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Abstract. Using Stickelberger’s theorem on Gauss sums, we show that if F' is a planar
function on a finite field I, then for all non-zero functions G : F, — I, we have

n(p—1)

daig(G 0 F) = daig (G) < —H—,

N

where ¢ = p" with p a prime and n a positive integer, and d,g(F) is the algebraic degree
of F, i.e., the maximum degree of the corresponding system of n lowest-degree interpo-
lating polynomials for £’ considered as a function on Fy. This bound implies the (known)
classification of planar polynomials over [, and planar monomials over [F,,>. As a new re-
sult, using the same degree bound, we complete the classification of planar monomials for
all n = 2% with p > 5 and k a non-negative integer. Finally, we state a conjecture on the
sum of the base-p digits of integers modulo g — 1 that implies the complete classification of
planar monomials over finite fields of characteristic p > 5.
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1. Introduction

Throughout this work, let p be a prime and n a positive integer. Let IF, denote a field with ¢ = p"
elements. A function F': F, — ¥, is called planar if the mappings

i Fx+a)— F(x) — F(a) (1.1)

are permutations on [F,, for all non-zero «in IF,. The notion of planar functions originally comes
from finite geometry and goes back to Dembowski and Ostrom [DOG68], who studied projective
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planes of finite order n possessing a collineation group of order n2. Planar functions have a strong
relation to commutative semifields [CHO8] and (partial) difference sets [WQWXO07], and have
applications in coding theory [CDY05]. They can only exist for odd characteristic p, as for p = 2
any element in the image of the function defined in (1.1) has at least two preimages = and = + «.
If p is odd, then there always exists a planar function, the canonical example being = — 22. A
complete classification is only known over prime fields, and was established independently by
Gluck [Glu90], Hiramine [Hir89], and Ronyai and Sz6nyi [RS89]. More precisely, a function
over F,, with p an odd prime is planar if and only if it is of the form = — az?+bx + ¢ with a # 0.
For more details on planar functions, their properties and known families, we refer to the survey
by Pott [Pot16].

There is a one-to-one correspondence between functions F': I, — [F, and polynomials in
the quotient ring IF,[X]/(X? — X)), as any function over I, is the evaluation map of a unique
interpolating polynomial of the form

q—1
> aX' a€F, (1.2)

1=0

A polynomial is called planar if its evaluation map is planar. For odd p, a polynomial of the
form o
Z ai,jXpl—Hﬂ, aij € ]Fq
O<igjsn—1

is called a Dembowski—Ostrom polynomial. Planar Dembowski—Ostrom polynomials are an in-
teresting special case of planar polynomials, as they are in one-to-one correspondence with com-
mutative presemifields of odd order, by defining the presemifield operation © corresponding to a
planar Dembowski—Ostrom polynomial F'as x © a = F(z+«) — F'(z) — F(«), see [CHO8]. In
this work, Coulter and Henderson completely classified planar Dembowski—Ostrom polynomials
over 2 and [F .

In [DO68], Dembowski and Ostrom mentioned the possibility that every planar function
can be represented as a Dembowski—Ostrom polynomial." This conjecture was actually proven
false by Coulter and Matthews in [CM97] by showing that the monomial X ®*+1)/2 is planar
over 3. if ged(i,n) = 1 and 7 is odd. A special case of this family of counterexamples was
independently discovered in [HS97]. However, the conjecture remains open for p > 3 and (up to
the notion of graph equivalence, i.e., two functions F' and G on [F, are graph equivalent if there
exists an affine bijection on the IF,-vector space Fg that maps the graph of F' to the graph of 7)
the counterexamples found in [CM97] are the only known counterexamples to the Dembowski—
Ostrom conjecture.

There is an ongoing line of research aiming at the classification of planar monomials, i.e.,
planar polynomials of the form X¢. So far, the complete classification of planar monomials
over F,» is known only for n in {1,2, 3, 4}, see [Joh87, Cou06, BCV22, CL12]. Besides that,
planar Dembowski—Ostrom monomials have been fully classified: a monomial X P40’ over F,
with 0 < ¢ < j < n — 1is planar if and only if n/ ged(j — i,n) is odd [CM97]. Hence, the

' Adding a polynomial of the form c + Z;L;Ol a; X?" with ¢ and a; in IF,, does not affect the planar property, so
this statement only makes sense for polynomials where the coefficients of X? are zero and without constant term.
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Dembowski—Ostrom conjecture for monomials over fields of characteristic p > 3 can be stated
as follows.

Conjecture 1.1. If [F, has characteristic p > 3, then X dis a planar monomial over [, if and
only ifd = p' +p’ (mod ¢ — 1) with n/ ged(j — 7,n) odd.

Apart from the classification results for n < 4, the closest we came to resolving Conjec-
ture 1.1 was a result by Zieve [Ziel5], who proved that for a fixed prime p, there does not exists
an exponent d other than those mentioned in Conjecture 1.1 (and those of the form (3° + 37)/2
in the case of p = 3) such that X is planar over infinitely many fields F,-». Mentioning the
result of Zieve, it is worth remarking that a result of Menichetti on division algebras implies
that for n a prime, all planar Dembowski—Ostrom polynomials with p large enough correspond
(up to a notion of equivalence) to planar Dembowski—Ostrom monomials [Men96]. Note that
this is in contrast to the case of composite n, as it was shown in [GK23] that the number of
(non-equivalent) planar Dembowski—Ostrom polynomials over [F,,«m grows exponentially in m.

Our results. The aim of this work is to make progress on the classification of planar functions.
We achieve this by proving that the algebraic degree of a planar function /' composed with an
arbitrary non-zero function GG only grows additively with the algebraic degree of G.

For a non-negative integer e, let s,(e) be the sum of the digits in the base-p representa-
tion of e. The algebraic degree of a non-zero function F': F, — F,, denoted d,4(F), is
defined as the largest value s,(z) for which X* has a non-zero coefficient in the unique inter-
polating polynomial of degree at most ¢ — 1 for F'. That is, in terms of representation (1.2),
daig(F) = max{s,(7) | a; # 0}. We prove the following result.

Theorem 1.2. If F' is a planar function on F,, then for all non-zero functions G : F, — F,, we

have
n(p—1)
—a

The bound for the case that G is the identity function is relatively high and was already
known before in the context of bent functions. Recall that a function f: F, — I, is called
bent if |Zzqu girif (x)*”x)‘ = /q for all u in [F,, where 6 is a primitive p-th root of unity in
the complex numbers and tr denotes the absolute trace on IF;. Hou [Hou04b] proved that a bent
function f: F, — [, fulfills d,¢(f) < n(p —1)/2 + 1 (a function F' on F, is planar if and
only if all functions = + tr(vF(z)) with v in ) are bent, see [CDO1, Pot16]). An analog
of Theorem 1.2 for the case of p = 2 in terms of divisibility of Walsh coefficients of F' was
shown in [CV02]. The remarkable part of Theorem 1.2 is the fact that the algebraic degree
of G o F' grows only additively with the algebraic degree of G. This is in contrast with what
one expects for functions of low-algebraic degree, namely that the algebraic degree should be
around d,ig(G) - dag(F') for large enough p and F of constant algebraic degree. Note that the
bound d,ig(GoF) < daig(G)-daig(F) implies that the inequality in Theorem 1.2 is fulfilled for any
function F' with d,z(F") < 2, and can therefore only be used to rule out planarity if d,(F) > 2.

dag(G 0 F) = dyg(G)

N
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Let us define a binary operation * on the set S = {0,1,...,¢ — 1} by

0 if0 € {e,d},
exd=<¢qg—1 if0¢ {e,dfandr =0,
r if 0 ¢ {e,d} and r # 0,

where 7 is the unique non-negative integer smaller than ¢ — 1 such that r = ed (mod ¢ — 1).
This operation makes (,*) into a commutative monoid and we have d,ig(X°?) = s,(e x d).
Theorem 1.2 then has the following corollary for planar monomials.

Corollary 1.3. If X% is a planar monomial over F, with 0 < d < q — 1, then

n(p—1)
splexd) — sp(e) < 9

forallein{0,1,...,q— 1}

This provides a method for proving the non-planarity of a monomial X% namely
by finding an element e with 1 < e < ¢ — 1 that violates the degree bound,
ie., sy(e xd) — s,(e) > n(p — 1)/2. Using this technique, we establish again the classifi-
cation of planar polynomials over [, and planar monomials over .. In addition, for the first
time, we completely classify planar monomials over F i for p > 5.

Theorem 1.4. Let k be a non-negative integer and p > 5. The monomial X% is planar over ]Fpgk:
if and only if d = 2p' (mod pzk — 1) for some non-negative integer i.

Remark 1.5. A bound similar to the one stated in Corollary 1.3 is known for p = 2 in the
context of the proof of the Niho conjecture on maximally nonlinear (almost perfect nonlinear,
see e.g. [HouO4a] for a definition) monomials. More precisely, for p = 2 and n = 2m + 1, it
is known that an almost perfect nonlinear monomial X over F, is maximally nonlinear if and
only if sy(e x d) — so(e) < m, see [HXO01, HouO4a]. In those works, the proof of the maximal
nonlinearity of a certain monomial was established by bounding above s,(e *d) — so(e) for all e
withl <e 2" — 1.

Remark 1.6. A referee pointed us to [LVO05] for the first paper that uses Stickelberger’s theorem
directly to study cryptographic properties of monomials in characteristic two. Previous results
of this kind resorted to McEliece’s weight divisibility theorems for p-ary cyclic codes [McE71,
McE72]. The resultin [McE72] states a general congruence relation for weights in a p-ary cyclic
code, which can be seen as a generalization of Ax’s theorem [Ax64]. Note that both [Ax64]
and [McE72] use Stickelberger’s result.

Finally, we state and discuss a conjecture on the sum of base p-digits of integers modulo ¢ — 1
(Conjecture 5.1). A proof of this conjecture implies the complete classification of planar mono-
mials over finite fields of characteristic p > 5.
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2. Degree bound

Our proof relies on some ideas that were developed in the context of symmetric-key cryptanal-
ysis, where a variant of Lemma 2.5 was proven for functions from [Fy to 5" as an application of
ultrametric integral cryptanalysis [Bey23, BV24]. The basic idea is to associate a linear operator
to a function on [F;, and to compare the additive and multiplicative Fourier transformations of
this operator. Importantly, both Fourier transformations will be defined over a suitable extension
of the p-adic numbers.

The motivation for this approach is that the property of being a planar function is inherently
related to the additive structure of IF;, and in particular has a simple characterization in terms
of the additive Fourier transformation. The notion of algebraic degree is closely related to the
multiplicative structure of IF,, because the multiplicative characters of I, are (lifted) monomial
functions.

2.1. Additive and multiplicative Fourier transformations

We will define additive and multiplicative Fourier transformations over a local field. This re-
quires some background from number theory, see for example [Lan90, Chapter 1] and [Kob84,
Chapter 3]. Let p be an odd prime, Q, the field of p-adic numbers, and [, a field of or-
der ¢ = p". Let (,—1 be a primitive (¢ —1)* root of unity so that the algebraic extension Q,({,—1)
of @, has residue field IF,. Throughout this section, we work over the totally ramified exten-
sion K = Q,(¢;-1,¢) of Q,(¢,—1), with ¢, a primitive p™ root of unity. The field K is local
with uniformizer 7 equal to (, — 1. That is, every nonzero element x in K can be written
as v = u ' with 7 a unique integer and u a unit in the ring of integers of K. The valuation of x
will be denoted as ord, z = i. Since (7)P~! = (p) as ideals of the ring of integers of K, the
p-adic valuation extends to K by

ord,r ord,z

ord, r = ordp  po1°
The corresponding p-adic absolute value of an element z of K will be denoted by |z, = p~ "4 .
By convention, ord, 0 = oo so that |z|, = 0 if and only if z = 0. A similar setup was used
in [Hou04b] for the proof of the degree bound for bent functions, but can be traced back further
and is already found in the work of Ax [Ax64].

Let K[X] be the free K-vector space on a finite commutative monoid X, and write K for
the vector space of functions from X to K. By extending functions on X linearly to all of K[X],
we can think of K as the dual vector space of K[X]. To avoid confusion between X and K[X],
the standard basis vectors of K[X] will be denoted by d,, where € X. The corresponding
dual basis of K* consists of the functions 6 : X — K such that §*(y) = 1 if = y and zero
otherwise.

A character is a homomorphism of monoids X — K. By a well-known result of Dede-
kind [De/c\Bl], characters are linearly independent. Furthermore, the characters of X form a
monoid X under pointwise multiplication. It follows from the representation theory of monoids
that if K contains enough roots of unity, then there exist precisely | X| characters if and only if X
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is a commutative inverse monoid [Stel6, §5.2]. A monoid X is inverse if for every z in X, there
exists a y in X such that zyx = z. Hence, if X is an inverse monoid and K contains enough
roots of unity, then its characters form a basis for K. This will be true in our setting.

Dually, for a character y, we can define x" as the unique element of K[ X] such that ¢ (") =1
if » = y and 0 otherwise. Here, we consider 1) as an element of the dual space of K[X]. We
define the Fourier transformation as the change-of-basis transformation from the standard basis
of K[X] to the basis {x" | x € X } as follows.

Definition 2.1 (Fourier transformation). If X is a finite commutative inverse monoid, then the

~

Fourier transformation on K[X] is the linear map .% x : K[X| — K[X] defined by x" + 4, for
all monoid characters y in X.

A common alternative to Definition 2.1 is to define the Fourier transformation as the dual
change-of-basis .7 ' : KX — K¥ that maps x to 5%, where .% ;" is the inverse of the adjoint
of .7 x. If X is a group, then it is common practice to identify K[X | with its dual K*. Indeed, y
and its dual x" are then the same up to conjugation and scaling. However, in the multiplicative
case, the distinction will be significant for our purposes.

Throughout this paper, X will either be the additive group or the multiplicative monoid of
the field IF,. The characters of the additive group are given by x : x — (' ") for u in F,, and
the corresponding dual basis element is

1 —tr(ux
by g,

z€lF,

The additive Fourier transformation will be denoted by .#, with the field F, assumed to
be clear from context. The multiplicative monoid F, is inverse, and its characters are given
by A : 2 — 7(2%) foriin {0,1,...,¢ — 1}. Here, 7 : F, = Q,(¢,—1) C K is the Teichmiiller
character. Recall that IF, is the residue field of K. By definition 7(0) = 0 and, for z # 0, 7(z) is
the unique (¢ — 1)™ root of unity such that 7(x) = = (mod p). The existence and uniqueness are
ensured by Hensel lifting. Restricting the characters of the monoid I, to I yields the characters
of the multiplicative group F. If 7 # 0, then the corresponding dual basis element is

A= —— T(x_i) 535—1-{(;50 ifi=q-1

else.

If i = 0, i.e. X is the trivial character x +— 1, then A\Y = §y;. The multiplicative Fourier
transformation will be denoted by %, with the field I, again assumed to be clear from the
context.

2.2. Linear maps corresponding to a function on [,

For a function F' : F, — F,, we define a linear map 7% : K[F,] — K[F,] by

T 5, = 6p(w).-
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The adjoint of T is the linear map 7" : KF« — KF such that 7*" f = f o F. The proof of
our main result is based on comparing the additive and multiplicative Fourier transformation of
the linear map 7. For brevity, in the following we identify linear operators with their matrix
representation relative to the standard basis. In the cryptanalysis literature, the additive Fourier
transformation of T'" is called the correlation matrix C* of F, see [DGV95, Bey21]:

ct=z1" 7"

It plays a central role in linear cryptanalysis, and its matrix coordinates at additive charac-
ters x : @ — (X and ¢z — () are equal to

F F V . tr(vF (z)—ux)
Cw,x T Z C

xEFq

As a function of u (or —u depending on conventions) and up to scaling, this is also called the
Walsh transform of 2 — tr(vF(z)). The multiplicative Fourier transformation of 7' is called
the ultrametric integral transition matrix A" of F, see [BV24, Bey23]:

A = " o

It fulfills the role of the correlation matrix in (ultrametric) integral cryptanalysis. The coordinates
of AT are directly related to the unique interpolating polynomial of F' with degree at most ¢ — 1.

Theorem 2.2 ([Bey23, Theorem 5.8]). Let F' : F, — IF be a function on the residue field IF,
of Qp(y—1) C K. Forall jin{0,1,...,q—1}, let ZZ o @;; X" be an interpolating polynomlal
of FJ over F,. The coordinates of the matrix A" are integral elements in Q,((,—1) and

Aﬁ:u =a;; (mod p),
for Xz 7(27) and p : © — T(29).

Proof. Every coordinate A’; u = )\(TF /ﬂ) is an integral element in Q,((,—1) because the co-
ordinates of 7%, 1V and X are all in the ring of integers of Q,(¢,_1). By the definition of A,
the function \ o F in K< is equal to

A j{:‘4Ap 1,

where the sum is over all multiplicative characters of IF,. That is, for every u there exists an ¢
in {0,1,...,¢q — 1} such that u(z) = 7(2*) for all z in F,. Evaluating A o F' at 2 and reducing
modulo the maximal ideal (p) of Z,[(,—1] gives

Fi(x) = Z A z' (mod p).
e T(xt)
Since F” has a unique interpolating polynomial of degree at most ¢ — 1 over F,,, we can conclude

that A , = a;; (mod p). O

The matrices C* and AT are both similar to 7", hence similar to each other. More precisely,
let 7 =.Z %", then C'F T AP 771 In the following section, we analyze the change-of-
basis matrices ﬁ and .7 ! in detail.
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2.3. Bounds for change-of-basis

The Gauss sum corresponding to an additive character x and a multiplicative character A of I,
is defined as (the minus sign is a standard convention)

GO, A) =— > x(@) ).

J[JE]F;<

Such sums are well-understood. In particular, we have the following classical result on the divis-
ibility of G(x, 1/\) by p = —wP~!, attributed to Stickelberger from the 19th century [Sti90]. By
the algebraic degree of a multiplicative character \, we mean the algebraic degree of the corre-
sponding monomial. That s, if A(z) =7(2*) with 0 <k <q— 1, then dag(\) = dag (X*) =5, (k).

Theorem 2.3 (Stickelberger’s theorem for Gauss sums [Lan90, Chapter 1, Theorem 2.1]). For
all nontrivial additive characters x of ¥, and all multiplicative characters )\ of T,
except \ : & — 7(2771), the Gauss sum G(x, 1/)) satisfies

daig(\)
Ordp G(X, 1/)\) = pgj
Furthermore, if X is x — (2% '), then ord, G(x,1/\) = 0.

The following lemma uses Theorem 2.3 to bound the p-adic absolute values of the coordi-
nates of the change-of-basis matrices 7 = .# % ‘'and 7' = % F .

Lemma 2.4. For the matrix 7 = F % ~' and its inverse T ', we have

daig(N) _ daig(N)
d = =% d ord, 75, = ——F
ord, 7y P and ord, 7, | b1

for every nontrivial character x of the additive group F, and every nontrivial character \ of the
multiplicative monoid F,. Furthermore, 71 » = 0 for all nontrivial \.

Proof. Throughout the proof, the multiplicative character \* : x — 7(x9!) will be a special
case. By the definition of % and .#, we have .# " X = y and %168, = \V. Hence,

T =0(F 27 6) =2V = =50 + =5 T x(@)/A@)

z€Fy
Gx, 1/A
:—5A(A*)——(q"_{ )

Note that .7, y» = =1 —1/(¢—1) = —¢q/(q¢ — 1), so ord, Ty« = n = dag(A*)/(p — 1).
If A # X\*, then Theorem 2.3 yields

dalg()‘)

dpy Tyx = .
ordy 7 y A p-—-l
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The result for y = 1 follows by a similar case distinction between A = A\* and A # \*. The
proof for .7 ! follows the same argument as above. Since %* §* = M and Z ', = X", we

have

_ _ 1 G(1/x, A

Trl= (77 8) =20 = 1 X M) fle) = ~ S
z€Fy
If A = \*, then ord, f}ix =0—n = —dag(N)/(p — 1). Otherwise, using Theorem 2.3 we get
— da (1/)‘) n(p - 1) - dal ()‘) dal (A)
1 _ Yalg o g o _ alg
01rdp<7>\7x——p_1 n - n o1

In the second equality, we use the fact that d, s (1/)\) =n(p—1)—dag () for nontrivial A\ £ \*. [

Lemma 2.4 implies the following theorem that bounds above the p-adic absolute value of
the coordinates of A in terms of those of C'*'. In Section 2.4, it will be shown that the degree
bound for planar functions is a special case of Lemma 2.5.

Lemma 2.5. Let I be a function on . For all nontrivial multiplicative characters \ and p
of Fy, we have
daig(N) — d
atg() s /1) + min ord, C@ix’

p—1 XALp#1
where the minimum is over all nontrivial additive characters of I,

F
ord, Au,A >

Proof. The result follows from the ultrametric triangle inequality. More precisely,

ord, Al \ =ord, (77 C" ﬂ)uA

> rinwn (ord, 9;; +ord, C +ord, 7).

It can be assumed that x # 1 since .71 , = 0 for nontrivial . Furthermore, C’f » = Oforx # 1.
Hence, it can also be assumed that ) # 1. Applying Lemma 2.4 to the first and last term in the
sum concludes the proof. U

2.4. Degree bound

The field K has an automorphism z — 7 defined by (, — 1/(,. Given an embedding of K
into C, it corresponds to complex conjugation. Note that  and T always have the same p-adic
valuation. Recall that F is a planar function on F, if and only if x — tr(vF(x)) is bent for all
nonzero v in F, (see [CDO1, Pot16]). Equivalently, for all nontrivial additive characters x and v
of F,,
C’f; XCfZ = 1/q

It terms of p-adic valuations, we have ord, C’j: =N /2. Lemma 2.5 can now be applied to
bound above the p-adic absolute value of the coordinates of A”. This upper bound leads to
Theorem 1.2 below.

Theorem 1.2. If F' is a planar function on F,, then for all non-zero functions G : F, — F,, we

have
n(p—1)

daig(G 0 F) — daig(G) < B
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Proof. Let u(z) = 7(x") and A\(x) = 7(27). From Lemma 2.5, we find that

F sp(J) — sp(d) _ sp(J) = 8p(i) — (p — 1)n/2
ord, A, = T—n/Z_ P :

By Theorem 2.2, Af; , is an element of Z,, [Cq_l]. Hence, it reduces to zero in the residue field I,
whenever ord,, Aff’ , > 0. This implies that 27 can only be a monomial in the unique interpolating
polynomial of degree at most ¢ — 1 for z — F(z)" if

sp(J) = 8p(i) = (p = n/2 <0

Hence, the algebraic degree of any monomial with nonzero coefficients in the unique inter-
polating polynomial of degree at most ¢ — 1 for v — F(z)"is at most (p — 1)n/2 + s,(7).
If G(z)=>"""0 a; 2, then G(F(z))=3"9", a; F'(z). Since the algebraic degree of x+ F'(x)
is at most (p — 1)n/2 + s, (i), the algebraic degree of G o F' is bounded above by

daig(G o F) < (p—1)n/2 + m%{ sp(1) = (p — 1)n/2 + dag(G).

The result follows by rearranging terms. [

If F" and G are monomial functions, then Theorem 1.2 can be simplified as follows.

Corollary 1.3. If X disa planar monomial over Fy with 0 < d < g — 1, then

n(p—1)
splexd) — sp(e) < 5

forallein{0,1,...,q—1}.

Proof. Let F(z) = x%and G(z) = 2°. Since (GoF)(z) = 2%, we have dajg(Go F') = s,(exd).
The result follows from Theorem 1.2. ]

3. Planar polynomials and monomials over I, and I »

Using the degree bound stated in Theorem 1.2, we again establish the classification of planar
polynomials over fields of prime order and planar monomials over fields of prime-square order.
Those results were originally obtained in [Glu90, Hir89, RS89] and [Cou06], respectively. For
the classification of planar monomials over extensions of prime-order fields, one resorts to the
following basic fact, which is immediate from the definition of planarity.

Lemma 3.1. Let S be a subfield of F, and let F' be a planar function on IF; so that the coefficients
of its interpolating polynomial are in S. The restriction of F' to S is planar on S.

The second crucial ingredient in the classification results from [BCV22, Cou06, CL12] (the
proof in [Hir89] also uses similar ideas) is Hermite’s criterion for permutation polynomials.
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Lemma 3.2 (Hermite’s Criterion [LN96, Theorem 7.4]). A polynomial Q) in F[X] induces a
permutation on ¥, under evaluation if and only if the following two conditions hold.:

1. @ has exactly one root in F,, and

2. for every positive integer t Z 0 (mod p) less than q — 1, the reduction of Q(X)" mod-
ulo X1 — X has degree less than q — 1.

In the literature, the non-planarity of a polynomial F' is often established by constructing an
integer ¢ such that Condition 2 is violated for Q(X) = F(X + «) — F(X) with non-zero «.
If F'is a monomial, then multiplying X by « shows that one can assume o = 1 without loss of
generality. Our proof of the classification of planar polynomials over prime fields uses the fact
that the degree of a polynomial is equal to its algebraic degree, which significantly simplifies the
application of the degree bound.

Corollary 3.3. If F' is a planar function on a field of prime order p > 13, then dyg(F) = 2.

Proof. Without loss of generality, we can assume that F(xr) = Z;jzo a; v° with ag, ..., aq
inF,,aq = 1and 0 < d < p—1. As affine functions are not planar, we have d > 2. Theorem 1.2
with G the identity function implies that d < (p+1)/2. For 2 < d < (p+ 1)/2, we will choose
an exponent e such that the degree bound in Theorem 1.2 is violated for G : z — x°. That is,
we construct an e such that

-1

dag(G 0 F) = dyg(G) > E—.

Let us take e = |(p — 1)/d], so that dag(G o F') = daq(F°) = ed and dag(G) = e. This
construction works for all d for which e(d — 1) > (p — 1)/2, that is,

V%lJ (d—1) > p%l

This is true provided that 3 < d < (p—1)/2. Indeed, the case of d € {(p—1)/2—1,(p—1)/2}
is straightforward. For the other cases, using the inequality |y| > y — 1, we obtain

LZ%J (d=1)>p—1— <]%1+d—1>

with (p —1)/d+d—1< (p—1)/2, provided that 3 < d < (p — 1)/2 — 2 since p > 13.
Hence, the only remaining cases are d = 2 and d = (p + 1)/2. The latter case can
be ruled out because the unique interpolating polynomial with degree at most p — 1
of v — F(x + 1) — F(z) — F(1) would have degree (p — 1)/2. However, (p — 1)/2is a
non-trivial divisor of p — 1, so Hermite’s criterion implies that this polynomial does not induce
a permutation on I, under evaluation (see, e.g., [LN96, Corollary 7.5]). U]

Note that the cases p < 11 can be handled computationally. Indeed, one only needs to check
the planarity of polynomials of degree at most (p — 1)/2 and without linear or constant term.
There are at most 114 such polynomials.
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The classification of planar monomials over fields of order p? is a consequence of the clas-
sification for prime-order fields, and the degree bound with e = 1. The proof uses the fact that
if a monomial function is planar on F ., then it must also be planar on [F,, (see Lemma 3.1).

Corollary 3.4. If F is a planar monomial function on a field of order p?, then dy g (F) = 2.

Proof. By restricting I : 2+ 2% to F, and applying Corollary 3.3, we get s,,(d) =2 (mod p—1).
That is, s,(d) = 2+ k(p — 1) for some k > 0. However, the degree bound from Corollary 1.3
with e = 1 implies that s,,(d) < p. Hence, k£ = 0 and s,(d) = 2. N

Corollary 3.4 states that if X? is planar over F,2, we have d = p' + p/ (mod p* — 1)
with 0 < 7 < 7 < 1. From the classification of planar Dembowski—Ostrom monomials [CM97],
it then follows that X ¢ is planar over F 2 if and only if d = 2p’ (mod p* — 1) with ¢ in {0, 1}.

Remark 3.5. The proof of Corollary 3.4 only depends on the classification of planar monomials
over prime fields and the degree bound for e = 1. The latter result was already known from the
bound of Hou in [Hou04b, Proposition 4.4]. Note that /' is planar on I, if and only if every
component function x — tr(vF(x)) with v € F* is bent.

Remark 3.6. The proof of the recent classification of planar monomials over fields of order p? can
be significantly simplified as well. Indeed, suppose X ¢ is a planar monomial over F, with ¢ = p?
and 1 < d < ¢g—1. Corollary 3.3 and the degree bound with e = 1 imply that s,,(d) = 2+k(p—1)
fork € {0,1}. In[BCV22], settling the case of k = 1 boils down to handling 11 different choices
of d (listed on page 22) and proving the non-planarity of X . Using the degree bound to establish
non-planarity is often much simpler than applying Hermite’s criterion, as was done in [BCV22].
For instance, the most complicated exponent to handle was d = 1+ 2p+ (p—2)p?. Applying the
degree bound with e = (p—3)/2+2p+2p* (assuming p > 11) directly establishes non-planarity,
whereas the method in [BCV22] based on Hermite’s criterion needed a long case-analysis.

4. Classifying planar monomials over IFPQk forp > 5

Suppose that n = 2m for an integer m > 2. As any planar monomial over [F,,» must also be planar
over the subfield of order p™, the core of our argument is to show that any planar monomial X¢
over F. fulfilling d = 2p/ (mod p™ — 1) for a non-negative integer j necessarily fulfills the
congruence d = 2p’ (mod p™ — 1) for some non-negative integer ¢. The classification result for
n a power of two then follows from an inductive argument, as already remarked in [CL12].

For integers dy, ..., d,—1, we denote by [dy, dy,...,d,_1], the integer d = Z;.:Ol d; - p'.
Ifeach d; for 0 < ¢ < n — 1 fulfills 0 < d; < p and not all d; are equal to p — 1, we
write d = (dy,dy, . ..,dn—1),. Inthat case, (dy, dy,. .., d,_1), is the base-p representation of d
and we have s,(d) = 37" d;. For an integer x, we will write 7 = p — 1 — x. If z is a digit
in{0,1,...,p — 1}, then Z is its complement.

The following lemma on the digits of d with d = 2p™~! (mod p™ — 1) was established by
Coulter and Lazebnik using elementary arithmetic.
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Lemma 4.1 ([CL12]). Let n = 2m and d = (do,d,...,d,—1), such that d is congruent
to 2p™ 1 (mod p™ — 1). The tuple (dy + dy,dy + dppy1, ...,y + dp_1) is equal to one
of the following:

1. (0,...,0,0,2)

2. (p—1,...,p=1,p—1,p+1)
3. (0,...,0,0,p,p—1,...,p—1,p—1,1).

To show that X¢ with d = 2p™~! (mod p™ — 1) is not planar over F,., we only need to
consider exponents d so that the tuple (dy + d,,, dy + dpms1, - - -, dm—1 + dp—1) falls into one of
the above cases.

The only planar monomials belonging to case 1 are those equivalent to X?2, i.e.,
either d,,_; = 2 or d,,_; = 2, corresponding to the monomials X 20" and X" respectively.
Whend,, ; = d,_; = 1, the monomial X¢is not planar, because n/ ged(n—1—(m—1),n) = 2.
Case 2 was also solved completely in [CL12], but the proof was quite technical. Using
the degree bound from Corollary 1.3 with ¢ = 1, it is immediate that case 2 does
not contain any planar monomials. Indeed, we have s,(d) = m(p — 1) + 2, whence
splexd) — sp(e) = m(p—1)+1 > n(p — 1)/2. Case 3 is the most complicated and was
only solved for n < 4. Based on the degree bound, we show that case 3 does not contain
any planar monomial functions for p > 5, establishing the classification of planar monomials
over FPQk for p > 5.

In the following, we assume n = 2m. Let r and s be non-negative integers such
that r + s =m — 2. Fort,uy,...,usin{0,...,p — 1} with ¢t # 0, we define D(¢,uy, ..., uy)
to be the integer

s s T S

— A — ——
0,...,0,t,%1,...,u5,1,0,...,0,p—t, Uy, ..., us,0)p, 4.1)

where 4; = p — 1 — u;. Any d corresponding to case 3 is of this form or a cyclic shift of it,
because we can assume without loss of generality that the rightmost digit is a zero (in case it is a
one, we can apply a cyclic shift). To prove our second main result (Theorem 1.4), we will prove
the following lemma. It implies that the only planar monomials that fall into cases 1, 2 or 3 are
of the form X",

Lemma 4.2. Suppose that p > 5, n is even, and let s be a non-negative integer. For
allt, uy, ... usin{0,...,p— 1} witht # 0, the monomial X Pt1-45) js not planar over Fpn.

The main result then follows by an inductive argument. We will prove Lemma 4.2
by showing that, for each d = D(t,uy,...,u,), there exists an e in {1,...,p" — 2}
such that ed = (rg,...,7-1)p #Z 0 (mod p™ — 1) (so that e x d = (r0,...,7n—1)p)
and s,(e x d) — s,(e) = m(p — 1) + 1. As there is no universal choice for e, the proof is
quite technical and split into several cases, depending on the values of the digits ¢ and uy, . . . , us
of d. To find suitable candidates of e, we first conducted computer experiments. However, our
proof is completely verifiable by hand. We start by ruling out all but a finite number of cases
(for fixed dimension n), independently of p.
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4.1. Proof of Lemma 4.2 up to a finite number of cases for fixed n

We start with the simplest case, where not all of ¢, uy, ..., us are in {0,1,p — 2,p — 1}. Note
that we do not exclude the case of p = 5 here.

Lemma 4.3. Suppose p > 3, n = 2m with m > 2 and let s be a non-negative integer.
Ifd = D(t,uy,...,us) witht,uy,...,us in{0,...,p— 1} andt # 0 such that t ¢ {1,p — 1}
oru; ¢ {0,1,p —2,p — 1} for some j in {1, ..., s}, then there exists an e in {1,...,p" — 1}
such that s,(e * d) — sp(e) > m(p —1).

Proof. Letr = m — 2 — s. We will multiply d by e = hp™ + h + 1 for various choices of h

with 1 < h < p™. First, note that multiplying d by hp™ yields
0,...,0,h(p—1t),ht, ..., hus,0,0,...,0,ht, huy, ..., hus, h], (mod p" —1).

The product of d and h + 1 is congruent to

S
A

—— ~
[0,...,0,ht +t, huy + uq, ..., hug +ug, h + 1,

T S
A

— ~
0,...,0,(h+1)(p—1t),htuy + Uy, ..., has + us, 0],.

By adding up both results, we find that ed with e = hp™ 4 h + 1 is congruent to (mod p™ — 1)

T s ' S

—_——— — ——
0,0t G a2k +1,0,....0,p— t. %5, i, 21, 4.2)

We first consider the case that ¢ ¢ {1,p — 1}. Leth = p"™ — 1. As1 < h+1 < p™,
we have s,(e) = sp(h + 1) + sp(h) with s,(h + 1) = 1 and s,(h) = (r + 1)(p — 1),
s0 sp(e) = (r+1)(p — 1) 4+ 1. Moreover,

2h+1=(p ™ -1 +p T =p-1,....,p—1,1,0,...,0),

with r 4+ 2 non-zero digits. Hence, ed is congruent to

s T‘—‘rl S

A

% N p— — N 7 N\
[]r)—1,...,p—1,t—|—1,u1,...7u5,p—1,...7p—1,p—t+1,ﬂ1,...,ﬂs,p—2]p.

Since t ¢ {1,p — 1}, all elements of the above tuple are in the range {0,1,...,p — 1}. Hence,

s 7’+1 S

T
A A

e*d:@—1,...,p—I,t+1,u1,...,us,§)—1,...,p—I,p—t—l—l,ﬂl,...,ﬂs,p—Q)p.

For the sum of base p digits, using 2r + s + 1 = m + (r + 1) — 2, we have

splexd)=2r+s+1(p—1)+2p=mp—1)+(+1)({p—1)+2>mp—1)+sy(e).
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This establishes the first case.

Let us now consider the case where there exists an index j in {1,...,s} such
thatu; ¢ {0,1,p—2,p—1}. Leth=p" — 1+ ((p—1)/2 — 1)p" + p" 1. As before, it holds
that s,(e) = s,(h+1)+s,(h). Since s,(h+1) = (p—1)/2+1and s,(h) = r(p—1)+(p—1)/2,
this implies s,(e) = (r + 1)(p — 1) + 1. Furthermore,

2h+1=2p" =1+ (p=3)p + 2" = (p—2)p" +p" — 1+ 2p" 7"
SO

r J s—J

- % ~ ——
oh+1=(p—-1,....p-Lp—20..0.20..0),

We now substitute £ in (4.2) and distinguish between the cases » > 0 and » = 0. By the choice
of j,bothof u; +2andp — 1 —u; +2arein {0,...,p — 1}. For r > 0, we obtain

r—1

exd=(p—1,....p—1,p—2, tour, . U1, U+ 2, U, Us, P — 1
p—1,...,p—1,p—2,p—t,ﬂl,...,ﬂj_l,ﬂj+2,ﬂj+1,...,ﬂs,p—2)p.

For r = 0, we obtain that e % d is equal to
(t,ul,...,uj_l,uj +2,uj+1,...,u5,p— 2,p—t,ﬂ1,...,ﬂj_1,ﬂj +2,ﬂj+1,...,ﬂs,p—3)p.

In both cases, the sum of the base p digits is equal to s,(exd) = m(p—1)+ (r+1)(p—1) +2.
Since s,(e) = (r + 1)(p — 1) + 1 as shown above, the result follows. O

We have now established that, for a fixed dimension n, the number of cases left to check
is independent of p. Indeed, ¢ can only take one of 1, p — 1, while each u; for 1 < j < s can
be0,1,p—2,0orp—1.

4.2. Proof of Lemma 4.2 for the remaining cases

The argument for settling the remaining cases is more technical and assumes p # 5. For our
proof, we need the following technical lemma.

Lemma 4.4. Let p > 3. Let s be a positive integer and ug,uy, . ..,us € {0,1,p —2,p — 1}
Forv = [2uy — ug, ..., 2Us_1 — Us_2, 2Us — Us_1], # D° — 1, there exists § in {—1,0, 1} such
that

V0P = Y1, Vsl

with y1,...,7sin{0,....p—1}and 0 < us + 6 + 1 < p — 1. Furthermore, ifus =1, 6 = 1
and p > b, then there exists an index j such that v; ¢ {0,1,p —2,p — 1}.

Proof. For every index j, it holds that 1 — p < 2u; — u;—1 < 2(p — 1). Since
(p—1) Zf;é p' = p* —1,itfollows thatv > 1 —p* > —p*andv < 2(p* — 1) < 2p° — 1.
Hence, there exists a 6 in {—1,0, 1} such that 0 < v + dp® < p° — 1.
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The prove the lower bound us; + 6 + 1 > 0, it is sufficient to analyze the case us = 0.
If uy = 0, then 2u; —u,_; < 0, so v is bounded above by 2(p—1) Zf;g pt=2p* 1 =2 < p¥—1.
Hence, 0 # —1 and consequently u; + 0 + 1 > 0 for all values of wu.

For the upper bound us + § + 1 < p — 1, it is enough to consider ug in {p — 2,p — 1}.
Ifu, = p—2, then 2us—u,_; = p—3,s0v = (p—3)p* '+ (1—p) Zf;g p' = (p—4)p*1+1 > 0.
Hence, 0 # 1 and the bound u, + § + 1 < p — 1 is satisfied. For the case uy, = p — 1, we show
that § = —1 when v # p* — 1. From v = 2up* ' —ug — (p — 2) 32022 ui1p', we see that
in this case the value of v is minimized for ug = p —2and u; = up = ... = us = p — 1.
Hence, v > p + (p — 1) 323} p* = p°. This implies that § = —1, from which the upper bound
follows.

To prove the final claim, define v; = 2u; — u;_;. If uy = 1, then v, € {2,1,3 — p,4 — p}.
More precisely, vs = 2 — us_1. If 6 = 1, then it follows that vs € {3 — p,4 — p}. Indeed this is
trivial if s = 1 and, for s > 1, this follows from the fact that —p* ' < [vy, ..., v,_1], < 2p*1—1.
Let now j be the smallest index in {1, ..., s} with the property that u; = 1 and v; ¢ {1,2}. As
discussed before, this index j exists and v; € {4 — p, 3 — p}. In what follows, we assume p > 7.

Casev; = 3 —p. If j = 1, then we have 7; = 71 = 3 (and the —p decreases the value ~,
by 1 as a negative carry). If j > 2, then we have v; = 3 + ¢, where c is the carry coming
from [vy,...,v;_1],. As —p'~! < [vg,...,vj_1], < 2p?7! — 1, the carry ¢ can only take the
values 0,1, or —1. Hence, 7; € {2,3,4}. The result follows because 2,3,4 ¢ {p —2,p — 1}
forp> 7.

Case v; = 4 — p. Similarly as in the case above, if j = 1, then we have ; = 7 = 4 and
we are done. Let us therefore assume j > 2. We have v; = 4 + ¢, where ¢ € {=1,0, 1} is the
carry coming from [vy,. .., v;_1], (note that for p > 11, the proof would be finished here). As
discussed above, if v; = 4 — p, then we have u;_; = p — 2, so

vi1 €{2(p—2),2(p—2) - 1,2(p—2) - (p—2),2(p—2) — (p— 1)}
={p+p—4p+p—-5p—2,p—3}

If v,y € {p—2,p— 3}, then we have ¢ = 0, so 7; = 4 and the result follows. In
case vj_1 = p+ p — 4, we have 7,1 = p — 4 + ¢ for a carry ¢ € {-1,0,1},
soy;_1 € {p—3, p—4, p—5} and the result follows as well. Finally, suppose thatv;_; = p+p—>5,
sothaty;_; =p—54 ¢ foracarry ¢ € {—1,0,1}. If j — 1 = 1, then we have ¢’ = 0 (there is
no carry), so y;_; = p— 5 and the result follows asp—5 ¢ {0,1} if p > 7. Incaseof j — 1 > 2,
we must have u;_o = 1, and thus v;_ € {1,2,3—p,4—p}. Since j > 3 was chosen as the least
integer in {2, ..., s} with the property that u; = 1 and v; ¢ {1,2}, we must have v;_, € {1, 2}.
In this case we have ¢’ = 0, and the result follows. OJ

Now, we settle the remaining cases, assuming p > 5.

Lemma 4.5. Let p > 5, n = 2m with m > 2, and s a non-negative integer. If we
have d = D(t,uy,...,us) with t in {1,p — 1} and uy,...,us in {0,1,p — 2,p — 1}, then
there exists an e in {1,...,p" — 1} such that s,(e x d) — sp(e) > m(p — 1).
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Proof. Letr = m — 2 — s. We will multiply d by
e=hp"+h+1+@p@-1)p"=p@E-1+h)p"+h+1

for various choices of i with 1 < h < p™*!. The case s = 0 will be handled separately from
the case s > 0.

Case s = 0. We first multiply d by (p — 1)p™ and obtain (see (4.1) for d)

T s

—
dp—-1)p"=[0,...,0,t,p—1—1¢,0,...,0,—t,p—1+1¢], (modp"—1).

Lete = hp™ + h+ 1+ (p — 1)p™. By adding the term (4.2) from the proof of Lemma 4.3, we
obtain

T T

ed = m,2t,2h—t—l—p,m,p— 2t,p—1+4+2h+1t], (modp"—1).
Ift=p—1,then 2t = p + p — 2, so we can write e x d (mod p" — 1) as
0, .0p—22h+20,....02p—2+2h+p—1],
In particular, whenever ¢t € {1,p — 1}, we have

—
exd=10,...,0,t',2h —ug+p,0,...,0,p—t',p— 14+ 2h + up), (mod p" —1),

where t’ € {2,p — 2}, and up = 1if ' = 2and ug = p — 2ift' = p — 2.
Ift' =2,leth=p ™ —-1—(p—1)/2. AsO< h+1<pmand0 < p—1+h < pm,
we have s,(e) = s,(h + 1) + s,(p — 1 + h). Since

sph+1)=r(p—1)+(p—-1)/24+1 and  s,(p—14+h)=(p—1)/2,

it follows that
sp(€) = (r+ D(p— 1) + L.

From .
2h =p =14 (p— 1)y,
i=1

we obtain

T s
A

exd=[p—1,....p—1,t'+1,p—1—ug,p—1,....,p—Lp—t' +1,p— 24 ug),

:(%_177p_1\737p_27;)_177p_f7p_17p_1)p
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Hence,
splexd)=2(r+Dp—1D+p+l=mp—-1)+F+1)p-1)+2>m@p—1)+s,(e).
Ift' =p—2,leth=p ' — (p—1). We then have
sp(e) =sp(h+1)+s,(p—14+h)=2+r(p—1)+1=r(p—1)+3

and

2h=2—p+p ™+ Z(p —1)p".
=1

If r > 0, we obtain

.
L

exd=[p—2p—1,....p—1,t' +1,2—ug+p,

.
L

p_27§_17"'>p_T7p_t/+17p+1+Uo]p

r—1

E[p_27§_17>p_T7p_1747p_2713_17>p_T737p+p_1]p

r—1

E(p_175_17"'>p_T7p_1747p_2723_17"'>p_T737p_1)p (mOdpn_l)a

.
oL

.
L

with
splexd) =20+ 1)(p—1)+6 = (r+2)(p— 1)+ r(p— 1) + 6 > m(p — 1) + s, (¢).
If » = 0, then we obtain (using ¢’ = p — 2 and ug = p — 2) that e % d is congruent to

[t/72_u0+pap_tlap+1+u0]pE [p_274a27p+p_1]p
=(p—-1,42p—-1), (modp"—1).

Hence, sy(exd) = (r+2)(p—1)+7r(p—1)+6 >m(p—1) + sp(e).

Case s > 0. Multiplying d by (p — 1)p"™ modulo p" — 1 yields

T _ s;l
[07"'a0at7u1 _t7u2 — U, U3 — U2y ..., Us — Us—1,P — 1 — Us,
r s—1
e e - % ~
0,...,0,—t, —(ug — t), —(u2 — u1), —(us — uz2), ..., —(us — us—1),p — 1 + us),.

Lete = hp™ + h+ 1+ (p — 1)p™. By addition with term (4.2) from the proof of Lemma 4.3,
we obtain that e * d is congruent to
r 51
[m, 2, 2us —t,2uy — g, . .., 2us — Us_1, 2h — ug + p,
0,...,0,p—2t,2uy — t,2uy — Uy, ..., 2us — Us_1,p — 1 + 2h + uy),.
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If t = p — 1, then we have 2t = p + p — 2, so we can write e x d (mod p™ — 1) as
r s—1
—— -~ 7N ™~
0,...,0, p—2,2uy — (p—2),2us — Uy, ..., 2Us — Us_1,2h — ug + p,
0,...,0,p—(p—2),2u1 — (p — 2),2us — uy, ..., 2Us — Us_1,p — 1 + 2h + usl,.

[

Y

Hence, in any case of ¢ € {1,p — 1}, we have

T S
A

/_/H Vo N
exd=1[0,...,0, ' 2u; —ug,...,2us —us_1,2h — us + p,
0,...,0,p—t,2u1 —ug,...,2us —us—1,p — 1 + 2h + us), (mod p" — 1),

where ¢ € {2,p — 2} anduy = 1ift' = 2anduyg = p —2if ' = p — 2. Define
v = [2u; — ug,...,2us — us_1],. Note that v # p* — 1, as up # p — 1. By Lemma 4.4,
there exists a 0 in {—1,0, 1} such that v = (y1,...,7s), —0p° with vy, ..., 7, in {0,...,p—1}.
Hence, e * d is congruent to

T s T S

—— —— e N—
0,...,0,t %1, . 75, 2h —us +p—06,0,...,0,p— ", 51, ..., Y5, 0 — 1 + 2h + ug + ],

We finish the proof using a case distinction between three subcases corresponding to u, ¢ {0, 1}
andr =0, us ¢ {0,1} and r > 0, and u, € {0, 1}.

Subcase us ¢ {0,1} and » = 0. We choose h = 1 so that s,(e) = 3. We have

— —

exd=[t'+1,9,.. 7P —us+2—=0,p—t' F1,. .., Y5, 1 + us + 0], 4.3)
By assumption, u; € {p —2,p— 1} andp > 5,300 < p — us + 2 — & < p — 1. Moreover, by
Lemma4.4,0 <1+ us;+ 0 <p— 1. Hence,

splexd)=(s+2)(p—1)+6=m(p—1)+6>m(p—1)+ s,(e).
Subcase us ¢ {0,1}andr > 0. Leth = ((p—1)/2)p" — (p—1). Since
spth+1)=r(p—1)—(p—1)/2+1 and ss(p—1+h)=(p—1)/2,
we have
5p() = sp(h+ 1)+ sp(p— 1+ 1) = r(p— 1) + 1.

Furthermore,

r—1

2h=(p—1)p —2p—1)=(p—-2)p" +2—-p+ > _(p—1)p"

=1
Hence, e x d is

r—1

A

[;9_17---7p_17p_27 t/7’717"'77872_u8_5a

r—1 S
7\

~ —
p_]-7---7p_]-7p_27p_t/7’717'-'7/787]-+u5+5]p~
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To determine the sum of base-p digits of e x d, we use the same argument as for the case r = 0
above. If r — 1 > 0, then e % d is equal to

S

(p_lv"wp_Iv p_27t,7’717"'7757p_u5+2_57

r—2 S

- P
p—2,p—1,---,]?—1,19—2,]7—75,,’71,---,:)/5,1+u3+5)p-

If r — 1 =0, then e x d equals

S S

—— ——
(p_ 27t/7’717"'7757p_us+2 - 57p_ 37p_t/a;y17---7:}/571+u5 +6)p
In both cases, we obtain sy,(e xd) =m(p— 1) +r(p—1) +2 > m(p — 1) + s,(e).

Subcase u, € {0,1}. Letze€ {1,...,s+1}andh = (p"™'™= 1)+ (p" 1) —(p—1)/2.
Equivalently, h = p"™'** — 1+ (p — 1)/2 4+ >_7_,(p — 1)p". Let us first analyze the sum of
base-p digits of e. If 2 # s+ 1, thenwehave 0 < p— 1+ h <p™and 0 < h + 1 < p™ with

spth+1)=(p-1)/2+r(p—1)+1 and  s,(p—1+h)=(p—-1)/2,

yielding
sple) =(r+1)(p—1)+1.

If z=s+1,thenr+1+42z=m,s0(p— 14 h)p™ + h + 1is congruent to

-1 < A -1
p—g +Z(p—1)p’+pm+(p—2 —2>pm+p”“+m+1
i=1
p_l - i p_l m r+14+m n
=~ +1 +) (p—1p' + L) (mod p"* — 1).

=1

We take e with 1 < e < p"—1 congruentto (p—1+h)p"+h+1,sothat s,(e) = (r+1)(p—1)+1
as well. Multiplying h by 2, we obtain 2k = p™*! + 2p™™1+* — 3 4 3" (p — 1)p’. We now
consider the cases (us, d) # (1,1) and (us, 0) = (1, 1) separately.

In case (us,d) # (1,1), choosing z = s + 1 yields

T
A S

exd=[p—1,....,p—1, Y+ 1,5, e p—us—1—90,
p—1,....p—Lp—t'+1,%,...,9%,p—2+us+90], (modp"”—1).

From Lemma 4.4, we have 0 < us + 6 < p — 1 (note that v # p® — 1 as ug # p — 1).
Hence, 0 < p—1—u,—¢ < p— 1. Furthermore, by assumption u, € {0, 1} and (u,, ) # (1,1),
so0<p—2+u,+ 9 <p-— 1. Hence,



COMBINATORIAL THEORY 5 (3) (2025), #17 21

r
N

™~

exd=(p—1,...,p—1, '+ 1,9, .. 78 p —us—1—19,
p_17"'7p_17p_t,+1”71a"'7’78ap_2+u8+5)pa
withs,(exd) =(r+s+2)p—1)+(r+1)(p—1)+2>m(p—1)+ s,(e).
Finally, let us consider the case (us,d) = (1,1). By Lemma 4.4, there exists an index j

in {1,...,s} suchthatv; ¢ {0,1,p — 2,p — 1}. By choosing z = j, we obtain

r
A

exd=[p—1,...,p—1, VA LYy Yoy Ve F 2 Yoty o Vs, P — Us — 3 — 0,
p—1,...p—Lp—t'+ 1,9, Y1, Ve + 2, Yoty -5 Vs P — 4+ us + 0],
=p-1...,p=1, U+ Ly %17 2, Y1 Ve P — 5,
p=L. . p=Lp—t'+ LA, V1, T+ 2, Vak 15 T P~ 2y

withs,(exd) =(r+s+2)p—1)+(r+1)(p—1)+2>m(p—1)+ s,(e). O

For p = b5, the only situation in which the construction of e in the proof of Lemma 4.5
might fail is when s > 0 and us € {1,p — 2}. Indeed, if us = p — 2, thenp — us + 2 — ¢ in
expression (4.3) can be equal to p when § = —1 (then us_; € {0,1}). If u;, = land § = 1
(i.e.,us = 1,us_1 € {p—2,p—1}), then Lemma 4.4 does not guarantee existence of an index j
such thatv; ¢ {0,1,p—2,p— 1} if p = 5.

4.3. Proof of the main result

As already explained by Coulter and Lazebnik in [CL12], an inductive argument now yields the
classification of planar monomials over ]Fpgk for p > 5.

Theorem 1.4. Let k be a non-negative integer and p > 5. The monomial X% is planar over IFPQk
if and only if d = 2p' (mod p2k — 1) for some non-negative integer i.

Proof. Since every monomial X 20 ig planar over JFp2k , we only need to show that any planar
monomial X? over F o is of the form d = 2p' (mod P2 - 1). The proof is by induction
on k. The statement holds for £ € {0, 1}, see [Joh87, Cou06] and our new proofs in Sec-
tion 3. Suppose that the statement holds for k& — 1 and define m = 2¥~! and n = 2m = 2.
If X is planar over [, then it must be planar over the subfield F,~. The induction hypothesis

yields d = 2p/ (mod p™ — 1) for some non-negative integer j. Hence, a cyclic shift
of (do+dp,d1 +dms1, - - ., dm—1+d,_1) must be in one of the three cases listed in Lemma 4.1,
where d = (dg,dy, . ..,d,_1),. The only planar monomials in case 1 have exponent d = 2p’ for

some non-negative integer . As discussed earlier, case 2 does not contain planar monomials.
Finally, Lemma 4.2 implies that case 3 does not contain planar monomials either. [
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5. A conjecture on the base-p digit sum of integers

Based on computations, we raise the following conjecture.

Conjecture 5.1. For all positive integers d < ¢—1 withd # 1 (mod p—1)andd # |(p+1)/2]
(mod p — 1), there exists a positive integer e < g — 1 such that

n(p—1)

5 (5.1)

spexd) — s,(e) >
unless
(i) sp(d) =2, 0r
(i) p=>5,no0dd, and d = 57(5' + 1)/3 for some non-negative integers i, j.

Note that if either d = 1 (mod p — 1) ord = |(p + 1)/2] (mod p — 1), then there are
many d for which no positive e < ¢ — 1 exists such that inequality (5.1) holds. The exceptional
case d = 5/(5" 4+ 1)/3 for p = 5 resembles the counterexample d = 37(3" + 1)/2 for p = 3 to
the original Dembowski—Ostrom conjecture that was found by Coulter and Matthews [CMO97].

Conjecture 5.1 has been proven for n = 1; see the proof of Corollary 3.3. Moreover, we
computationally verified it for all p < 800 if n = 2, for all p < 400 if n = 3, and, if n > 4, for
all (p,n) with p™ < 10°.

Remark 5.2. In the computational verification, we included non-prime p as well. The only coun-
terexamples we found were for the case p = 9 with d of the form d = 3p’.

Some special cases of the conjecture. A proof of the implication in Conjecture 5.1 for any
special case of (g, d) shows that the monomial X is not planar over F,. In particular, Conjec-
ture 5.1 for the special case d = 2 (mod p — 1) implies the classification of planar monomials
over finite fields of characteristic p > 5.

If s,(d) > n(p — 1)/2, then Conjecture 5.1 holds with e = 1. We are also able to prove
Conjecture 5.1 when d = r (mod p — 1) and all base-p digits of d are at least .

Lemma 5.3. Letn > 2and d = (dy,dy, ..., dp-1), Ifd=7r (modp—1)with2 <r <p-—1
and d; = r forall i in {0,1,...,n — 1}, then there exists a positive integer e < q — 1 such that

splexd) — s,(e) > n(pT—l)

Proof. Since d = s,(d) (mod p — 1), it follows that s,(d) = k(p — 1) + r for a non-negative
integer £ < n. We can assume k < n/2 as otherwise, s,(d) —1 > n(p—1)/2+ 1sothate = 1
is sufficient. Multiplying d by e = "7~ 2 p' yields

ed = [s,(d) — dy, sp(d) — da, ..., sp(d) — dp—1, 5p(d) — dp], (mod ¢ —1).
By substituting s,(d) = k(p — 1) + r, we get
ed=lkp+r—k—di,kp+r—k—dy,....kp+r—k—d,_1,kp+r—k—do,
[7" —dl,T —dg,...ﬂ”—dnfl,r—do]p
p—14+r—dy,p—1+r—ds,....,p—1+r—dy_1,p—1+1r—dy, (modgq—1).
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Since d; > r for all ¢, then if d # (r,r,...,r),, we have that ed is congruent to

p—1+r—di,p—1+r—dsy,....p—1+7r—dy1,p—1+71r—dy), =e*d.

Ifd= (r,r,...,r),, then we have ed = ¢ — 1 = e x d. Hence,
_ _ n(p—1)
splexd)=n(p—1)+nr—s,(d)=n—k)p—1)+r(n—1) > 5 +7r(n—1)
Since s,(e) =n — 1 and r > 1, the result follows. O

This yields the following corollary on the non-planarity of monomials.

Corollary 54. Letn > 2 and d = (dy,dy, ..., dp—1),. If d; > 1 foralliin {0,1,...,n — 1},
then X is not planar over F,,.
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