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1. Introduction

In this paper we define a diagrammatic category of orthogonal webs that is equivalent to tilting
representations of the orthogonal group.

1.1. Motivation

Diagrammatic methods and diagrammatic presentations in representation theory have been stud-
ied for over a century.

An early example is Schur’s celebrated Schur–Weyl duality [Sch01] relating representations
of SLN(C) (or GLN(C)) with the symmetric group. The diagrammatic description of a permu-
tation gives rise to diagrammatic methods for SLN(C)-representations. In modern terms, we say
that there is a functor from a generators and relations (i.e. diagrammatic) monoidal category to
the monoidal category of representations of SLN(C), and Schur–Weyl duality says this functor
is full.

The functor is not faithful, but there is an explicit diagrammatic formulation of the kernel
which involves the antisymmetrizer on N strands, see e.g. [Här99]. Identification of this ker-
nel yields a diagrammatic presentation of the monoidal category of representations of SLN(C).
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However, since the kernel is described by a complicated sum of diagrams, this presentation is
not very aesthetically pleasing from a diagrammatic perspective. In the special case N = 2, the
kernel has a particularly simple description, as shown by Rumer–Teller–Weyl [RTW32], which
resulted in the Temperley–Lieb calculus, a presentation which does look nice diagrammatically.

Brauer extended Schur’s result to ON(C) (and SP2N(C)) relating them via Brauer duality
to Brauer’s diagrammatic algebra [Bra37]. Brauer’s duality, combined with an identification of
the kernel in terms of Brauer’s diagrammatic algebra, yields a diagrammatic presentation for the
monoidal category of representations of ON(C). Similarly as for SLN(C), the kernel is well-
known, see for example [LZ15], but does not seem to admit a diagrammatic description without
complicated sums when N > 2.

With the birth of quantum topology in the 1980s many more diagrammatic presentations
were found and these often include the identification of the kernels. For example, Yamada’s
presentation for SO3(C)-representations [Yam89], following ideas from [TL71], which employs
the diagrammatics of webs (also known as birdtracks [Cvi08], spiders [Kup96] etc.). Yamada’s
presentation is in the spirit of Rumer–Teller–Weyl and all relations are beautifully included in
the diagrammatics. These webs were then extended to many other settings, and have been at the
heart of diagrammatic representation theory every since.

The strategy that we run in this paper is inspired by the observation of Cautis–Kamnitzer–
Morrison [CKM14] that the kernel under Howe’s duality for GLN(C)-GLm(C) [How95] has
again a pleasing diagrammatic interpretation in terms of webs. They masterfully used Howe’s
duality to define a presentation for SLN(C)-representations which generalizes Rumer–Teller–
Weyl’s presentation. Since the kernel under Schur–Weyl duality for N > 2 is diagrammatically
rather ugly, such a nice presentation did not seem possible from Schur–Weyl duality itself.

Another upshot of Cautis–Kamnitzer–Morrison’s description is that it works over any field
when one slightly modifies the target category to be tilting representations. Taking the prime
characteristic version of Howe’s GLN(C)-GLm(C) duality from [AR96] and running the Cau-
tis–Kamnitzer–Morrison strategy, one gets a diagrammatic category equivalent to tilting rep-
resentations of SLN(Fp) for any prime p. The technicalities however are much more involved,
see [Eli15] for details.
Remark 1.1. In characteristic zero all representations are tilting, so the setting in the above para-
graph generalizes Cautis–Kamnitzer–Morrison’s result. The same is true in the orthogonal world
and we will state all of our results for tilting representations.

This is the starting point of our paper. We begin by fixing p = 0 or any prime p ̸= 2. Let F♡
be an infinite field of characteristic p containing

√
−1. Our main results are:

(A) We give a diagrammatic presentation of tilting ON(F♡)-representations using orthogonal
webs. This extends the result of Sartori [ST19] to prime characteristic.

(B) As an application, we give an orthogonal version of the main result of [BEAEO20], i.e. we
describe the semisimplification of tilting ON(F♡)-representations. Here p does not need
to be bigger than N .

A key ingredient in our proofs is Howe’s orthogonal duality in prime characteristic [AR96].
Before coming to the main body of the paper we now explain our results in more detail.
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1.2. What we prove

A closed orthogonal pre-web is a trivalent graph with edges labeled with integers {1, . . . , N}
such that we have k, l and k+l around every trivalent vertex. A closed orthogonal web is a planar
embedding of a closed orthogonal pre-web such that each point of intersection is a crossing in the
usual sense. As usual in diagrammatic algebra, cutting these graphs open and putting them into
a strip with bottom and top boundary points gives a way to define morphisms, called orthogonal
webs, in a monoidal category. Here are two examples, the left one being closed:

1
1

1

1

,

1 1 22 2

2 2

Notation 1.2. If in this or other illustrations an edge is not labeled, then its label is determined
by other labels and we omitted it to avoid clutter.

Orthogonal webs form a combinatorial and topological category akin to the Temperley–Lieb
calculus and Yamada’s webs. Let F♡ be as above. Enriching orthogonal webs F♡-linearly and
imposing relations of the form

>N

>N

= 0, k l

k+l

k+l

=
(
k+l
k

)
·

k+l

k+l

, k =
(
N
k

)
, k−a a

l

k

= 0 for k > l,

together with associativity and coassociativity and some additional relations, gives a symmetric
ribbon F♡-linear category WebF♡

(
O(N)

)
, which is the main object under study in this paper.

Precisely, let RepF♡

(
O(N)

)
denote the symmetric ribbon F♡-linear category of finite dimen-

sional ON(F♡)-representations. We show:

Theorem 1.3. There is a fully faithful symmetric ribbon F♡-linear functor

WebF♡
(
O(N)

)
→ RepF♡

(
O(N)

)
,

sending k to the kth exterior power of the vector ON(F♡)-representation. This functor induces
an equivalence of symmetric ribbon (additive) F♡-linear categories between:

(i) The additive idempotent closure of WebF♡
(
O(N)

)
.

(ii) The category of all tilting ON(F♡)-representations.
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With respect to Theorem 1.3 we note:

▶ The result generalizes [ST19, Section 3] to positive characteristic and we get a nice dia-
grammatic calculus.

▶ The characteristic of our ground field is essentially arbitrary, except that we cannot work
in characteristic two (a not surprising restriction for the orthogonal group).

▶ The points (i) and (ii) are the expected caveats in diagrammatic representation theory. Here
we stress that an F♡-linear equivalence of additive F♡-linear categories is automatically
additive as well, and we will omit the “additive” below.

Let p = ∞ in case the characteristic of F♡ is zero. For a number N ∈ Z⩾0 let Ni be the
p-adic digits, i.e. numbers Ni ∈ {0, . . . , p − 1} such that N =

∑
i∈Z⩾0

Nip
i. Finally, we

write TiltF♡
(
O(N)

)
for the category of ON(F♡)-tilting representations, and we use overline to

indicate semisimplifications. Having established Theorem 1.3, we then prove:

Theorem 1.4. There is an equivalence of symmetric ribbon F♡-linear categories

TiltF♡
(
O(N)

) ∼=⊠i∈Z⩾0
TiltF♡

(
O(Ni)

)
,

where ⊠ is Deligne’s tensor product.

The categories TiltF♡
(
O(Ni)

)
appearing in Theorem 1.4 are Verlinde categories, so Theo-

rem 1.4 expresses TiltF♡
(
O(N)

)
in terms of well-known categories.

Remark 1.5. We expect similar results for the symplectic group instead of the orthogonal group.
However, the exterior powers are more complicated in this case, e.g. even in characteristic zero
they are not simple. As a result of this complication, one needs new arguments to identify the
semisimplification in terms of well-known categories.

1.3. How we prove this

Our proof of Theorem 1.3 is, in broad outline, similar to the proof in Cautis–Kamnitzer–Mor-
rison’s paper on type A webs [CKM14]. We will now sketch our approach and also indicate
what the new steps are.
Remark 1.6. To keep things simple in this introduction, we are not precise with the ground rings
and fields: there are no serious issues, but some care needs to be taken. We will give the precise
statements and details in the main body of the paper.

1.3.1 Webs in type A in characteristic zero (known)

We first recall a simplified outline of the Cautis–Kamnitzer–Morrison proof when working
over Q (so q = 1, or as we say later, dequantized). (Technical side note: Their paper con-
siders slN and not glN representations, but it is easy to adapt their arguments to work for glN .)

They consider the following objects connected with the exterior powers Λk := Λk(QN).
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1. A generators and relations algebra, denoted U̇N
Q (glm), which is finite dimensional, semi-

simple, and is equipped with an isomorphism

Φm : U̇N
Q (glm)

∼=−→ EndGLN (Q)

( ⊕
(k1,...,km)
0⩽ki⩽N

Λk1 ⊗ · · · ⊗ Λkm
)
.

2. A full monoidal subcategory of Rep(GLN(Q)), denoted Fund
(
GLN(Q)

)
, with

objects Λk1 ⊗ · · · ⊗ Λkm .

3. A generators and relations monoidal category, denoted Web
(
GLN(Q)

)
, which has ob-

jects (k1, . . . , km), and is equipped with a monoidal functor

Γ : Web
(
GLN(Q)

)
→ Fund

(
GLN(Q)

)
.

Given the above, their proof that Γ is fully faithful proceeds as follows.

(i) Using the generators and relations for the algebra U̇N
Q (glm), they construct an algebra

homomorphism

Ψm : U̇N
Q (glm) −→ EndWeb(GLN (Q))

( ⊕
(k1,...,km)
0⩽ki⩽N

(k1, . . . , km)
)
.

Everything is set up so that Γ ◦Ψm = Φm.

(ii) One of the key features of Ψm is that the Chevalley generators ei, fi, i = 1, . . . ,m − 1,
and their divided powers e(a)i and f

(a)
i , i = 1, . . . ,m− 1, map to ladder shaped diagrams

in the diagrammatic category Web
(
GLN(Q)

)
. This allows them to give a topological

argument, using what they call ladderization of webs, to prove that Ψm is surjective.

(iii) The proof that Γ is fuly faithful uses nothing more than that for all m ⩾ 1, Φm is an
isomorphism, Ψm is surjective, and Γ ◦Ψm = Φm.

1.3.2 Webs in type A integrally (known, with a mild tweak)

Amazingly, this is not the only proof that Γ is fully faithful. Another proof, which avoids
using U̇N

Q (glm) entirely, was found by Elias [Eli15]. Elias’ result also generalized the result
in [CKM14] from Q to Z in the following sense.

There are analogs of the source and target of Γ which can be defined over Z, denoted
by WebZ

(
GL(N)

)
and FundZ

(
GL(N)

)
. The former is easy to define, since any Q-linear

diagrammatic category such that the coefficients of the relations are in Z can be defined over Z.
The definition of FundZ

(
GL(N)

)
is a bit more complicated, but it uses only standard tech-

nology from modular representation theory of reductive algebraic groups, like tilting modules.
In [Eli15], Elias carefully studies these categories and actually proves that Γ is fully faithful
over Z.
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It is a consequence of well-known results about tilting modules that FundZ
(
GL(N)

)
has

torsion free homomorphism spaces which are the same rank as the dimension of the analogous
homomorphism space over Q. In contrast, for WebZ

(
GL(N)

)
it is not at all clear from the

definition that the homomorphism spaces are torsion free. However, it follows from Γ being an
equivalence over Z that the homomorphism spaces in WebZ

(
GL(N)

)
are torsion free and the

same rank as the analogous homomorphism spaces over Q.
Elias’ proof is technically difficult, so let us sketch a potential alternative proof.

Remark 1.7. To the best of our knowledge, the arguments below are new, but were known to
experts. Since we do not provide complete details, the present paper still relies on Elias’ theorem
that Γ is fully faithful over Z.

Cautis–Kamnitzer–Morrison already knew that there was an integral version of the alge-
bra U̇N

Q (glm) [CKM14, Remark, Section 4.1], which we denote by U̇N
Z (glm). A key difference

between U̇N
Q (glm) and U̇N

Z (glm) is that the latter is defined using higher Serre relations, while the
former only needs Serre relations and the higher Serre relations are consequences. It is natural
to try to adapt Cautis–Kamnitzer–Morrison’s proof to work over Z.

Defining theZ analog ofΦm, and proving that it is an isomorphism is a classic result [Don93].
See [BEAEO20, Proposition 4.13] for a modern discussion of this result, which also explains the
connection to diagrammatic algebra. Moreover, the ladderization of webs argument [CKM14,
Theorem 5.3.1] also works over Z, without any changes. Thus, the proof reduces to constructing
a Z analog of Ψm.

We know from working over Q that, in order to have Γ ◦ Ψm = Φm, the generators e
(a)
i

and f
(a)
i have to go to specific ladder shaped diagrams. So we just need to check these diagrams

satisfy the defining relations of U̇Z(glm). However, it is highly nontrivial to directly verify the
higher Serre relations for ladder webs. To the best of our knowledge, this calculation does not
appear in the literature. Filling in this gap, would give an alternative proof of Elias’ result.

On the other hand, Elias’s result that Γ is an equivalence over Z can be used to prove that the
higher Serre relations hold for the ladder web diagrams in WebZ

(
GL(N)

)
, see Lemma 2.19.

1.3.3 Webs for orthogonal groups in characteristic zero (known before)

Following the breakthrough work of Cautis–Kamnitzer–Morrison on webs for GL(N), people
immediately began hunting for the generalization to orthogonal groups. The (arguably) first
result in this direction is the paper [ST19], which although quite subtle in the quantum case
gives the following results over Q.

[ST19] continues to consider exterior powers Λk := Λk(QN), but now as representations
of ON(Q) ⊂ GLN(Q), and studies the following objects related to these exterior powers.

1. A generators and relations algebra, denoted U̇N
Q (so2m), which is finite dimensional, semi-

simple, and is equipped with an isomorphism

Φm : U̇N
Q (so2m)

∼=−→ EndON (Q)

( ⊕
(k1,...,km)
0⩽ki⩽N

Λk1 ⊗ · · · ⊗ Λkm
)
.
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The Chevalley generators for this algebra are ei, fi, i = 1, . . . ,m−1, and em, fm. The alge-
bra U̇N

Q (glm) maps to U̇N
Q (so2m), sending the generators to Chevalley generators

for i = 1, . . . ,m− 1.

2. A full monoidal subcategory of Rep
(
ON(Q)

)
, denoted Fund

(
ON(Q)

)
, with

objects Λk1 ⊗ · · · ⊗ Λkm .

3. A generators and relations monoidal category, denoted Web
(
ON(Q)

)
, which has ob-

jects (k1, . . . , km), and is equipped with a monoidal functor

Γ : Web
(
ON(Q)

)
→ Fund

(
ON(Q)

)
.

Restriction induces a monoidal functor Fund
(
GLN(Q)

)
→ Fund

(
ON(Q)

)
. This is par-

alleled in the definition of orthogonal webs [ST19, Section 3], which are webs forGLN(Q)
along with cups and caps realizing the symmetric form on QN preserved by ON(Q). In
particular, there is a monoidal functor Web

(
GLN(Q)

)
→Web

(
ON(Q)

)
, and we refer

to webs in the image as type A webs. (It is not clear from the definition that this functor is
faithful, but one can show that it is.)

The proof that Γ is fully faithful follows the same outline.

(i) Using the generators and relations for the algebra U̇N
Q (so2m), [ST19] constructs an algebra

homomorphism (denoted Υ in [ST19, Section 6B])

Ψm : U̇N
Q (so2m) −→ EndWeb(ON (Q))

( ⊕
(k1,...,km)
0⩽ki⩽N

(k1, . . . , km)
)
,

such that Γ ◦Ψm = Φm.

(ii) This Ψm still maps Chevalley generators ei, fi, and their divided powers e(a)i and f
(a)
i , to

the same ladder shaped type A web diagrams. Moreover, the Chevalley generators em, fm,
and their divided powers, also map to ladder shaped diagrams. A ladderization of webs
argument then proves Ψm is surjective.

(iii) The proof that Γ is fully faithful uses nothing more than that, for all m ⩾ 1, Φm is an
isomorphism, Ψm is surjective, and Γ ◦Ψm = Φm.

To construct Ψm, one needs to verify that the defining relations for U̇N
Q (so2m) are satisfied

by the ladder webs corresponding to Chevalley generators. Of course, since the type A webs
in Web

(
ON(Q)

)
satisfy type A web relations, and the Chevalley generators ei, fi ∈ U̇N

Q (so2m),
for i = 1, . . . ,m − 1, satisfy the same relations as in U̇N

Q (glm), it suffices to check relations
involving em, fm. The wonderful observation of Sartori, Sartori’s trick, is that this can be done
effortlessly [ST19, Section 3C], thanks to the topological intuition provided by the diagrammatic
description of Web

(
ON(Q)

)
.
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1.3.4 Webs for orthogonal groups integrally (new)

In section 3, we define the orthogonal web category over Z and establish its connection to the
familiar orthogonal web category in subsubsection 1.3.3 after base changing to Q. We prove
Theorem 1.3 by combining various results to establish Z analogs of everything above.
Remark 1.8. Up to this point we have just been discussing motivation for the present work (al-
though the ideas discussed in Remark 1.7 were new). For the rest of the introduction, the results
are new (excluding the discussion about semisimplification in type A subsubsection 1.3.5). The
new results are nontrivial, but can still be accomplished efficiently, and can be grouped into two
classes.

On the one hand, the technical results like (a) and (c) below do not to our knowledge appear in
the literature. For comparison, in type A, the analogous technical results were well-established
prior to the study of the corresponding web categories.

On the other hand, many of the arguments in the present paper involve generators and rela-
tions checks, or ladderization arguments, the key steps of which have appeared in prior papers.
Thus, our main task is to carefully “piece things together.” Indeed, a central and new observation
of this paper is that this approach works.

1. In section 2, we combine results of [Tak83] and [Lus10] to establish that U̇N
Z (g) has a

generators and relations presentation.

2. In section 4, we construct a Z analog of Φm : U̇Z(so2m)→ FundZ
(
O(N)

)
and establish

that it is an isomorphism. The existence of such an isomorphism was proven in [AR96], but
in order to guarantee thatΦm is compatible with our web diagrammatics, i.e. Γ◦Ψm = Φm,
we provide more details.

3. In subsection 7.2, we provide background on tilting modules for the disconnected
group O(N), over F♡. This is inspired by [AHR20]. We use these results to define and
understand FundF♡

(
O(N)

)
.

4. In subsection 5.1, we construct Γ : WebZ
(
O(N)

)
→ FundZ

(
O(N)

)
. We then use Elias’

results on type A webs over Z to prove that the relations for the divided power Chevalley
generators in U̇N

Z (glm) are satisfied by the ladder webs in WebZ
(
GL(N)

)
.

5. In subsection 3.2, we establish the existence of Ψm : U̇Z(so2m) → WebZ
(
O(N)

)
, a Z

analog of Ψm from subsubsection 1.3.3, by checking that the relations satisfied by divided
power Chevalley generators in the presentation of U̇A♡(so2m) are satisfied by the ladder
webs in WebZ

(
O(N)

)
. This uses that we know the relations for e(a)i , f

(a)
i are satisfied

by type A ladder diagrams, and the observation that Sartori’s trick to establish relations
between orthogonal ladder diagrams work in an identical manner over Z.

6. The exact same ladderization argument for orthogonal webs over Q still works over Z, this
establishing surjectivity of Ψm.
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Remark 1.9. Everything above about type A webs has a quantum analog [CKM14, Eli15, LT21,
Bru25]. However, even in characteristic zero, the quantum analog of [ST19] does not describe
the monoidal category of representations of quantum ON(Q). This is because the orthogonal
quantum skew Howe duality in [ST19] is for the pair U ′

q(ON)-Uq(so2m), where U ′
q(ON) is not a

Drinfeld–Jimbo quantum group. The nonstandard quantum groupU ′
q(ON) is not a Hopf algebra,

but is a quantum symmetric pair, i.e. a coideal algebra inside the Drinfeld–Jimbo quantum
group Uq

(
GL(N)

)
.

Later, the web category for the Drinfeld–Jimbo quantum group Uq

(
O(N)

)
was constructed

in [BW23], which proves an equivalence between quantum analogs of Web
(
ON(Q)

)
and

also Fund
(
ON(Q)

)
. This works only in characteristic zero when q is generic and does not

use Howe duality, since the q-Howe duality for the pair Uq(ON)-U ′
q(so2m) has not been studied.

1.3.5 Semisimplification in type A (known)

Let p be a prime. The results above about type A webs over Z can be base changed to give an
equivalence

WebFp

(
GL(N)

)
→ FundFp

(
GL(N)

)
.

Taking the idempotent closure of FundFp

(
GL(N)

)
, i.e. including all direct summands as ob-

jects, yields the category of tilting modules TiltFp

(
GL(N)

)
.

As before, we count p = 0 as p = ∞ for the remainder of the introduction. The category
of tilting modules has a unique semisimple monoidal quotient by the negligible ideal. The ir-
reducible objects in the semisimple quotient correspond to the indecomposable tilting modules
with nonzero dimension modulo p. When p ⩾ N , this category is well-studied under the name
Verlinde category.

A consequence of main Theorem in [BEAEO20] is that for any p, this semisimplified tilting
module category for GL(N) is equivalent to a tensor product of Verlinde categories for GL(Ni)
where Ni is the pith term in the p-adic decomposition of N . Having established the connection
between type A webs and tilting modules, their argument can be summarized as follows.

1. The tensor product of Verlinde categories for GL(Ni) is identified with a quotient of
the colored oriented Brauer category [BEAEO20, Lemma 3.3]. The colored oriented
Brauer category also maps to the semisimplification of WebFp

(
GL(N)

)
[BEAEO20,

Equation 3.4].

2. A general argument about semisimplification [BEAEO20, Lemma 2.6], along with some
facts about exterior powers in characteristic p [BEAEO20, Lemma 3.4], reduces the cl-
aimed equivalence to showing that the functor from the colored oriented Brauer category
to the semisimplification of the type A web category is full.

3. Motivated by a connection between endomorphism algebras of permutation modules for
symmetric groups and type A webs, they find a spanning set of what they call chicken foot
diagrams in WebFp

(
GL(N)

)
[BEAEO20, Section 4], which we call few-to-many-to-few

(fmf) diagrams.
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4. They prove fullness by showing that the only fmf diagrams which can survive in the the
semisimple quotient are in the image of the functor from the colored oriented Brauer cat-
egory [BEAEO20, Lemma 4.16 and Theorem 4.17].

1.3.6 Semisimplification for orthogonal groups (new)

When p > 2, there is an analog of tilting modules forO(N), see section 7 (for the potentially first
exposition of this). As before, when p > N , the semisimplification of this category is a well-
understood Verlinde category for O(N). For p < N , the semisimplification was not studied
previously in the literature.

Upon establishing the connection between orthogonal webs and tilting modules in Theo-
rem 1.3, we spend section 6 proving Theorem 1.4, that the semisimplification of tilting modules
of TiltFp

(
O(N)

)
is a tensor product of Verlinde categories for O(Ni), where again Ni is the pith

term in the p-adic expansion of N . Our arguments mirror the argument in [BEAEO20].

1. We recall the colored Brauer category (no orientation) in subsection 6.2. We relate its
semisimple quotient to the tensor product of O(Ni) Verlinde categories in Lemma 6.20,
and to WebFp

(
O(N)

)
, see Proposition 6.10 and Lemma 6.25.

2. In subsection 6.4, we use the exact same general arguments about semisimplification and
exterior powers in characteristic p to reduce the desired equivalence to showing that the
functor from the colored Brauer category to the semisimplification of the orthogonal web
category is full.

3. Although there is no longer a connection between something like permutation modules
of Brauer diagrams and orthogonal webs, we draw inspiration from the type A chicken
foot diagrams and in subsection 6.3, we find an analogous spanning set of fmf diagrams
in WebFp

(
O(N)

)
in Proposition 6.17.

4. We deduce fullness by using Lemma 6.24 to argue that the only fmf diagrams which can
be nonzero in the quotient are in the image of the functor from the colored Brauer category.

All of this is new and requires some careful analysis of tilting modules for orthogonal groups
which appears in subsection 7.2.

2. Idempotented algebras and type A webs

In this section, we present a mix of well-known material and new, though expected (and well-
known to experts), observations such as a presentation of U̇N

Z (g) and Lemma 2.18.

2.1. Idempotent version of divided powers form

Notation 2.1. In this section (and in some sections below) we letA = Z and notA♡ = Z[1
2
,
√
−1]

as in e.g. section 3. Note that the field of fractions of A is Q. We can go from A to A♡ by scalar
extension, and this is how we use the results in this section in the rest of the paper.
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Let g be a semisimple Lie algebra. Write ZΦ for the associated root lattice and X for the
integral weight lattice. Fix a choice of simple roots ∆. We consider the universal enveloping
algebra UQ = UQ(g), viewed as a Q-algebra, which has a generators and relations presentation
called the Serre presentation. In this section we recall a presentation of the idempotented A-
form U̇A of UQ which is similar in spirit.
Remark 2.2. The main result of this section, the presentation in Lemma 2.9, is well-known but
difficult to find explicitly spelled out. So we decided to give details how to get it.

Definition 2.3. The divided power algebra UA = UA(g) (for UQ) is the A-subalgebra of UQ

generated by e
(a)
α , f (b)

α , and
(
hα

c

)
for all α ∈ ∆, and a, b, c ∈ Z⩾0.

Fix formal variables t and u and define elements in UA[[t, u]] by

eα(u) =
∑
i⩾0

e(i)α ui, fα(u) =
∑
i⩾0

f (i)
α ui, hα(u) =

∑
i⩾0

(
hα

i

)
ui,

and similarly with t in place of u.

Lemma 2.4. As an A-algebra UA has a presentation with generators e
(a)
α , f (b)

α , and
(
hα

c

)
for

all α ∈ ∆, and a, b, c ∈ Z⩾0, and relations

e(0)α = f (0)
α =

(
hα

0

)
= 1 for all α ∈ ∆, (2.1)

hα(t)hα(u) = hα(t+ u+ tu) for all α ∈ ∆,

hα(t)hβ(u) = hβ(u)hα(t) for all α, β ∈ ∆,

hα(t)eβ(u) = eβ
(
(1 + t)α

∨(β)u
)
hα(t) for all α, β ∈ ∆,

hα(t)fβ(u) = fβ
(
(1 + t)−α∨(β)u

)
hα(t) for all α, β ∈ ∆,

(2.2)

{eα(t)eα(u) = eα(t+ u), fα(t)fα(u) = fα(t+ u) for all α ∈ ∆, (2.3){
eα(t)fα(u) = fα

(
u

1+tu

)
hα(tu)eα

(
t

1+tu

)
for all α ∈ ∆, (2.4)

{eα(t)fβ(u) = fβ(u)eα(t) for all α ̸= β ∈ ∆, (2.5)
∑

p+r=n

(−1)re(p)α e
(m)
β e(r)α = 0 whenever n > −m · α∨

i (β) and α ̸= β ∈ ∆,

∑
p+r=n

(−1)rf (p)
α f

(m)
β f (r)

α = 0 whenever n > −m · α∨
i (β) and α ̸= β ∈ ∆.

(2.6)

The relations are interpreted as equalities in UA[[t, u]].

Proof. This is [Tak83, Corollary 5.2].

The rather trivial relation Equation 2.1 is listed for completeness only.
We define the idempotented (universal enveloping) algebra as in [Lus10, Section 23.1]. Note

that this idempotented algebra is not unital.
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Definition 2.5. Given K, L ∈ X , set

LUK
Q = UQ

/(∑
α∈∆

(
hα − α∨(L)

)
UQ +

∑
α∈∆

UQ
(
hα − α∨(K)

))
,

and let 1K be the image of 1 under the canonical projection UQ ↠ KUK
Q. Define the idempotented

enveloping algebra as

U̇Q =
⊕
L,K∈X

LUK
Q.

We consider U̇Q as an idempotented Q-algebra with multiplication inherited from UQ.

Analogous to Definition 2.3 we define:

Definition 2.6. The divided power idempotented algebra U̇A (for U̇Q) is the A-subalgebra of U̇Q

generated by e
(a)
α 1K, f (a)

α 1K for all α ∈ ∆, a ∈ Z⩾0, and K ∈ X .

Let and n = n+ and n− be the spans of the positive and negative root spaces. Let B
denote the canonical basis for U+

Q = UQ(n), see e.g. [Lus10, Part IV]. There is an isomor-
phism U+

Q
∼= U−

Q = UQ(n−), denoted u+ = u 7→ u−, which is determined by eα 7→ fα for
all α ∈ ∆.

Lemma 2.7. We have

U̇A =
⊕

b1,b2∈B,K∈X

A · b−1 1Kb+2 ,

and the structure constants for the basis B are in A, i.e. x · y ∈ A · B for x, y ∈ B.

Proof. This is [Lus10, Section 23.2.2].

We have seen two procedures for extening enveloping algebras: adding idempotents and
adding divided powers. The divided power idempotented algebra is defined by adding divided
powers to the idempotented algebra. Next, we study adding divided powers first, and then adding
idempotents.

Definition 2.8. Given K, L ∈ X , set

LVK
A = UA

/( ∑
α∈∆,i∈Z⩾0

((
hα

i

)
−
(
α∨(L)

i

))
UA +

∑
α∈∆,i∈Z⩾0

UA
((

hα

i

)
−
(
α∨(K)

i

)))
and let 1K be the image of 1 under the canonical projection VA ↠ KVK

A. Define the idempotented
divided power algebra to be

V̇A =
⊕
K,L∈X

LVK
A.

Similarly as before, we consider V̇A as an idempotented A-algebra with multiplication inherited
from VA.
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Lemma 2.9. As an A-algebra V̇A has a presentation as an idempotented agebra with genera-
tors e(a)α 1K and f

(a)
α 1K, for all K ∈ X , α ∈ ∆, and a, b ∈ Z⩾0, and relations{

1K1L = δK,L1K, e(0)α 1K = 1K, f (0)
α 1K = 1K, (2.7){

e(a)α e(b)α 1K =
(
a+b
a

)
e(a+b)
α 1K, f (a)

α f (b)
α 1K =

(
a+b
a

)
f (a+b)
α 1K for all α ∈ ∆, (2.8)e(a)α f (b)

α 1K =
∑
x∈Z⩾0

(
α∨(K)+a−b

x

)
f (b−x)
α e(a−x)

α for all α ∈ ∆, (2.9)

{
e(a)α f

(b)
β 1K = f

(b)
β e(a)α 1K for all α ̸= β ∈ ∆, (2.10)

∑
p+r=n

(−1)re(p)α e
(m)
β e(r)α 1K = 0 whenever n > −m · α∨

i (β) and α ̸= β ∈ ∆,∑
p+r=n

(−1)rf (p)
α f

(m)
β f (r)

α 1K = 0 whenever n > −m · α∨
i (β) and α ̸= β ∈ ∆.

(2.11)

Proof. This follows from Lemma 2.4. The match between the relations is Equation 2.2 ↭
Equation 2.7, Equation 2.3↭ Equation 2.8, Equation 2.4↭ Equation 2.9, Equation 2.5↭
Equation 2.10, Equation 2.6↭ Equation 2.11.

The following gives the promised presentation:

Proposition 2.10. There is an isomorphism of A-algebras η : V̇A → U̇A such that
e
(a)
α 1K 7→ e

(a)
α 1K and f

(a)
α 1K 7→ f

(a)
α 1K.

Proof. Thanks to Lemma 2.9, V̇A has a generators and relations presentation, so the existence
of η is a (omitted) relations check. Surjectivity is then immediate. We show η is injective. Let
PBW be the A-basis of U̇A from [Lus10, Section 23.2.1]. By the same arguments as in [Lus10],
the preimage η−1(PBW) is an A-spanning set of V̇A. Since PBW is an A-basis, it follows
that η−1(PBW) is A-linearly independent. Thus, η sends an A-basis to an A-basis and is there-
fore an A-isomorphism.

Notation 2.11. We use η from Proposition 2.10 to identify V̇A with U̇A. Thus, we are justified
to only refer to U̇A.

For certain results about Howe duality below, we need to pass from a semisimple Lie algebra
to a reductive Lie algebra, namely the general linear group. For U̇A(glN), this combines the
definition of U̇q(glN) in [CKM14, Section 4.1] with the higher Serre relations (2.11). A more
sophisticated approach could be developed using [Tak83, Theorem 5.1], but we do not pursue it
in this paper.

2.2. A quick recap on type A webs

The following is a condensed reformulation of the webs from [CKM14].
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Notation 2.12. We specify our categorical conventions:

1. All of our categories are strict as rigid or pivotal categories, and so are functors between
them. On the representation theoretical side we silently use the usual strictification the-
orems, e.g. [ML98, VII.2] and [JS93, Theorem 2.5], to ensure that we are in the strict
setting.

2. We denote by ◦ and ⊗ composition and monoidal structure, respectively.

3. Objects and morphisms are distinguished by font, for example, K denotes an object and f
denotes a morphism. For example, we let K = (k1, . . . , kr) = k1 ⊗ . . . ⊗ kr be an object
of our web categories. We also use e.g. L and similar expressions for objects, having the
same meaning.

4. The rigid/pivotal structure is denoted by ∗, the monoidal unit by 1, and identity morphisms
are denoted by 1, e.g. 1K with the notation as in the previous point.

5. We read diagrams from bottom to top and left to right as summarized by:

(1⊗ g) ◦ (f ⊗ 1) = ◦ ◦

⊗

⊗

...

...
...

...

f

g

=
...

......

...

f g

= ◦◦

⊗

⊗

...

...
...

...

g

f

= (f ⊗ 1) ◦ (1⊗ g).

We specify more notation along the way.

Definition 2.13. Let WebA
(
GL(N)

)
denote the monoidal A-linear category ⊗-generated by

objects k ∈ Z⩾0 with 0 = 1 and k∗ = k, and ◦-⊗-generated by morphisms

k l

k+l

: k ⊗ l→ k + l,

k l

k+l

: k + l→ k ⊗ l,

k

k

l

l

: k ⊗ l→ l ⊗ k,

called merge, split, and crossing, subject to the relations ◦-⊗-generated by

>N

>N

= 0,

k l m

k+l+m

=

k l m

k+l+m

,

k l m

k+l+m

=

k l m

k+l+m

,
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k l

k+l

k+l

=

(
k + l

k

)
·

k+l

k+l

,

k

r

l

s

=
∑
a,b⩾0

k−a+b=r

(−1)ab
ba

k

r

l

s

.

These are called, in order, exterior relation, associativity, coassociativity, digon removal, and
(signed) Schur relation. The morphisms of WebA

(
GL(N)

)
are called (integral type A exte-

rior) webs, while diagrams are webs obtained from the generating webs without taking A-linear
combinations.

Lemma 2.14. The following relations hold in WebA
(
GL(N)

)
.

1. The inverse Schur relations:

l

l

k

k

= (−1)kl
∑

b−a=k−l

(−1)k−b

k

l

l

k

b

a
.

2. Square switch relations, also called the E-F -relation of type A:

k

k′

l

l′

b

a
=

∑
x⩾0

(
k′ − l

x

)
k

k′

l

l′

b′

a′

where k′ = k − b+ a, l′ = k − a+ b, a′ = a− x and b′ = b− x.

Proof. The (non-signed) version of these relations are [BEAEO20, 4.26-4.28]. The proof that
these non-signed relations are given in [BEAEO20, Appendix] and can easily be adapted to our
signed case.

Lemma 2.15. The category WebA
(
GL(N)

)
together with the crossings is symmetric. We ad-

ditionally have the following compatibility between crossings and trivalent vertices

k l

k+l

= (−1)kl

l k

k+l

.
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Proof. This can again be proven by adapting proofs from [BEAEO20, Appendix] to our
signed case. To show the category is symmetric one must check the braid relations [BEAEO20,
4.32-4.33] and naturality of the braiding, e.g.

k l

k+l

j

j

=

k l

k+l

j

j

,

[BEAEO20, 4.31]. The claimed additional compatibility is [BEAEO20, 4.30].

We use the following ladder diagrams, indicated as a composition of generators for the first
one, and their shorthand notations E(a)

i and F
(a)
i :

E
(a)
i 1K :=

ki

ki+a

ki+1

ki+1−a
a

=


ki a

ki+a

⊗

ki+1−a

ki+1−a
 ◦


ki

ki

⊗

a ki+1−a

ki+1

 ,

F
(a)
i 1K :=

ki

ki−a

ki+1

ki+1+a

a
,

(2.12)

where one acts on the ith and (i+ 1)th entry, and the rest is the identity.

Lemma 2.16. The E-F relations and the type A Serre relations hold in WebA
(
GL(N)

)
, that

is, for all a ∈ Z⩾0:

EiFi1K = FiEi1K + (Ki−1 + Ki −N) · 1K,
EiFj1K = FjEi1K if i ̸= j,

a! · E(a)
i 1K = Ea

i 1K, EiEj1K = EjEi1K if |i− j| ≠ 1,

2 · EiEjEi1K = E2
i Ej1K + EjE

2
i 1K if |i− j| = 1.

Similarly for F s.

Proof. See [CKM14, Lemma 2.2.1 and Proposition 5.2.1].

Notation 2.17. We consider U̇A(g) as an A-linear category with the 1K being the objects. In
this convention it suffices to indicate one 1K in a given expression and we will use this below.
The reader unfamiliar with this is referred to [CKM14, Section 4.1].

The following statement is known to experts. However, we are not aware of a proof in the
literature so we give one.
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Lemma 2.18. There is a full A-linear functor

Hgl
A (N,m) : U̇A(glm)→WebA

(
GL(N)

)
such that, in the notation of Equation 2.12,

e
(a)
i 1K 7→ E

(a)
i 1K =

ki

ki+a

ki+1

ki+1−a
a

, f
(a)
i 1K 7→ F

(a)
i 1K =

ki

ki−a

ki+1

ki+1+a

a
. (2.13)

The kernel of this functor is the ideal generated by 1K with at least one entry > N .

Proof. In this proof we also work with Q, the fraction field of A.
Consider an injective A-module map fA : Ar → As, which can be viewed as a matrix

with s rows, r columns, and entries in A. Write cokerA and cokerQ for the cokernel of fA
and Q⊗ fA : Qr → Qs, respectively. The torsion A-submodule of cokerA is the set

T = {c ∈ cokerA|there exists a ∈ A such that a · c = 0}.

Claim in Lemma 2.18. We have cokerA/T ∼= A · cokerQ.

Proof of Claim in Lemma 2.18. There is a homomorphism g : cokerA → resQAcokerQ, defined
by v + im(fA) 7→ 1⊗ v + im(Q⊗ fA). We denote the image by A · cokerQ.

We claim that T ⊂ ker(g). To see this, let t+ im(fA) ∈ T, so there is non-zero a ∈ A such
that a · t = fA(v). Then modulo im(Q⊗ fA) we have

g(t+ im(fA)) ≡ 1⊗ t ≡ a−1 ⊗ a · t ≡ a−1 ⊗ fA(v) ≡ a−1 ·Q⊗ fA(1⊗ v) ≡ 0.

It follows that there is a A-linear map g : cokerA/T→ A · cokerQ.
Since A is a PID, a finitely generated and torsion free A-module is free. Therefore, one

can easily argue that cokerA/T and A · cokerQ are free A-modules. Finally, we observe that
the Q span of A · cokerQ is equal to cokerQ, so rankAA · cokerQ = dimQ cokerQ = s − r.
Also, rankAcokerA/T is less than or equal to s − r. Thus, surjectivity of g implies injectivity
of g and we conclude that g is an isomorphism cokerA/T ∼= A · cokerQ. (Claim)

In [CKM14, Proposition 5.21], it is shown that the assignments in Equation 2.13 determine
a functor

Hgl
Q(N,m) : U̇Q(glm)→WebQ

(
GL(N)

)
.

Restricting this functor to U̇A ⊂ U̇Q we obtain a functor

Hgl
Q(N,m)|U̇A

: U̇A(glm)→WebQ
(
GL(N)

)
.

Let A ·WebQ
(
GL(N)

)
denote the category obtained by the A-span of coefficient-free diagrams

in WebQ
(
GL(N)

)
. The functorHgl

Q(N,m)|U̇A
has image in A ·WebQ

(
GL(N)

)
.
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It follows from [Eli15, Theorem 2.58] that the homomorphism spaces in WebA
(
GL(N)

)
are free and finitely generated A-modules. In particular, the homomorphism spaces are torsion
free.

It is immediate from the generators and relations description of WebA
(
GL(N)

)
that there

is a functor
I : WebA

(
GL(N)

)
→ A ·WebQ

(
GL(N)

)
that sends diagrams to their diagrammatic counterparts in A ·WebQ

(
GL(N)

)
, and therefore is

full. ‘Claim in Lemma 2.18’ implies that I is an equivalence.
The composition

I−1 ◦ Hgl
Q(N,m)|U̇A

: U̇A(glm)→ A ·WebQ
(
GL(N)

)
→WebA

(
GL(N)

)
is the desired functorHgl

A (N,m).
Finally, in (a glm version of) [CKM14, Theorem 5.3.1], the authors argue thatHgl

Q(N,m) is
full by showing any web can be rewritten as a composition of E(a) and F (a) webs. This claim is
still true over A, and thereforeHgl

A (N,m) is full.

Lemma 2.18 implies that the higher type A Serre relations hold in WebA
(
GL(N)

)
. In fact,

as far as we are aware, the following is not entirely explicit in [CKM14] and related literature:
Lemma 2.19. Higher E-F relations and higher type A Serre relations hold in WebA

(
GL(N)

)
,

that is, for all a, b ∈ Z⩾0:

E
(a)
i F

(b)
i 1K =

∑
x∈Z⩾0

(
Ki−Ki+1+a−b

x

)
· F (b−x)

i E
(a−x)
i 1K,

E
(a)
i F

(b)
j 1K = F

(a)
j E

(b)
i 1K if i ̸= j,(

a+b
a

)
· E(a)

i E
(b)
i 1K = E

(a+b)
i 1K, E

(a)
i E

(b)
j 1K = E

(b)
j E

(a)
i 1K if |i− j| ≠ 1,∑

p+r=n

E
(p)
i E

(m)
j E

(r)
i 1K = 0 if |i− j| = 1 and n > m.

Similarly for F s.
Proof. We know that the relation in Equation 2.11 holds in U̇A(glm) by Proposition 2.10. The
claim then follows from applying the functor Hgl

A (N,m) defined in Lemma 2.18 to these rela-
tions.
Example 2.20. The relation EiEi+1Ei = E

(2)
i Ei+1 + Ei+1E

(2)
i , in terms of diagrams, is

ki

2

ki+1 ki+2

=

ki

2

ki+1 ki+2

2

+

ki

2

ki+1 ki+2

2

and E
(a)
i E

(b)
j = E

(b)
j E

(a)
i , for |i − j| > 1 follows from far commutativity illustrated in Nota-

tion 2.12.
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3. Orthogonal diagrammatics

Throughout, our choices of the ground ring for orthogonal groups are:

(i) The ring A♡ = Z[1
2
,
√
−1] for integral results (the appearance of 1

2
is probably not sur-

prising, and see Remark 4.26 for why we need
√
−1). Working integrally means working

over A♡.

(ii) The field F♡ over A♡ whenever we need to avoid torsion. We assume that F♡ is infinite (to
avoid using group schemes).

(iii) The field Q♡ = Q(
√
−1), the fraction field of A♡, whenever we need characteristic zero.

Note that Q♡ is a special case of a field F♡.

Note that we can always scalar extend A♡-linear categories and functors from A♡ to F♡ (and
hence, to Q♡). Our notation to indicate this will be as in the following example:
an A♡-linear functor EGL→O

A♡ : WebA♡
(
GL(N)

)
→ WebA♡

(
O(N)

)
scalar extends to an F♡-

linear functor EGL→O
F♡ : WebF♡

(
GL(N)

)
→WebF♡

(
O(N)

)
.

3.1. Integral orthogonal webs

The category of integral orthogonal (exterior) webs WebA♡
(
O(N)

)
is defined as:

Definition 3.1. Let WebA♡
(
O(N)

)
denote the pivotal A♡-linear category ⊗-generated by ob-

jects k ∈ Z⩾0 with 0 = 1 and k∗ = k, and ◦-⊗-generated by morphisms

k l

k+l

: k ⊗ l→ k + l,

k l

k+l

: k + l→ k ⊗ l,

k

k

l

l

: k ⊗ l→ l ⊗ k,

called merge, split, and crossing, subject to the relations ◦-⊗-generated by the morphisms de-
picted below. To state the relations we display the pivotal structure using caps and cups:

k

1

k

: k ⊗ k → 1,

k

1

k

: 1→ k ⊗ k.

The relations are:

1. The (exterior) type A web relations, exterior relation, associativity, coassociativity, digon
removal, and (signed) Schur relation as depicted in Definition 2.13.
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To state the remaining relations, we recall that we can use the caps and cups to rotate merges
and splits, e.g.:

k k+l

l

=

k k l

l

◦

k l

k+l

k

k

.

2. Circle removal and lollipop relations depicted as

k =

(
N

k

)
, k−a a

l

k

= 0 for k > l.

3. Higher even orthogonal E-F relations depicted as

k

k+a−b

l

l+a−b

a

b

=
∑
x∈Z⩾0

(
k + l −N + a− b

x

)
·

k

k+a−b

l

l+a−b
a−x

b−x
.

The morphisms of WebA♡
(
O(N)

)
are called (integral orthogonal exterior) webs, while dia-

grams are webs obtained from the generating webs without taking A♡-linear combinations. We
also use the notation for objects as in Notation 2.12.

Example 3.2. For l = 0 and k even the lollipop relation becomes

k

k/2

= 0.

The name lollipop relation originates in this picture. The representation theoretical interpretation
of this relation and of the digon removal is a nonsemisimple version of Schur’s lemma which
holds over A♡. Indeed, the reader can compare Lemma 7.52 with the usual well-known results
in the theory, e.g. [APW91, Corollary 7.4] or [AT17, Remark 2.29].

Recall WebA♡
(
GL(N)

)
as in Definition 2.13. The defining relations of WebA♡

(
GL(N)

)
are a subset of those in WebA♡

(
O(N)

)
.
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Definition 3.3. There is a monoidal A♡-linear functor

EGL→O
A♡ : WebA♡

(
GL(N)

)
→WebA♡

(
O(N)

)
sending k to k and diagrams in WebA♡

(
GL(N)

)
to their counterparts in WebA♡

(
O(N)

)
.

In particular, all relations listed in subsection 2.2 hold in WebA♡
(
O(N)

)
as well. We will

use this (mostly) silently throughout.

Proposition 3.4. The functor EGL→O
F♡ is faithful.

Proof. Proven in subsection 5.3.

Remark 3.5. We will not use Proposition 3.4 until we prove it. For now, we are establishing
results needed to prove it.

Recall the notion of a ribbon category from, for example, [EGNO15, Section 8.10]. By
definition, any ribbon category is braided monoidal and pivotal.

Lemma 3.6. The category WebA♡
(
O(N)

)
together with the crossings is symmetric. More-

over, WebA♡
(
O(N)

)
together with this symmetric and pivotal structure is ribbon. We addition-

ally have the Reidemeister I relations:

k

k

=

k

k

=

k

k

.

(Note that being symmetric also implies the Reidemeister II and III relations.)

Proof. Because of Lemma 2.15 and the functor from Definition 3.3, we just need to derive
relations involving the compatibility of cups and caps with the braiding, e.g. the Reidemeister I
relation which can be proven by using

k

k

=

k

k

⇔


kk

=
k k

 ,

and then by applying Lemma 2.14. Note that the naturality of the braiding with respect to the
cups and caps follows from being able to rotate diagrams and the Reidemeister II relation.

Using the Reidemeister I relation from Lemma 3.6, we can derive the following relation.
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Lemma 3.7. The sideways digon relations hold in WebA♡
(
O(N)

)
, that is:

k

k

l =

(
N − k

l

)
·

k

k

.

Proof. Similar argument to [ST19, Lemma 3.5].

For the sake of completeness, we will now make the connection to the dequantized (z = qN

and q = −1 in [ST19, Section 3]) of Sartori’s orthogonal (exterior) webs from [ST19, Section 3].
Remark 3.8. For us Lemma 3.7 is a consequence of the defining relations. In contrast, [ST19,
Definition 3.2] needs to impose this relation due to the lack of pivotality in their setting (the
dequantization of [ST19, Definition 3.2] is however pivotal).

Proposition 3.9. As a symmetric ribbon Q♡-linear category WebQ♡
(
O(N)

)
is equivalent to

Sartori’s orthogonal web category.

Proof of Proposition 3.9. We writeWebS
Q♡

(
O(N)

)
to denote the category in [ST19, Section 3],

but treated as a Q♡-linear category via the specialization z = qN and q = −1.
Then Lemma 3.6 and Lemma 3.7 imply that there is a symmetric ribbon Q♡-linear func-

tor F : WebS
Q♡

(
O(N)

)
→WebQ♡

(
O(N)

)
given by sending the generators of WebS

Q♡

(
O(N)

)
to the diagrams with the same name in WebQ♡

(
O(N)

)
.

An inverse functor can be defined using explosion (note that we work over Q♡ in this proof),
i.e. we define morphisms in WebS

Q♡

(
O(N)

)
by

2k 2k

=
1

k!
·

...

1

1

2k 2k

: 2k ⊗ 2k → 1,

and similarly for thick cups. We can then define a backwards functor
F ′ : WebQ♡

(
O(N)

)
→WebS

Q♡

(
O(N)

)
by sending diagrams to their counterparts in the other

category. If F ′ is a well-defined symmetric ribbon functor, then it is immediate that F and F ′

are inverse functors and we are done.
To see that F ′ is well-defined we first observe that the lollipop relation is a defining relation

in WebS
Q♡

(
O(N)

)
, so it holds in the image of F ′. That the circle removal also holds is a well-

known calculation similar to [RT16, Example 1.5]. Finally, thatF ′ is a symmetric ribbon functor
is immediate.

Remark 3.10. By Proposition 3.9, WebA♡
(
O(N)

)
is philosophically the A♡-linear analog of the

category from [ST19, Section 3], but we changed notation since the notation in [ST19, Section 3]
gives the impression that WebA♡

(
O(N)

)
does not depend on N , but it does.
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3.2. Diagrammatic orthogonal Howe duality

Recall U̇A♡(g) as in subsection 2.1. In this section we will prove the analog of Lemma 2.18,
replacing U̇A♡(glm)→WebA♡

(
GL(N)

)
with U̇A♡(so2m)→WebA♡

(
O(N)

)
.

To simplify notation, we continue to use E
(a)
i and F

(a)
i to denote diagrams as in Equa-

tion 2.12, viewed as diagrams in WebA♡
(
O(N)

)
. In the same spirit we write

e
(a)
i 1K :=

ki

ki+a

ki+1

ki+1+a

a
=


ki a

ki+a

⊗

a ki+1

ki+1+a
 ◦


ki

ki

⊗

a

1

a

⊗

ki+1

ki+1

 ,

f
(a)
i 1K :=

ki

ki−a

ki+1

ki+1−a

a .

(3.1)

Here, for clarity, we illustrated how e
(a)
i is obtained from the generating morphisms.

The relations in the following Lemma hold in WebA♡
(
O(N)

)
. Combined with the rela-

tions we proved among the Ei and Fi, these relations are sufficient to prove that there is a func-
tor U̇Q♡(so2m)→WebQ♡

(
O(N)

)
.

Lemma 3.11. We have the following in WebA♡
(
O(N)

)
.

1. The even orthogonal E-F relations, that is:

eifi1K = fiei1K + (Ki−1 + Ki −N) · 1K,
Eifm1K = fmEi1K and Fiem1K = emFi1K.

2. The even orthogonal Serre relations hold, that is:

eiEj1K = Ejei1K if |i− j| ≠ 1,

2 · eiEjei1K = e2iEj1K + Eje
2
i 1K if |i− j| = 1,

2 · EiejEi1K = E2
i ej1K + Eje

2
i 1K if |i− j| = 1.

Similarly for fs and F s.

Proof. 1. The first relation follows by definition. The others are easy to prove using e.g.
associativity.

2. We leave it as an easy exercise. For hints, compare to [ST19, Lemmas 3.9 to 3.14].
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Using the associativity and bigon relations, it is easy to establish the orthogonal divided
power relations in WebA♡

(
O(N)

)
, that is for all a, b ∈ Z⩾0:

a! · e(a)i 1K = eai 1K and e
(a)
i e

(b)
i 1K =

(
a+b
a

)
· e(a+b)

i 1K,

and similarly for fs. In order to prove there is a functor U̇A♡(so2m) → WebA♡
(
O(N)

)
, it

remains to show the following relations hold.

Lemma 3.12. We have the following in WebA♡
(
O(N)

)
.

1. The higher even orthogonal E-F relations, that is, for all a, b ∈ Z⩾0:

e
(a)
i f

(b)
i 1K =

∑
x∈Z⩾0

(
Ki−1+Ki−N+a−b

x

)
· f (b−x)

i e
(a−x)
i 1K.

2. The higher even orthogonal Serre relations hold

e
(a)
i E

(b)
j 1K = E

(b)
j e

(a)
i 1K if |i− j| ≠ 1,∑

p+r=n

e
(p)
i E

(m)
j e

(r)
i 1K = 0 if |i− j| = 1 and n > m,∑

p+r=n

E
(p)
i e

(m)
j E

(r)
i 1K = 0 if |i− j| = 1 and n > m.

Similarly for fs and F s.

Proof. 1. By definition.

2. We use Sartori’s trick as in [ST19, Sections 3 and 4] to prove all relations inductively by
using sequences of type A relations. The first relation follows easily from far commutativ-
ity in WebA♡

(
O(N)

)
. It is explained in the proofs of [ST19, Lemma 3.13, Lemma 3.14]

that for ladder web diagrams, the remaining two even orthogonal Serre relations are
a consequence of the type A Serre relations. Since the type A web relations hold
in WebA♡

(
O(N)

)
, it follows from Lemma 2.19 that the higher type A Serre relations hold

inWebA♡
(
O(N)

)
as well. Thus, the higher even orthogonal Serre relations follows from a

completely analogous calculation to the proofs of [ST19, Lemma 3.13, Lemma 3.14].

Let I>N be the ◦-⊗-ideal in U̇A♡(so2m) generated by 1K with at least one entry > N .

Proposition 3.13. (Diagrammatic Howe duality.) There is a full A♡-linear functor

Hso
A♡(N,m) : U̇A♡(so2m)→WebA♡

(
O(N)

)
such that Equation 2.13 holds for i ̸= m and also, in the notation of Equation 3.1,

e(a)m 1K 7→ e(a)m 1K =

km−1

km−1+a

km

km+a

a
, f (a)

m 1K 7→ f (a)
m 1K =

km−1

km−1−a

km

km−a

a .

The kernel ofHso
A♡(N,m) contains I>N , and the kernel ofHso

F♡(N,m) is spanned by I>N .
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Proof of Proposition 3.13 excluding the identification of the kernel. To show existence, it fol-
lows from Lemma 2.9 that it suffices to check that the U̇A♡(so2m) relations are satisfied by E

(a)
i ,

F
(a)
i , e(i)m , and f

(i)
m in WebA♡

(
O(N)

)
. The most interesting case is the higher Serre relations,

which hold thanks to Lemma 2.19 (interpreted in WebA♡
(
O(N)

)
) and Lemma 3.12.

To see fullness we can copy [CKM14, Proof of Theorem 5.3.1] as follows. We rewrite

v

v−a

w

w−a

a =

v−a

v−a

a a w−a

w−a

◦


v−a a

v

⊗

a w−a

w

 ,

and similarly for the e(a)m 1Ks. Now apply the strategy in [CKM14, Proof of Theorem 5.3.1].
The statement about containing the ◦-⊗-ideal generated by 1K with at least one entry > N .

follows by construction.

The remaining statement in Proposition 3.13 concerning identification of the kernel will be
proven at the end of subsection 5.3 below.

3.3. Redundancy of some relations

The relations in Definition 3.1.(c) may all be redundant. We were able to prove the following
two lemmas, showing that some of them are redundant.

Lemma 3.14. For a = b = 1, the higher even orthogonal E-F relations become:

k

k

l

l

1

1

= (k + l −N) ·

k

k

l

l

1

1
+

k

k

l

l

. (3.2)

This relation is a consequence of the other (not higher even orthogonal E-F ) relations.

Proof. To see why, observe that the diagram on the left-hand side of Equation 3.2 contains two
merge-split subdiagrams. Applying the (signed) Schur relation to each merge-split results in a
sum of four diagrams. Applying the Reidemeister II relation to one summand results in the ef
diagram on the right hand side of Equation 3.2. Applying circle removal to another summand
results in −N times the identity diagram. Applying Reidemeister I and then sideways digon
relations to the remaining two summands, results in k + l times the identity diagram.

Lemma 3.15. If one only assumes the higher even orthogonal E-F relations for the
values k, l ⩽ min{a, b}, then they follow in general.

Proof. Below we will suppress coefficients and labels to highlight the main steps. We again use
a version of Sartori’s trick.
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The case a = b = 0 is trivial. To see how this can be verified when a = b = 1, see [ST19,
Lemma 3.9]. A similar argument works when min{a, b} = 1. For min{a, b} > 1 we write

= = =
∑∑

coeff · ,

where the third step uses Lemma 2.14.(b). Now, the marked piece in the right-hand diagram is
a higher even orthogonal E-F relation diagram where k, l ⩽ min{a, b}.

Remark 3.16. A similar argument as in the proof of Lemma 3.14 above should work
when min{a, b} = 1. That there is such an argument suggests the higher even orthogonal
E-F relations may follow from the other orthogonal web relations. For example, we convinced
ourselves that the case a = b = 2 also follows from the other relations, and the argument seems
to work in general. However, the calculation was rather complicated, and we were unable to
definitively prove that the relations in Definition 3.1.(c) are redundant.

4. Howe’s action integrally

Let us denote by Λ∗(−) the exterior algebra.

Notation 4.1. To avoid clutter we will omit the ∧ and write xy instead of x ∧ y.

We study the free A♡-module Λ∗(V ⊗ Am
♡ ) for m ⩾ 0, where V is a free A♡-module of

rank rankA♡V = N . Thus, we have two crucial (fixed) numbers N,m ∈ Z⩾1:

(i) N is the rank of the left space in V ⊗Am
♡ , or equivalently as we will see later, the maximal

thickness (of horizontal cuts) of strands in WebA♡
(
O(N)

)
;

(ii) m is the rank of the right space in V ⊗ Am
♡ , or equivalently as we will see later, the total

thickness of strands in WebA♡
(
O(N)

)
.

Here, and throughout, O(N) = O(V ).

Notation 4.2. The notation that we will use for O(N) is adapted to the diagram , if N
is odd, or , if N is even, where we have N nodes.

4.1. An UA♡(so2m)-action on Λ∗(Am
♡ )

We need some notation:
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Notation 4.3. We fix the following.

1. Write [i, j] = {i, i + 1, . . . , j} for i ⩽ j ∈ Z, and □N×m = [1, N ] × [1,m]. In this
notation, N indexes rows and m indexes columns in illustrations.

2. Actions are always left actions.

As before, we specify more notation as we go.

Any basis of Λ∗(V ⊗ Am
♡ ) is indexed by subsets of [1, N ]× [1,m].

Suppose N = 1, and consider the A♡-module Λ∗(V ⊗Am
♡ )
∼= Λ∗(Am

♡ ). Write {x1, . . . , xm}
for the standard basis of Am

♡ . Given a subset S ⊂ [1,m], such that S = {s1, . . . , sk}
and s1 < · · · < sk, we write xS = xs1 . . . xsk , and get the well-known lemma:

Lemma 4.4. The set {xS|S ⊂ [1,m]} is an A♡-basis of Λ∗(Am
♡ ).

As usual, there are differential operators

xi : Λ
∗(Am

♡ )→ Λ∗(Am
♡ ), xS 7→ xi � xS =

{
(−1)|S∩[1,i−1]| · xS∪{i} if i /∈ S,

0 if i ∈ S,

∂i : Λ
∗(Am

♡ )→ Λ∗(Am
♡ ), xS 7→ ∂i � xS =

{
(−1)|S∩[1,i−1]| · xS\{i} if i ∈ S,

0 if i /∈ S.

(4.1)

We have the Leibniz rule xi ◦ ∂j + ∂j ◦ xi = δi,j , as one directly verifies.
Remark 4.5. The operators in Equation 4.1 generate an action of the Clifford algebra

Cl
(
Am
♡ ⊕(Am

♡ )
∗, (−, −)

)
, where (xi, x

∗
j) = δij,

on the spin representation.
Let a, b ∈ {1, . . . ,m}. Consider the operators on Λ∗(Am

♡ ) given by

e−a,b = ∂a ◦ ∂b, eoa,b = xa ◦ ∂b − δa,b
1
2
, e+a,b = xa ◦ xb.

Note that e±a,b = −e
±
b,a and e±a,a = 0.

Definition 4.6. We write

ei = eoi,i+1, fi = eoi+1,i, hi = eoi,i − eoi+1,i+1 for i ∈ [1,m− 1],

em = e+m−1,m, fm = e−m,m−1, hm = eom−1,m−1 + eom,m.

These are called Howe operators for so2m (with so2m = so2m(Q♡)).

Remark 4.7. The name in Definition 4.6 comes from Howe’s discussion on the skew-symmetric
FFT of invariant theory in [How95, Section 4].
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Notation 4.8. Our notation for so2m is adapted to the diagram with m nodes.
In particular, for later use we specify some root conventions. Let ZΦ ⊂

⊕m
i=1 Z

ϵi
2

be the
root lattice for so2m. We choose the simple roots by αi = ϵi − ϵi+1, for i ∈ [1,m − 1],
and αm = ϵm−1 + ϵm. Let X(so2m) ⊂

⊕m
i=1 Z

ϵi
2

be the set of integral weights for so2m.
Then X(so2m)+ =

⊕m
i=1 Zϖi, where

ϖ1 = ϵ1,

ϖ2 = ϵ1 + ϵ2,

...
ϖm−2 = ϵ1 + · · ·+ ϵm−2,

ϖm−1 =
1
2
(ϵ1 + ϵ2 + · · ·+ ϵm−1 − ϵm),

ϖm = 1
2
(ϵ1 + ϵ2 + · · ·+ ϵm−1 + ϵm),

with i ∈ [1,m − 2]. Let moreover W = ⟨s1, . . . , sm⟩ be the Weyl group of so2m generated by
the simple reflections corresponding to our choice of simple roots.

Lemma 4.9. The operators ei, fi and hi act on Λ∗(Am
♡ ) by:

ei � xS =

{
x(S\{i+1})∪{i} if i+ 1 ∈ S, i /∈ S,

0 else,
fi � xS =

{
x(S\{i})∪{i+1} if i ∈ S, i+1 /∈ S,

0 else,

hi � xS =


xS if S ∩ {i, i+ 1} = {i},
−xS if S ∩ {i, i+ 1} = {i+ 1},
0 if S ∩ {i, i+ 1} = ∅ or {i, i+ 1},

em � xS =

{
xS∪{m−1,m} if m− 1,m /∈ S,

0 else,
fm � xS =

{
xS\{m−1,m} if m− 1,m ∈ S,

0 else,

hm � xS =


xS if S ∩ {m,m+ 1} = {m,m+ 1},
−xS if S ∩ {m,m+ 1} = ∅,

0 if S ∩ {m,m+ 1} = {m} or {m+ 1}.

In the first two displays we have i ∈ [1,m− 1].

Proof. Following for example [BT25], a nice way to think about the action is as follows. First, we
imagine a row with m nodes, where each node is empty or filled with one dot. These correspond
to S ⊂ [1,m] by, for example,

S = {1, 5, 6 = m}↭ • • • .

In this notation, the operator xi adds a dot in the ith box, or acts as zero if there is a dot in the
box, up to a factor of −1 for each dot to the left of the ith box. The operator ∂i removes a dot
from the ith box, or acts by zero if the box is empty, up to a factor of −1 for each dot to the left
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of the ith box. Using this notation the lemma is easy to verify, and we only give an example.
For m = 6 and S = {1, 3, 4} we have

em = (xm−1 ◦ xm) � x1x3x4 = x1x3x4x5x6

↭ em � • • • = • • • • • .

All other necessary calculations are similar.

The graphical notation in the above proof is called a dot diagram. We will use these through-
out and identify S with such diagrams.

Example 4.10. Here is an explicit example:

f1 � x{1,5,6} = x{2,5,6}↭ f1 � • • • = • • • , (4.2)

which is a graphical version of the formulas in Lemma 4.9.

The point is that the action in this notation is visually easier to remember. Explicitly, the
action from Lemma 4.9 in this dot diagram notation is as follows.

(i) For i ∈ [1,m − 1] the operators ei and fi move dots rightwards or leftwards, if possible,
and annihilate the diagram otherwise. See Equation 4.2.

(ii) The operators em and fm add or remove dots in the final two columns if possible and
annihilate the diagram otherwise. For example:

f6=m � x{1,5,6} = x{1}↭ f6 � • • • = • .

(iii) The hk operators essentially only add signs in case they find dots in certain spots.

More generally, from subsection 4.2 below we will use dot diagrams for S ⊂ □N×m, where
we have N rows. For example,

N

m • •
• •
• •

↭ S = {(1, 1), (2, 1), (3, 1), (1, 2), (3, 5), (2, 6)}.

One can check that W acts by even-signed permutations on ⊕m
i=1Z ϵi

2
, preserving X(so2m)

set-wise, where the simple reflection generators s1, . . . , sm−1 permute the ϵi and sm scales
the ϵm−1 and ϵm coordinates by −1. The longest element w0 ∈ W acts by

w0(a1, . . . , am−1, am) =

{
(−a1, . . . ,−am−1,−am) if m is even
(−a1, . . . ,−am−1, am) if m is odd.

The action of W by even-signed permutations on {1
2
(±ϵ1,±ϵ2, . . . ,±ϵm)} has two orbits: the

vectors with an odd number of signs and the vectors with an even number of signs. These orbits
are the weight spaces of the UA♡(so2m)-representations∇A♡(ϖm−1) and∇A♡(ϖm), respectively.
The (dual) Weyl representations ∆A♡(−),∇A♡(−) are recalled in section 7 below.
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Remark 4.11. The UA♡(so2m)-representations ∇A♡(ϖm−1) and ∇A♡(ϖm) are minuscule. It fol-
lows that∇A♡(ϖm−1) ∼= ∆A♡(ϖm−1) and∇A♡(ϖm) ∼= ∆A♡(ϖm).

Using the convention that ϖ0 = 0, we see that we have wt so2m(xi) = −ϖi−1 + ϖi − ϖm,
wt so2m(xm−1) = −ϖm−3 +ϖm−2 and wt so2m(xm) = −ϖm−1. In terms of the ϵi basis we have
wt so2m(xi) =

1
2
(−1,−1, . . . ,−1, 1,−1 . . . ,−1,−1) with the 1 in the ith entry. More generally,

if S ⊂ [1,m], then wt so2m(xS) =
∑

i∈S wt so2m(xi), and in the ϵi basis we have 1 in the ith entry
for all i ∈ S. In terms of dot diagrams this reads:

wt so2m(xS) =
1
2

(
d1(S), d2(S), . . . , dm(S)

)
,

where di(S) is 1, if the ith node for the dot diagram for S contains a dot, and −1 otherwise.

Example 4.12. We get

xS = • • • ⇝ wt so2m(xS) =
1
2
(1,−1, 1, 1,−1,−1),

where m = 6 and S = {1, 3, 4}.

Recall the UA♡(so2m)-action on Λ∗(Am
♡ ) from Lemma 4.9. Over C the following is classical,

see for example [How95, Section 4.3] and the discussion leading to that section.

Proposition 4.13. The operators ei, fi and hi, for i ∈ [1,m], give rise to an UA♡(so2m)-action
on Λ∗(Am

♡ ) such that the ith sl2-triple (ei, fi, hi) corresponds to the simple root αi and hi = α∨
i .

Moreover,

Λ∗(Am
♡ )
∼= ∇A♡(ϖm−1)⊕∇A♡(ϖm)

as UA♡(so2m)-representations.

Proof. As recalled in section 7 below, the UA♡(so2m)-representation ∇A♡(λ) specializes to the
simple UQ♡(so2m)-representation LQ♡(λ).

Using Lemma 4.9, one can easily verify that Q♡ ⊗A♡ Λ
∗(Am

♡ )
∼= LQ♡(ϖm−1)⊕ LQ♡(ϖm), as

a UQ♡(so2m)-representation, such that the operators ei, fi, hi correspond to αi. Moreover, the
operators ei, fi, hi preserve the lattice Λ∗(Am

♡ ) and the higher divided powers, e(d)i and f
(d)
i , act

as zero. Thus, UA♡(so2m) acts on Λ∗(Am
♡ ). Analyzing Lemma 4.9, it is easy to see that Λ∗(Am

♡ )
is generated over UA♡(so2m) by the highest weight vectors x1x2 . . . xm−1 and x1x2 . . . xm−1xm.
Indeed, recall that fi acts by moving the ith dot to the i + 1st box (if the i + 1st box is empty),
e.g.

f3 � • • • • = • • • • ,

and fm acts by removing the last two dots (if the last two boxes contain dots), e.g.

f6 � • • • • • = • • • .

Using this one can see that all dot configurations can be generated from the vectors x1x2 . . . xm−1

and x1x2 . . . xm−1xm.
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4.2. Two bases for Λ∗(V ⊗ Am
♡ )

We now consider the general case with arbitrary (but fixed) N ∈ Z⩾1, and a free A♡-module V
of dimension N .

Notation 4.14. Throughout, we let the group O(N) act diagonally on tensor products, as usual.
Moreover, we consider UA♡(so2m) as a Hopf algebra by extending ∆(x) = 1 ⊗ x + x ⊗ 1 for
all x ∈ so2m.

With the structure from Notation 4.14 it follows from Proposition 4.13 that UA♡(so2m) also
acts on Λ∗(Am

♡ )
⊗N ∼= Λ∗(V ⊗ Am

♡ ). Similarly, O(N) acts on Λ∗(V )⊗m ∼= Λ∗(V ⊗ Am
♡ ). We

will use these two actions below.

Lemma 4.15. The UA♡(so2m)-representation Λ∗(V ⊗ Am
♡ ) has a filtration by Weyl representa-

tions, and a filtration by dual Weyl representations.

Proof. Directly from Proposition 4.13, Remark 4.11 and Remark 7.1.

The following classical fact, which can be compared with [How95, Section 4.3] again, is
fundamental to what follows. We prove this result in subsection 5.1 by identifying the action
of ei and fi as compositions of tensor products of O(N) intertwiners.

Proposition 4.16. (Howe’s actions integrally.) The actions of O(N) and UA♡(so2m)
on Λ∗(V ⊗ Am

♡ ) commute. Thus, Λ∗(V ⊗ Am
♡ ) is an O(N)-UA♡(so2m)

op-birepresentation.

Remark 4.17. We have two left actions, and thus we need an op in Proposition 4.16.
We now specify explicit isomorphisms

Λ∗(V )⊗m ∼= Λ∗(V ⊗ Am
♡ ) and Λ∗(Am

♡ )
⊗N ∼= Λ∗(V ⊗ Am

♡ ),

see Lemma 4.22 below.
Write V =

⊕N
i=1 A♡ · vi. Given, (i, j) ∈ □N×m, write

wi,j = vi ⊗ xj ∈ Λ∗(V ⊗ Am
♡ ).

Definition 4.18. Let S ⊂ □N×m. We will consider two orderings of □N×m, horizontal or row
reading and vertical or column reading:

(1, 1) <h (1, 2) . . . <h (1,m) <h (2, 1) <h (2, 2) <h . . . <h (N,m− 1) <h (N,m),

(1, 1) <v (2, 1) . . . <v (N, 1) <v (1, 2) <v (2, 2) <v . . . <v (N − 1,m) <v (N,m).

Suppose thatS={(i1, j1)<h· · ·<h(ik, jk)} and, at the same time, S={(i′1, j′1)<v· · ·<v(i
′
k, j

′
k)}.

Define

wh
S = wi1,j1 . . . wik,jk , wv

S = wi′1,j
′
1
. . . wi′k,j

′
k
, (4.3)

as the given elements of Λ∗(V ⊗ Am
♡ ).
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Essentially by definition we get:

Lemma 4.19. The sets {wh
S|S ⊂ □N×m}, {wv

S|S ⊂ □N×m} are A♡-bases of Λ∗(V ⊗Am
♡ ).

There are projections πh : □N×m → [1,m] and πv : □N×m → [1, N ]. Write Si = π−1
h ({i})

to denote the subset of S which projects to i under πh and jS = π−1
v ({j}) to denote the subset

of S which projects to j under πv. Note that
∐N

i=1 iS = S =
∐m

j=1 Sj .

Example 4.20. In dot diagram notation, now with an N -by-m rectangle, the elements in Equa-
tion 4.3 are simply given by reading along columns or rows, e.g.:

first entry

second entry • •
• •
• •

↭

{
wh

S = w1,1w1,2w2,1w2,6w3,1w3,5,

wv
S = w1,1w2,1w3,1w1,2w3,5w2,6.

Here (N,m) = (3, 6). Moreover, we have

S1 = {(1, 1), (2, 1), (3, 1)}, S2 = {(1, 2)}, S5 = {(3, 5)}, S6 = {(2, 6)},
1S = {(1, 1), (1, 2)}, 2S = {(2, 1), (2, 6)}, 3S = {(3, 1), (3, 5)},

and all other of these sets are empty. In other words, the sets iS and Sj are row and column
reading projections.

The following lemma is easy and omitted:

Lemma 4.21. The set {vT |T ⊂ [1, N ]} is an A♡-basis of Λ∗(V ).

Lemma 4.22. Horizontal and vertical reading give isomorphisms of free A♡-modules by

ϕh : Λ
∗(V ⊗ Am

♡ )→ Λ∗(Am
♡ )

⊗N , wh
S 7→ xπh(1S) ⊗ . . .⊗ xπh(NS),

ϕv : Λ
∗(V ⊗ Am

♡ )→ Λ∗(V )⊗m, wv
S 7→ vπv(S1) ⊗ . . .⊗ vπv(Sm).

Proof. We combine Lemma 4.4 and Lemma 4.21.

In identifications we fix the isomorphisms in Lemma 4.22.

Example 4.23. Let N = 4, m = 4, and S = {(2, 1), (3, 1), (1, 2), (3, 2), (4, 2), (2, 4)}. Then:

S =

•
• •
• •
•

,

{
wh

S = w(1,2)w(2,1)w(2,4)w(3,1)w(3,2)w(4,2)
ϕh7−→ x2 ⊗ x1x4 ⊗ x1x2 ⊗ x2,

wv
S = w(2,1)w(3,1)w(1,2)w(3,2)w(4,2)w(2,4)

ϕv7−→ v2v3 ⊗ v1v3v4 ⊗ 1⊗ v2.
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1

2 2

3 3

4

=

2

1 4

1 2

2

v2v3 v1v3v4 v2

x2

x1x4

x1x2

x2

↭

x2 ⊗ x1x4 ⊗ x1x2 ⊗ x2

and
v2v3 ⊗ v1v3v4 ⊗ 1⊗ v2.

We have also illustrated how to get the expression for wv
S and wh

S on the bottom and right, re-
spectively. Note that wh

S = −wv
S .

Let σv
h(S) be the permutation that sends the ordered set {(i1, j1), . . . , (ik, jk)} to the ordered

set {(i′1, j′1), . . . , (i′k, j′k)}. Let ℓ denote its length.

Lemma 4.24. We have wh
S = (−1)ℓ(σv

h(S)) · wv
S .

Proof. Directly from the signed commutation rules of the exterior algebra.

4.3. Two explicit actions on Λ∗(V ⊗ Am
♡ )

Each of the two bases {wv
S} and {wh

S} for Λ∗(V ⊗ Am
♡ ) are adapted to the action by O(N)

and UA♡(so2m), respectively. We describe these actions now. The two actions commute, see
Proposition 4.16.

4.3.1 The O(N)-action

The group O(N) acts naturally on Λ∗(V )⊗m and on the exterior algebra Λ∗(V ⊗ Am
♡ )

of V ⊗ Am
♡
∼= V ⊕ · · · ⊕ V . Fixing this O(N)-action we have:

Lemma 4.25. The map ϕv intertwines the O(N)-action on Λ∗(V ⊗ Am
♡ ).

Proof. A direct check.

Remark 4.26. There are two common choices of symmetric bilinear form when defining O(N).
These have Gram matrices either the diagonal or the antidiagonal. Since

√
−1 ∈ A♡ one can

prove that these two forms are equivalent.
We define another basis for V , such that (−, −) will have antidiagonal Gram matrix with

respect to the new basis.

Definition 4.27. For i ∈ {1, . . . , n}, define

ai = vi −
√
−1 · vN−i+1, bi =

vi +
√
−1 · vN−i+1

2
, and

u = vn+1 if N = 2n+ 1.

(Note that we define u only if N is odd.)
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For i ∈ {1, . . . , n} we can express the vi basis in terms of this new basis as

vi =
ai + 2 · bi

2
, vN−i+1 =

√
−1 · ai − 2 · bi

2
, and

vn+1 = u, if N = 2n+ 1.

Lemma 4.28. The pairing (vi, vj) = δij gives

(ai, bi) = 1 = (bi, ai) = (u, u),

while all other pairings of basis vectors ai, bj and u vanish.

Proof. A routine calculation.

Definition 4.29. Let the split torus T ⊂ SO(N) be the diagonal matrices in SO(N) ⊂ O(N)
with respect to the basis in Definition 4.27.

The group T is the subgroup generated by operators α∨
ϵi
(t) ∈ SO(N), for i ∈ {1, . . . , n},

determined by the action α∨
ϵi
(t) � aj = t(ϵi,ϵj) · aj , α∨

ϵi
(t) � bj = t(ϵi,−ϵj) · bj and α∨

ϵi
(t) � u = u.

Remark 4.30. The action of T in the vi basis is now easily computed, for example:

α∨
ϵ1
(t) � v1 =

t+ t−1

2
· v1 −

√
−1 · t− t−1

2
· vN .

This action of T in the vi basis is not as easy to work with for our purposes, which is the reason
we introduce the new basis.

Definition 4.31. Let σ ∈ O(N) be the following element determined by its action.

1. If N = 2n+ 1, then σ ∈ O(N) acts on V by

σ � ai = ai, σ � bi = bi, σ � u = −u.

2. If N = 2n, then σ ∈ O(N) acts on V by

σ � ai = ai, σ � bi = bi, σ � aN = 1
2
· bN , σ � bN = 2 · aN .

Here i ∈ {1, . . . , n− 1}.

Note that conjugation by σ preserves SO(N) and induces an automorphism of soN , which
agrees with the automorphism, also denoted by σ, defined in Definition 7.15
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4.3.2 The UA♡(so2m)-action

Definition 4.32. Using the isomorphism ϕh and the action of UA♡(so2m) on Λ∗(Am
♡ )

⊗N from
Notation 4.14, we can define an action of UA♡(so2m) on Λ∗(V ⊗ Am

♡ ) by

u � w = ϕ−1
h

(
u � ϕh(w)

)
,

for all u ∈ UA♡(so2m) and w ∈ Λ∗(V ⊗ Am
♡ ).

Notation 4.33. For S ⊂ □N×m, write dj(S) =
∑N

i=1 dj(iS) for j ∈ [1,m]. That is dj(S) is
equal to the number of boxes in the jth column with a dot minus the number of boxes in the jth
column without a dot.

Example 4.34. For the dot diagram

S =

•
• •
• •
•

⇝ d1 = 2− 2 = 0, d2 = 3− 1 = 2, d3 = 0− 4 = −4, d4 = 1− 3 = −2,

where di = di(S).

Lemma 4.35. The following defines a UA♡(so2m)-action on Λ∗(V ⊗ Am
♡ ):

ej � w
h
S =

∑
1⩽i⩽N

(i,j+1)∈S
(i,j)/∈S

wh
(S\{(i,j+1)})∪{(i,j)}, fj � w

h
S =

∑
1⩽i⩽N
(i,j)∈S

(i,j+1)/∈S

wh
(S\{(i,j)})∪{(i,j+1)},

em � w
h
S =

∑
1⩽i⩽N

(i,m−1)/∈S
(i,m)/∈S

wh
S∪{(i,m−1),(i,m)}, fm � w

h
S =

∑
1⩽i⩽N

(i,m−1)∈S
(i,m)∈S

wh
S\{(i,m−1),(i,m)},

hk � w
h
S = α∨

k

(
1
2

(
d1(S), . . . , dm(S)

))
· wh

S,

for j ∈ [1,m− 1] and k ∈ [1,m].

Proof. Using the definition of ϕh, this follows from the description of the UA♡(so2m)-action
on Λ∗(Am

♡ )
⊗N in Notation 4.14. In fact, ϕh is designed so that this lemma is true.

More explicitly, in dot diagrams the action is row-wise. For example,

f1 �

• •
• •
• •

=

• •
• •

• •
+

• •
• •
• •

,

which is the rule for rows as exemplified in Equation 4.2 plus the coproduct.
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4.4. Semisimple Howe duality

For the following semisimple Howe duality we recall that ΛO(N)
+,⩽m denotes the set of m-restricted

dominant O(N)-weights, cf. Appendix A, which index the simple O(N)-representations (as
well as Weyl and indecomposable tilting representations). Moreover, below we will give a com-
binatorial map †, again defined later in Appendix A, that takes a dominant O(N)-weight and
produces a dominant so2m-weight. The following is our version of [How95, Section 4.3.5]:

Proposition 4.36. (Semisimple Howe duality.) As an O(N)-UQ♡(so2m)
op-birepresentation we

have:

Q♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ )
∼=

⊕
λ∈ΛO(N)

+,⩽m

LQ♡(λ)⊠ LQ♡(λ
†).

Proof. The key ingredient is the result Proposition 4.16, which makes the question about
a O(N)-UQ♡(so2m)

op-birepresentation decomposition of Λ∗(V ⊗Am
♡ ) well-defined, and charac-

ter calculations in the spirit of Howe’s original construction.
In more details, let λ ∈ Λ

O(N)
+,⩽m. By Lemma A.28, Remark A.29, and Definition A.34, it

follows from complete reducibility that
⊕

λ∈ΛO(N)
+,⩽m

LQ♡(λ) ⊠ LQ♡(λ
†) is isomorphic to a direct

summandQ♡⊗A♡Λ
∗(V ⊗Am

♡ ). The claim then follows from the character calculation in [How95,
Section 4.3.5] or [AR96, Proposition 3.2].

Let Π⩽Nm,+ denote the set of N -restricted dominant so2m-weights, specified in Appendix A.

Proposition 4.37. We have

dimF♡ EndO(V )

(
F♡ ⊗A♡ Λ

∗(V ⊗ Am
♡ )

)
=

∑
λ∈ΛO(N)

+,⩽m

(
dimQ♡ LQ♡(λ

†)
)2
=

∑
K∈Π⩽N

m,+

(
dimQ♡ LQ♡(K)

)2
.

Proof. Using that F♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ ) is a tilting representations for both actions, as follows
from Lemma 4.15, and Lemma 7.47, a standard argument, similar to [AST17, Proposition 2.3],
yields

dimF♡ EndO(V )

(
F♡ ⊗A♡ Λ

∗(V ⊗ Am
♡ )

)
= dimQ♡ EndO(V )

(
Q♡ ⊗A♡ Λ

∗(V ⊗ Am
♡ )

)
Therefore, Proposition 4.36 implies

dimF♡ EndO(V )

(
F♡ ⊗A♡ Λ

∗(V ⊗ Am
♡ )

)
=

∑
λ∈ΛO(N)

+,⩽m

(
dimQ♡ LQ♡(λ

†)
)2
,

and the final claim then follows from Proposition A.35 proven later on.

Proposition 4.37 gives an effective way to compute the dimension of the endomorphism
space over F♡ since dimQ♡ LQ♡(λ

†) can be computed using Weyl’s dimension formula.
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5. The diagrammatic presentation

We now prove our first main theorem: the equivalence of symmetric ribbon F♡-linear categories
between WebF♡

(
O(N)

)
and FundF♡

(
O(N)

)
, see Theorem 5.16. Upon additive idempotent

completion, WebF♡
(
O(N)

)
is thus a diagrammatic version of TiltF♡

(
O(N)

)
(recall tilting rep-

resentations from subsection 7.2). Our main tool is a version of Howe’s O(N)-so2m duality in
positive characteristic, cf. subsection 5.2.

5.1. From webs to reps

We begin by defining some O(N)-equivariant maps which correspond to our generating webs.

Notation 5.1. We let Λi denote Λi(V ) and write Λ(i1,...,im) = Λi1(V )⊗ . . .⊗ Λim(V ).

Let T = {t1 < · · · < ti} and U = {ui+1 < · · · < ui+j} be subsets of [1, N ] such
thatU∩T = ∅ and write T ∪U = {s1 < · · · < si+j}. Consider the permutation σT,U ∈ S(i+j)
in the symmetric group S(i + j) of [1, i + j] which sends {t1 < . . . , ti, ui+1 < · · · < ui+j}
to {s1 < · · · < si+j}. We let ℓ(T, U) = ℓ(σT,U) (here the length ℓ is in terms of number of
simple transpositions).

Definition 5.2. We define merge, split and crossing maps to be
Yk+l

k,l : Λk ⊗ Λl → Λk+l, vT ⊗ vU 7→ (−1)ℓ(T,U)vT∪U ,

Yk,l
k+l : Λ

k+l → Λk ⊗ Λl, vS 7→
∑

S=T
∐

U
|T |=k,|U |=l

(−1)ℓ(T,U)vT ⊗ vU ,

Xl,k
k,l : Λ

k ⊗ Λl → Λl ⊗ Λk, vT ⊗ vS 7→ vS ⊗ vT ,

and cap and cup maps
U

k : Λ
k ⊗ Λk → 1, vT ⊗ vU 7→ (−1)ℓ(T,U)vT∪U ,

Uk : 1→ Λk ⊗ Λk, 1 7→ (−1)(
i
2)

∑
S⊂[1,N ]
|S|=k

vS ⊗ vS.

(The notation is hopefully suggestive.)

Recall that O(N) acts on the spaces in Definition 5.2.

Lemma 5.3. The maps in Definition 5.2 are O(N)-equivariant.

Proof. A direct calculation.

If K∈Π⩽Nm , then K=(k1, . . . , km) where ki∈{0, 1, . . . , N}. We write ΛK :=Λk1 ⊗· · ·⊗Λkm

as in Notation 5.1.

Definition 5.4. Define FundF♡
(
O(N)

)
as the category with objects ΛK for all m ∈ Z⩾0 and

all K ∈ Π⩽Nm , and morphisms all F♡-linear maps which commute with O(N).
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In other words, FundF♡
(
O(N)

)
is the category of fundamental O(N)-representations, i.e.

the full subcategory of all finite dimensional O(N)-representations monoidally generated by the
Weyl representations for the fundamental O(N)-weights.

Lemma 5.5. The category FundF♡
(
O(N)

)
is a symmetric ribbon F♡-linear category with:

(i) with monoidal structure given by the usual tensor product of O(N)-representations;

(ii) with symmetry given by the tensor flip;

(iii) with pivotal structure given by X∗ = HomF♡(X,F♡) and X → X∗∗ defined
by x 7→ (f 7→ f(x)).

Proof. FundF♡
(
O(N)

)
is a full subcategory of all finite dimensional O(N)-representations,

and inherits all structures from the parent category.

Proposition 5.6. (The (diagrammatic) presentation functor.) There is a symmetric ribbon F♡-
linear functor

PO(N)
F♡ : WebF♡

(
O(N)

)
→ FundF♡

(
O(N)

)
,

k 7→ Λk,

k l

k+l

7→ Yk+l
k,l ,

k l

k+l

7→ Yk,l
k+l,

k

k

l

l

7→ Xl,k
k,l,

k

1

k

7→ U
k,

k

1

k

7→ Uk.

Proof. IfPO(N)
F♡ is well-defined, the other claims follow easily. Hence, it suffices to check that the

defining relations of WebF♡
(
O(N)

)
, see Definition 3.1, are satisfied in FundF♡

(
O(N)

)
. That

the exterior type A web relations hold follows from [CKM14, Proposition 5.2.1] via Proposi-
tion 3.4. Circle removal relations hold since Λk has categorical dimension

(
N
k

)
and lollipop

relations hold by Schur’s lemma and the fact that Λk are simple and pairwise nonisomorphic, cf.
Lemma 7.52.

It remains to prove that the higher even orthogonal E-F relations hold in FundF♡
(
O(N)

)
.

As explained in Lemma 7.52, the objects in FundF♡
(
O(N)

)
are tensor products of the objects

ΛiFN
♡
∼= F♡ ⊗A♡ Λ

i ∼= F♡ ⊗∆A♡(1
i) ∼= F♡ ⊗A♡ ∇A♡(1

i), for i = 1, . . . , N.

By Lemma 7.50 and Lemma 7.47 it follows that the dimension of homomorphism spaces
in FundF♡

(
O(N)

)
are independent of F♡. Thus, the corresponding homomorphism spaces

are free, finitely generated, and torsion free over A♡, and it follows that we can check relations
over Q♡. Working over Q♡, we can use X(a) = a!Xa to replace divided powers with Chevalley
generators, so it suffices to prove the orthogonal E-F relation in Equation 3.2. But, as explained
in Lemma 3.14 this relation is known to be a consequence of the other orthogonal web relations
and therefore holds in FundQ♡(O(N)).
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Definition 5.7. We define ladder operators as follows. First:

Ei+1,j−1
i,j = (

Yi+1
i,1 ⊗ idΛj−1) ◦ (idΛi ⊗Y1,j−1

j ) : Λi ⊗ Λj → Λi+1 ⊗ Λj−1,

F i−1,j+1
i,j = (idΛi−1 ⊗

Yj+1
1,j ) ◦ (Yi−1,1

i ⊗ idΛj) : Λi ⊗ Λj → Λi−1 ⊗ Λj+1,

ei+1,i+1
i,i = (

Yi+1
i,1 ⊗

Yi+1
1,i ) ◦ (idΛi ⊗U1 ⊗ idΛi) : Λi ⊗ Λi → Λi+1 ⊗ Λi+1,

f i−1,i−1
i,i = (idΛi−1 ⊗ U

1 ⊗ idΛi−1) ◦ (Yi−1,1
i ⊗Y1,i−1

i ) : Λi ⊗ Λi → Λi−1 ⊗ Λi−1.

Moreover, let K ∈ Πm. We define operators on Λ∗(V ⊗ Am
♡ ) by

Ej1K � w
v
S = id

Λ(k1,...,kj−1) ⊗ E
kj+1,kj+1−1
kj ,kj+1

⊗ id
Λ(kj+2,...,km)

(
ϕv(w

v
S)
)
,

Fj1K � w
v
S = id

Λ(k1,...,kj−1) ⊗ F
kj−1,kj+1+1
kj ,kj+1

⊗ id
Λ(kj+2,...,km)

(
ϕv(w

v
S)
)
,

em1K � w
v
S = idΛ(k1,...,km−2) ⊗ e

km−1+1,km+1
km−1,km

(
ϕv(w

v
S)
)
,

fm1K � w
v
S = idΛ(k1,...,km−2) ⊗ e

km−1−1,km−1
km−1,km

(
ϕv(w

v
S)
)
,

if wtwv
S = K, and wv

S 7→ 0 otherwise. (The notation is again hopefully suggestive.)
Lemma 5.8. Let K ∈ Π⩽Nm and let wtxh

S = K. We have the following explicit description of the
action of the ladder operators:

Ej1K � w
v
S =

∑
1⩽i⩽N

(i,j)/∈S,(i,j+1)∈S

(−1)ℓ(Sj ,{i})+ℓ({i},Sj+1\{i+1})wv
S∪{(i,j)}\{(i,j+1)},

Fj1K � w
v
S =

∑
1⩽i⩽N

(i,j)∈S,(i,j+1)/∈S

(−1)ℓ(Sj\{i},{i})+ℓ({i},Sj+1)wv
S\{(i,j)}∪{(i,j+1)},

ei1K � w
v
S =

∑
1⩽i⩽N

(i,j)/∈S,(i,j+1)/∈S

(−1)ℓ(Sj ,{i})+ℓ({i},Sj+1)wv
S∪{(i,j),(i,j+1)},

fi1K � w
v
S =

∑
1⩽i⩽N

(i,j)∈S,(i,j+1)∈S

(−1)ℓ(Sj\{i},{i})+ℓ({i},Sj+1\{i})wv
S\{(i,j),(i,j+1)}.

Proof. This follows from the Definition of ϕv and the formulas

Ei+1,j−1
i,j (vS ⊗ vT ) =

∑
t∈T
t/∈S

(−1)ℓ(S,{t})+ℓ({t},T\{t})vS∪{t} ⊗ vT\{t},

F i−1,j+1
i,j (vS ⊗ vT ) =

∑
s∈S
s/∈T

(−1)ℓ(S\{s},{s})+ℓ({s},T )vS\{s} ⊗ vT∪{s},

ei+1,i+1
i,i (vS ⊗ vT ) =

∑
x/∈S
x/∈T

(−1)ℓ(S,{x})+ℓ({x},T )vS∪{x} ⊗ vT∪{x},

f i−1,i−1
i,i (vS ⊗ vS) =

∑
y∈S
y∈T

(−1)ℓ(S\{y},{y})+ℓ({y},T\{y})vS\{y} ⊗ vT\{y}.

That these formulas hold is a direct calculation.
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Proposition 5.9. (Howe’s actions diagrammatically.) The ladder operators above define
an UA♡(so2m)-action that agrees with the UA♡(so2m)-action in Definition 4.32.

Proof. Using Lemma 4.35 and Lemma 5.8, it is easy to see the actions agree up to a sign. Since
the action in Definition 4.32 has no signs, it suffices to show that the signs in Lemma 4.35 cancel
the signs coming from Lemma 4.24.

For example, to verify the two ej actions agree, we have to check that

(−1)ℓ(σv
h(S)) = (−1)ℓ(σv

h(S∪{(i,j)}\{(i,j+1)}))(−1)ℓ(Sj ,{i})+ℓ({i},Sj+1\{i+1}).

We leave the verification of the remaining cases to the reader.

We finally arrive at a proof, using webs, that the actions of O(N) and UA♡(so2m) on the
space Λ∗(V ⊗ Am

♡ ) commute.

Proof of Proposition 4.16. From Proposition 5.9, we see the action of the generators
of UA♡(so2m) on Λ∗(V ⊗Am

♡ ) is given in Lemma 5.8 which are compositions of tensor products
of the O(N) intertwiners in Definition 5.2, see Definition 5.7.

5.2. Howe duality

It follows from Lemma 7.9, see also Remark 7.10, that the set of so2m-weights appearing
in Λ∗(V ⊗Am

♡ ), denoted Π⩽Nm above, is a saturated set, see Definition 7.2. Recall also that Π⩽Nm,+

is a saturated set of dominant so2m-weights, see Definition 7.4.

Notation 5.10. Write S⩽NA♡ (so2m) to denote the Schur algebra quotient of U̇A♡(so2m) determined
by the saturated set Π⩽Nm,+. The reader unfamiliar with these is referred to the background in
subsubsection 7.1.4 below.

The algebra S⩽NA♡ (so2m), is the quotient of U̇A♡(so2m) by the two sided ideal generated by 1K
such that K /∈ Π⩽Nm . Moreover, this algebra contains orthogonal idempotents 1K, for K ∈ Π⩽Nm ,
such that

∑
K∈Π⩽N

m
1K = 1.

One can think of S⩽NA♡ (so2m) as an algebraic version of webs with m boundary points on the
top and bottom of the diagram.

Notation 5.11. Similar to Notation 2.17, for fixed m, we view S⩽NA♡ (so2m) as a category with
objects 1K, for K ∈ Π⩽Nm , and morphisms HomS⩽N

A♡ (so2m)(1K,1L) = 1LS
⩽N
A♡ (so2m)1K. The com-

position of morphisms is multiplication in the algebra.

Lemma 5.12. (A Schur functor.) The action of UA♡(so2m) on Λ∗(V ⊗ Am
♡ ) induces a functor

Sso2m
A♡ : S⩽NA♡ (so2m)→ FundA♡

(
O(N)

)
such that 1K 7→ ΛK, for all K ∈ Π⩽Nm .
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Proof. Lemma A.10 implies that

1K � Λ
∗(V ⊗ Am

♡ ) =

{
ΛK if K ∈ Π⩽Nm ,

0 if K /∈ Π⩽Nm .

Therefore, the action of UA♡(so2m) induces a functor S⩽NA♡ (so2m)→ FundA♡
(
O(N)

)
.

We have already discussed how Λ∗(V ⊗ Am
♡ )
∼= Λ∗(Am

♡ )
⊗N . We also have:

Lemma 5.13. The space Λ∗(V ⊗ Fm
♡ ) is a full tilting representation for S⩽NF♡ (so2m).

Proof. Because of Lemma 4.15, it suffices to show that if K ∈ Π⩽Nm,+, then the indecomposable
tilting UF♡(so2m)-representation TF♡(K) (see section 7) is a summand of Λ∗(V ⊗ Fm

♡ ), which is
Lemma A.37.

Proposition 5.14 (One-sided double commutant). The functor Sso2m
F♡ is fully faithful.

Proof. Using Lemma 5.13, Lemma 7.13, and Proposition 4.16 we find that S⩽NF♡ (so2m) injects
into EndO(N)

(
Λ∗(V ⊗Fm

♡ )
)
. It then follows from Equation 7.1, Proposition 4.37, and the equal-

ity rankA♡∆A♡(K) = dimQ♡ LQ♡(K) = dimF♡ ∆F♡(K), that

dimF♡ S
⩽N
F♡ (so2m) =

∑
K∈Π⩽N

m,+

(
rankA♡∆A♡(K)

)2
= dimF♡ EndO(V )

(
Λ∗(V ⊗ Fm

♡ )
)
.

Injectivity then implies that S⩽NF♡ (so2m)→ EndO(V )

(
Λ∗(V ⊗ Fm

♡ )
)

is surjective.

The other side of the double commutant theorem, Proposition 5.14 for the orthogonal action,
can be done similarly. However, we do not need it in this work.

5.3. fully faithful

The full functor Hso
A♡(N,m) in Proposition 3.13 factors through the Schur quotient, inducing a

full functor

HSso
A♡(N,m) : S⩽NA♡ (so2m)↠WebA♡

(
O(N)

)
,1K 7→ K1 ⊗ . . .⊗ Km,

and both Equation 2.13 and Proposition 3.13 hold. Thus, we have the commuting diagram

U̇A♡(so2m) WebA♡
(
O(N)

)

S⩽NA♡ (so2m)

Hso
A♡
(N,m)

quo.
HSso

A♡
(N,m) .
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Proposition 5.15. We have the following commuting diagram:

U̇A♡(so2m) WebA♡
(
O(N)

)
FundA♡

(
O(N)

)

S⩽NA♡ (so2m)

Hso
A♡
(N,m)

quo.

PO(N)
F♡

HSso
A♡
(N,m)

Sso2m
F♡

.

Sso2m
F♡ = PO(N)

F♡ ◦ HSso
A♡(N,m). (5.1)

Proof. Note that both sides of Equation 5.1 send 1K to ΛK. The desired claim then follows from
Definition 5.7, Proposition 5.9, and Proposition 5.6.

Denote by −
⊕,⊂⊕ the additive idempotent completion. For the following theorem recall the

category of tilting O(N)-representations TiltF♡
(
O(N)

)
as in subsection 7.2.

Theorem 5.16. (The orthogonal web calculus.) The presentation functor

PO(N)
F♡ : WebF♡

(
O(N)

)
→ FundF♡

(
O(N)

)
is an equivalence of symmetric ribbon F♡-linear categories. Moreover,

WebF♡
(
O(N)

)⊕,⊂⊕ ∼= TiltF♡
(
O(N)

)
as symmetric ribbon F♡-linear categories.

Proof. That the functor preserves the structures as in the statement follows immediately from
the definitions. The functor is also essentially surjective by the construction of FundF♡

(
O(N)

)
,

so it remains to argue that PO(N)
F♡ is fully faithful.

SupposeW is a morphism inWebF♡
(
O(N)

)
whichPO(N)

F♡ maps to zero. SinceHSso
A♡(N,m)

is full by Proposition 3.13, there is a morphism u in ṠF♡(so2m)
⩽N so that W = HSso

A♡(N,m)(u).
Then Equation 5.1 implies Sso2m

F♡ (u) = PO(N)
F♡ (W ) = 0. Proposition 5.14 says that u = 0,

so W = HSso
A♡(N,m)(u) = 0. Thus, PO(N)

F♡ is faithful. A similar easy argument using Propo-
sition 5.14 and Equation 5.1 shows that PO(N)

F♡ is full.
The final claim follows then from the equivalence and Proposition 7.53.

We actually proved our main theorem:

Proof of Theorem 1.3. Theorem 5.16 is a more refined formulation of Theorem 1.3.

Proofs of Proposition 3.4 and Proposition 3.13, wrap-up. We use the result Theorem 5.16 to fill
in some of the remaining statements from section 3.
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The case of Proposition 3.4. We note that we have the commuting diagram (we marked the
functor we are interested in)

WebF♡
(
GL(N)

)
FundF♡

(
GL(N)

)

WebF♡
(
O(N)

)
FundF♡

(
O(N)

)
PGL(N)
F♡

∼=

EGL→O
A♡

PO(N)
F♡

∼=

.

Here FundF♡
(
GL(N)

)
is the analog of FundF♡

(
O(N)

)
but for the general linear group,

and PGL(N)
F♡ is the presentation functor from [CKM14]. We note:

• Commutativity of this diagram follows by careful comparison of the definitions.

• The top and bottom functors are equivalences by [CKM14, Theorem 3.3.1] and Theo-
rem 5.16, respectively.

• The right functor is faithful since O(N) is a subgroup of GL(N).

These together implies that the left functor is faithful.
The case of Proposition 3.13. Directly from Proposition 5.14 and Theorem 5.16.

6. Semisimplification

We first rapidly recall the notion of semisimplification of a rigid symmetric monoidal category
such that the endomorphisms of the unit object is spanned by the identity. Then we prove The-
orem 1.4 by constructing an equivalence, in analogy with [BEAEO20, Section 3]. The basic
material below can be found in many sources such as [EGNO15] or [EO22].

6.1. A reminder on semisimplifications

All categories are assumed to be F♡-linear and have finite dimensional homomorphism
spaces. Let C be a rigid symmetric monoidal category with monoidal unit 1, such
that EndC(1) = F♡ · id1.

Notation 6.1. Write evX : X
∗ ⊗ X→ 1, coev : 1→ X⊗ X∗ for the unit and counit of adjunction

realizing X∗ as the right dual of X. Let PX,Y : X⊗ Y→ Y⊗ X denote the symmetry.

Definition 6.2. The trace of an endomorphism f : X → X in C, denoted trC(f), is the element
of F♡ such that

evX ◦ PX,X∗ ◦ (f ⊗ id) ◦ coevX = trC(f) · id1.

We define the categorical dimension of X as dimC(X) = trC(idX).
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Remark 6.3. The category of vector spaces over F♡, denoted VecF♡ , is a rigid symmetric monoi-
dal category such that the endomorphisms of the monoidal identity are spanned by the identity
endomorphism. The categorical dimension of a vector space is the usual dimension of the vector
space under the map Z → F♡. More generally, if there is an F♡-linear symmetric monoidal
functor F : C → VecF♡ , then dimC(X) is equal to the dimension of the vector space F (X)
when one views dimF♡ F (X) as an element of F♡.

We make the following simplifying assumption: every nilpotent endomorphism in C has
trace zero.

Lemma 6.4. If there is a symmetric monoidal functor from C to an abelian category, then C
satisfies the simplifying assumption.

Proof. See [EO22, Remark 2.9].

Remark 6.5. All the categories we consider have the property in Lemma 6.4, and therefore satisfy
the simplifying assumption.

Definition 6.6. The subcategory of negligible morphisms in C, denoted NC, is the category
with the same objects as C, and with morphisms

HomNC
(X, Y) = {f : X→ Y|such that trC(f ◦ g) = 0, for all g : Y→ X}.

The semisimplification of C is the quotient category

C = C/NC,

which is defined as the category with the same objects as C, and with morphisms

Hom
C
(X, Y) = HomC(X, Y)/HomNC

(X, Y).

Write πC : C→ C for the quotient functor.

Lemma 6.7. The category C is monoidal.

Proof. It is well-known that NC is a ◦-⊗-ideal, see e.g. [EO22, Theorem 2.6], which implies
the claim.

Example 6.8. Key examples of semisimplifications are the Verlinde categories in the spirit
of [AP95], see also [EGNO15, Section 8.18.2] for background and references. These are con-
structed as follows. Let G be a simple algebraic group over Z with Coxeter number h. let F♡
be an infinite field of characteristic p ⩾ h. Then the Verlinde category VerF♡(G) for G is the
semisimplification of the category of tilting G-representations:

VerF♡(G) := TiltF♡(G).

This construction works more generally, e.g. also for G = GL(N) or G = O(N). The latter
category VerF♡

(
O(N)

)
plays an important role in this paper.
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For the purpose of this paper, a category is semisimple if it is abelian and every object is
isomorphic to a finite direct sum of simple objects.

Lemma 6.9. We have the following.

1. The category C is rigid symmetric monoidal and End
C
(1

C
) = F♡ · id1

C
.

2. The category C is semisimple.

3. An object X is a simple objects in C if and only if X is an indecomposable object in C
with dimC(X) ̸= 0. Two such simple objects are isomorphic in C if and only if the corre-
sponding indecomposable objects are isomorphic in C.

4. Suppose D is a rigid symmetric monoidal semisimple category. If F : C → D is a
full symmetric monoidal functor, then there is a fully faithful symmetric monoidal func-
tor F : C→ D such that F = F ◦ πC, i.e. the following diagram commutes:

C D

C

F

πC F
.

Proof. Because of the simplifying assumption, all of this is in [EO22, Section 2].

6.2. Colored Brauer diagrams

By a two-part partition diagram with b bottom and t top points we mean a diagram of the fol-
lowing form:

where b = 6, t = 8. (6.1)

In words, a two-part partition diagram with b bottom and t top points is a diagram corresponding
to a partition of {1, . . . , b} ∪ {1, . . . , t} where every block has two parts. A Brauer diagram
with m bottom and N top points is then any representative of diagrams that represent the same
partition. These assemble into the Brauer category Brd [Bra37, LZ15].

This category can be thought of as the symmetric ribbon F♡-linear category ⊗-generated by
a selfdual object • of categorical dimension d. In other words, the category Brd has a universal
mapping property [LZ15, Theorem 2.6].

Proposition 6.10. For k = 1, . . . , N , there is a symmetric ribbon F♡-linear functor

Br(Nk)
→WebF♡

(
O(N)

)
,

• 7→ k, 7→

k

k

k

k

, 7→
k k

, 7→ k k
,

where we draw the defining structures of Br(Nk)
in the standard way.
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Proof. Using the Brauer categories universal mapping property, this follows from Lemma 3.6.

For r ∈ Z⩾1, a colored Brauer diagram with colors {0, . . . , r − 1} is a diagram of the form

where r = 3 and
(

, ,

)
↭ (0, 1, 2).

Definition 6.11. Let (di) = (d0, . . . , dr−1) ∈ Zr. Define the colored Brauer category Br(di) to
be the rigid symmetric monoidal category with objects tensor products of the self-dual objects
of dimension di for i = 0, . . . , r − 1, and morphisms {0, . . . , r − 1}-colored Brauer diagrams.

Recall that −
⊕,⊂⊕ denotes the additive idempotent completion.

Lemma 6.12. The categoryBr
⊕,⊂⊕
(di)

is an additive idempotent closed symmetric ribbonF♡-linear
category such that the endomorphisms of 1 are the F♡-span of id1. Moreover, Br

⊕,⊂⊕
(di)

admits
an abelian envelope which is also a symmetric ribbon F♡-linear category.

Proof. The additive idempotent completion of a symmetric ribbon F♡-linear category is a sym-
metric ribbon F♡-linear category. To see that the endomorphisms of the unit object are all scalar
multiples of the identity, note that the only Brauer diagram with empty bottom and top is the
empty diagram. For the final claim we refer to [Cou21, Theorem A].

Note that Lemma 6.9 implies that all the semisimplifications that we will see below are
semisimple. Recall the notion of Deligne tensor product [EGNO15, Section 1.11], which we
denote by⊠. The Deligne tensor product preserves the class of F♡-linear semisimple rigid sym-
metric monoidal categories [EGNO15, Section 4.6].

Lemma 6.13. There is an equivalence of symmetric ribbon F♡-linear categories

Br(di)
⊕,⊂⊕ → ⊠r−1

i=0Brdi
⊕,⊂⊕.

Proof. We follow [BEAEO20, Proof of Lemma 3.3]. The universal mapping property
inherent in the definition of Br(di)

⊕,⊂⊕ gives rise to a functor Br(di)
⊕,⊂⊕ → ⊠r−1

i=0Brdi
⊕,⊂⊕.

This functor is clearly full, so we can apply Lemma 6.9 to deduce there is an equivalen-
ce Br(di)

⊕,⊂⊕ → ⊠r−1
i=0Brdi

⊕,⊂⊕.

After replacing Br(di)
⊕,⊂⊕ by its abelian envelope from Lemma 6.12, one could hope that

Lemma 6.13 holds without the semisimplification.

6.3. Bases at infinity

To prove that after semisimplification, the image of the colored Brauer diagrams in the
webs WebF♡

(
O(N)

)
generate the category, we will use a spanning set for homomorphism

spaces in the orthogonal web category which is analogous to the chicken foot diagrams
in [BEAEO20, Lemma 4.9].

For completeness, we define two spanning sets for the morphisms inWebA♡
(
O(N)

)
. One of

these is built from many-to-few-to-many (mfm) diagrams and the other from few-to-many-to-few
(fmf) diagrams, with many and few referring to the total number of strings.
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Remark 6.14. We expect that the spanning sets we are defining are actually bases whenever the
total thickness of the strands is≪ N , but we will not need or prove this.

A web is a mfm bottom part if its associated partition contains no splits and caps and has a
minimal number of crossings, its a mfm top part if its associated partition contains no merges
and cups and has a minimal number of crossings. Dually, we define fmf bottom part and and a
fmf top part by swapping the roles of splits and merges. Finally, a web is a sandwiched part if it
contains only crossings.

Definition 6.15. A web is called a mfm sandwich diagram if it is of the form

m

m′

f
mfm top part - splits and cups
sandwiched part - crossings
mfm bottom part - merges and caps

.

The set of all many-to-few sandwich diagrams from K to L by XL
K .

Similarly, a web is called a fmf sandwich diagram if it is of the form

f

f ′

m
fmf top part - merges and cups
sandwiched part - crossings
fmf bottom part - splits and caps

.

For the through strands, say the thicknesses of strands add up to m (this number is the same
at every generic horizontal cut). Then we also require the crossings in the middle have to be
shortest coset representatives of types (b1, . . . , bk) and (t1, . . . , tl) in S(m), where the b and t
are the bottom and top endpoints of the through strands. The set of all few-to-many sandwich
diagrams from K to L is denoted by OL

K .

In Definition 6.15 we sandwich a symmetric group in between merges, splits, caps and caps.

Example 6.16. The diagram

1 11 12

11 1 1

∈ X
(1,1,1,1)
(2,1,1,1,1),

m =

1 1

2

1 12

2

, m′ =

1 1

2

1 1

2

, f =

2

2

2

2

,

is an example of a many-to-few sandwich diagram that we also split into its defining pieces.
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Moreover, the diagram

1 1 22 2

2 2

∈ O
(1,1,2,2,2)
(2,2) ,

f =

1 1

2

1 1

2

, f ′ =

1

1

1

1

1 1

22 2

, m =

1

1

1

1

1

1

1

1

,

is an example of an element in O
(1,1,2,2,2)
(2,2) .

Proposition 6.17. The sets XL
K and OL

Kare A♡-linear spanning sets of HomWebA♡ (O(N))(K, L).

Proof. By Lemma 3.6, WebA♡
(
O(N)

)
, we can push all trivalent vertices and Morse points

(cups and caps) to wherever we want them to be. The relations

k l m

k+l+m

=

k l m

k+l+m

,

k l

k+l

= (−1)kl

l k

k+l

,

then ensure that the crossings that end up in the sandwiched part are given by shortest coset
representatives for OL

K .

Remark 6.18. Our strategy to construct XL
K is borrowed from semigroup and monoid theory

where similar constructions known under the slogan of Green relations or cells, see for exam-
ple [Tub24, Section 4]. Explicitly and in the spirit of sandwich cellularity, [Bro55] worked
out a semisimple version of Proposition 6.17 for the Brauer algebra (which sits inside the cate-
gory WebA♡

(
GL(N)

)
by Proposition 6.10).

Constructions similar to OL
K are sometimes known as chicken feet bases and have appeared

in several different contexts in the literature, see e.g. [SW11, Definition 5.26], [RT16, Proof of
Theorem 1.10], [BEAEO20, Section 4] or [DKM24, Section 3.5].

Neither of these should be confused with cellular or light-ladder-type bases as in [AST18],
[Eli15] or [Bod22].
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6.4. Orthogonal semisimplifications and colored Brauer diagrams

Recall that F♡ is an infinite field over A♡. As usual in modular representation theory,
let p = charF♡ ∈ {3, 5, 7, . . . } ∪ {∞} with p =∞ in case the characteristic of F♡ is zero.

Lemma 6.19. If p > N , then there is an equivalence of symmetric ribbon F♡-linear categories

BrN
⊕,⊂⊕ → TiltF♡

(
O(N)

)
.

Proof. Our hypothesis on p implies that Λk appears as a direct summand of V ⊗k

for k ∈ [0, N ]. Thus FundF♡
(
O(N)

)⊕,⊂⊕ is equivalent to the additive idempotent completion
of the full monoidal subcategory generated by V .

The universal property of BrN
⊕,⊂⊕ gives us a functor BrN

⊕,⊂⊕ → RepF♡

(
O(N)

)
sending

the generating object to V . This functor is full, see [dCP76, Section 7], so Lemma 6.9 implies
there is an equivalence between BrN

⊕,⊂⊕ and the additive idempotent completion of the full
monoidal subcategory generated by V .

The result then follows from Proposition 7.53.

Lemma 6.20. If p > di for i ∈ {0, . . . , r − 1}, then

Br(di)
⊕,⊂⊕ → ⊠r−1

i=0Brdi
⊕,⊂⊕ → ⊠r−1

i=0TiltF♡(O(di))

are equivalences of symmetric ribbon F♡-linear categories.

Proof. Combine Lemma 6.13 and Lemma 6.19.

Now we drop the assumption that p > N and study the semisimplification forTiltF♡
(
O(N)

)
.

Definition 6.21. For k ∈ Z⩾0 we use (k)p = (k0, k1, . . . ) to denote the p-adic digits of k as in
section 1.

Let x, y ∈ Z⩾0. Then define x ⩽p y if (x)p is less than or equal to (y)p entrywise, mean-
ing xi ⩽ yi for all i ∈ Z⩾0.

Because of Proposition 7.53, TiltF♡
(
O(N)

)
is the additive idempotent completion of

the category FundF♡
(
O(N)

)
, which is monoidally generated by the exterior powers Λk

for k ∈ [0, N ]. In fact, after passing to the semisimplification something stronger is true.
Remark 6.22. The main player below is Lucas’ theorem:(

a

b

)
≡

∏
i∈Z⩾0

(
ai
bi

)
.

Here we again use p-adic digits (ai) and (bi) for a, b ∈ Z⩾0.

Lemma 6.23. The category FundF♡
(
O(N)

)⊕,⊂⊕ is ⊗-generated by Λpi for i ⩾ 0.

Proof. For p =∞ there is nothing to show, so assume p <∞. The same argument in the proof
of [BEAEO20, Lemma 3.4] shows that
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1. If k ≰p N , then Lucas’ theorem implies that p divides dimF♡ Λ
k and therefore Λk ∼= 0.

2. If k ⩽p N , then Λk is a direct summand of
⊗

i∈Z⩾0
(Λpi)⊗ki .

We conclude that FundF♡
(
O(N)

)⊕,⊂⊕ is ⊗-generated by the claimed exterior powers.

Lemma 6.23 tells us that every object in FundF♡
(
O(N)

)⊕,⊂⊕ is a sum of summands of tensor
products of pith exterior powers. The following lemma helps us understand morphisms between
tensor products of pith exterior powers.

Lemma 6.24. Let a, b ∈ Z>0 such that a + b = pi. The morphisms Ya,b
pi

and
Ypi

a,b are zero
in FundF♡

(
O(N)

)⊕,⊂⊕.

Proof. Suffices to show the merge in split morphisms are in the negligible ideal. To this end,
use Proposition 3.4 and then we can use the same argument as for the proof of [BEAEO20,
Lemma 4.16].

Lemma 6.25. Using p-adic digits, in WebF♡
(
O(N)

)
we have

k = Ni.

Proof. Another important consequence of Lucas’ theorem is that

dim
FundF♡

(
O(N)

) Λpi = Ni,

where we use the p-adic digits Ni. In particular, the pi labeled circle in WebF♡
(
O(N)

)
is equal

to Ni times the empty diagram.

It follows from Lemma 6.25 that there is a symmetric ribbon F♡-linear functor

Br(N)p →WebF♡
(
O(N)

)
which sends the color i generating object – which has dimensionNi inBr(N)p – to the generating
object in WebF♡

(
O(N)

)
labeled pi. Crossings colored i and j are sent to crossings labeled pi

and pj , while cups and caps colored i are sent to cups and caps labeled pi. Composing with the
functor

WebF♡
(
O(N)

)
→ FundF♡

(
O(N)

)
→ FundF♡

(
O(N)

)⊕,⊂⊕,

then taking additive idempotent completion of Br(N)p we get the following.

Lemma 6.26. The functor BrA♡(N)(N)p
⊕,⊂⊕ → FundF♡

(
O(N)

)⊕,⊂⊕ is essentially surjective.

Proof. Immediate from Lemma 6.23.

We now prove our second main theorem:
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Proof of Theorem 1.4. Our argument is analogous to the proof of [BEAEO20, Theorem 4.17].
It follows from Proposition 6.17 and Lemma 6.24 that the functor

Br(N)p
⊕,⊂⊕ ↠ FundF♡

(
O(N)

)⊕,⊂⊕

is full. It follows then from Lemma 6.26 and Lemma 6.9 that there is an equivalence

Br(N)p
⊕,⊂⊕

∼=−→ FundF♡
(
O(N)

)⊕,⊂⊕.

Thus, we have a chain of equivalences

⊠r−1
i=0TiltF♡

(
O(Ni)

) Lemma 6.20←−−−−−−− Br(N)p
⊕,⊂⊕ → FundF♡

(
O(N)

)⊕,⊂⊕ Proposition 7.53−−−−−−−−−→ TiltF♡
(
O(N)

)
.

The proof is complete.

Remark 6.27. By Theorem 1.4, TiltF♡
(
O(Ni)

)
has finitely many simple objects if and only if all

p-adic digits are not 2. To see this note that RepF♡

(
O(2)

)
contributes infinitely many simple

objects, while all other cases contribute finitely many simple objects.

7. Background: highest weight categories for orthogonal groups

This section summarizes the highest weight theory of the orthogonal group, and also of the
special orthogonal group. The former is difficult to find in the literature since it is not simply
connected, so we decided to give the details although the material is well-known to experts.

We will work over A as in Notation 2.1 whose faction field is Q, and then switch to A♡ and F♡
for the orthogonal group.

7.1. Tilting representations in general

The following can be found in many works, e.g. [Don93] or [Rin91]. Also the appendix
of [Don98] covers lot of material relevant for us, and so does [Jan03]. See also the additional
material to [AST18], and the setting in [BS21] that we will use from time to time.

7.1.1 Integral representation theory for semisimple groups

Let g be a semisimple Lie algebra over Q. We have the algebra UA = UA(g) which is
the A-subalgebra of UQ = UQ(g) generated by e

(a)
α , f

(a)
α , and

(
hα

c

)
for all α ∈ ∆,

and a, b, c ∈ Z⩾0. Also associated to g is a simply connected semisimple group scheme GA.
Write RepA = Rep(GA) for its category of free finite rank GA-representations (Rep means
in general free finite rank representations). Such a representation gives rise to a free
A-module of finite rank with an action of UA. This gives rise to a fully faithful monoidal
functor RepA → RepAUA.

The Chevalley involution ω : UQ → UQ, which swaps eα and fα, and negates hα, also pre-
serves UA ⊂ UQ. We also denote the restriction of ω to UA by ω. Given a UA-representation m,
we obtain another UA-representation, denoted Mω, by twisting the action of UA by ω,
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i.e. ρMω = ρm ◦ ω. If m is a free finite rank A-module, then M∗ = HomA(M,Z)ω is too.
Moreover, since ω2 = 1, the natural identification of m with its double dual gives a canonical
isomorphism of UA-representations: M ∼= M∗∗.

Let a ∈ X+ = X+(g). Then, after choosing a Borel subalgebraB,UA has induced represen-
tations ∇A(a) = IndG

B(−a), and Weyl representations ∆A(λ) = ∇A(a)
∗.

Since ∇A(a) ∼= ∇A(a)
∗∗ = ∆A(a)

∗, we also refer to induced representations as dual Weyl
representations.

If LQ(a) is the simple UQ-representation with fixed highest weight vector v+a , of weight a,
then ∆A(a) ∼= UA · va ⊂ LQ(a). In fact, ∆A(a) is a free A-module which is a direct sum of its
weight spaces, and therefore has a character. This character is equal to the character of LQ(a),
which in turn is given by Weyl’s character formula. From∇A(a) = ∆A(a)

∗, we find that∇A(a)
is also a free A-module, which is a direct sum of its weight spaces, and has character given by
the Weyl character formula.

For each a∈X+, there is a unique UA-representation homomorphism, hsa: ∆A(a)→∇A(a)
such that v+a 7→ (v+a )

∗. We may write hs in place of hsa if the weight is clear form context.
Let a, b ∈ X+. Then we have Ext-vanishing:

Exti
(
∆A(a),∇A(b)

)
=

{
A · hs if i = 0 and a = b,

0 otherwise.

Write Fil∆A to denote the full subcategory of objects in RepA which admit a filtration by Weyl
representations. Similarly, write Fil∇A for the full subcategory with object admitting filtrations
by dual Weyl representations. Define

TiltA = TiltA(G) = Fil∆A ∩ Fil∇A .

The objects of this category are tilting representations.
Remark 7.1. Using Lusztig’s work on canonical bases for quantum groups [Lus10, Part IV],
[Kan98] shows that each of the subcategories Fil∆A , Fil∇A , and TiltA, is closed under tensor
product. Over a field this results is Paradowski’s [Par94].

7.1.2 Highest weight theory for reductive groups

Let F be a field. We can define all the notions from above by scalar extension from A to F, and
we also get a fully faithful monoidal functor RepF → RepFUF.

All the results of the previous section still hold over F. But now, there is more since we
can talk about simple representations. For each a ∈ X+, there is a finite dimensional sim-
ple representation LF(a), which is the unique simple quotient representation of ∆F(a) and the
unique simple subrepresentation of ∇F(a). This implies that the map hs factors nontrivially
through LF(a). Moreover, the set {LF(a)|a ∈ X+} is a complete and irredundant set of simple
objects in RepF.

Recall that the usual partial order on weights X is defined by b ⩽ a if a− b is an Z⩾0-linear
combination of positive roots. If a ∈ X , then we write

X(⩽ a) = {b ∈ X|b ⩽ a},
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and X+(⩽ a) = X(⩽ a) ∩X+. Here X+ means dominant (integral) weights.
For π ⊂ X+ and M in RepF, let Mπ be the largest subrepresentation with all composition

factors isomorphic to LF(b), where b ∈ π. Define RepF(π) to be the full subcategory of RepF
with objects M = Mπ. In the case that π = X+(⩽ a), we simply write M⩽a and RepF(⩽ a).

Fix a ∈ X+. Since LF(b) = LF(b)⩽b and Weyl and dual Weyl representations have the same
character as LQ(a), it is easy to see that ∆F(a) = ∆F(a)⩽a and ∇F(a) = ∇F(a)⩽a. One can
show that

Ext>0
RepF(⩽a)

(
∆F(a),LF(a)

)
= 0, Ext>0

RepF(⩽a)

(
LF(a),∇F(a)

)
.

Since ∆F(a) has LF(a) as its unique simple quotient, we can say that ∆F(a) is a projective cover
of LF(a) in RepF(⩽ a). Similarly,∇F(a) is an injective hull of LF(a) in RepF(⩽ a).

Thus, the category RepF is a (semi-infinity) highest weight category. It follows from that
we have the following classification of indecomposable objects in TiltF:

(i) For each a ∈ X+, there is an indecomposable tilting representations, denoted TF(a),
which has as part of its Weyl filtration a subrepresentation ∆F(a)→ TF(a).

(ii) If a ̸= b, then TF(a) ̸∼= TF(b).

(iii) Every indecomposable object in TiltF is of the form TF(a) for some a ∈ X+.

7.1.3 Saturated sets

It is not difficult to check that RepF(⩽ a) is also a highest weight category. We want to gener-
alize this property for other subsets π ⊂ X+. The key is the following:

Definition 7.2. A set S ⊂ X is saturated if for all a ∈ X and for all α ∈ Φ+, then

a− iα ∈ S when

{
0 ⩽ i ⩽ α∨(a) if α∨(a) ⩾ 0,

α∨(a) ⩽ i ⩽ 0 if α∨(a) < 0.

Here Φ+ denotes the set of positive roots.

Lemma 7.3. Saturated sets are invariant under unions, intersections, and under the action of
the Weyl group W associated to g.

Proof. The first two claims are immediate. Moreover, since W is generated by reflections,
the claim follows from considering the formula for the reflection perpendicular to α ∈ Φ,
sα(a) = a− α∨(a) · α, while noting that sα = s−α.

The prototypical example of a saturated set of weights is the set of weights in a Weyl repre-
sentation. Moreover, from [Ste98, Theorem 1.9] we have

wtV (a) = W ·X+(⩽ a).

Here wtLQ(a) denotes the weights of the simple highest weight g(Q)-representation LQ(a).
This suggests the following definition.
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Definition 7.4. A set of dominant weights π ⊂ X+ is saturated if for all a ∈ π, we
have X+(⩽ a) ⊂ π.

Example 7.5. The prototypical example of a set of dominant weights which is saturated
is X+(⩽ a).

Lemma 7.6. If S ⊂ X is a saturated set of weights, then S ∩X+ is a saturated set of dominant
weights.

Proof. See [Ste98, Proof of Lemma 1.8].

Remark 7.7. The definition of a set of weights being saturated is classical, see e.g. [Bou02,
Exercises VI.1.23-24 and VI.2.5]. The notion of a set of dominant weights being saturated came
later, see e.g. [Don98, Definition A3].

Proposition 7.8. If π ⊂ X+ is saturated, then RepF(π) is a highest weight category, with
indexing set π and partial order induced from X+ by π ⊂ X+.

Proof. This is [Don98, Proposition A3.4].

Finally, we state a Lemma which makes it easy to verify certain sets are saturated. This
lemma is comparable to [DGS06, Proposition 1.3.2].

Lemma 7.9. Suppose V is any finite dimensional g(Q)-representation, then wtV is saturated.

Proof. Since V is completely reducible, we have

wtV = wt
⊕
a∈X+

LQ(a)
⊕[V :LQ(a)] =

⋃
a∈X+,[V :LQ(a)]̸=0

wtLQ(a),

The claim follows from observing that each wtLQ(a) is saturated and being saturated is closed
under unions, cf. Lemma 7.3.

Remark 7.10. This criterion is particularly useful when we have a finite dimensional represen-
tation in RepF which comes from a representation over UA, since then we can extend scalars
from A to Q to verify the weight spaces are saturated.

7.1.4 Schur algebras

Proposition 7.8 suggests the following definition.

Definition 7.11. The generalized Schur algebra associated to a saturated set of dominant
weights π ⊂ X+, denoted S⩽NA (g), or S⩽NA if g is understood, is defined as the quotient of U̇A
by the ideal generated by 1χ for all χ /∈ W · π.

The algebra S⩽NA is an associative algebra with unit 1π =
∑

χ∈W ·π 1χ.

Remark 7.12. If V is a UF-representation, then Vπ is naturally a representation over S⩽NF . In
fact, using [Don98, Proposition A3.2(ii)], one finds there is an equivalence of additive F-linear
categories RepF(π)

∼= RepFS
⩽N
F .
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The canonical basis B for U̇A descends to a canonical basis B[π] =
∐

a∈π B[a], where B[a] is
as defined in [Lus10, 29.1]. This renders S⩽NA a based module, as a left representation over U̇A,
and therefore S⩽NA has a filtration by Weyl representations, see [Lus10, Section 27.1.7].

A representation with a Weyl filtration will always embed into a tilting representations,
cf. [BT25, Lemma 5B.11]. In particular, S⩽NF embeds in a tilting representations.

We learned the following key lemma from [AR96]:

Lemma 7.13. A full tilting representations for S⩽NF is faithful.

Proof. See [BT25, Proposition 5B.13].

Complete reducibility of finite dimensional representations over UQ implies that

S⩽NQ
∼=

∏
a∈π

End
(
LQ(a)

)
.

Since LQ(a) ∼= ∆Q(a), and ∆A(a) has the same formal character as ∆Q(a), it follows that S⩽NA
has Weyl character

(
S⩽NA : ∆A(a)

)
=

{
rankA∆A(a) if a ∈ π,

0 otherwise.
(7.1)

The analog equality then follows for S⩽NF , since S⩽NA is a free A-module with basis B[π].

7.2. Tilting representations for orthogonal groups

The orthogonal group is disconnected, with identity component the special orthogonal group
and component group Z/2Z. However, the usual theory of tilting representations for connected
reductive groups can be modified as follows. First, following [AHR20] (taking a slightly different
perspective in some places), we describe how to think about representations of the orthogonal
group as a highest weight category. General theory from [BS21] then implies the existence of
tilting representations for orthogonal groups.

7.2.1 Representations of O(N)

Following the conventions from before:

Notation 7.14. We will write RepA♡

(
O(N)

)
and RepA♡

(
SO(N)

)
for the respective categories

of finite dimensional representations over A♡. We also use similar notation that should be easy
to guess from the context.

The following defines an involutive algebra automorphism as one easily checks:

Definition 7.15. We define a map σ : UA♡(soN)→ UA♡(soN) by:

1. When N = 2n+ 1 we let

ei 7→ ei, fi 7→ fi, hi 7→ hi for i ∈ [1, N − 1],

eN 7→ −eN , fN 7→ −fN , hN 7→ hN .
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2. When N = 2n we let

ei 7→ ei, fi 7→ fi, hi 7→ hi for i ∈ [1, N − 2],

eN−1 7→ eN , fN−1 7→ fN , hN−1 7→ hN .

In the even case σ is the automorphism induced by the type D Dynkin diagram automorphism
swapping the fishtail vertices.

Write UA♡(soN)
σ to denote the A♡-algebra generated by UA♡(soN) and A♡[σ]/(σ

2) subject
to the relation

σXσ−1 = σ(X) for all X ∈ UA♡(soN). (7.2)

Lemma 7.16. As a right UA♡(soN)-representation UA♡(soN)
σ is freely generated by 1 and σ.

Proof. Boring and omitted.

We can view a finite dimensional representation of SO(N) as a finite dimensionalUA♡(soN)-
representation, with a weight decomposition, such that the dominant weights are contained
in X+(SO(N)) [Jan03, Sections 7.14–7.17]. From this perspective, a finite dimensional rep-
resentation of O(N) can be viewed as a finite dimensional UA♡(soN)

σ-representation, with a
weight decomposition, such that the dominant weights are contained in X+(SO(N)).

The Chevalley involution ω : UA♡(soN)→ UA♡(soN) swaps eα and fα and negates hα.

Lemma 7.17. The Chevalley involution commutes with σ and preserves the relations σ2 =
1 and σXσ−1 = σ(X), for X ∈ UA♡(soN). Thus, we can extend ω to an automorphism
of UA♡(soN)

σ.

Proof. Easy and omitted.

As usual, we can use the Chevalley involution to define the dual O(N)-representation
by U∗ = HomA♡(U,A♡)

ω where U ∈ RepA♡

(
O(N)

)
. Moreover, suppose that W is a finite

dimensional SO(N)-representation. View W as a UA♡(soN)-representation. Then we define
induction and restriction

IOSO(−) : RepA♡

(
O(N)

)
⇆ RepA♡

(
SO(N)

)
: RSO

O (−)

as follows. Before doing so, note that, given a finite dimensional representation U of O(N), we
obtain a UA♡(soN)

σ-representation structure on U . We then define:

IOSO(W ) = UA♡(soN)
σ ⊗UA♡ (soN ) W,

RSO
O (U) = RUA♡ (soN )σ

UA♡ (soN ) (U).

Lemma 7.18. Induction and restriction are exact.

Proof. Since UA♡(soN)
σ is free as a right UA♡(soN)-representation, IOSO is exact. A similar

argument works forRSO
O .
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7.2.2 Dominant weights for O(N)

We will write

n =

{
N−1
2

if N is odd,
N
2

if N is even.

Let W be a finite dimensional O(N)-representation. Then W is naturally an SO(N)-represen-
tation, by restriction, and therefore decomposes into a direct sum of weight spaces indexed
by X

(
SO(N)

)
= X(soN) ∩

⊕N
i=1 Zϵi. If w ∈ W is an SO(N)-weight vector, then we

write wt SO(w) for the corresponding element in X
(
SO(N)

)
. The dominant weights of sim-

ple SO(N)-representations are parameterized by the set

X+
(
SO(N)

)
= {a1ϵ1 + · · ·+ anϵN |ai ∈ Z, a1 ⩾ . . . ⩾ an,

an⩾0 if N is odd
an−1⩾|an| if N is even} ⊂ X+(soN).

Weights for O(N) are pairs of data, the SO(N)-weight, and a “weight” for σ:

Definition 7.19. If U is a finite dimensional O(N)-representation and u ∈ U is a σ eigenvec-
tor with σ � u = ϵ · u, then we write ϵσ(u) = ϵ. If u ∈ U is not a σ eigenvector, then we
write ϵσ(u) = 0. If u is also a weight vector for SO(N), then we write

wt O(u) =
(
wt SO(u), ϵσ(u)

)
,

and call it the O(N)-weight of u.

The following partial order is taken from [AR96, Section 1].

Definition 7.20. Let X
(
O(N)

)
be the set of all pairs (a, ϵ) which appear as weights wt O(u)

for u ∈ U , where U ranges over all finite dimensional O(N)-representations. Let X+
(
O(N)

)
denote the dominant weights, that is pairs of the form

(a,±1), for a ∈ X+
(
SO(N)

)
, such that σ(a) = a,

(a, 0), for a ∈ X+
(
SO(N)

)
, such that σ(a) ̸= a.

The partial order that we will use is: (a, ϵ) < (b, ϵ′) if and only if a < b or a < σ(b).

Let σ denote the generator of the group of automorphisms of the Dynkin diagram for soN .
This is trivial when N is odd and a nontrivial involution when N is even. The Dynkin
diagram automorphism induces maps, which we also denote σ, on all objects which are
determined by the soN Dynkin diagram. In particular, σ acts on X(soN), preserving the
subset X+(soN). Note that σ is the identity when N is odd. When N is even, σ acts on X(soN)
by (a1, . . . , an−1, an) 7→ (a1, . . . , an−1,−an).

Definition 7.21. Let Λ+ be the set of all partitions, that is weakly decreasing sequences of
elements in Z⩾0. We identify partitions with their Young diagram. Taking the transpose of the
Young diagram determines an involution of Λ+, denoted by λ 7→ λT (the transpose diagram).
Define the dominant O(N)-weights to be

Λ
O(N)
+ = {λ ∈ Λ+|(λT )1 + (λT )2 ⩽ N}.

Let further Y : X+
(
SO(N)

)
→ Λ+ be defined by

∑N
i=1 aiϵi 7→ (a1, . . . , an−1, |an|).
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Remark 7.22. If a ∈ X+
(
SO(N)

)
, then Y(a) = Y(σ(a)).

Remark 7.23. The image of the map Y is contained in Λ
O(N)
+ . We saw in Remark 7.22 that Y is

not injective when N is even, and Y is injective when N is odd. Moreover, Y is not surjective.
The image of Y is the subset of λ ∈ Λ

O(N)
+ such that (λT )1 ⩽ n.

The set ΛO(N)
+ is not closed undertaking the transpose, but there is another involution on this

set.

Definition 7.24. Define the twisting involution on Λ
O(N)
+ , denoted λ 7→ λtw,

by λtw = (N − (λT )1, (λ
T )2, . . . )

T .

In words: the twist of λ has the same Young diagram, except the first column is replaced
with N − (λT )1 boxes.
Remark 7.25. The fixed points of λ 7→ λtw are exactly the λ such that (λT )1 = (λT )2. In
particular, if N is odd, then the twisting involution on Λ

O(N)
+ does not have any fixed points.

Lemma 7.26. We have the following.

1. The map τ : X+
(
O(N)

)
→ Λ

O(N)
+

τ : X+
(
O(N)

)
→ Λ

O(N)
+ ,

(a,+1) 7→ (a1, . . . , aN), (a,−1) 7→ (a1, . . . , aN)
tw, for σ(a) = a,

(a, 0) 7→ (a1, . . . , an−1, |aN |) otherwise,

is a bijection.

2. The image of the map

Y : X+
(
SO(N)

)
→ Λ

O(N)
+

is a fundamental domain for the twisting involution acting on Λ
O(N)
+ , and σ(a) ̸= a if and

only if Y(a)tw = Y(a).

Proof. Not difficult and omitted.

Thus, we get:
Remark 7.27. There are three ways to encode a dominant weight for the orthogonal group in the
literature and that we use in this paper:

1. (a, ϵ) ∈ X+
(
SO(N)

)
× {0,±1},

2. (Y(a), ϵ) ∈ Λ+ × {0,±1}, and

3. τ(a, ϵ) ∈ Λ
O(N)
+ .

Which one is more convenient depends on the context.
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Notation 7.28. For a finite dimensional O(N)-representation U , and (a, ϵ) ∈ X
(
O(N)

)
, we

write

[(a, ϵ)]U = {u ∈ U |wt O(u) = (a, ϵ)}

for the (a, ϵ)-weight space of U . For λ ∈ Λ
O(N)
+ , there is a corresponding (a, ϵ) ∈ X+

(
O(N)

)
,

and we will write

[λ]U = [(a, ϵ)]U,

for any finite dimensional O(N)-representation U .

We define the O(N) partial order on Λ
O(N)
+ as follows.

Definition 7.29. Suppose λ, µ ∈ Λ
O(N)
+ correspond to (a, ϵ) and (b, ϵ′), respectively. Let

µ <O(N) λ if b < a, or σ(b) < a,

where < on X+
(
SO(N)

)
is the restriction of the usual partial order on X(soN).

Lemma 7.30. Definition 7.29 defines a partial order.

Proof. This follows from [AHR20, Lemma 3.1].

Example 7.31. Consider λ = (0N) and µ = (1N). In this case, both λ and µ correspond via Y
to 0 ∈ X+

(
SO(N)

)
. However, since λ ̸= µ, the partitions are not comparable with respect

to <O(N). On the other hand, we have (0N) <O(N) (1
2, 0N−2) and (1N) <O(N) (1

2, 0N−2).

Lemma 7.32. We have µ < λ if and only if one of the following holds:

b < a, or b < σ(a), or σ(b) < a, or σ(b) < σ(a).

Proof. Since σ is a Dynkin diagram automorphism, it preserves the usual partial order on the
set X(soN), and therefore

b < a if and only if σ(b) < σ(a).

Since σ is an involution, we have

σ(b) < a if and only if b < σ(a).

Thus, the claim follows.

Definition 7.33. Given two partitions Y and Y ′, we say that Y ⊴ Y ′ if
∑k

i=1 Yi ⩽
∑k

i=1 Y ′
i for

all k ⩾ 0.

Note that (1N) <O(N) (1
2, 0N−2), but (12, 0N−2) ◁ (1N). Thus, the order on partitions from

Definition 7.33 is not adapted to Λ
O(N)
+ . It is however useful to use ⊴ to compare a and b

in X+
(
SO(N)

)
when considering Y(a) and Y(b).
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Lemma 7.34. Let a, b ∈ X+
(
SO(N)

)
. If a ⩽ b, then Y(a) ⊴ Y(b).

Proof. We prove this for n = 4, the general case when N = 2n is an exercise and
when N = 2n+ 1 is an easier exercise.

Suppose a, b ∈ X+
(
SO(8)

)
⊂ ⊕4

i=1Zϵi and that a ⩽ b. Since a Z⩾0-linear combination of
positive roots is aZ⩾0-linear combination of simple roots, we have b−a=wα1+xα2+yα3+zα4,
where w, x, y, z ∈ Z⩾0. Thus, b = (a1 + w, a2 − w + x, a3 − x+ y + z, a4 − y + z) and

• b1 − a1 = w ⩾ 0,

• (b1 + b2)− (a1 + a2) = x ⩾ 0,

• (b1 + b2 + b3)− (a1 + a2 + a3) = y + z ⩾ 0, and

• (b1 + b2 + b3 + |b4|)− (a1 + a2 + a3 + |a4|) = y + z + |a4 − y + z| − |a4| ⩾ 0.

The last inequality follows from noticing that |z − y| ⩽ |z|+ |y| = z + y, so

|a4| = |a4 + (z − y)− (z − y)| ⩽ |a4 + z − y|+ |z − y| ⩽ |a4 + z − y|+ z + y.

The proof is complete.

Definition 7.35. Let λ, µ ∈ Λ
O(N)
+ correspond to (a, ϵ) and (b, ϵ′), respectively. We define a

partial order on Λ
O(N)
+ by declaring λ < µ if Y(a) ◁ Y(b).

Lemma 7.36. If λ ⩽O(N) µ, then λ ⩽ µ.

Proof. Follows from Definition 7.29, Lemma 7.34, and Remark 7.22.

7.2.3 Standard representations for O(N)

Since U is a finite dimensional O(N)-representation. It in particular has a weight space decom-
position as a representation of SO(N).

Lemma 7.37. As SO(N)-representations we have

RSO
O IOSO

(
∆A♡(a)

) ∼= ∆A♡(a)⊕∆A♡(σ(a)).

Proof. It is easy to see from Equation 7.2 that if u ∈ Uλ, then σ(u) ∈ Uσ(λ), and that if u ∈ U
is annihilated by UA♡(soN)

+, then so is σ(u). It follows that

1⊗ v+a 7→ (v+a , 0), σ ⊗ v+a 7→ (0, v+σ(a)),

is the desired isomorphism.

Suppose that σ(a) = a. Then we let

v+(a,+1) =
1
2

(
1⊗ v+a + σ ⊗ v+a

)
, v+(a,−1) =

1
2

(
1⊗ v+a − σ ⊗ v+a

)
.
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Lemma 7.38. Each v(a,±1) generates an O(N)-subrepresentation of IOSO
(
∆A♡(a)

)
. Moreover,

UA♡(soN) · v(a,+1) ⊕ UA♡(soN) · v(a,−1) = RSO
O IOSO

(
∆A♡(a)

) ∼=−→ ∆A♡(a)⊕∆A♡(a)

induces isomorphisms of UA♡(soN)-representations, UA♡(soN) · v(a,ϵ) ∼= ∆A♡(a), for ϵ ∈ {±1}.

Proof. The vectors v(a,±1) are highest weight vectors for UA♡(soN) and eigenvectors, with eigen-
values ±1 respectively, for σ. It follows from Equation 7.2, that for ϵ ∈ {±1}, the O(N)-
subrepresentation generated by v+(a,ϵ) is the ϵ eigenspace of IOSO

(
∆A♡(a)

)
.

The second claim can then easily be checked.

Using these lemmas we can make the following definition.

Definition 7.39. We define the Weyl representation for O(N) with highest weight λ ∈ Λ
O(N)
+ as

∆A♡(λ) =


UA♡(soN) · v(a,+1) if σ(a) = a and λ = Y(a),
UA♡(soN) · v(a,−1) if σ(a) = a and λ = Y(a)tw

IOSO(∆A♡(a)) if σ(a) ̸= a.

We define the dual Weyl representation with highest weight λ ∈ Λ
O(N)
+ as the dual

space∇A♡(λ) = ∆A♡(λ)
∗.

There is another natural definition of dual Weyl representation, paralleling our definition of
Weyl representation. That is as a summand of a dual Weyl representation for SO(N) induced
to O(N). But in fact one arrives at the same definition this way.

Lemma 7.40. For a ∈ X+
(
SO(N)

)
, we have

IOSO(∆A♡(a))
∼=

{
∆A♡(Y(a))⊕∆A♡(Y(a)tw) if σ(a) = a

∆A♡(Y(a)) if σ(a) ̸= a.

IOSO(∇A♡(a))
∼=

{
∇A♡(Y(a))⊕∇A♡(Y(a)tw) if σ(a) = a

∇A♡(Y(a)) if σ(a) ̸= a.

Proof. This is essentially immediate from definitions.

Lemma 7.41. Let M denote either a Weyl or a dual Weyl representation, and let λ, µ ∈ Λ
O(N)
+

with λ ̸= µ.

RSO
O

(
M(λ)

) ∼= {
M(a) if Y(a) ∈ {λ, λtw} and λ ̸= λtw,

M(a)⊕M
(
σ(a)

)
if Y(a) = λ and λ = λtw.

Moreover, if M(λ)[µ] ̸= 0, then µ <O(N) λ.

Proof. Because of the discussion above, it suffices to analyze the decomposition of the SO(N)-
representation RSO

O IOSO
(
M(a)

)
, for a ∈ X+

(
SO(N)

)
. This is analogous to Mackey theory for

finite groups, and we leave it to the reader to fill in the details.
The second claim is [AHR20, Proposition 3.4].
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Definition 7.42. For λ ∈ Λ
O(N)
+ define a map of O(N)-representations hsλ : ∆A♡(λ)→ ∇A♡(λ)

as follows. Suppose Y(a) = λ. If λ ̸= λtw, then hsλ := hsa, and if λ ̸= λtw,
then hsλ = IOSO(hsa).

Lemma 7.43. For λ ∈ Λ
O(N)
+ , we have HomO(N)(∆a(λ),∇A♡(λ)) = A♡ · hsλ.

Proof. Note that if λ ̸=λtw, then hsλ=RSO
O (hsa), and if λ ̸=λtw, thenRSO

O (hsλ)=hsa ⊕ hsσ(a).
Observing that we have σ(v+a ) = v+σ(a), the claim follows from the fact that hsa is span-
ning HomSO(N)(∆A♡(a),∇A♡(a)).

7.2.4 Simple representations for O(N)

We can view finite dimensional representations of SO(N) over F♡ as UF♡(soN)-representations,
with weight space decompositions, such that the weight spaces are contained in X+

(
SO(N)

)
.

Similarly, we view representations ofO(N) as suchUF♡(soN)-representations, with a compatible
action of σ.

Lemma 7.44. The O(N)-representation ∆F♡(λ) has a unique maximal O(N)-subrepresenta-
tion, consisting of the sum of subrepresentations U such that U ∩∆F♡(λ)λ = 0.

Proof. The usual Yoga.

Using the previous lemma, we define LF♡(λ) as the unique simple quotient of ∆F♡(λ). It
then follows by duality that∇F♡(λ) has a simple socle which is isomorphic to LF♡(λ).

Lemma 7.45. The set {LF♡(λ)}λ∈ΛO(N)
+

is a complete and irredundant list of the finite dimen-
sional simple O(N)-representations.

Proof. Let S be an simple O(N)-representation. A standard argument coming from Clifford
theory shows thatRSO

O (S) is completely reducible. Thus, it is a direct sum of simple representa-
tions for SO(N). Choosing a direct sum decomposition into simple subrepresentations, we then
obtain a map to a direct sum of dual Weyl representations. By Lemma 7.40, Frobenius reci-
procity yields a non-zero map from S to a direct sum of dual Weyl representations for O(N).
Since S is simple, it follows that S is isomorphic to a summand of the socle of this direct sum of
dual Weyl representations. Hence, S ∼= LF♡(λ) for some λ ∈ Λ

O(N)
+ . We leave it as an exercise,

using highest weights and the action of σ, to argue that LF♡(λ)
∼= LF♡(µ) implies λ = µ.

Lemma 7.46. Let λ ∈ Λ
O(N)
+ , then

RSO
O

(
LF♡(λ)

) ∼= {
LF♡(a) if Y(a) ∈ {λ, λtw}, and λ ̸= λtw,

LF♡(a)⊕ LF♡(σ(a)) if ξ(a) = λ = λtw.

Proof. Since LF♡(λ) is isomorphic to the socle of∇F♡(λ), we get an injective map

RSO
O

(
LF♡(λ)

)
↪→ RSO

O

(
∇F♡(λ)

)
.
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Another standard Clifford theory argument shows thatRSO
O

(
LF♡(λ)

)
is a completely reducible fi-

nite dimensional SO(N)-representation. It follows thatRSO
O

(
LF♡(λ)

)
is a non-zero subrepresen-

tation of the socle of RSO
O

(
∇F♡(λ)

)
, which by Lemma 7.46 is isomorphic to LF♡(a),

if Y(a) ∈ {λ, λtw} and λ ̸= λtw, or LF♡(a) ⊕ LF♡(σ(a)), if Y(a) = λ = λtw. If λ ̸= λtw,
the desired result is immediate. If λ = λtw, so σ(a) ̸= σ(a), then the desired result follows by
looking at the σ action on weight spaces.

7.2.5 The orthogonal highest weight category

Recall that by, for example, [BS21, Section 6.4], the category Rep(SO(N)), equipped with the
poset (X+

(
SO(N)

)
,⩽), is an upper finite highest weight category.

Lemma 7.47. We have Ext-vanishing, i.e.:

ExtiO(N)

(
∆A♡(λ),∇A♡(µ)

) ∼= {
0 if λ ̸= µ or i > 0,

A♡ · hs if λ = µ and i = 0.

Proof. Since 2 is invertible in A♡, one can argue, see [Ben98, Corollary 3.6.18], that restriction
induces an injective map of A♡-modules

ExtiO(N)

(
∆A♡(λ),∇A♡(µ)

)
→ ExtiSO(N)

(
RSO

O

(
∆A♡(λ)

)
,RSO

O

(
∇A♡(µ)

))
.

The usual Ext-vanishing implies that Ext>0
SO(N)(−, −) = 0 whenever the first entry has a Weyl

representation filtration and the second entry has a dual Weyl filtration. It follows from the state-
ment Lemma 7.41 thatExtiO(N)(∆A♡(λ),∇A♡(µ))

∼= 0 for all λ, µ ∈ Λ
O(N)
+ . SinceExt0 = Hom,

and also HomSO(N)(∆A♡(a),∇A♡(b))
∼= 0, whenever a ̸= b, it suffices to show that

HomO(N)

(
∆A♡(λ),∇A♡(λ

tw)
) ∼= 0 when λ ̸= λtw,

HomO(N)

(
∆A♡(λ),∇A♡(λ)

) ∼= A♡ · hsλ when λ = λtw.

The first equality follows from noting that hsa spans the space of SO(N)-homomorphisms
over A♡, here Y(a) ∈ {λ, λtw}, and hsa does not commute with σ. The second equality is
Lemma 7.43.

Lemma 7.48. In RepF♡

(
O(N)

)
⩽λ

: The O(N)-representation ∆F♡(λ), respectively ∇F♡(λ), is
the projective cover, respectively the injective hull, of LF♡(λ).

Proof. The second claim follows from the first by duality. To show the first claim, it suffices to
show that Ext>0

O(N)(∆F♡(λ),LF♡(ν)) = 0 for all ν ⩽ λ. Again, noting that F♡ is a field over A♡,
so 2 ∈ F×

♡ , we can use [Ben98, Corollary 3.6.18] to observe that restriction induces an injection

ExtiO(N)

(
∆F♡(λ),LF♡(ν)

)
↪→ ExtiSO(N)

(
RSO

O (∆F♡(λ)),RSO
O (LF♡(ν))

)
.

Since Rep
(
SO(N)

)
is well-known to be a highest weight category, we can observe that

if a ∈ X+
(
SO(N)

)
, then ∆F(a) is a projective cover of LF♡(a) in Rep

(
SO(N)

)
⩽a

.
Thus, Ext>0

SO(N)

(
∆F♡(a),LF♡(b)

) ∼= 0 for all b ⩽ a. The claim then follows from Lemma 7.41
and Lemma 7.32.
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By [BS21, Lemma 4.1 and Theorem 4.2], it follows that

TiltF♡
(
O(N)

)
= Fil∆F♡

(
O(N)

)
∩ Fil∇F♡

(
O(N)

)
is an additive category, with isomorphism classes of indecomposable in bijection with Λ

O(N)
+ .

For λ ∈ Λ
O(N)
+ , we write TF♡(λ) for the indecomposable tilting representations with subrepre-

sentation ∆F♡(λ).

Proposition 7.49. The category RepF♡

(
O(N)

)
equipped with (Λ

O(N)
+ ,⩽) is a(n upper finite)

highest weight category.

Proof. We use [BS21, Corollary 3.64] and the above discussion.

7.2.6 Combinatorial orthogonal category

The following is an important property:

Lemma 7.50. The tensor product of two Weyl representations (respectively dual Weyl repre-
sentations) in RepF♡

(
O(N)

)
has a filtration by Weyl representations (respectively dual Weyl

representations).

Proof. Because of compatibility of⊗ and (−)
∗, along with exactness of (−)∗, it suffices to prove

the result for Weyl representations. Let λ, µ ∈ Λ
O(N)
+ . There are a, b ∈ X+

(
SO(N)

)
such

that ∆F♡(λ), respectively ∆F♡(µ), is a direct summand of IOSO(∆F♡(a)), respectively
of IOSO(∆F♡(b)). Then ∆F♡(λ)⊗∆F♡(µ) is a direct summand of

IOSO
(
∆F♡(a)

)
⊗ IOSO

(
∆F♡(b)

) ∼= IOSO(∆F♡(a)⊗RSO
O

(
IOSO(∆F♡(b))

))
.

We use [Don98, Proposition A2.2(vi)] as follows. Since a summand of Weyl filtered represen-
tations is Weyl filtered, inductions and restrictions of Weyl representations are Weyl filtered,
and tensor products of Weyl SO(N)-representations are Weyl filtered, the claim follows from
exactness of IOSO andRSO

O .

Note that in the proof above we work over F♡. This is because we are using that summand
of a Weyl filtered representation is Weyl filtered, which follows from highest weight category
theory, and is therefore not present over A♡.

Proposition 7.51. The category TiltF♡(O(N)) is a symmetric ribbon F♡-linear category.

Proof. Lemma 7.50 implies that Fil∆F♡
(
O(N)

)
and Fil∇F♡

(
O(N)

)
are closed under tensor prod-

ucts. Being pivotal and symmetric is inherited from RepF♡

(
O(N)

)
, and so is the ribbon prop-

erty.

Lemma 7.52. The Weyl representations∆A♡(1
i) are isomorphic toΛi = Λi(AN

♡ ) and are simple
tilting representations, for i = 0, 1, . . . , N .
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Proof. Recall that if N is even, then

∆A♡(ϖi) ∼= RSO
O (Λi) for i ∈ [1, n− 1], ∆A♡(2ϖN) ∼= RSO

O (ΛN).

Moreover, if N is odd, then

∆A♡(ϖi) ∼= RSO
O (Λi) for i ∈ [1, n− 2], ∆A♡(ϖn−1 +ϖN) ∼= RSO

O (Λn−1),

∆A♡(2ϖn−1)⊕∆A♡(2ϖN) ∼= RSO
O (Λn).

Note that each highest weight above is fixed by σ except for 2ϖn−1 and 2ϖN which are permuted
by σ.

It then follows from [JMW16, Sections 3.6.2 and 3.6.4] that each Weyl SO(N)-representa-
tion appearing above is tilting. In particular, each of these Weyl representations is isomorphic
to its dual over A♡.

One then easily argues that independent of whether N is even or odd, we have Λi ∼= ∆A♡(1
i)

for i ∈ [0, n], and ΛiFN
♡ is in TiltF♡(O(N)) for i ∈ [0, n].

Let FundF♡
(
O(N)

)
⊂ RepF♡

(
O(N)

)
be the full subcategory spanned by the representa-

tions as in Lemma 7.52.

Proposition 7.53. There is an equivalence of pivotal symmetric ribbon categories

FundF♡
(
O(N)

)⊕,⊂⊕ → TiltF♡
(
O(N)

)
.

Proof. Recall from Definition 7.20 that dominant weights for O(N) are given by pairs of a
dominant SO(N)weight and ϵ ∈ {±1, 0}. Tensoring with the determinantO(N)-representation
corresponds to swapping the sign in ϵ. Thus, since the determinant O(N)-representation is an
exterior power, the results follows from the same statement about SO(N)-representations.

Remark 7.54. One could expect that there is an equivalence of symmetric ribbon F♡-linear cat-
egories F♡ ⊗A♡ FundA♡

(
O(N)

)
→ FundF♡

(
O(N)

)
.

A. Some combinatorial facts for Howe’s duality

We now fill in some details regarding section 6.

A.1. A short overview

Remark A.1. Nothing in this section is new. And since it can be pieced together from the liter-
ature, we will be very brief.

Recall that Λ∗(V ⊗Am
♡ ) is an O(N)-UA♡(so2m)

op-birepresentation by Proposition 4.16, and
we will only use the associated two actions.

There is a basis, different than the wS basis, which is a weight basis for both actions. These
vectors will necessarily also be indexed by S ⊂ □N×m, so for each box and dot diagram, we
will associate a O(N)-weight and an so2m-weight.

In the case of O(N) and so2m, dominant weights can be encoded three different ways:
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(i) As a sequence of positive integers which are immediately read off of the box and dot
diagram, see Definition 7.21 and Definition A.3.

(ii) As an simple representation of a maximal torus (that is in terms of the usual notion of
weight, generalized to disconnected groups), see Definition 7.21.

(iii) As a pair of a Young diagram (a.k.a. integer partitions) and an integer in {−1, 0, 1}, see
Remark 7.27 and Definition A.12.

A.2. UA♡(so2m)-weights in Λ∗(V ⊗ Am
♡ )

It turns out that there is a simpler convention for writing the weight vectors in Lemma 4.35
instead of using the ϵj basis. Note that the operators e0j,j = xj∂j acting on Λ∗(Am

♡ ) can be made
to act on Λ∗(Am

♡ )
⊗N by derivations, and then we can transport this action to Λ∗(V ⊗ Am

♡ ) with
the isomorphism ϕh. If we instead think of the weight of wh

S in terms of the eigenvalues of the
elements e0j,j , then it is possible to recover how the hj act from Definition 4.6. We will give the
details now.

Notation A.2. Let Πm be the set of compositions of length m, i.e. tuples K = (K1, . . . , Km)
such that Kj ∈ Z⩾0. We write ΠN

m to denote the subset of Πm consisting of K such that Kj ⩽ N
for j ∈ [1,m], or in other words, the compositions that fit into a N -m rectangle.

Definition A.3. Given S ⊂ □N×m, we define wt (wh
S) =

(
|S1|, . . . , |Sm|

)
∈ Π⩽Nm .

Example A.4. Here is an example:

S =

• •
• •
• •

⇝ wt (wh
S) = (3, 1, 0, 0, 1, 1).

Indeed, in terms of dot diagrams Definition A.3 counts the number of dots in columns.

Recall that Π⩽Nm denotes the set of so2m-weights appearing in Λ∗(V ⊗ Am
♡ ).

Lemma A.5. We have {wt (wh
S)|S ⊂ □N×m} = Π⩽Nm .

Proof. Note that wt (wh
S) ∈ Π⩽Nm . Given K ∈ Π⩽Nm , let

SK = ∪1⩽j⩽m{(1, j), (2, j), . . . , (Kj, j)}.

Since 1 ⩽ Kj ⩽ N for j ∈ [1,m], we have S ⊂ □N×m. Then from Definition A.3 we
see wtwh

SK = K.

Lemma A.6. Suppose wt (wh
S) = (K1, . . . , Km). Then we have eoj,j �wh

S = |Sj| ·wh
S and therefore

hj � w
h
S =

(
|Sj| − |Sj+1|

)
· wh

S, hm � w
h
S =

(
|Sm−1|+ |Sm| −N

)
· wh

S,

where j ∈ [1,m− 1].
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Proof. Since dj(S) = |Sj| − (N − |Sj|), we have

1

2

(
dj(S)− dj+1(S)

)
= |Sj| − |Sj+1|, for j ∈ [1,m− 1],

1

2

(
dm−1(S) + dm(S)

)
= |Sm−1|+ |Sm| −N.

Since αj = ϵj − ϵj+1 and αm = ϵm−1 + ϵm, the claim then follows from Lemma 4.35.

It follows from Lemma A.6 that

(K1, . . . , Km) 7→
m∑
i=1

(
Ki − N

2

)
ϵi (A.1)

converts between weights wt (wh
S) ∈ Π⩽Nm and wt so2m(w

h
S) ∈ X(so2m) ⊂ ⊕m

i=1Z ϵi
2

(the
notation X(so2m) was specified in Notation 4.8). Note that the N in the −N/2 factor depends
on S ⊂ □N×m. Thus, we will not refer to Πm in what follows, only Π⩽Nm .

Example A.7. For m = 6, N = 1 and S = {1, 3, 4} we have

• • • ⇝ wt (wh
S) = (1, 0, 1, 1, 0, 0) 7→ wt so2m(xS) =

1
2
(1,−1, 1, 1,−1,−1),

See also Example 4.12.

Lemma A.8. Let S ⊂ □N×m. We have

wt so2m(w
h
S) ∈ X+(so2m)

⇐⇒
wt (wh

S) = K ∈ Π⩽Nm is such that K1 − N
2
⩾ . . . ⩾ Km−1 − N

2
⩾ |Km − N

2
| ⩾ 0,

(A.2)

wt so2m(w
h
S) ∈ X−(so2m)

⇐⇒
wt (wh

S) = K ∈ Π⩽Nm is such that K1 − N
2
⩽ . . . ⩽ Km−1 − N

2
⩽ −|Km − N

2
| ⩽ 0,

(A.3)

where X−(so2m) means antidominant so2m-weights.

Proof. Use that a ∈ X+(so2m) if and only if α∨
i (a) ∈ Z⩾0, for i ∈ [1,m], to deduce

a ∈ X+(so2m)⇔ a1 ⩾ a2 ⩾ . . . ⩾ am−1 ⩾ |am|.

Then apply Equation A.1.

Notation A.9. Write Π⩽Nm,+ for the set of K such that Equation A.2 holds and Π⩽Nm,− for the set of K
such that Equation A.3 holds.

For K ∈ Π⩽Nm , we write ΛK = Λk1(V )⊗ . . .⊗Λkm(V ) ⊂ Λ∗(V )⊗m. Note that since each Λki

is a direct summand of Λ∗(V ), ΛK is a summand of Λ∗(V )⊗m.
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Lemma A.10. Under the isomorphism ϕv from Lemma 4.22, the summand ΛK ⊂ Λ∗(V )⊗m

corresponds to the the K-weight space of the UA♡(so2m)-representation Λ∗(V ⊗ Am
♡ ), i.e.

ϕ−1
v (ΛK) = Λ∗(V ⊗ Am

♡ )[K].

Proof. Follows from description of ϕv in Lemma 4.22, and the observation that wtxh
S = K if

and only if kj = |Sj| for j ∈ [1,m].

We have thus seen two ways to encode so2m-weights. There is a third way that appears in
the literature to encode the data of a so2m-weight in X+(so2m). This third way is by Young
diagrams, ordered by the usual dominance order ⊴ (we also write ◁ etc. having the evident
meaning), with our notation specified by:

Example A.11. For partitions of six we have:

◁ ◁

◁ ◁

◁

◁

◁

◁

◁ ◁

◁ ◁

,

(this is the English convention) with the order increases when reading left-to-right.

Given a ∈ X+(so2m), we have a = A1
ϵ1
2
+ A2

ϵ2
2
+ · · · + Am

ϵm
2

such that Ai ∈ Z,
for i ∈ [1,m], and A1 ⩾ . . . ⩾ Am−1 ⩾ |Am| ⩾ 0. Moreover, either Ai

2
∈ Z for i ∈ [1,m],

or Ai

2
∈ 1

2
+ Z for i ∈ [1,m]. We use this as follows:

Definition A.12. We associate a Young diagram to a, denoted Y(a), with ith row of length

Y(a)i =

{
|Ai|
2

if Ai is even
|Ai|−1

2
if Ai is odd.

We also associate an element ϵ(a) ∈ {0,±1} by ϵ(a) = 0, if am = 0, and ϵ(a) = ±1
if am = ±|am| ≠ 0.

Note that one can recover a uniquely from the pair
(
Y(a), ϵ(a)

)
.

Example A.13. Let us take m = 6, N = 2 and the following dot diagram:

S =
• • • • •
• • •

⇝

wt (wh
S) = (2, 2, 1, 1, 1, 1),

wt so2m(w
h
S) = (1, 1, 0, 0, 0, 0),

Y =
(
(1, 1), 0

)
.

We leave it to the reader to draw the Young diagram.
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Lemma A.14. If a ⩽ b, then Y(a) ⊴ Y(b).

Proof. Standard, see the proof of Lemma 7.34 for the SO(N) version.

Notation A.15. Suppose that K, L ∈ Π⩽Nm,+ correspond to a, b ∈ X+(so2m). If a ⩽ b, then we
write K ⩽so2m L.

Definition A.16. Let a, b ∈ X+(so2m). Define a partial order
(
Y(a), ϵ(a)

)
<

(
Y(b), ϵ(b)

)
if

and only if Y(a) ◁ Y(b).

Notation A.17. Suppose that K, L ∈ Π⩽Nm,+ correspond to a, b ∈ X+(so2m). If
(
Y(a), ϵ(a)

)
<(

Y(b), ϵ(b)
)
, then we write K < L.

Lemma A.18. Let K, L ∈ Π⩽Nm,+. If K ⩽so2m L, then K ⩽ L.

Proof. Follows from Lemma A.14.

A.3. O(N)-weights in Λ∗(V ⊗ Am
♡ )

We follow the conventions and notation of subsubsection 7.2.1. We use that SO(N) ⊂ O(N)
acts on Λ∗(V ⊗ Am

♡ ) by restriction.
As we observed in Remark 4.30, the basis vi is not a weight basis with respect to our choice

of T ⊂ SO(N) from Definition 4.29. Thus, neither is the basis wv
S for Λ∗(V ⊗ Am

♡ ).

Definition A.19. We write

zij = ai ⊗ xj, zN−i+1,j = bi ⊗ xj for i ∈ [1, n],

zn+1,j = u⊗ xj if N = 2n+ 1.

For S ⊂ □N×m, we also write zS for the product of zij such that (i, j) ∈ S ordered by the
vertical reading, see Definition 4.18, of S. We do not consider the horizontal reading for this
basis.

Lemma A.20. The set {zS|S ⊂ □N×m} is an A♡-basis of SO(N)-weight vectors.

Proof. Since SO(N) ⊂ O(N) acts on Λ∗(V ⊗ Am
♡ )
∼= Λ∗(V )⊗m by the usual tensor product

rule, this is easy to check and omitted.

Lemma A.21. Let S ⊂ □N×m. Then

wt SO(zS) =
N∑
i=1

(|Si| − |SN−i+1|) ϵi.

Proof. Immediate from description of the T -action in Definition 4.29.

We now will describe the σ-action on the basis zvS .
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Notation A.22. Suppose N = 2n. For S ⊂ □N×m, write σ(S) ⊂ □N×m to denote the set
determined by the conditions:

σ(S)i = Si for i ̸= n, n+ 1,

σ(S)N = {(t, n)|(t, n+ 1) ∈ Sn+1} and σ(S)n+1 = {(t, n+ 1)|(t, n) ∈ SN}.

Here σ is as in Definition 4.31.

Lemma A.23. We have

σ � zS =

{
(−1)|Sn+1|zS if N = 2n+ 1,

(−1)|{x|(x,n),(x,n+1)∈S}|zσ(S) if N = 2n.

Proof. Boring and omitted.

Thus, if N = 2n + 1, then zS is always a σ-eigenvector. While if N = 2n, then zS is a
σ-eigenvector if and only if σ(S) = S, i.e. the N , n + 1 horizontal strip of S only contains
empty columns or double dot columns.
Remark A.24. Two different subsets of□N×m can give rise to two distinct basis vectors with the
same O(N)-weight. For example, suppose that N = 2 and m = 2. Then

wt O(z) = (0, 1) = wt O(z[1,N ]×[1,m]),

as one easily checks.

Lemma A.25. If (a, ϵ) ∈ X
(
O(N)

)
, then [(a, ϵ)]Λ∗(V ⊗Am

♡ ) is an UA♡(so2m)-direct summand
of Λ∗(V ⊗ Am

♡ ).

Proof. This follows from Proposition 4.16.

A.4. O(N)-UA♡(so2m)-weights in Λ∗(V ⊗ Am
♡ )

The formulas for the action of the raising and lowering operators in UA♡(so2m) in terms of the zS
basis are different than in the wS basis. However, it is still the case that zS is a weight vector for
UA♡(so2m).

Lemma A.26. We have the following.

1. Let S ⊂ □N×m, then wt so2m(zS) = wt so2m(w
h
S).

2. Let λ ∈ Λ
O(N)
+,⩽m correspond to (a, ϵ) ∈ X+

(
O(N)

)
. Consider a set S ⊂ □N×m which has

box and dot diagram with λi dots in the ith row. Then wt O(zS) = (a, ϵ).

3. Let λ ∈ Λ
O(N)
+,⩽m and consider a set S ⊂ □N×m which has box and dot diagram with λi dots

in the ith row, and so that all dots are as far right as possible. Then wt zS ∈ Π⩽Nm,−.

Proof. A calculation.
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Notation A.27. Let λ ∈ Λ
O(N)
+,⩽m. We write Sλ to denote the set S as in Lemma A.26.(c).

Lemma A.28. Let λ ∈ Λ
O(N)
+,⩽m. The vector zSλ

is a highest weight vector for SO(N) and a lowest
weight vector for UA♡(so2m).

Proof. Another boring calculation.

We prefer to not label representations by their lowest weight.
Remark A.29. Recall that the simple with lowest weight b has highest weight w0(b).
Since b ∈ X−(so2m), it follows that zSλ

generates a subrepresentation of Q♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ )
isomorphic to LQ♡(a, ϵ)⊠ LQ♡(w0(b)).

Definition A.30. Let λ ∈ Λ
O(N)
+,⩽m correspond to (a, ϵ). Let b = wt so2m(zSλ

) ∈ X−(so2m).
Define (a, ϵ)† = w0(b).

We now set out to understand the dagger operation combinatorially.

Definition A.31. Write N = 2n + 1, if N is odd, and N = 2n, if N is even. Given a Young
diagram Y with at most N rows and at most m columns, i.e. the diagram fits on an N by m
checkerboard. The complement of Y , is defined as the Young diagram with m − Yi boxes in
the n+1− ith row. Define Yct to be the Young diagram obtained by taking the transpose of the
complement of Y .

Lemma A.32. If Y1 ⊴ Y2, then Yct
2 ⊴ Yct

1

Proof. Taking complements preserves the partial order on Young diagrams. The claim follows
from noting that transpose reverses the partial order.

Lemma A.33. Let λ ∈ Λ
O(N)
+,⩽m correspond to (a, ϵ) and let b = wt so2m(zSλ

).
Then −b ∈ X+(so2m) corresponds to (Y(a)ct, ϵ).

Proof. Omitted.

Note that w0(b) = −w0 �(−b). If m is even, then w0 acts by−1, so−w0 is the identity, while
if m is odd, then−w0 is the Dynkin diagram automorphism, which multiplies the ϵm coordinate
by −1. Since −b corresponds to (Y(a)ct, ϵ), it follows that

w0(b)↭

{
(Y(a)ct, ϵ) if m is even,
(Y(a)ct,−ϵ) if m is odd.

Definition A.34. Let λ ∈ Λ
O(N)
+,⩽m correspond to (a, ϵ). Define λ† ∈ Π⩽Nm,+ as the weight corre-

sponding to

(Y(a), ϵ)† =

{
(Y(a)ct, ϵ) if m is even,
(Y(a)ct,−ϵ) if m is odd.
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Let λ, µ ∈ Λ
O(N)
+,⩽m correspond to (Y(a), ϵ) and (Y(b), ϵ′). If (Y(a), ϵ) < (Y(b), ϵ′),

then Y(a) ◁ Y(b), so by Lemma A.32, Y(b)ct ◁ Y(a)ct, and therefore (Y(b), ϵ′)† < (Y(a), ϵ)†.

Proposition A.35. The map † : ΛO(N)
+,⩽m → Π⩽Nm,+ is an order reversing bijection.

Proof. A calculation.

Lemma A.36. Let λ ∈ Λ
O(N)
+,⩽m and K ∈ Π⩽Nm,+. If [λ]Λ∗(V ⊗ Am

♡ )[K] ̸= 0, then K ⩽ λ†.

Proof. Since LQ♡(µ)λ ̸= 0 implies λ <O(N) µ by Lemma 7.41, Lemma 7.36 gives

[λ]Q♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ )[K] ⊂
⊕
λ⩽µ

LQ♡(µ)⊠ LQ♡(µ
†).

It follows from [λ]Q♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ )[K] ̸= 0, that there is some µ ∈ Λ
O(N)
+,⩽m, such that λ ⩽ µ

and LQ♡(λ)(µ
†)[K] ̸= 0. Thus, K ⩽ µ† ⩽ λ†.

Lemma A.37. If λ ∈ Λ
O(N)
+,⩽m, then TF♡(λ

†) is a direct summand of [λ]F♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ ).

Proof. By Lemma 4.15, F♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ ) is a tilting representations for UF♡(so2m). The
weight space [λ]F♡ ⊗A♡ Λ

∗(V ⊗ Am
♡ ) is a UF♡(so2m) direct summand of F♡ ⊗A♡ Λ

∗(V ⊗ Am
♡ ),

so is a tilting representations for UF♡(so2m). Thus, [λ]F♡ ⊗A♡ Λ∗(V ⊗ Am
♡ ) is a

direct sum of tilting representations of the form TF♡(λ)(K), and by Lemma A.36 K ⩽ λ†.
Since zSλ

∈ [λ]F♡ ⊗A♡ Λ
∗(V ⊗ Am

♡ )[λ
†] ̸= 0, and since TF♡(λ)(K)[L] ̸= 0 implies L ⩽ K,

we conclude that TF♡(λ)(λ
†) is a summand of [λ]F♡ ⊗A♡ Λ

∗(V ⊗ Am
♡ ).
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