-mo-
dule V, in the composition of the two irreducible representations corresponding to V,, and V.
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Very few cases have been determined, with one of the more general ones being

S(m)[S2] = Z S2p

ukFm

which clearly has SNP as it contains s(y,,,). Similarly, s, [s(n)] contains the leading term s,,,,,)
and has SNP. It appears that s) s, always has a unique maximal s,, in the expansion, obtained as
follows. Let u' = p, pi?, ..., u* be the first £ = ¢(\) compositions appearing in N (s,,) arranged
in lexicographic order starting with the maximal. Then there is a monomial of degree

v=Mp' + Xopd 4+ At (7.1)

appearing in s,[s,]. In an earlier version of this paper we conjectured that this is the maximal
monomial with respect to the reverse lexicographic order. This was immediately confirmed by
Orellana, Saliola, Schilling and Zabrocki in the subsequently released [OSSZ24], see also [lij11,
PW19].

In [PW19], Paget and Wildon demonstrated that there is a unique maximal term in dominance
order in the Schur expansion of s,[s,] if and only if either /() = 1 or {(\) = 2 and p is
rectangular. When such a unique maximal term s, with respect to the dominance order is present
in the plethysm, it follows that A/ (s,[s,]) = N(s,) and so s,[s,] would have a saturated Newton
polytope.

The sufficient and necessary condition given by Paget and Wildon also implies that
plethysms cannot be expected to have unique maximal terms in general. For instance,
S [821)] = 82,2211, F 53,2.21,1) + 53,222 + 5331.1,1) + 53,3.21) T 53,33 T S(a,21,11) +
S(1,22,1) T2%Su31,1) T 543,2) F5(4,41) + 565,21, +5(5,22) +5(5,31) +5(6,1,1,1)- In this plethysm,
(6,1,1,1) and (5, 3, 1) are incomparable maximal elements with respect to the dominance or-
der. Determining whether or not a plethysm with more than one maximal term would have a
saturated Newton polytope is far from straightforward.

Open problem. Determine when s,[s,,] has a saturated Newton polytope.
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A. Computations of explicit Kronecker products

Let A = (4,4) and p = (2*). Then g(2), 2u, 2v) > 0 while g(\, pu, v) = 0 for

ve{(4,3,1),(3,2,2, 1)}
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Let A = (6,6) and p = (2°). Then g(2\, 2p, 2v) > 0 while g(A, p, v) = 0 for
ve{(4,4,3,1),(3,3,3,1,1,1),(4,3,2,2,1), (3,2,2,2,2,1)}.
Let A = (8,8) and p = (2%). Then g(2\, 2u, 2v) > 0 while g(\, p, v) = 0 for

ve{(4,4,4,3,1),(4,3,3,3,1,1,1),(4,4,3,2,2,1),
(3,3,3,2,2,1,1,1),(4,3,2,2,2,2,1),(3,2,2,2,2,2,2,1)}.

All of the above Kronecker products have SNP by maximal term argument though, as s4x)
is the maximal term in dominance order in s, ox) * So2k.

Let A\ = (8,8)and p = (5,3,1,1,1,1,1,1,1,1). Leta = (7,3,2,2,2), 8 = (5,5,2,2,2)
and v = (6,4, 2,2,2). We have that g(\, i, @) = g(\, i, 5) = 1, but g(\, p, O‘;’ﬂ) = 0. We have
SAkS, = 8(32:2222,1,1,1) 1532222221 F2%5332221,1,1,1) T2%53322221,1)+2%¥53322222)+
533321,1,1,1,1) T 2 % 8333221,1,1) T 2 % 83332221) T $3333.21,1) T S42221,1,1,1,1,1) + 2 *
5(4,2,2,2,2,1,1,1,1) T 4 * 8(4,2,2,2,2,21,1) T S4,2.22,222) T S4,321,1,1,1,1,1,1) T 4 * 5(4,3,2,2,1,1,1,1,1) T
7% S432221,1,1) T 0% 84322221) T 54331,1,1,1,1,1) 4 *Su3321,1,1,1) T 9 * S4332.21,1) +
3 % 5133222 T 543331,1,1) T 54,33321) T 2 * Su4211,1,1,1,1) + 3 * Sua2211,1,1) + 6 *
S442221,1) T 8442222 T Sua31,1,1,1,1) + 3 * Sua3211,1) + 3 * Suaz221) + Sua332 +
S(4,4,4.2,1,1) T 8(5221,1,1,1,1,1,1) T 3 * S5222,1,1,1,1,1) T D * S522221,1,1) T 4 * S5222221) +
S(5,3,1,1,1,1,1,1,1,1) T 3% 8(532,1,1,1,1,1,1) T 8% 8(53221,1,1,1) T 8*S(53222,1,1) T D* 5532222 +2*
5(5,3,3,1,1,1,1,1) T 4% 553321,1,1) T4%5(533.2.2,1) 5(5,3,3,3,1,1) T 55,4,1,1,1,1,1,1,1) 3% S5.42.1,1,1,1,1) +
D% S54221,1,1) T 4% 8542221+ 55431,1,1,1) T 2% S54321,1) T 554322 T 5552,1,1,1,1) T
5(5,5,2,2,2) T 2%8(6,2,2,1,1,1,1,1,1) T3%5(6,2,2,2,1,1,1,1) 1 9% 5(6,2,2,2.2,1,1) T 5(6,2,2,2,2.2) T 5(6,3,1,1,1,1,1,1,1)
3% 5(6:3,2,1,1,1,1,1) T D *S6,3221,1,1) T 4% 5632221 T 56,3,3,1,1,1,1) T 56,3,321,1) T 563322 T
S(6,4,1,1,1,1,1,1) T 5(6,4,2,1,1,1,1) T2%S(6.4,2,2,1,1) T 57,2,2,1,1,1,1,1) T 2%8(7222,1,1,1) T 2*5722221)+
5(7,3,2,1,1,1,1) T 8(7,3,2,2,1,1) T 5(7,3,2,2,2) T 5(8,2,2,2,1,1)

B. The full list of Horn inequalities

Here we list the full set of Horn inequalities for ¢, > 0 when £(\) = 7 = 6.

. . . . (1) _
We list the LR-consistent triples with I, J, K C [1,2,3, 4,5, 6] and cﬁ(J)p(K) =1
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Ai <ming i (py + vig1—j) fori € [6]

§=2: A1+ A< 1 +puztvrt+ue

A1+ A3 < min(pr + po + v+ vs, p1 + ps +vi + v2)

A1+ Ag <minpr + p2 +v1 +va, pr 4 ps 4+ v vz, pn + pa 4+ v+ v2)

A+ As <min(p1 + p2 +v1 +vs, p1 4+ p3 + v+ va, pn + pa + v+ vs, pn + ps + v+ v2)

A1+ A6 <min(pr + p2 + v +ve, p1 + p3 v s, pr + pa+ v v, pn + ps + v+ v, pn + pe + v+ v2)

A2 + A3 < min(py + p2 + vo +v3, p1 + p3 + v + vz, pe + p3 4+ v+ v2)

A2+Ag < min(uy +p2+ve+vg, p1+ps+vitva,, pr+ps+vetvs, pe+puz v s, pr+patvi4vs, pe+pa v +re)

A2 + As <min(p1 + p2 +ve +vs,p1 +p3 v +vs, pr +p3 +ve +va, pe + pa + v vz, pn + pa +ve vz pn +

pa 4 v1 Fva, p2 4 ps v v, pn + ps v 4 vs, s pe  ps v 4 ve)
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A2 + X6 < min(p1 + p2 +ve +ve, p1 +p3 +v1 +ve, 1 +ps3 +ve +vs, po + ps + v+ vs, pr + pa v+ vs, g1+ ps +
v g, 1 + pa+ve + g, po+ pa+ v+ vg, py +ps +ve +v3, pe +p3 v 4 vs, p1 + pe +v1 + 3,5 w2+ pe +v1 +v2)

A3+ < min(py +po+vs+va, p1+ps+ve+va, pi+pa+vi+va, pa+ps+vetvs, po+pa v +vs, p3+pa+vi+r2)

A3+ As < min(py + p2 +v3 +vs, p1 +p3 +ve + s, p1 +p3 +v3 v, pa 4 pa v+ vs, w1+ pa vz F g, pn +ps +
V1 + v, o+ p3 +ve +va, o+ pa +vo +vs, po +pa + v Fva, ps 4 pa v v, pe + ps + v +vs, s+ ps + v +v2)

A3+ A6 < min(u1 + p2 +v3 +ve, p1 + ps +v2 + Ve, p1 + p3 +v3 +vs, pa 4 pa v +ve, p1 + pa +v2 + s, p1 +pa+
v +va, p1 + ps + v +vs, pa + ps +ve +va, pa + pe + v +va, p2 +ps +ve +vs, pe + pa + v+ s, p2 + pa +v2 +
va, p2 + ps + ve +v3, p2 + ps + v1 4 va, p2 + pe + v 4 v3, w3 + pa + v1 4 va, p3 + ps + v 4 v3, p3 + pe + v+ v2)

Mg+ A5 <min(py + p2 +va+vs,p1 + p3 +v3+us, p1 +pa+ve +vs, pr + ps + v s, p2 + p3 + vz 4+ vg, pe +
pa +ve +va, po + ps + v+ va, p3 + pa + vo + v, pus + ps + v +vs, pa + ps + v+ v2)

A+ A6 < min(p1 +po +va+ve, p1 +ps+vs+ve, w1+ ps+vatvs, p1 +pa+ve+ve, pa + s +vi +ve, p1 +ps +rve+
Us, p1+pe+r1+vs, p2+p3+v3+us, p2+pa+v3+va, o+ pa+v2 +vs, o + s 2 +va, po + s +v1 4 Vs, g2+ pe +
v +va, p3+pa +ve +va, p3 + ps +ve +v3, us 4+ ps + v +va, p3 + pe +vi + v, pa 4 ps + v+ 3, pa+ pe +vi +v2)

A5 + A6 < min(p1 + p2 +vs +ve, p1 + p3 +va + ve, p1 + pa + vz + ve, p1 + ps + ve +ve, p1 + pe +v1 + ve, 2 +
pe +v1+vs, o+ p3 +vat+vs, 2 + pa +v3 + s, 2 + ps +v2 + Vs, 43 + pa + V3 +va, 13 + s + V2 + V4, e + s +
v +v3, u3 + pe + v1 + va, pa + pe + v1 4+ vs, ps + pe + v1 + v2)

A+ A2+ A < min(ur + p2 +p3 + v +ve v pn +pe 4+ v +rve +wg)fori € {3,4F A1+ X2 4+ A5 <
min(py + p2 + p3 + v +ve +vs, p1 + p2 + pa + v +ve v, pn 4 pe +ps + v+ v +v3)

M+ A2+ X6 <min(pr +p2 +p3 +v1+ve+ve,pu1 +po+ pa+vi +ve+ s, pr +pe+ps v+ ve 4 va,pn +
w2 + pe + vi + va +uv3)

A1+ A3+ Ay <min(pr + po + p3 +v1 +v3 +va, p1 + pe + pa + v +ve +va, pa + ps + pa + v +ve 4 u3)

A+ A3+ A5 <min(py +pe +p3 +vi+vs+vs,p1 +pe+pa v +ve s, pn 4 pe +ps + v vz g, pn +
p2 4 ps +v1 Fva +va, pa + ps o pa 4 v 4 ve F v, pn 4 ps A+ ps v 4 ve 4 vs)

A+ A3+ X6 < min(u1 + po + pu3 + v +v3 4 ve,p1 + p2 + pa + v+ v +ve, 1+ p2 + pa +v1 + v+ s, +
p2+ps +vr+vetus, pr+pe+ps v vz tvg, pn+Hpet+pe v v tva,pn +ps+pa v +rve s, un +
w3 + ps +v1 4+ v +vg, p1 + ps + pe + v1 4 v +v3)

M A+ A5 <min(py +p2 +p3 +v1+va+vs,pn +pe+ pa v s+ vs,pn +pe +ps v+ ve s, e+
w3+ pa + v+ vz v, pr +ps+ops + v+ ve +va,pr + pg +ops + v+ ve +v3)

A+ s+ A6 < min(py 4 po + ps +v1 +va+ve, pa + po + pa v v 4ve, 1 pe 4 pa 4 v +va s, pn 4 pe 4 ps +
v1+ve+ve, p1+ p2+ ps +rv1+vs+vs, p1 +p3+pa+rv1 v+ vs, p1 +p3+ps v +vstrva, pn +ps+ps v+
vo+vs, p1 4 p2 4+ pe +v1 +va s, pa +pa +ps + v +veva, pr 4 ps 4 pe v +ve +vg, pn + pa + pe + v +rve +v3)

MM 4+ As + X6 < min(pr + po + p3 +v1 +vs +ve, p1 + po + pa +vi +va + e, 1 + p2 + ps + v+ vz 4 ve, e +
p2+pe+v1+rvetue, 1 +pust+patrvitvgtus, pn Hps+ps +vr v tvs,pn + pa+ ps v +vstvg,pn +
u3 +pe +v1+ve+vs, w1+ pa+ pe + v +ve +va, pur + ps + pe + v +ve +v3)

A2 + A3 + Xy < min(py + po + p3 +ve +v3 +va,pr + p2 + pa + v +v3 4 v, p 4 ps 4+ pa + v+ ve + g, pe +
3 + pa +v1 +ve +v3)

A2 + A3 + A5 < min(py + po + p3 +ve +v3 +vs, p1 + p2 + pa +v1 +v3 4 vs, g1+ pe + pa +ve + vz + g, pn +
p2 +ps +v1+vs+va, 1+ p3+pat+vitve+us, pn +p3+ pa+ v vt va, pe + ps A+ pa + v +ve +va,pn +
13 + ps + v+ vo +va, po + p3 4+ ps + v+ va 4+ v3)

A2+ A3+ A6 < min(u +p2 +ps +ve +vs+ve, p1 +p2 + pa +v1 - vs 4 ve, 1+ p2 4 pa 4 ve +vs +us, g1 4 pe 4 e+
vo+v3+us, 1+ p2+ps +vi+vstvs, p1+p2+us v +vstvg, pn +ps+ps v +vstvg, pn +ps A+ pa v+
v3 +vs, 1 +p2 +ps +v2 +vs+va, p2+ps+pat+vi+ve s, 1 +ps+ps v v+ vs, pn +ps+patvr e+
Ug, 2 + (13 + ps +v1 + v +va, po + p3 + ps + v +ve +vg, py + ps3 4+ pe +v1 +ve +va, p + ps + pe + v +v2 +v3)

A2+ As+ A5 <min(py +p2+p3+ve +va+vs, pr+p2+pa+v+vatvs, py 4 pe+pa+ve +v3+vs, pr +p2 4 ps +
v1+v3s+uvs, p1+p3+pa+rvi+vs+uvs, ue+p3+ pa+rv1 v+ va, pr +p3+pa+rvet+vstrvg, pn +ps+ps v+
v3 g, p1 + p3 + ps + v +ve +us, po +ps 4 ps v+ ve F g, 1+ pa 4 ps v +ve g, po + pa 4 ps + v +ve +v3)

X2 +Ag+ A6 < min(py + p2 +ps +ve +va+ve, pa + p2 + pa +v1 v+ ve, 1+ p2 4 pa 4 ve +vs +ve, g1 4 pe 4 pa +
v +va+vs, u1+p2+ ps +rv1+vs+ve, p1+ p2 +ps +vi+va+vs, pn+pe+ps +re +vstvs, w1 +ps+pe+rvi+re+
Vs, 1+ pa +ps +v1+v2 +vs, o +pu3+ps v +rve +vs, p1 Hp3+ps +ve+vstva, o+ p3 4 pa v +v3+vs, g1+
H3+ ps +v1+v3+vs, p1 + po + pe + 1 +v3+vs, i+ ps +ps + v +v2 +ve, g+ ps + pa +ve +vs+ve, 1 + ps +
pe +v1+vs+vg, p1+pa+pust+rvi+rvs+vg, pu2+p3+ps v tvstuvg, pr Hpst+pa v +vatvs, pn +ps+pg e+
v3+vs, o+ p3 + pe +v1 +va g, po+pa +ps + v +ve4va, pr 4 pa+ pe v +va g, po + pa + pe + v+ v2 +v3)

A2+ A5 + A6 < min(pr + po + p3 +ve +vs + v, 1 + p2 + pa +v1 + s + v, p1 + p2 + pa +vo +va + v, g + po +
ps +v1+va+ve, p1+p2 +ps +ve+vs+ve, p1 +p2 +pe +v1+v3+ve, p1 + p3 + pa+v1 +va+ve, p1 + p3 +pa +
vo+va+us,p1+ps+ps+vit+vstve, p1+p3+pe+viHvst s, pn Hpst+ps v tvatus, pi+pa+ps v+
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v3+uvs, u1 +p3+pus+rvet+vs+tus,pue+us+ps v +vst+vs, p1 +pa+ps v +vstvg, po+p3+pat+rvi g+
Vs, 2 + pa +ps +v1 +v3 +vg, 1+ pa + pe + v +v3 v, pn +ps+ pe +v +ve + v, pue +ps + pe +rr +ve +
vs, 1 + pa + pe +v1 +ve + s, po 4 pa + pe +v1 +ve +va, p1 4 ps + pe +v1 +ve +va, po 4+ ps + pe +v1 +ve +13)

A3+ A+ A5 <min(py +po +p3 +v3+va+vs,p1 +po+ pa+ve+va+ s, + pe +ps v+ va+vs, e+
w3 +ps+rvet+vstus, 1 +pus+ps v t+vstus, pe+pus+ pa+ve v g, pe + ps+ ps v vt vg,pn +
pa+ ps +v1 +vo s, po + pa + ps + v+ ve + v, p3 + pa + ps + v+ ve 4 v3)

A3+ Aa+ e <min(uy + p2 +p3 +v3+va+ve, p1 + p2 4 pa +ve +va+ve, p1 + pe + pa +v3+va+us, pn 4 pe +
pus +v1+vg+uve, 1 +p2+ps +ve+vetvs, p1+p2+pe+rvi+rvatus, p +ps+pg v +vs+ve, p1 +p3 + ps 4+
v1+v3+ve, 1+ p3+pe +v1+v3+us, u1+ps+ps v +Hva+us, pn +pa +ps v +vst+vs, pe +ps 4 pg +ve +
V3 +vs, w2+ 3+ ps +ve+vs v, 1 +ps+pus trvetvstus,petpus+ps+rvr+vstvs,pn +pst+pat+rve s+
Vs, 2 + pa + s +v1 +v3 +va, 2 + p3 + pe +v1 +v3 +va, pn +pa +ps +vi +ve +ve, p2 +pa +ps +v1 +rv2 +
Us, i1 + 4 + pe +v1 + v +vs, 13+ pa + ps + v +ve +vg, po + pa + pe + v +ve +vg, u3 + pa + pe + v +v2 +v3)

A3+ A5+ A6 < min(py +po+p3+v3+vs+ves, w1 +p2+pa+rve+vs +ve, p +pe +pa+vs+rvatve, pi+pe+ps v+
vs+ve, 1 +p2+pus v +va+ve, p1+p2+pe+vi+vatve, p1 +p3+pat+vet+vatve, p1+p3+pat+vst+vatvs, pi+
pa+pe+v1+v3+vs, p1+p3+ps+vi+vatve, pr +p3+ps+rve+v3+ve, p2 +p3+pe +rvi+v3+vs, p1+p3+ps+
v +v4+vs, 2+ pa+ ps +rv1+r3+vs, p1 +p3+pe +v1+v3+ve, p1 +p3+pe +rve +vatvs, 1 +pa+ps +rv1+rvs+
Ve, 1+ pa+ps+rvet+vs+us, p2+pus+pus+vi+vatus, pe+pust+pa+rvetvatus, po+pg+ps Hrve+vs+ug, p2+
u3 +ps +ve+vs+vs, u3+pa+ps v +vs+uvg, po+pa+pe 1+ v3tva, p1 +pa+pe v +ve +vs, po +pa+ e+
vi+va+vs, 1 +ps+pe v +rve +us, u3+pa+pe +v1 +ve v, po +ps 4 pe +v1 +re g, p3+ps +pe+v1 +rve+v3)

Aa+ A5+ A6 < min(py +p2 +p3+va+vs +ve, w1 +p2 + pa +v3+vs +ve, pa + pe +ps +ve +vs + s, p1 + p2 + e+
V1 +vs+ve, 1 +p3+ pa+v3+rva+ve, p1+p3+ps +rv2+rva+ve, p1 +p3+pa+rve+vatve, 1 +pa+pe+rv1+rs+
ve, i1 +p3+pe +v1+vatve, p1+ pa+ps +rve+vstve, 2+ pu3+pe v +vatvs, pe+p3tpa v+ rva+us, p3+
pa+ps+vetv3tva, p2+p3+ps+rve+va+vs, g2+ pa+ ps +v2 +v3+vs, p2 + pa+ e +v1 +v3+ s, 43+ pa + pe +
v1+v3+vg, p1+ps+pe v +ve e, p2+ps +pe +v1 +ve +vs, u3+ps +pe+v1 +re v, pa+ps +pe+vi +rve+v3)

As + X6 = ps + pe +vs + s

A1+ X6 = max(uq + pe + Vs + ve, s + e + va + v6)

A1+ A5 > max(pg + ps + Vs + ve, pa + e + va + ve, s + pe + va + vs)

A3 + X6 > max(u3 + pe + Vs + ve, pa + pe + va + ve, s + pe + V3 + v6)

A3+As = max(u3 +pus +vs 46, pa+ s +va+ve, pa+pe +va+vs, pa+pe+v3+ve, ua+pe +ra+ve, ps+pe+rs+us)
A3+Ag = max(ps+pa+vs+ve, 3+ s +rva+ve, patpe+vs+us, patps+vatvs, ps+pe+vs+ve, ps+pe+vs+va)
A2 4 Ae > max(p2 + pe + Vs + Ve, 13 + e + va + U6, pa + pie 4+ v3 + ve, s + pe + v2 + v6)

A2 + A5 > max(u2 + p5 + Vs + Ve, i3 + ps + va + Ve, pla + pe + V3 + Vs, 2 + pi6 + va + Ve, Ha + pie + v2 + V6, p3 +
pe + va + vs, u3 + pe + v3 + ve, pa + ps + v3 + ve, us + pe + v2 + vs)

A2 + A4 > max(p2 + pa +vs + v, p2 + ps 4+ va + v, pa + pe +ve + s, p3 4 s +va + s, pa 4 ps +v3 + s, ps 4 ps +
v3 + e, 13 + pe +v3 +vs, 2 + pe +v3 +v6, 13 + e +v2 + U6, 13 + pa +va +ve, pra + pe +v3 +va, s + e +v2 +va)

X2 + A3 = max(pe + pu3 + Vs + e, p2 + pa + va + Ve, pra + e + v2 + va, p3 4 pa v + Vs, pa + ps 4 vs v, pe +
w5 4+ v3 + ve, u3 + pe + vo + vs, u3 + ps + v3 4+ vs, po + pe + v2 + ve, s + pie + v2 + v3)

A1+ X6 = max(u1 + pe + vs + ve, u2 4 e + va + v, pa 4 pie + v2 + ve, 13 + e + v3 + ve, s 4 pe + v1 + ve)

A4 A5 > max(p1 + ps + Vs + Ve, 2 + s 4 va + V6, pa + e -+ ve 4 vs, i1 4 pe +va + Ve, pa e+ v1 Ve, w2 + e +
v + s, pg + ps +ve +ve, p3 + pe +v3 +vs, pu3 4+ ps +v3 +ve, 13 + e +ve + v, p2 + pe +v3 4+ v6, s + e +v1 +vs)

A+ g > max(py + pa +vs +ve, o + pa +va +ve, pa + e +v2 +va, p + ps +va 4 ve, pa +pe +vi +vs, po +ps +
V4 + Vs, pa + s + V2 + Vs, 43 + pe + V3 + va, 43 + pa +v3 + V6, 43 + 6 +v2 + s, ph2 + pus + v3 + v, 3 + pe + V1 +
Ve, i1 + 6 + V3 + ve, u3 + ps + va + ve, p2 + pe + v3 + vs, u2 + pe + v2 + ve, 43 + s + v3 + vs, s + e + v1 + va)

A1+ A3 > max(p1 +ps +vs+ve, w2+ 3+ va e, pra+pe +va+vs, 1+ pra+va e, pa+ pe v +va, o 4 pa +va -
Vs, 4+ ps+ve+vy, p3+pe+ve+va, p2+pa+vs+ve, us+pe+ri+uvs, p1+ps+vs+ve, 3+ ps+rvstva, p3+pus+rvs+
vs, p3+pus+vatus, po+us+vs+tus, potust+vi+ve, p1+ust+rve+ve, potus+re+vs, po+us+retve, ws+pe+ri+rs)

A1+ A2 = max(p1 + p2 + vs 4 ve, 1 4 p3 + va + Ve, pra + pe + V1 + Vs, p2 4 ps +va + Us, pa + ps 4 ve +vs, pus +
pe +v1+rva, p1 +pa+vs+ve, u3 + ps +ve +vg, pe + pa +v3+vs, us + pa +v3+vg, pe +pe v+ vs, pa + ps +
vo + Ve, p2 + s + va + vs, i1+ pe + V1 4 Ve, 15 + pe + V1 + v2)

Vv

A1 = max(ue + v1, 1 + Ve, 2 + Us, s + va, 13 + va, g + v3)

A2 > max(pe + ve, p2 + ve, 13 + vs, s + v3, pa + v4)
A3 > max(pe + v3, 143 + Ve, 4 + Us, pis + v4)

A4 > max(pe + va, pa + ve, us + Us)

A5 = max(pe + Vs, us + V)

A6 > max(ue + v6)
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