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Abstract. Let A ⊂ Zd be a finite set. It is known that the sumset NA has predictable
size (|NA| = PA(N) for some PA(X) ∈ Q[X]) and structure (all of the lattice points in
some finite cone other than all of the lattice points in a finite collection of exceptional sub-
cones), once N is larger than some threshold. In previous work, the first effective bounds
for both of these thresholds were established, for an arbitrary set A. In this article we sub-
stantially improve each of these bounds, coming much closer to the corresponding lower
bounds known.
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1. Introduction

Let A ⊂ Zd be a finite set, and for each positive integer N consider the sumset

NA := {a1 + · · ·+ aN : ai ∈ A for all i}.

When N is sufficiently large, NA becomes rigidly structured. In this article we study two indi-
cators of such structure, establishing that the values of N which are “sufficiently large” are not
too large (and indeed are near to what we would guess are the smallest such N ).
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The first notion involves the size |NA|. Start with the convex hull of A, denoted

H(A) :=
{∑

a∈A

caa : Each ca ∈ R⩾0,
∑
a∈A

ca = 1
}
.

Certainly NA ⊂ NH(A)∩Zd, and therefore |NA| ⩽ |NH(A)∩Zd|. Ehrhart showed ([Ehr62]
[BR15, Theorem 3.8]) that there is a polynomial RA ∈ Q[X] of degree at most d for which

|NH(A) ∩ Zd| = RA(N)

for all positive integersN . Therefore |NA| ⩽ RA(N) for allN but one can readily find examples
for which |NA| < RA(N) for all N : for instance, if d = 1 and A = {0, 3, 5} then H(A) = [0, 5]
and |NA| = 5N − 5 < RA(N) = 5N + 1 for all N ⩾ 3.

Even though |NA| is not equal to the Ehrhart polynomial in this example, it is still equal
to a polynomial in N once N is sufficiently large. This was established when A ⊂ Z by
Nathanson [Nat72], using an explicit combinatorial argument and, remarkably, this holds in
arbitrary dimension:

Theorem 1.1 (Khovanskii [Kho92]). Let A ⊂ Zd be finite. There is a polynomial PA ∈ Q[X]
of degree at most d, and a threshold NKh(A), such that |NA| = PA(N) provided N ⩾ NKh(A).

Khovanskii’s proof related the sequence N 7→ |NA| to the Hilbert function of a certain
graded module over the polynomial ring C[X1, . . . , Xℓ] (where ℓ = |A|), and so agrees with
the Hilbert polynomial of the graded module once N ⩾ NKh(A). But Hilbert’s proof [Eis95,
Theorem 1.11] does not yield an explicit bound on NKh(A). Nathanson and Ruzsa [NR02]
later gave a combinatorial proof of Theorem 1.1, but this did not provide an effective bound
on NKh(A) either, relying on the following well-known principle (proved in [GS20, Lemma 5],
say).

Lemma 1.2 (The Mann–Dickson Lemma). For any S⊂Zd
⩾0 there exists a finite subset Smin⊂S

such that for all s ∈ S there exists x ∈ Smin with s− x ∈ Zd
⩾0.

Prior to 2021, explicit bounds were known when d = 1 ([Nat72, WCC11, GS20, GW21],
with the strongest results in [Lev22]); when H(A) is a d-simplex ([CG21], with a refinement
in [GSW23]); or when H(A) is d-dimensional and |A| = d + 1 or d + 2 ([CG21], with a
refinement in [GSW23]).

In [GSW23], the first effective bounds for arbitrary d and arbitrary A ⊂ Zd were proved. In
particular, [GSW23, Theorem 1.1] showed that

NKh(A) ⩽ (2|A| · width(A))(d+4)|A|, (1.1)

where width(A) := maxa1,a2∈A ∥a1 − a2∥∞ is the ‘width’ of A. The proof used a complicated
explicit linear algebra argument to bound |Smin| in the Nathanson–Ruzsa argument.

By returning to Khovanskii’s original approach, and adapting techniques in Gröbner bases
from [Stu96b, Chapter 4] as applied to toric ideals, we have been able to greatly improve (1.1).
To state the new bound, we define two quantities that will occur frequently throughout.
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Definition 1.3. If A = {a1, . . . , aℓ} ⊂ Zd, we define

Vol†,max(H(A)) := max
{i0,i1,...,id}⊂{1,...,ℓ}

| det(ai1 − ai0 , · · · , aid − ai0)|

Vol†,min(H(A)) := min
{i0,i1,...,id}⊂{1,...,ℓ}

det(ai1−ai0 ,··· ,aid−ai0 )̸=0

| det(ai1 − ai0 , · · · , aid − ai0)|.

Remark 1.4. Note that 1
d!
Vol†,max(H(A)) is equal to the volume of the largest d-simplex sub-

tended by elements of A. In particular Vol†,max(H(A)) ⩽ d! Vol(H(A)). By Hadamard’s in-
equality we also have Vol†,max(H(A)) ⩽ dd/2width(A)d.

Letting ΛA−A ⊂ Zd denote the lattice generated by A− A, our first result is as follows.

Theorem 1.5 (Improved Khovanskii threshold). Suppose that A ⊂ Zd is finite and that ΛA−A

is d-dimensional. Then

NKh(A) ⩽ |A|2Vol†,max(H(A))− |A|+ 1. (1.2)

Our proof is motivated by notions in algebraic geometry (as in [Stu96b, Chapter 4]), but we
present a simpler, more-or-less equivalent, formulation using only linear algebra. This will be
useful when considering the second notion of structure for NA, discussed below.

Theorem 1.5 implies the upper bounds

NKh(A) ⩽ d!|A|2Vol(H(A))− |A|+ 1

and
NKh(A) ⩽ |A|2dd/2width(A)d − |A|+ 1,

indicating the scale of improvement over (1.1). These may be compared with lower bounds.
For example, when |A| = d + 2 and ΛA−A = Zd it was shown in [CG21, Theorem 1.2]
that NKh(A) = d! Vol(H(A)) − d − 1. This means that Theorem 1.5 is optimal up to the |A|2
term (and the |A|2 term in (1.2) cannot be replaced by 1, as Vol†,max(H(A)) < d! Vol(H(A))
for some sets with |A| = d+ 2).

The bound on NKh(A) is related to an influential conjecture in algebraic geometry
called the Eisenbud–Goto regularity conjecture [MP18]. Though now known to be false in
full generality, the conjecture may still be true for projective toric varieties, which is the
relevant case for bounding NKh(A). A proof of this case of the conjecture would imply
NKh(A) ⩽ d! Vol(H(A)) − |A| + Od(1) which, given the above comments on the bounds
when |A| = d + 2, would be essentially optimal. We direct the interested reader to [Stu97,
Conjectures 4.1 and 4.2], also available at [Stu96a], and to [Stu96b, Chapter 4].

Strong, in some ways optimal, bounds on |NA| when N < NKh(A) are given in [EM22,
EM23].

For the second notion of structure, we consider the inclusionNA ⊂ NH(A)∩Zd in more de-
tail, an inclusion introduced in [GS20], with antecedents in Khovanskii’s original paper [Kho92].
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Let ex(H(A)) ⊂ A denote the set of extremal points of the polytope H(A), and translate A so
that 0 ∈ ex(H(A)) and ΛA = Zd, without loss of generality. Then NH(A) ⊂ CA where

CA :=
{∑

a∈A

caa : ca ∈ R⩾0 for all a
}

is the cone generated by A, and the semigroup generated by A is the nested union (as 0 ∈ A)

P(A) :=
∞⋃

N=1

NA ⊂ CA ∩ Zd.

The set of exceptional elements are those lattice points in CA which do not belong to P(A),

E(A) := (CA ∩ Zd) \ P(A),

and so
NA ⊂ (NH(A) ∩ Zd) \ E(A).

Similarly, for all a ∈ ex(H(A)) we have 0 ∈ a−ex(H(A)) = ex(H(a−A)). Since Λa−A = Zd

too, we have
N(a− A) ⊂ (NH(a− A) ∩ Zd) \ E(a− A).

Rearranging and taking the intersection over all a ∈ ex(H(A)), we get

NA ⊂ (NH(A) ∩ Zd) \
( ⋃

a∈ex(H(A))

(aN − E(a− A))
)
. (1.3)

It was shown in [GS20] that there is equality in (1.3) once N is sufficiently large. That is,
there exists a constant NStr(A) such that if N ⩾ NStr(A) then

NA = (NH(A) ∩ Zd) \
( ⋃

a∈ex(H(A))

(aN − E(a− A))
)
, (1.4)

so that NA fills out to its maximal possible size. This was proved by Nathanson [Nat72]
when d = 1 and for d ⩾ 2 in [GS20]; however the proof in [GS20] did not produce an upper
bound for the value of NStr(A) as it relied on the ineffective Lemma 1.2. The article [GSW23,
Theorem 1.3] then gave the first effective bound on NStr(A) for all A:

NStr(A) ⩽ (d|A| · width(A))13d6 . (1.5)

Previous bounds for NStr(A) were known when d = 1 [Nat72, WCC11, GS20, GW21, Lev22]
and when H(A) is a d-simplex ([CG21], with refined bounds in [GSW23]).

The proof of (1.5) in [GSW23] was intricate involving an “induction on dimension” strategy.
This required repeated use of Siegel’s Lemma from quantitative linear algebra (in the version
proved by Bombieri–Vaaler [BV83]) together with delicate geometric considerations, such as
the size and shape of the intersection between neighbourhoods of two cones CA and CB.

Our second main result gives a strengthening of (1.5), with a much simpler proof. This is
based in part on ideas from the proof of Theorem 1.5, developed out of the ideas in [Stu96b,
Chapter 4]. Before stating the result, we introduce one final quantity associated to A.
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Definition 1.6. Let A ⊂ Rd be finite with span(A − A) = Rd. Given a facet (i.e. (d − 1)-
dimensional face) F of H(A), and a point a ∈ A \ F , let Vol(F, a) denote the volume of the
polytope given by the convex hull of F and a. Then set

κ(A) = max
F

maxa Vol(F, a)

mina Vol(F, a)
.

Remark 1.7. There are several equivalent ways to define κ(A). Indeed, for each F we could
equivalently replace Vol(F, a) by gF (a) for any affine-linear function gF : Rd → R which van-
ishes on F and is strictly positive on H(A) \ F . For example, we could take gF (a) to be the
(signed) orthogonal distance from F to a. Or we could pick linearly independent
points b(1), . . . , b(d) in F ∩ A and let gF (a) = det(b(1) − a, . . . , b(d) − a), where the b(j) are
ordered to make this determinant positive for a ∈ H(A) \ F . Using the latter choice of gF we
see that

κ(A) ⩽
Vol†,max(H(A))

Vol†,min(H(A))
. (1.6)

Our main result is the first general effective bound for NStr(A) that captures the geometry
of A by involving the quantities κ(A), Vol(H(A)), and Vol†,max(H(A)):

Theorem 1.8 (Improved structural threshold). Let A ⊂ Zd be a finite set, with 0 ∈ ex(H(A))
and ΛA = Zd. Then we have the following two upper bounds:

NStr(A) ⩽ (d+ 1)κ(A)
(
d! Vol(H(A)) +

(
|ex(H(A))| − d− 1

)
Vol†,max(H(A))

)
(1.7)

and
NStr(A) ⩽ (d+ 1)κ(A)

(
|A| − d− 1

)
Vol†,max(H(A)). (1.8)

The bound (1.7) is better when |A| is substantially larger than ex(H(A)); and (1.8)
when d! Vol(H(A)) is substantially larger than Vol†,max(H(A)). Using (1.6) and bounding
Vol†,min(H(A)) ⩾ 1 and Vol†,max(H(A)) ⩽ d! Vol(H(A)), (1.7) implies the cleaner but slightly
weaker bound

NStr(A) ⩽ (d+ 1)(d!)2(| ex(H(A))| − d)Vol(H(A))2, (1.9)

but still much stronger than (1.5).
Similar to the Khovanskii threshold, we guess that a bound like NStr(A) ⩽ d! Vol(H(A))

holds in general. Our (1.9) is roughly the square of this bound, so still far from optimal.
If H(A) is a simplex then κ(A) = 1 and |ex(H(A))| = d + 1, so (1.7) implies

that NStr(A) ⩽ (d + 1)!Vol(H(A)), which essentially recovers the best known bound in this
case [GSW23, Theorem 1.5].

The paper is structured as follows. In Section 2 we prove Theorem 1.5, while developing
general lemmas on equations

∑
a∈A a =

∑
b∈B b (with B ⊂ A) that will be useful throughout.

In Section 3 we use these lemmas, with some convex geometry, to deduce Theorem 1.8.
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2. Proof of Theorem 1.5

Let A = {a1, . . . , aℓ}. To keep track of various quantities throughout the proof, we define the
weight of a vector m ∈ Zℓ by wt(m) := m · 1 =

∑ℓ
i=1 mi. We also let Amat := (a1, . . . , aℓ) be

the d-by-ℓ matrix formed with the ai as column vectors, so that Amatm =
∑

i miai.
We begin with a result and proof due to Nathanson and Ruzsa.

Proposition 2.1. There exists a finite set of lattice points M ⊂ Zℓ
⩾0, as described in the proof,

such that for all positive integers h we have

|hA| =
∑
T⊂M

(−1)|T |
(
h− wt(mT ) + ℓ− 1

ℓ− 1

)
,

where mT is the vector with (mT )i := maxm∈T (m)i, and
(

N
ℓ−1

)
= 0 if N < ℓ− 1.

Proof. If x ∈ hA then let

reph(x) := {m ∈ Zℓ
⩾0 : wt(m) = h and Amatm = x},

denote the coefficient set of non-negative combinations of h elements of A that represent x.
Let mh(x) be the minimum element in reph(x) with respect to the lexicographic ordering, and
let

U :=
⋃
h⩾0

⋃
x∈hA

{m ∈ reph(x) : m ̸= mh(x)}.

Evidently |hA| = |{mh(x) : x ∈ hA}|. We will calculate this size using the relationship

{mh(x) : x ∈ hA} = {n ∈ Zℓ
⩾0 : wt(n) = h and n ̸∈ U}.

To this end, note that U + Zℓ
⩾0 = U . Indeed, if y ∈ Zℓ

⩾0 then writing v = Amaty
and k = wt(y) we have reph(x) + y ⊂ reph+k(x+ v). So if m ∈ reph(x) ∩ U then

m+ y >lex mh(x) + y ⩾lex mh+k(x+ v).

So m+ y ∈ U as needed.
Applying Lemma 1.2 (the Mann–Dickson Lemma) to U ⊂ Zℓ

⩾0 we see that the set

M = M(U) := {m ∈ U : for all u ∈ U , u ⩽coord m =⇒ u = m}

of minimal elements is finite, where x ⩽coord y if xi ⩽ yi for all i. In particular, for every u ∈ U
there exists some m ∈ M with m ⩽coord u. Therefore we can use inclusion-exclusion to obtain

{n ∈ Zℓ
⩾0 : wt(n) = h and n ̸∈ U}

=
∑
T⊂M

(−1)|T |{n ∈ Zℓ
⩾0 : wt(n) = h and m ⩽coord n ∀m ∈ T}

=
∑
T⊂M

(−1)|T |{n ∈ Zℓ
⩾0 : wt(n) = h and mT ⩽coord n}.
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We have written this in terms of sets, and one should think of +S as including the elements of S
with multiplicity, and −S as removing one copy of each element of S.

Note that if n ∈ Zℓ
⩾0 with wt(n) = h and mT ⩽coord n, then wt(mT ) ⩽ h. In that case,

writing n = mT + r we obtain

{n ∈ Zℓ
⩾0 : wt(n) = h and mT ⩽coord n} = {r ∈ Zℓ

⩾0 : wt(r) = h− wt(mT )}

and the result follows from the usual ‘stars and bars’ bound.

The remainder of the proof of Theorem 1.5 concerns bounding wt(mT ) above.
To describe this argument we introduce some more notation, which will be of use
throughout the paper. Given u ∈ Zℓ define vectors u+, u− ∈ Zℓ

⩾0 where (u+)i = max{0, ui}
and (u−)i = max{0,−ui}, so that u = u+ − u−. If u ∈ Zℓ, we let supp(u) = {i : ui ̸= 0}.
Next let

Z = Z(A) := {z ∈ Zℓ : wt(z) = 0 and Amatz = 0} (2.1)

which is a lattice. By taking m = z+,m′ = z− with x = Amatm and h = wt(m) we obtain

Z =
⋃
h⩾0

⋃
x∈hA

{m−m′ : m,m′ ∈ reph(x)}.

We continue with a lemma relating M and Z .

Lemma 2.2. Given m∈M let x=Amatm and h=wt(m). Then supp(m)∩ supp(mh(x))=∅.
Moreover if there exists v ∈ Z \ {0} with v+ ⩽coord m and v− ⩽coord mh(x) then v+ = m,
v− = mh(x), and v = m−mh(x).

Proof. Write n = mh(x) so that Amat(m − n) = x − x = 0. If supp(m) ∩ supp(n) ̸= ∅,
say that mi, ni ⩾ 1. Then m − ei >lex n − ei with m − ei, n − ei ∈ Zℓ

⩾0 so m − ei ∈ U ,
and m− ei <coord m, contradicting that m ∈ M(U). So supp(m) ∩ supp(n) = ∅ as claimed.

Now if v ∈ Z \ {0} with v+ ⩽coord m and v− ⩽coord n then v+ >lex v−. Indeed, if not
then w := v+ + n− v− <lex n and w ∈ Zℓ

⩾0. Moreover m− w = (m− n)− (v+ − v−) ∈ Z ,
so that w ∈ reph(x) with w <lex n. However n = mh(x) ⩽lex w by definition, which gives a
contradiction. So v+ >lex v

−.
Finally, let y = Amatv

+ and k = wt(v+), so that v+, v− ∈ repk(y) and v+ ∈ U
(as v+ >lex v−). Then v+ ⩽coord m and m ∈ M, so v+ = m. Therefore y = x, k = h
and so v− ∈ reph(x) which implies that n ⩽lex v−. Moreover v− ⩽coord n which
implies v− ⩽lex n, and so v− = n. So v = v+ − v− = m− n as claimed.

We define Z† = Z†(A) by

Z† := {u ∈ Z \ {0} : If v ∈ Z \ {0} with supp(v) ⊂ supp(u) then v = λu for some λ ∈ Z}.

Note that if v ∈ Z \ {0} then there must exist some u ∈ Z† with supp(u) ⊂ supp(v). It
transpires that elements in Z† may be strongly controlled, and this in turn will help control Z
and finally M.
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Lemma 2.3. If u ∈ Z† then ∥u∥∞ := maxi |ui| ⩽ Vol†,max(H(A)).

Proof. For each ai ∈ A let bi = (ai
1
) ∈ Zd+1 If supp(u) = {i1, . . . , ir} then the only linear

dependence (up to scalars) amongst the the vectors {bi1 , · · · , bir} is
∑

j uijbij = 0, so that the
(d + 1)-by-r matrix M = (bi1 , · · · , bir) has rank r − 1. Since span({b1, . . . , bℓ}) = Rd+1

(as ΛA−A is d-dimensional), we can find column vectors bir+1 , . . . bid+2
such that the (d + 1)-

by-(d + 2) matrix M ′ = (bi1 , · · · , bid+2
) has rank d + 1 and so has a 1-dimensional null space.

Cramer’s rule gives a non-zero null vector

w :=
d+2∑
j=1

(−1)j det(bi1 · · · , bij−1
, bij+1

, · · · bid+2
) · eij (2.2)

(non-zero as the subdeterminants cannot all be zero since M ′ has rank d + 1). We
already have the null vector u, so w and u must be scalar multiples of one another.
In particular supp(w) ⊂ supp(u), and hence w = λu for some λ ∈ Z. This implies
that |uij | ⩽ |wij | ⩽ | det(bi1 · · · , bij−1

, bij+1
, · · · bid+2

)| for all j, and hence

∥u∥∞ ⩽ max
{k0,k1,...,kd}⊂{1,...,ℓ}

∣∣∣∣ det((ak0
1

)
, · · · ,

(
akd
1

))∣∣∣∣ = Vol†,max(H(A)).

For the final equality, we have relabelled {bi1 , · · · , bij−1
, bij+1

, · · · bid+2
} as {ak0 , . . . , akd} and

then subtracted the first column from the others, expanding the determinant about the bottom
row.

We continue by relating Z† and Z . To this end we write supp(u±) ⊂ supp(v±) as shorthand
for the two conditions supp(u+) ⊂ supp(v+) and supp(u−) ⊂ supp(v−)

Lemma 2.4. If v ∈ Z \ {0} then there exists u ∈ Z† such that supp(u±) ⊂ supp(v±).

Proof. Let w = v/ gcdi vi (where v = (v1, . . . , vℓ) ∈ Zℓ). If w ∈ Z† let u = w and we are
done, so we may assume that w ∈ Z \ Z†. If | supp(v)| = 1 then w ∈ Z† automatically, so
we assume that | supp(v)| ⩾ 2 and proceed by induction on | supp(v)|. Since w ∈ Z \ Z†

is non-zero there exists u ∈ Z \ {0} with supp(u) ⊂ supp(w) but which is not an integer
multiple of w. Select λ := mini:ui ̸=0 |wi/ui|, which is > 0 as supp(u) ⊂ supp(w). Pick i so
that wi = ±λui with ui ̸= 0, and then adjust the sign of u so that ui > 0 (and one can adjust the
sign of u since Z is symmetric by definition). Now let y := uiw − wiu, so that yi = 0 and for
all j either yj equals 0 or has the same sign as wj , since |wiuj| = λ|uiuj| = |ui| ·λ|uj| ⩽ |uiwj|.
Therefore supp(y) ⊂ supp(w) \ {i} with supp(y±) ⊂ supp(w±). Note further that y ̸= 0,
since if 0 = y = uiw−wiu then wi ̸= 1, since u is not an integer multiple of w, but this in turn
contradicts the coprimality of the coordinates of w.

Since y ∈ Z \ {0}, by the induction hypothesis there exists u ∈ Z† for which

supp(u±) ⊂ supp(y±) ⊂ supp(w±) = supp(v±).

We may iterate this argument to entirely decompose elements v ∈ Z in terms of a combina-
tion of elements u ∈ Z†.
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Lemma 2.5 (Decomposing using Z†). Any v ∈ Z \ {0} can be written as
∑I

j=1 λjuj with
each uj ∈ Z†, λj ∈ Q>0 and I ⩽ | supp(v)|. Furthermore each supp(u±

j ) ⊂ supp(v±), so
that v+ =

∑I
j=1 λju

+
j and v− =

∑I
j=1 λju

−
j .

Proof. We prove Lemma 2.5 by induction on m := | supp(v)|. Select u ∈ Z† by Lemma 2.4,
let λ := mini:ui ̸=0 vi/ui (noting vi and ui have the same sign as supp(u±) ⊂ supp(v±)), choose i
so that vi = λui, and let y := v−λu. Now supp(y) ⊂ supp(w)\{i} so that | supp(y)| ⩽ m−1.
If y = 0 (for example if m = 1) then v = λu. Otherwise the result follows by the induction
hypothesis.

The preceding lemmas may be combined to control the size of elements in M.

Lemma 2.6. If m ∈ M then ∥m∥∞ ⩽ ℓ Vol†,max(H(A)).

Proof. Let x = Amatm and h = wt(m). By Lemma 2.2, letting u := m − mh(x) ∈ Z we
have u ̸= 0, and if v ∈ Z \ {0} with v+ ⩽coord u+ and v− ⩽coord u− then v = u. Now by
Lemma 2.5 we can write u =

∑I
j=1 λjuj with each uj ∈ Z†, λj ∈ Q>0 and I ⩽ | supp(u)|,

where each supp(u±
j ) ⊂ supp(u±), so that u+ =

∑I
j=1 λju

+
j and u− =

∑I
j=1 λju

−
j .

We claim each λj ⩽ 1, else u+
j <coord λju

+
j ⩽coord u+ and u−

j <coord λju
−
j ⩽coord u−.

Then applying Lemma 2.2 as above with v = uj we conclude uj = u, but this contradicts the
strict inequality u+

j <coord u+.
Now m and mh(x) have disjoint support by Lemma 2.2, and therefore, by the triangle in-

equality,

∥m∥∞ ⩽ ∥u∥∞ ⩽
I∑

j=1

λj∥uj∥∞ ⩽ I ·max
j

∥uj∥∞ ⩽ ℓ ·max
u∈Z†

∥u∥∞

and the result then follows from Lemma 2.3.

Substituting this control on M into the Proposition 2.1 will quickly resolve Theorem 1.5.

Proof of Theorem 1.5. Define

PA(x) :=
1

(ℓ− 1)!

∑
T⊂M

(−1)|T |(x− wt(mT ) + ℓ− 1) · · · (x− wt(mT ) + 1).

We observe that
(h− wt(mT ) + ℓ− 1) · · · (x− wt(mT ) + 1)

(ℓ− 1)!
=

(
h− wt(mT ) + ℓ− 1

ℓ− 1

)
for all integers h ⩾ wt(mT )− ℓ+ 1. Therefore, by Proposition 2.1,

|hA| = PA(h) for all h ⩾ wt(mM(U))− ℓ+ 1

since maxT⊂M(U) wt(mT ) = wt(mM(U)), by definition. Hence

NKh(A) + ℓ− 1 ⩽ wt(mM(U)) =
ℓ∑

i=1

max
m∈M(U)

|m|i ⩽ ℓ max
m∈M(U)

∥m∥∞ ⩽ ℓ2 Vol†,max(H(A)).

by Lemma 2.6. This is the claimed bound on NKh(A).
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3. Proof of Theorem 1.8

Let us first describe the general strategy. Let A ⊂ Zd be finite with 0 ∈ ex(H(A)) and ΛA = Zd.
If v ∈ P(A), we aim to find u and w such that v = u+ w, where:

• u ∈ MA, for a bounded M ;

• w ∈ P(B∪{0}), where B ⊂ A is contained within a single facet of H(A). One may also
assume that this facet does not contain the origin.

In some ways, this strategy is similar to [GSW23, Lemma 7.1]. However,
in [GSW23, Lemma 7.1] the set B was pre-determined at the outset, with the further assump-
tions that v∈P(A)∩CB and the further requirement that u ∈ CB. It turns out to be much
easier to prove the weaker version outlined above, where B is found as a consequence of the
decomposition v = u+ w rather than being fixed in the hypotheses.

To find the decomposition v = u + w, one may consider a representation v =
∑ℓ

i=1 ηiai
in which η ∈ Zℓ

⩾0 and the weight wt(η) is minimal. Recall that A = {a1, . . . , aℓ} and wt(η)
denotes

∑
i ηi. In this section it will actually be more convenient to index η directly by A itself,

so v =
∑

a∈A ηaa and wt(η) =
∑

a∈A ηa. The basic idea is then to let

u =
∑
a∈A

ηa is small

ηaa and w =
∑
a∈A

ηa is large

ηaa.

If the set {a ∈ A : ηa is large} is not contained within a single facet of H(A), one can use prop-
erties of the sets Z(A) and Z†(A) established previously (Lemmas 2.3 and 2.5) to reduce wt(η),
contradicting minimality.

Having proved this decomposition, suppose v ∈ NH(A) as well, with N at least the right-
hand side of (1.8). If the facet on which B lies is defined by β = 1 for a linear map β : Rd → R,
then one can apply β to both sides of the equation v = u + w. Writing w =

∑
b∈B λbb, we

have β(w) = wt(λ), and this enables us to bound wt(λ) above in terms of N and M . Putting
everything together, we can place v ∈ NA as required. (We extend the definition of wt to mean
simply the sum of the entries of a vector. We will also implicitly allow ourselves to enlarge the
indexing set of a vector, by setting all previously undefined entries to zero.)

This method gives (1.8). In order to prove (1.7), which involves |ex(H(A))| instead of |A|,
one first excises the contribution from non-extremal elements (Lemma 3.7 below). This is a
simple additive–combinatorial argument, adapted from similar results in [CG21] and [GSW23].
This done, one proceeds as above but with A replaced by ex(H(A)).

To begin the proof proper, we state some standard results on convex polytopes.
Let A ⊂ Zd be finite, and assume 0 ∈ ex(H(A)) and span(A) = Rd. Then from the
structure theorem for convex polytopes [Brø83, Theorem 9.2], we know that there are linear
maps β1, . . . , βK , γ1, . . . , γL, : Rd → R for which

H(A) =
K⋂
i=1

{x ∈ Rd : βi(x) ⩽ 1} ∩
L⋂

j=1

{x ∈ Rd : γj(x) ⩾ 0}
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and the sets {x ∈ H(A) : βi(x) = 1} and {x ∈ H(A) : γj(x) = 0} form the facets
of H(A). For each i and j we call {x ∈ H(A) : βi(x) = 1} an outer facet of H(A)
and {x ∈ H(A) : γj(x) = 0} an inner facet of H(A).

We continue with a technical lemma which we will use to reduce wt(n) as discussed above.

Lemma 3.1 (Preparation for reduction step). Let A ⊂ Zd be finite, and assume 0 ∈ ex(H(A))
and span(A) = Rd. Let S ⊂ A, and suppose that S does not lie in an outer facet of H(A).
Then for any linear map α : Rd → R satisfying α(s) = 1 for all s ∈ S there
exists p ∈ H(A) ∩ span(S) ∩Qd for which α(p) > 1.

Proof. Each outer facet of H(A) is defined by {x ∈ H(A) : βi(x) = 1} for some linear map βi.
Now βi(s) ⩽ 1 for all s ∈ S as S ⊂ A ⊂ H(A), and we cannot have equality for all s ∈ S as S
is not contained in any outer facet by the hypothesis, and so the barycentre

q :=
1

|S|
∑
s∈S

s

of S satisfies βi(q) < 1. Letting β̂ = maxi βi(q) ∈ [0, 1), we see that q lies inside β̂H(A), and
so for any ε ∈ (0, β̂−1 − 1) ∩ Q the point p = (1 + ε)q lies in H(A). This p is clearly also in
span(S) and Qd, and satisfies α(p) = (1 + ε)α(q) = 1 + ε > 1.

We now use this observation to prove the existence of certain relations between sums of
elements in A.

Lemma 3.2 (Reduction step). LetA⊂Zd be finite, and assume 0∈ex(H(A)) and span(A)=Rd.
Suppose the elements of S ⊂ A are linearly independent, and that S is not a subset of any outer
facet of H(A). Then there exist non-negative integers {λs}s∈S and {ρa}a∈A\{0} such that∑

s∈S

λss =
∑

a∈A\{0}

ρaa and wt(λ) > wt(ρ),

where λs, ρa ⩽ Vol†,max(H(A)) for all s ∈ S and a ∈ A \ {0}.

Proof. As S is linearly independent, we know that 0 ̸∈S and there exists a linear map α : Rd→R
with α(s) = 1 for all s ∈ S. From Lemma 3.1, choose p ∈ H(A)∩span(S)∩Qd with α(p) > 1.
Therefore p =

∑
s∈S γss for some coefficients γs ∈ Q (and we let γa = 0 for all a ∈ A \ S),

and p =
∑

a∈A δaa where wt(δ) = 1 and δa ∈ [0, 1] ∩Q for all a ∈ A. Then∑
s∈S

γss = p =
∑
a∈A

δaa and wt(γ) = α(p) > 1 = wt(δ).

Let L be the least common denominator of all the γs and δa. Define za = L(δa − γa)
for a ∈ A \ {0}, and

z0 = L
(
wt(γ)− wt(δ) + δ0

)
> 0,

so that
wt(z) = z0 +

∑
a∈A\{0}

L(δa − γa) = 0.
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We then have z ∈ Z (as defined in (2.1), where we identify ZA with Zℓ) and supp(z−) ⊂ S.
By Lemma 2.5, we write z =

∑
j ηjuj with each uj ∈ Z†, ηj ∈ Q>0, and

supp(u±
j ) ⊂ supp(z±). Now 0 ∈ supp(z+) as z0 > 0, so 0 ∈ supp(u+) ⊂ supp(z+) for

some u = uj ∈ Z† and supp(u−) ⊂ supp(z−) ⊂ S. Define

λs =

{
(−us) if s ∈ supp(u−)

0 if s ∈ S \ supp(u−),
and ρa =

{
ua if a ∈ supp(u+) \ {0}
0 otherwise.

Then, since u ∈ Z , we have∑
s∈S

λss =
∑

a∈supp(u−)

(−ua)a =
∑

a∈supp(u+)

uaa =
∑

a∈A\{0}

ρaa

and wt(λ) =
∑

a∈supp(u−)

(−ua) =
∑

a∈supp(u+)

ua > wt(ρ).

The final inequality uses the fact that u0 > 0. The condition

max
s∈S,a∈A

λs, ρa = ∥u∥∞ ⩽ Vol†,max(H(A))

then follows from Lemma 2.3.

Using the relation from the previous lemma, we can derive the decomposition v = u+w as
discussed at the start of the section.

Lemma 3.3 (Regular representation). Let A ⊂ Zd be finite, and assume 0 ∈ ex(H(A))
and span(A) = Rd. Let v ∈ P(A). Then there is a decomposition v = u + w and an outer
facet F of H(A) for which

• w ∈ P(B ∪ {0}), where B = A ∩ F ;

• u ∈ MA where M = (|A| − 1− |B|)(Vol†,max(H(A))− 1).

Proof. By definition we can write v ∈ P(A) as a Z⩾0-linear combination of the a ∈ A, so we
select the representation

v =
∑

a∈A\{0}

ηaa where each ηa ∈ Z⩾0

for which wt(η) is minimal, and then for which

T = T ((ηa)a) := {a ∈ A \ {0} : ηa ⩾ Vol†,max(H(A))}

is also minimal. If T is contained in an outer facet F of H(A) then we obtain the desired
decomposition v = u+ w, where

u :=
∑

a∈A\(B∪{0})

ηaa ∈ MA and w :=
∑

b∈B:=A∩F

ηbb,

since ηa ⩽ Vol†,max(H(A))− 1 for all a ∈ A \ (B ∪{0}), and |A \ (B ∪{0})| = |A| − 1− |B|.
Henceforth we may assume that no such facet F exists, so that T ̸= ∅. We obtain a contra-

diction as follows.
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Case I: If the elements of T are linearly independent then we apply Lemma 3.2 with S := T
to obtain another representation of v,

v =
∑

a∈A\{0}

η′aa, where η′a :=

{
ηa − λa + ρa if a ∈ T ;

ηa + ρa otherwise.

The coefficients η′a are all non-negative since each ηa, ρa ⩾ 0 and

λt ⩽ Vol†,max(H(A)) ⩽ ηt for all t ∈ T.

However
wt(η′) = wt(η) + wt(ρ)− wt(λ) < wt(η),

contradicting the minimality of wt(η).

Case II: Otherwise the elements of T are linearly dependent and so there exist zt ∈ Z, not all
zero, for which ∑

t∈T

ztt = 0.

Define z0 := −
∑

t∈T zt, and multiply through all the zv-values by −1 if necessary to ensure
that z0 ⩾ 0. We also define za = 0 for all a ∈ A \ (T ∪{0}), so we can consider z as a non-zero
element ofZA with z ∈ Z . By Lemma 2.4 there then exists µ ∈ Z† with supp(µ±) ⊂ supp(z±),
and by Lemma 2.3 we have ∥µ∥∞ ⩽ Vol†,max(H(A)).

Case IIa: If µ0 ̸= 0 then we must have µ0 > 0 since supp(µ±) ⊂ supp(z±) and z0 > 0.
Now write v =

∑
a∈A η′aa, where η′a = ηa + µa for a ̸= 0 and η′0 = 0. We have η′a ⩾ 0

for all a, since η′a agrees with ηa ⩾ 0 unless a ∈ T , in which case ηa ⩾ Vol†,max(H(A))
and µa ⩾ −∥µ∥∞ ⩾ −Vol†,max(H(A)). But we also have

wt(η′) = wt(η) + wt(µ)− µ0 = wt(η)− µ0 < wt(η),

contradicting the minimality of wt(η).

Case IIb: Otherwise µ0 = 0. Since µa ⩽ ∥µ∥∞ ⩽ Vol†,max(H(A)) ⩽ ηa for each a ∈ T ,
the components of η − µ are all non-negative. We select n ∈ N to be the largest integer
for which the components of η′ := η − nµ are all non-negative. We obtain v =

∑
a∈A η′aa

and wt(η′) = wt(η). But we must have η′t < Vol†,max(H(A)) for some t ∈ T , otherwise we can
increase n, so T (η′) must be a proper subset of T , contradicting minimality of T .

In order to leverage the decomposition v = u+ w to show that v ∈ NA, we need to control
how negative the evaluation β(u) can get, when β defines an outer facet of H(A). This is the
purpose of the next lemma. Recall from Definition 1.6 and Remark 1.7 that

κ(A) = max
F

maxa gF (a)

mina gF (a)
,

where F ranges over facets of H(A), a ranges over points of A \ F , and gF is any affine-linear
function Rd → R which vanishes on F and is strictly positive on H(A) \ F .
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Lemma 3.4 (Negative coefficients). Let A⊂Rd be finite with 0∈ex(H(A)) and span(A)=Rd.
Let β : Rd → R be a linear map for which F = {x ∈ H(A) : β(x) = 1} is an outer facet
of H(A). Then, for all a ∈ A,

β(a) ⩾ 1− κ(A).

Proof. The facet F of the d-dimensional convex polytope H(A) is the convex hull of at least d
points of A (see [GSW23, Lemma A.2 (4)] for a discussion). In particular there are d linearly
independent b(1), . . . , b(d) ∈ A for which β(b(j)) = 1 (and these uniquely determine β). Let b(j)i

denote the ith coordinate of b(j) with respect to the standard basis, and for a ∈ A let ai denote
the ith coordinate with respect to the standard basis. Expressing β in coordinates and computing
the necessary matrix inverses, we derive

β(a) =
1

detBmat

∑
i,j⩽d

(−1)i+jaiMij,

where Bmat is the d-by-d matrix with (Bmat)ij = b
(j)
i , and Mij is the minor formed by deleting

the ith row and jth column of Bmat and taking the determinant. Yet

detBmat −
∑
i,j⩽d

(−1)i+jaiMij = det


1 1 · · · 1

a1 b
(1)
1 · · · b

(d)
1

... ... ...
ad b

(1)
d · · · b

(d)
d

 ,

as can be seen from expanding the determinant along the top row, and from column operations
we have

det


1 1 · · · 1

a1 b
(1)
1 · · · b

(d)
1

... ... ...
ad b

(1)
d · · · b

(d)
d

 = det(b(1) − a, · · · , b(d) − a).

Letting gF (a) = det(b(1) − a, · · · , b(d) − a), and assuming that the b(j) are ordered so
that detBmat = gF (0) is positive, we obtain

β(a) = 1− det(b(1) − a, · · · , b(d) − a)

detBmat

= 1− gF (a)

gF (0)
⩾ 1− κ(A),

as required.

Remark 3.5. Less explicitly, one can argue that 1 − β and gF
gF (0)

are the unique affine-linear
functions Rd → R which vanish on F and map 0 to 1, so they must agree.

We can now deduce part of Theorem 1.8:

Proof of bound (1.8). Let

v ∈ (NH(A) ∩ Zd) \
( ⋃

b∈ex(H(A))

(bN − E(b− A))
)
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where N ⩾ (d+ 1)N0 with N0 := κ(A)(|A| − d− 1)Vol†,max(H(A)).
Since v ∈ NH(A) there is some subset S = {s0, . . . , sd} ⊂ ex(H(A)) with v ∈ NH(S),

by Caratheodory’s theorem [Brø83, Corollary 2.5]. Writing v =
∑

s∈S css, with cs ⩾ 0 for all s
and wt(c) = N , there must be some cs ⩾ N0 as N ⩾ (d + 1)N0. By re-labelling the vectors
in S we may assume that cs0 ⩾ N0, and then

v′ := s0N − v =
∑

s∈S\{s0}

cs(s0 − s) ∈ (N − cs0)H(s0 − S) ⊂ (N −N0)H(s0 − S).

Letting A′ = s0 − A, we have s0 − S ⊂ A′, so by the preceding equation v′ is
contained in (N − N0)H(A′). We also have, by assumption, that v /∈ s0N − E(s0 − A),
so v′ /∈ E(s0 − A) = E(A′). We conclude that v′ ∈ P(A′). Note also that |A′| = |A|,
| ex(H(A′))| = | ex(H(A))|, Vol(H(A′)) = Vol(H(A)), Vol†,max(A′) = Vol†,max(A), and the
same for min.

Now apply Lemma 3.3 to v′, with A′ in place of A. We see that there exists an outer facet F
of H(A′) such that we can write v′ = u+ w, where

w =
∑
b∈B

λbb and u =
∑
a∈A′

ηaa

with B := A′ ∩ F , all ηa, λb ∈ Z⩾0, and

wt(η) ⩽ (|A′| − |B| − 1)(Vol†,max(H(A′))− 1) ⩽ (|A| − d− 1)Vol†,max(H(A)). (3.1)

The second inequality here uses that |B| ⩾ d, which follows from the fact that every facet of the
d-dimensional convex polytope H(A′) is the convex hull of at least d points of A′.

We know that F = {x ∈ H(A′) : β(x) = 1} for some linear map β : Rd → R.
Now β(y) ⩽ 1 for all y ∈ H(A′) and therefore, for v′ ∈ (N −N0)H(A′), we have

N −N0 ⩾ β(v′) = β(u) + β(w) =
∑
a∈A′

ηaβ(a) + wt(λ)

as β(b) = 1 for each b ∈ B. Moreover, combining (3.1) with Lemma 3.4 applied to A′ gives

wt(η)−
∑
a∈A′

ηaβ(a) =
∑
a∈A′

ηa(1− β(a)) ⩽ κ(A) wt(η) ⩽ N0.

Summing the last two inequalities we then obtain

wt(η) + wt(λ) ⩽ N

and so v′ ∈ NA′. Therefore v = s0N −v′ ∈ s0N −NA′ = N(s0−A′) = NA as required.

It remains to prove the bound (1.7), which separates the contribution from ex(H(A)). To
effect this separation, we begin with an argument about triangulating polytopes.
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Lemma 3.6 (Splitting A into simplices centred at the origin). Let A ⊂ Zd be finite
with 0 ∈ ex(H(A)) and span(A) = Rd. Then H(A) may be partitioned as a finite union of
simplices ∪jH(B(j) ∪ {0}), where each B(j) ⊂ ex(H(A)) is a basis of Rd, and for each i ̸= j
the set H(B(i) ∪ {0}) ∩H(B(j) ∪ {0}) is contained in a subspace of dimension at most d− 1.
In particular, H(B(i) ∪ {0}) ∩H(B(j) ∪ {0}) has zero measure.

When d = 2, this is the obvious statement that any polygon with a vertex at the origin may
be decomposed into disjoint triangles, all of which have a common vertex at the origin.

Proof. The d = 1 case is trivial, so assume that d ⩾ 2. We will induct on dimension.
Let F1, . . . , FK denote the list of outer facets of H(A). Each Fi is a convex polytope of di-
mension d − 1, generated by points in ex(H(A)). Therefore, by the induction hypotheses, one
may decompose Fi as a union of (d − 1)-dimensional simplices of the form H({a1, . . . , ad}),
where {a1, . . . , ad} ⊂ ex(H(A)) is linearly independent (so as to define a (d− 1)-dimensional
simplex) and the intersection of any two of these simplices is contained in an affine subspace of
dimension at most d − 2. (In fact one may further assume that there is a common vertex a1 to
all these simplices, but that will not be necessary for the induction step.)

Choose B(j) to be the list of such sets {a1, . . . , ad}, taken over all the facets F1, . . . , FK .
We claim that these B(j) satisfy the requirements of the lemma. By construction,
each B(j) ⊂ ex(H(A)) is a basis of Rd. To show that the union of the H(B(j) ∪ {0}) is H(A),
fix x ∈ H(A) \ {0} and pick (the unique) λx ⩾ 1 such that λxx ∈ ∪KFK . Then λxx ∈ H(B(j))
for some B(j). Thus there exist coefficients cb for b ∈ B(j) such that cb ⩾ 0, wt(c) = 1, and

λxx =
∑

b∈B(j)

cbb.

We therefore have
x =

(
1− 1

λx

)
0 +

∑
b∈B(j)

cb
λx

b ∈ H(B(j) ∪ {0}),

as wanted.
It remains to show that each intersection H(B(i) ∪ {0}) ∩ H(B(j) ∪ {0}) is

contained in a subspace of dimension at most d − 1. So fix an arbitrary non-zero
x ∈ H(B(1) ∪ {0}) ∩H(B(2) ∪ {0}). There are coefficients c(1)i , c

(2)
i ⩾ 0 with

x =
∑
i⩽d

c
(1)
i b

(1)
i =

∑
i⩽d

c
(2)
i b

(2)
i

and 0 < wt(c(1)),wt(c(2)) ⩽ 1. Letting wtj denote wt(c(j)), and assuming WLOG
that wt2 ⩾ wt1, we can re-scale to obtain

y :=
x

wt2
=

∑
i⩽d

c
(1)
i

wt2
b
(1)
i =

∑
i⩽d

c
(2)
i

wt2
b
(2)
i ,

which lies in H(B(1) ∪ {0}) ∩H(B(2)) since wt( c(1)
wt2

) ⩽ 1 and wt( c
(2)

wt2
) = 1.
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We claim that wt( c
(1)

wt2
) = 1. Suppose for contradiction that wt( c

(1)

wt2
) < 1,

so (1 + ε)y ∈ H(B(1) ∪ {0}) ⊂ H(A) for all sufficiently small ε > 0. Let B(2) be a subset of
the outer facet defined by the linear map β(2) : Rd → R, so that B(2) ⊂ {u ∈ Rd : β(2)(u) = 1}
and H(A) ⊂ {u ∈ Rd : β(2)(u) ⩽ 1}. Then for all sufficiently small ε > 0 we have

1 ⩾ β(2)((1 + ε)y) = (1 + ε)β(2)(y) = 1 + ε > 1.

This gives the desired contradiction, and we deduce that wt( c(1)
wt2

) = 1. So

y ∈ H(B(1)) ∩H(B(2)),

and because x = wt2 y for some wt2 ∈ [0, 1] we conclude that

H(B(1) ∪ {0}) ∩H(B(2) ∪ {0}) = H((H(B(1)) ∩H(B(2))) ∪ {0}).

Hence H(B(1) ∪ {0}) ∩H(B(2) ∪ {0}) is contained in a subspace of dimension at most d − 1
by the induction hypothesis (since H(B(1)) ∩H(B(2)) is contained in a subspace of dimension
at most d− 2).

Using this decomposition, we can generalise an additive combinatorial argument
from [GSW23] and [CG21] (which was applied when H(A) was a d-simplex).

Lemma 3.7 (Restricting the influence of non-extremal elements). Let A ⊂ Zd be a finite set
with 0 ∈ ex(H(A)) and span(A) = Rd. Then there exists a finite set S = d! Vol(H(A))A for
which

P(A) = S + P(ex(H(A))).

The proof is similar to (but simpler than) [GSW23, Lemma 3.2] with the setB := ex(H(A)).

Proof. Let v ∈ NA. We will show that v ∈ S + P(ex(H(A))) by induction on N .
For N ⩽ d! Vol(H(A)) we have v ∈ NA ⊂ S ⊂ S + P(ex(H(A))).

Suppose that N > d! Vol(H(A)). We can write v = a1 + a2 + · · · + aN with each ai ∈ A.
By Lemma 3.6, there is a partition H(A) = ∪jH(B(j) ∪ {0}) where each B(j) ⊂ ex(H(A)).
Therefore we can partition {1, . . . , N} = ∪jTj to obtain

v =
∑
j

∑
i∈Tj

ai,

where i∈Tj implies that ai∈H(B(j)∪{0}). (It could be that ai∈H(B(j)∪{0})∩H(B(j′)∪{0})
in which case we assign i to either Tj or Tj′ , arbitrarily.)

Since Vol(H(A)) =
∑

j Vol(H(B(j) ∪ {0})) by Lemma 3.6 there is some j for which

|Tj| > d! Vol(H(B(j) ∪ {0})) = |Zd/ΛB(j)∪{0}|,

by the pigeonhole principle. Reordering the indices on the ai we write Tj = {1, . . . , |Tj|}. Two
of the |Tj| partial sums

a1, a1 + a2, . . . , a1 + a2 + · · ·+ a|Tj | mod ΛB(j)∪{0},
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must be congruent to each other mod ΛB(j)∪{0} by the pigeonhole principle. Their difference
yields a non-trivial partial sum

∑
i∈I ai ≡ 0 mod ΛB(j)∪{0} (where I ⊂ Tj is a non-empty

interval) and so this partial sum can be replaced by a sum of elements fromB(j)∪{0}. Therefore∑
i∈I

ai ∈ P(B(j) ∪ {0}) ⊂ P(ex(H(A))).

By the induction hypothesis, we have v −
∑

i∈I ai ∈ S + P(ex(H(A))), and so

v ∈ S + P(ex(H(A))) + P(ex(H(A))) ⊂ S + P(ex(H(A)))

as required.

We are now ready to finish the argument by modifying the proof of (1.8).

Proof of bound (1.7). Let

v ∈ (NH(A) ∩ Zd) \
( ⋃

b∈ex(H(A))

(bN − E(b− A))
)
,

where N ⩾ (d+ 1)N0 with

N0 := κ(A)
(
d! Vol(H(A)) + (| ex(H(A))| − d− 1)Vol†,max(H(A))

)
.

As in the proof of (1.8) we use Caratheodory’s theorem to determine some s0 ∈ ex(H(A))
for which

v′ := s0N − v ∈ (N −N0)H(A′) ∩ P(A′),

where A′ := s0 − A. By Lemma 3.7 applied to A′, we may write v′ = y + x
where y∈d! Vol(H(A′))A′ and x∈P(ex(H(A′))). Applying Lemma 3.3 to x∈P(ex(H(A′)))
(in place of v ∈ P(A)) we write x = u + w, where w ∈ P(B ∪ {0})
and u ∈ M ex(H(A′)), with B = ex(H(A′)) ∩ F for some outer facet F of H(A′),
and M = (| ex(H(A′))| − 1− |B|)(Vol†,max(H(A′))− 1).

Now let
z = y + u =

∑
a∈A′

ρaa and w =
∑
b∈B

λbb,

and note that ρa, λb ∈ Z⩾0 for all a and b. We obtain v = z + w and

wt(ρ) ⩽ d! Vol(H(A)) + (| ex(H(A))| − 1− d)Vol†,max(H(A)), (3.2)

using | ex(H(A′))| = | ex(H(A))|, Vol†,max(H(A′)) = Vol†,max(H(A)), and |B| ⩾ d, as in
the proof of (1.8). The outer facet F is given by {x ∈ H(ex(H(A′))) : β(x) = 1} for some
linear β : Rd → R so we again obtain

N −N0 ⩾ β(v) = β(z) + β(w) =
∑
a∈A′

ρaβ(a) + wt(λ).

By again applying Lemma 3.4 to A′, this time using the bound (3.2) in place of (3.1), we
obtain wt(ρ) + wt(λ) ⩽ N with the modified value for N0, and so v′ ∈ NA′. Therefore
v = s0N − v′ ∈ s0N −NA′ = N(s0 − A′) = NA as required.
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