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1. Introduction

Tilings hold lasting fascinations. Beyond aesthetic appeal, they play a key role in solving real-
world problems, including many in chemistry, life sciences, and engineering. However, our
knowledge of tilings is limited as the studies often face challenges. The recent breakthroughs
in long-standing open problems are testaments to the predicament; the discovery of aperiodic
monotile of the plane [SMKGS24] and a complete classification of spherical tilings [AW Y22,
AY?23, CL21, CLY22, CLY23, GSY13, LC24, UA02, WY22a, WY22b] came as voluminous
efforts.

A tiling of a surface is a covering of the surface by tiles without holes and overlaps. The tiles
are simple polygons, i.e., shapes with geodesic edges such that the boundaries formed by their
edges are simple closed curves. If all the tiles are congruent, the tiling is called monohedral,
if some tiles are congruent to a polygon while the others are congruent to a different polygon,
the tiling is called dihedral. The congruence classes of the tiles are called the prototiles of the
tiling. In other words, a monohedral tiling has exactly one prototile, whereas a dihedral tiling has
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exactly two. In general, a tiling with more than one prototile is called multihedral. Vertices are
where the edges meet. A tiling is called edge-to-edge if it has no vertex in the interior of an edge,
otherwise it is called non-edge-to-edge. The degree of a vertex counts the number of incident
edges. We assume each vertex to have degree > 3 to avoid trivial examples from artificial
additions of degree 2 vertices in edges. We do not assume convexity in the prototiles. We also
do not assume symmetry in the tilings. In the aforementioned classification, not imposing these
conditions often leads to surprising results.

Edge-to-edge tilings of the sphere by regular polygons can be obtained via projection from the
Platonic solids (monohedral) [ Yoo12], the Archimedean solids (multihedral) [AHS18, Yoo12],
the circumscribable Johnson—Zalgaller solids (multihedral) [AHS18, Joh66, Zal67] as well as
the infinite series of prisms and antiprisms [AHS18]. A classification of the non-edge-to-edge
ones is given in [AEHJ24]. Beyond regular prototiles, the studies become complicated.

From now on, by tilings we exclusively mean edge-to-edge tilings of the sphere unless oth-
erwise specified.

The prototile of a monohedral tiling is either a triangle, a quadrilateral or a pentagon, as a
result of Euler’s polyhedral formula. Tilings with a triangle prototile were first studied by D.
Sommerville in 1923 [Som24]. A classification of these tilings was completed in a seminal
paper [UAO2] by Y. Ueno and Y. Agaoka almost eight decades later. Encouraged by the success,
classifications of tilings with a quadrilateral prototile or those with a pentagon prototile were
eventually completed through the series [AWY?22, AY23, CL21, CLY22, CLY23,GSY 13, LC24,
WY22a, WY22b]. A posteriori, the challenges in the latter two prototiles are reflected in the
volume and the machinery required.

This paper is the first of a series to embark on new classifications and naturally we con-
sider edge-to-edge dihedral tilings of the sphere. The majority of existing results in dihedral
tilings specialised in folding type, meaning that such tilings must have a triangle prototile [AS09,
BR12, BS05, BRS09]. They are not what we intend to study. Tilings with combinations of non-
triangular prototiles are largely understudied. Empirically, they often emerge as an intermediate
step in the studies of those with a triangular prototile [CLY22, UA02]. As a natural progression
from the regularity in prototiles, the series focuses on the two-prototile combinations consisting
of aregular polygon (n-gon) and arhombus. The prototiles are equilateral, and hence more man-
ageable. Despite that, to the author’s knowledge, a systematic study in this direction is lacking.

This paper focuses on n = 4 (the square). The sequel [CL24] handles the regular n-gons
for n > 5 and a working manuscript addresses n = 3.

The prospect of extending the machinery in [CLY22] gives another motivation for this paper.
Combinatorially, a dihedral tiling by squares and rhombi has a 1-skeleton with facial cycles of
length 4. The same combinatorial tools from the monohedral counterpart (n = 4) naturally
apply. Geometrically, the square and the rhombus are related via a deformation that preserves
the edge length, and hence the same geometric tools on the prototiles also apply.

This paper is also motivated by a parity phenomenon; an edge-to-edge tiling of the sphere
by congruent polygons has an even number of tiles. The reason is simple at a combinatorial
level when the prototile is a triangle or a pentagon; when the prototile is a quadrilateral, further
geometric arguments are required [CLY?22, Luk24, Luk25]. Itleads to a question on the existence
of tilings by the smallest odd number of quadrilaterals with the fewest prototiles. Our choice of
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prototiles here gives a negative answer that shortens the search in [Luk25].

From now on, by dihedral tilings or simply the tilings we mean specifically the edge-to-edge
dihedral tilings of the sphere by squares and rhombi.

The contents are organised as follows. In Section 2, we explain the main result. In Section 3,
we introduce the terminology and establish the tools. In Section 4, we classify the tilings: the
isolated ones in Propositions 4.2, 4.3, 4.4, 4.5, and the infinite family in Proposition 4.6. In
Section 5, we discuss the strategy, some interesting phenomena, and some “near misses”.

2. Main result

Both prototiles in this paper, referred to as the square in Figure 2.1a and the rhombus in Fig-
ure 2.1b, have edge combination x*. Their angle configurations are a* and 33y respectively.
These notations are implicitly assumed throughout the paper and the shaded tiles are always the
squares.

T T
a o« 8
T T T T
a « B
T T
(a) The square. (b) The rhombus.

Figure 2.1: The two prototiles.

To explain the main result, we borrow concepts from the monohedral tilings. The mono-
hedral tilings can be categorised as the earth map tilings, the Platonic tilings, and the sporadic
tilings, together with the associated subdivisions and modifications [LCY24]. An earth map
tiling is composed of identical copies of a “building block”, which is a cluster of tiles. Such a
building block is called a time zone and its tiles can be viewed as the “countries” within the same
time zone. For example, in Figure 2.2 the two tiles (two rhombi, t’s converge to a vertex, same
for 4’s) with dot pattern form a time zone of the tiling, which consists of three time zones. All
the time zones share two common vertices, which in general can be of an arbitrarily high degree
depending on the number of time zones. The two vertices are regarded as the “north pole” and
the “south pole”. In the example, 1’s point to the former and }’s point to the latter. The family
of tilings given by the time zones is denoted by EZ1 (R for rhombus). For more details, we
refer the reader to [CLY?22, Proposition 23]. Such tilings resemble the earth map and hence the
name. In terms of combinatorial curvature on graphs (see definition in [Hig01]), the poles typ-
ically have negative curvature, whereas the other vertices have positive or zero curvature. The
example in Figure 2.2, as the minimal member of the E££1 family, is an exception — the poles
also have positive curvature. It is alternatively given by projecting the cube onto the sphere. The
tilings given by projecting the Platonic solids onto the sphere are called the Platonic tilings.

The earth map tilings and the Platonic tilings can further give rise to variant tilings through
subdivisions and modifications (flips and rotations [CLY22, CLY?23]). The tilings not fitting into
the above descriptions are called sporadic.
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Figure 2.2: EE1 with three time zones (one shaded by dots); s (resp. 1’s) converge to N
(resp. 5); the leftmost and the rightmost boundaries are identified.

Similar to the Platonic tilings, one can obtain dihedral tilings by projecting the Archimedean
solids onto the sphere [AHS18].

The tilings in the main theorem below are termed under an analogous convention. The
infinite family of dihedral tilings are given by the all-rhombus time zones in the monohedral
tilings Eff1 plus two squares; the other tilings, except for two, are structurally related to the
cube, the snub cube, or the truncated octahedron. A structural relation not seen in monohedral
tilings is explained by fusion — a reverse process of subdivision. We summarise the data of the
tilings in Table 2.1 and give an account of their structures afterwards. The convexity of prototiles
comes as a consequence of (3.7).

Theorem. The edge-to-edge dihedral tilings of the sphere by the squares and the rhombi are of

1. Earth map type: an infinite family of tilings each of which has 8c — 2 tiles for ¢ > 2 and
among them 2 are squares and 8c — 4 are rhombi;

1. Platonic type and Archimedean type:

* one deformed cube with 6 tiles and among them 2 are squares and 4 are rhombi;

* two triangular fusions of the snub cube, each of which has 22 tiles and among them 6
are squares and 16 are rhombi;

* one quadrilateral subdivision of a deformed truncated octahedron with 30 tiles and
among them 6 are squares and 24 are rhombi;

III. Sporadic type: two tilings, each of which has 14 tiles and among them 10 are squares and
4 are rhombi.

In Table 2.1 as well as the later discussion, a vertex is represented by a vertex notation in
terms of its incident angles counting multiplicities. For example, for non-negative integers a, b, c,
a vertex notation a®/3°y¢ denotes a vertex having a copies of o and b copies of 3 and ¢ copies of 7
as incident angles. Abusing notation, we call such a vertex “a®3%y*”. A concrete example is 3%
in Figure 2.2 where a = 0,b = 2 and c = 1. In practice, we display only positive a, b, c whenever
it is clear from the context. Note that the notation does not specify the angle arrangement at a
vertex. By ka®3%y¢, we mean that there are exactly & such vertices in a tiling.
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: Prototiles
. #Vertices
Tilings Symmetry (Incident /s) Angles & Edge
#1 | #0
Earth map type B 9 o | @14 forc=2 B
(Figure 2.3) Dy 8(c—1)8%, 8oy @15 forc=3 | 2 |84
Deformed cube
(Figure 2.4) D, 8afy a+f+y=2m | 2 4
Triangular fusion
of the snub cube Dy 8af3?, 16572 4.4) 6 16
(Figure 2.4b)
Triangular fusion
of the snub cube D, 8af?, 16572 4.4) 6 16
(Figure 2.4c)
Quadrilateral subdivision
of a truncated octahedron Cy 833, 320372 4.2) 6 24
(Figure 2.4d)
Sporadic type 9 3
(Figure 2.4¢) Dy, 8a” B, 8oy (4.6) 10 4
Sporadic type 9 3
(Figure 2.4f) 1 8a” B, 8oy (4.6) 10 4

Table 2.1: Data of the tilings; [J denotes the square and ¢ denotes the rhombus.

The structures of the tilings are revealed by their plane drawings in Figures 2.3, 2.4, and their
3D images in Figure 2.5. Interactive 3D models are available athttps://www.geogebra.org/
m/gk87uerw. Further analysis is aided by Figures 2.6, 2.7, 2.8.

The infinite family of earth map type can be derived from the monohedral tilings ££1 in the
following way. Figure 2.3a illustrates % time zones of L1 with o at the *-end and 2 at the
*-end. Let 7 denote the general version of ¢ — % time zones such that 7 consists of 2¢— 1 rhombi
with v¢ (resp. v°~1) at the x-end (resp. the x-end). Then Figure 2.3a illustrates 7 for ¢ = 3.
The dihedral tilings of earth map type are constructed by four copies of 7 and two squares.
The four 7’s are glued together between the two squares as illustrated in Figure 2.3b. The
two squares resemble the Arctic and Antarctic circles, whereas the 7 ’s resemble the continents
and the rhombi resemble the countries. The plane drawing of the tiling with ¢ = 2 is fully
illustrated in Figure 4.13. We remark that when ¢ = 1, the corresponding vertices become o5y
where o« = [ = v and the tiling is monohedral given by the cube.

The plane drawings of the tilings of Platonic, Archimedean and sporadic types are illustrated
in Figure 2.4: the (deformed) cube in Figure 2.4a, the two triangular fusions of the snub cube in
Figures 2.4b and 2.4c, a quadrilateral subdivision of the hexagonal faces in a deformed truncated
octahedron in Figure 2.4d, and the two sporadic tilings in Figures 2.4e and 2.4f.
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(a) T for c = 3. (b) Tiling: the square viewpoint.

Figure 2.3: The tilings of earth map type; * = ¢ and x = v~ ! for ¢ > 2.

() (b) © (d)

(e) ()

Figure 2.4: The four tilings of Platonic type and Archimedean type, and two sporadic tilings,
where e = (3, and the dashed lines join to form one edge.

The two triangular fusions of the snub cube are explained in Figure 2.6. Figure 2.6a is given
by the snub cube, a dihedral tiling of the sphere by regular triangles and squares. In general, if
the triangles in a tiling can be grouped into adjacent pairs, then fusing the adjacent pairs results
in quadrilateral tiles. In the snub cube, all the possible ways of grouping the triangles are shown
in Figures 2.6b, 2.6¢ and 2.6d, where the dashed lines indicate the choices of adjacent pairs. As
all the triangles are regular, the fusions yield congruent rhombi.

To distinguish the tilings, we label the vertices at the squares with exterior edge configura-
tion “dashed-solid-solid” by e’s. The distribution of e’s distinguishes the tiling in Figure 2.6b
(Figure 2.4b) and that in Figure 2.6c (Figure 2.4c). Guided by the distribution of e’s, it can
be seen that Figure 2.6b and Figure 2.6d are mirror images: exterior edges incident to each e
are counter-clockwise ““solid-solid-dashed” in the former and “dashed-solid-solid” in the latter.
There are indeed only two tilings resulting from the fusions.

Moreover, these two tilings are related, via a rotation modification as explained in Figure 2.7.
In each tiling, we colour the boundaries of two octagonal disks, likewise in Figure 2.8. Each disk
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Figure 2.3b: c =1 Figure 2.3b: ¢ =2 Figure 2.3b: ¢ =
Figure 2.4a Figure 2.4b Figure 2.4c

Figure 2.4d Figure 2.4e Figure 2.4f

Figure 2.5: The tilings from the main theorem in 3D.

Figure 2.6: Triangular fusions of the snub cube.

consists of a ring of six rhombi enclosing a square. Rotating the disk consisting of the outer ring
of rhombi and the outer square in Figure 2.7a (Figure 2.6¢) gives Figure 2.7b (Figure 2.6d) and
vice versa. In Proposition 4.4, we show that a square with four e-vertices uniquely determines
the tiling in Figure 2.6b.

The two sporadic tilings (Figures 2.4e, 2.4f) are also related, via a flip modification as ex-
plained in Figure 2.9. Each tiling can be divided into two hemispheres as highlighted. We rep-
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(a) Figure 2.6¢. (b) Figure 2.6d.

Figure 2.7: A modification relating two triangular fusions of the snub cube.

Spherical Snub Cube Figure 2.7a Figure 2.7b

Figure 2.8: Tilings in 3D, the snub cube and those given by triangular fusions.

resent the hemisphere containing the circled /3 as the outer disk in the second row of Figure 2.9
and the other hemisphere as the inner disk. An inner disk can be flipped along the dashed line
to convert one tiling into another. It is easy to see using notations e = 3, 0 = o2, e = q,
and o = oy where angle values e + 0 = e + 0 = 2. See also Figure 2.10 for comparison.

Figure 2.9: A modification relating two sporadic tilings; one hemisphere can be flipped along
the dashed line, where e = 3, 0 = o2, ® = , and 0 = 7.

Notably, the tiling of earth map type with ¢ = 2 in Figure 4.13b and the sporadic tiling in
Figure 2.4e share the same underlying graph.
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G

Before flip After flip

Figure 2.10: The sporadic tilings in 3D, the flip-related hemispheres have boundaries coloured.

The tiling in Figure 2.4d results from a quadrilateral subdivision of the hexagons in the
slightly deformed truncated octahedron in Figure 2.11. Each hexagon is subdivided into 3
rhombi meeting at a 33-vertex.

The truncated octahedron. A deformed truncated octahedron with subdivided hexagons.

Figure 2.11: Quadrilateral subdivision of the hexagons in a deformed truncated octahedron.

3. Toolbox

The “admissible” vertices of an associated tiling are consequences of the necessary conditions
of the tiling. They determine locally how tiles can be put together. Knowing them allows us to
step-by-step construct the tilings. Hence tools are built for this specific reason.

Starting with the basic combinatorial facts, let f denote the number of tiles and v; denote the
number of degree 7 vertices for ¢ > 3. From [CLY22, (3.4), (3.5)] or [Nv14], we have

F=6+> (h—3)u, (3.1)
h>4

v3 =8+ (h—4)uv. (3.2)
h>4

Equation (3.2) implies that a tiling has a degree 3 vertex.
Recall from Section 2 that a vertex notation o3°y¢ denotes a vertex by its incident angles
counting multiplicities. The vertex angle sum of vertex a®3°y¢ gives the equation

a4+ b + ¢y = 2. (3.3)
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Since vertex angle sums are used frequently enough in our discussion, they are often implicitly
used without being mentioned.

A vertex with partial information on its incident angles can be denoted similarly by a vertex
notation, where the known angles with multiplicities are followed by the remainder - - - of the
vertex, and the value of the remainder is denoted by R. For example, af?--- denotes a vertex
with at least one v and two 3’s,i.e.,a > 1 and b > 2, and R(a3?) = 27 — a — 28.

Since a vertex notation does not specify how the angles are arranged, we use another sys-
tem of notations for angle arrangements. For example, we use ;7 --- to denote the vertex
in Figure 3.1a where « from tile 7} (displayed as (1)) and v from tile 7% ((2)) are two incident
angles. To emphasise «; being adjacent to v, along an edge “ | ”, we use aq|vs - -+ to denote
such a vertex. The same picture shows that «|~y - - - is a vertex if and only if «|3 - - - is a vertex.
Similarly, 7 and 75 in Figure 3.1b show that 3|3 - - - is a vertex if and only if |y - - - is also a
vertex. The notations can be extended to a full vertex. For example, we use |«|a|a| to denote
an angle arrangement of o (Figure 3.1c¢).

a _ alf v B _ Y|y _B
aCZvC% %Dﬁﬁ@v =2
(a) (b) ©

Figure 3.1: The angle arrangements of a|y - -, 3|3+, v|y- -+ and a?.

We first establish local properties in the next two lemmas.

Lemma 3.1. In an edge-to-edge dihedral tiling by the squares and the rhombi, both of3 - - -
and ary - - - are vertices.

Proof. Since there is a square adjacent to a rhombus, the assertion follows from Figure 3.1a. [

The angle sum of a spherical quadrilateral is > 27. For the square, we have 4a¢ > 27; and
for the rhombus, we have 23 + 2y > 27. They respectively imply

a>ir, (3.4)
B+vy>m. (3.5)

Up to symmetry, we may assume 3 > .

Lemma 3.1 implies that one of a®3%, aBy--- is a vertex. Then one of the inequali-
ties, 2a + # < 2r and o + 26 < 27 and @ + 8 + 7 < 2, holds. Combined with v > S
and § > ~vand S+ >, we get o,y < 7.

Lemma 3.2. For the square with angle o and the rhombus with angles 3, ~, if they have edges
of the same length x, then we have

tan? %a = tan %6 tan %’y. (3.6)
For 3 > ~, we also have

T>0>a>n7. (3.7
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The edge length x and the angles «, 3, y are related as follows,

cosx = cot? %oc = cot %ﬂ cot %7. (3.8)

Proof. By [Tod86, Art. 62] or [CLY22, Lemma 18], both sides of (3.6) is Colsx. By a,v < m,

it implies tan %6 > (0, meaning 5 < 7. Because of 5 > 7 and tan # being strictly increasing
on (0, 1), it further implies (3.7). O

From now on, we may assume [ > « > 7. Lemma 3.1 asserts that o - - - is a vertex. Its
vertex angle sum implies

a+ [+ v < 2. (3.9)
We summarise the important inequalities (3.4), (3.5), (3.7), (3.9) below,
a>m, f+y>mT>F>a>7v a+f+y<2m

They will be frequently used without reference.
Next, a global property is stated below as an adaptation of [CLY?22, Lemma 4].

Lemma 3.3 (Counting Lemma). In an edge-to-edge dihedral tiling of the sphere by the squares
and the rhombi, if at every vertex the number of [ is no more than the number of y, then at every
vertex the two numbers are equal.

We remark that any of the notations for vertices, with full or partial incident angle informa-
tion, can indeed be extended to represent a vertex type, i.e., the equivalence class of vertices
having the same angle combination. For example, Lemma 3.1 implies that a tiling has a vertex
of the types a3 - - - and a vertex of the type oy - - - . Another example is (4.3) stated below,

ary e — O{g’y7 0{272’ a2737 a737 0[74, &757 (1//3’727

which denotes a list of all possible vertex types for ay - - - in a tiling. It does not mean that every
vertex type on the right-hand side appears as a vertex in the same tiling. A list of vertex types
can indeed be refined recursively by the necessary conditions of a tiling.

In practice, the context mostly allows an abuse of notation without distinguishing between
a vertex and a vertex type. In particular, a set of vertex types in a tiling satisfying the required
conditions is called an anglewise vertex combination (abbreviated as AVC), which is what we
meant by “admissible vertices” at the start of the section. An example is (4.8) stated below,

AVC = {B%y, B, apy}.

Note that the generic ¢ may take different values at different vertices. The tilings constructed
from (4.8) actually do not have 5v¢. For that and in general, we use “=" in place of “=" to
indicate that every vertex type in the set is indeed present as a vertex in a tiling. An example

which gives the tilings in Figure 4.13 is (4.9) stated below,

AVC = {%, a7}

Obviously, the system of angle sum equations from the vertices in an AVC must be consistent.
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4. Classification

From (3.2), we know that there is a degree 3 vertex in a tiling. Because of (3.7), (3.9),and a3 - - -
being a vertex, we know that 72, o, ay?, B? are not vertices. Therefore, one of the following
must appear as a degree 3 vertex,

a’, 8%, 0?8, a8, B2y, ay.

They are studied in the following propositions. Some arguments may be simplified in terms of
constraint satisfaction problems aided by computer. Nevertheless, here we prioritise mathemat-
ical rigour and clarity.

Proposition 4.1. There is no edge-to-edge dihedral tiling of the sphere by the squares and the
rhombi with a vertex o,

Proof. For 3% - -, the inequality S+~ > 7 implies R(3?) = 27 —2/ < 27. Assume thata?® is a
vertex. Then its vertex angle sum 3o = 27 and 8 > « imply R(/3%) < a. Hence R(3?) < a, 2
determines 32 - - - = (3?7.

Suppose that both a?, 527 are vertices. Their vertex angle sums imply

a=21, B=mw-—1iy.

Substituting the above into (3.6) further gives

2

3=cotiytaniy = ——M——,
a7 27 1—tan2%7

N

which implies ¥ = 27 = q, a contradiction. Hence 3?7 is not a vertex and therefore 32 - - - is

not a vertex.

3

The absence of %--- and § > o = %7‘(‘ > v imply 8- -- = 87, afy°. Counting Lemma
(Lemma 3.3) further implies 5 --- = a3~ and hence v--- = af~. Therefore the admissible
vertices are given by

AVC = {a* aBy}. 4.1)

From the above, we know o? - - - = o3, applying which at the neighbours of an o repeatedly

determines a monohedral tiling in Figure 4.1a. This means that there is no dihedral tiling. [

Proposition 4.2. The edge-to-edge dihedral tiling of the sphere by the squares and the rhombi
with a vertex a7y is given by a deformed cube.

The tiling has 2 squares and 4 rhombi (see Figures 2.4a, 4.1b).

Proof. The vertex angle sum of a3y and 8 > « > « imply R(3?) < R(a3) = ~. Then 32 - -
is not a vertex and af3--- = afy. Hence f--- = afv,7°. Then by Counting Lemma,
we conclude 5--- = ~v--- = affv, applying which at the neighbours of an a3y repeatedly
determines the desired tiling. [
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(a) Monohedral. (b) Dihedral.

Figure 4.1: The monohedral tiling with o and the dihedral tiling with a:3-.

Proposition 4.3. The edge-to-edge dihedral tiling of the sphere by the squares and the rhombi
with a vertex 3 is given by a quadrilateral subdivision of a deformed truncated octahedron.

The tiling has 6 squares and 24 rhombi (see Figure 2.4d).

Proof. The vertex angle sum of 32 implies = %W. Then § > a > yand S+ > 7
imply 2y > 8 > o > v > ¢m and hence 3% - - - = (°.

Lemma 3.1 asserts that a3 --- is a vertex. Then o > %7? and § = %7‘(‘ and v > %7?
imply R(a8) < 3 < a+7,3y. As 3%--- = 33 itthenimplies a8 - - - = a37* and hence ov3~?
is also a vertex. Together with 2y > 3 > «, it implies 8% - - - = af~%

Keeping in mind 32--- = 3% and af--- = By%--- = «af3y?, we construct the tiling as
follows. At square 7; and rhombus 75 in Figure 4.2, o3, --- = «/37? determines Ty, T}.
Then o35--- = «aBv? determines Ty, T;. The same argument determines 1%, Tx, Ty.
Next, 8334+ = (3% determines Thy, and B5v4Vio--- = «afBv? further determines 7},
and a1 0y - - - = a3y? determines T}, T}3. By rotational symmetry, the same argument deter-
mines T4, T1s, 116, 117, and Tig, Thg, Tog, To1, and Ty, Ths, Toy, Tos. Next, aqy B13716 - - - = 0572
determines 75¢. Again by rotational symmetry, the same argument determines 757, Thg, To9. Fi-
nally, BogV137Y29 - - - = a3y? determines Ty, and hence the tiling.

The tiling has AVC = {33, a3v%}. The vertex angle sums and (3.8) give

a=(0.53584... )7, [= %7?, v=(0.39874.. ), x=(0.20591...)7. 4.2)

O

Proposition 4.4. The edge-to-edge dihedral tilings of the sphere by the squares and the rhombi
with a vertex o3% are given by two triangular fusions of the snub cube.

Each tiling has 6 squares and 16 rhombi (see Figures 2.4b, 2.4c, or Figures 4.6a, 4.6b).

Proof. The vertex angle sum of af* and § > a > iwimply 27 > 3 > 27 > . Then S+~ >
and 3% imply 2y > «, which further deduces v > %7? and 3y > %w > (. Moreover, o > %7?
and vy > %Wand %7? > [ imply oo + v > . To sum up, we have o + 7,3y > 3 > a > 7.

Furthermore, the vertex angle sum of 3% also implies v < a < R(af) = 8 < a + 7, 37,
and hence a3 - - - = a3, af~?. Similarly, v < R(3?) = a < 8,2 imply 5% -+ = a3°.
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Figure 4.2: The construction of the tiling with a vertex /3°.

Lemma 3.1 asserts that ay - - - is a vertex. To determine a-y - - -, we use o > %w and v > }Jr
and a3 - - - = 3%, o372 and obtain

ay - = a’y, 0’y oY ey oyt an®, a (4.3)

The above then implies oy - - - = o3y, a?v?2, a?43.

By 2y > o > ~, we also know « # kv and o # %’yfork e N.

Keeping in mind a3 - - - = a3%, o372 and 3% - - - = a3, we analyse the cases below.
Case (One of ay3, ay?*, ay®). The vertex angle sum given by one of ay3, ay® and the vertex
angle sum by one of a3y, a?+?%, a2~ (vertices of type oy - - -) imply o = ky where k = 0, 1, 2
or 3, a contradiction. The same contradiction is also given by a~y* and one of a?~?2, a?~3. Hence

any of a3, ay® and o%y - - - are mutually exclusive, while ay* implies a?y - - - = a?.
The angle arrangement of a3, ay* or a~y” has a ||y, which determines tiles 77, T, T in
Figure 4.3a. Then 3,8 --- , 8233+ = «f3? respectively determine T}, T5. Now sy, - - -

(as o®v - - -) rules out ay®, a~y® and hence a~*, o®y are both vertices.
The vertex angle sums of a 3%, ay*, o~ imply

— _ _ 4
Q= 7T, ﬁ__ﬂ—7 fy_ﬁﬂ—7

which fail (3.6). Therefore none of oy, ay*, ay” is a vertex.

Case (One of a?y2, o?y?). The vertex angle sums of /372 and one of a?y2, o242 imply o = /3
and a+~ = [ respectively; the former contradicts 5 > « while the latter contradicts o+ > f.
Hence a/37? is not a vertex and a3 - - - = a/32.
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Figure 4.3: The deductions from 7|vy|vy and «|v|a and ala.

The angle arrangement «|« determines tiles 77, 75 in Figure 4.3b. Up to mirror symmetry,

by a?--- = a?~° we determine T3, Ty. Then a3 -+ , a4 - - - = a3? give two adjacent 3’s
in T5, a contradiction. Hence «|c - - - is not a vertex and a?v?, o*y> have a|v|« in their angle
arrangements.

We reverse the deduction in Figure 4.3a. The angle arrangement «|y|o determines
tiles Ty, T, Ts. Then ayBs - -+ , 535 - - - = a3 determine the angles in 17, T5. Now T}, T5, T}
meet at y1|y2|y3 - - - and hence ||y - - - is a vertex.

To determine ~y|y|y - - -, the absence of a|a - - - means y|y|y - - - # a?~3. The previous case

has already ruled out a~y®, ay*, ay. Then 7|~y|v - - - is none of those in (4.3) and hence it has
no . Meanwhile, 2y > « and 3 > 3 and 32 imply 372 = 3+3, 3y On the other hand,
by 37 > > jmwe get 7 = v*,9°,7%, 47, Therefore y|y|y--- = 7, 7%,7%,77, 8%, ™.

Keep in mind that a3? comes from the hypothesis; one of o>y2, a?y3 comes from the case
assumption, which implies that one of ¥4, 7%, 75, 47, 3+3, B~* is also a vertex.

The vertex angle sums of o*y? and one of 4*,~% imply o = kv for k = 1,2 respec-
tively, a contradiction. Similarly, o?y2,~7 imply o > 27, also a contradiction. On the other
hand, /3%, a?~2, 3y* imply o = [3, again a contradiction. Meanwhile, o352, o?>7? and one
of 7, B~* imply

2 2.2 5. —
af”, a7 o=

a0y, By o=

A

T, ﬂzﬁﬂ-7 Y=

, B =2m, v =

W Ul
3

Both sets of angle values fail (3.6). Therefore a?~? is not a vertex.

The vertex angle sums of a?y* and one of v*,7°, 7" imply v = kv for k = 3,1, 2 respec-
tively, a contradiction. Similarly, o*y3, 3% imply 3 = 2a > T, also a contradiction. On the
other hand, 3%, a*y* % imply a = 1, again a contradiction. Meanwhile, a?, a~?, 3v*
imply

af?, oy, Byt a = {47, B =1, V=5
which fail (3.6). Therefore o>~? is also not a vertex.

Case (a~y). Based on the previous cases, (4.3) is reduced to

ay--- = oy, a8y,
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The vertex angle sums of a7, 3%, o/3? give the same angle values given by 3%, ay?, o7,
which we have already seen fail (3.6). Hence «3+? is not a vertex and therefore o3 - - - = a/32.

For a|v|a in a3y, the same reverse deduction in Figure 4.3a implies ||y - - -, meaning that
it is a vertex. The reduced list of (4.3) above implies that y|7y|v - -+ has no «. Moreover, the
inequalities 2y, 3 > « > ~y and the vertex angle sums of 3%, a3~ further imply that ||y - - -
is one of 7, 7%, 873, By*. Hence one of them is a vertex, together with 3%, o+, their vertex
angle sums imply

8 11 _ 2.

af? a’y, " a = 5, =3 V=57

af?, aly, 0 o =2m, = 3, = im;

af?, oy, By o = 1o, = 2, v =5

af?, oy, Byt o= ;—gw, = ;—gw, v = 2%7‘(‘.
Each set of angle values above fail (3.6). Therefore a®y is not a vertex.
Case (a37?). By the previous cases, (4.3) becomes ay - -- = 372, and we already know up
front a3 --- = «af% afy?. The vertex angle sum of a3y? and 2y > « > ~ rule out $y°>2
Combined with 3%--- = /3%, we conclude 3--- = a3, a3y2. By Proposition 4.1, we also

conclude o - - - = 3%, o 372.
The vertex angle sums of 3%, a3+? imply

B =T = %Oé, Y= %ﬂ- -
The above and (3.8) determine

a=(0.55137...)m, B=(0.72431.. )m, ~=(0.36215.. )m, x = (0.24272...)m.
(4.4)

Hence ~¢ is not a vertex and v - - - = 3%, 372. Therefore we get
AVC = {af? aBy?’}. 4.5)

Recall a fact from Figure 3.1b: 5|5 --- is a vertex if and only if v|vy--- is a vertex. We
know a3* = |a|S|3| and from (4.5) we also know 7|y - - - = |a|S|7|y|. Then there is an a3?
with angle arrangement |«|/3|y|v|. Denoting |a|5|y|v| by “e”, there is a square with at least
one e.

We first consider a square with a diagonal pair of e’s. If they are arranged as in Figure 4.4a,
then they determine tiles T}, 75, T3, Ty, Ts. Next, 8233+, Bafs - -+ = 3% determine T, T,
contradicting 73, - - - = a8~2. Hence, if a square has a pair of diagonal e’s, then their angles
must be arranged with the same orientation depicted in Figure 4.4b. This forces the other two
vertices at the square to be ’s (indicated by ’s) as well. Hence a square with two diagonal e’s
in fact has four e’s.

The above further implies that there are three possible distributions of @’s at a square, four e’s,
two adjacent e’s, and exactly one e. Figure 4.5a illustrates the first as given by Figure 4.4b, and
Figures 4.5b, 4.5c¢ illustrate the latter two. A similar argument uniquely determines the angle
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Figure 4.4: Deductions from diagonal e’s at a square, where e = |a|3|7|7|.
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Figure 4.5: Distributions of |«|5|y|7|’s at a square, where ® = |a|5|7|7|-

arrangements of 71, T5, ..., T5 in these pictures. In Figure 4.5¢c, a 8574 - - - = || B|7|y| turns it
into Figure 4.4a, giving a contradiction as shown before.

17

As a result, a square with a e in a tiling has either the angle arrangement in Figure 4.5a or
that in Figure 4.5b. If 7} is given by the former (resp. the latter), then it uniquely determines
the tiling in Figure 4.6a (resp. Figure 4.6b). Note that, Figure 4.6b shows the same tiling in

Figure 2.4c from a different perspective.

(b)
Figure 4.6: The two tilings with AVC = {a8%, a37?}, where ® = |a|S]7|7].

In the two tilings, dividing each rhombus (Figure 4.7a) into two regular triangles (because
of B = 2~) along the diagonal between two (3’s results in the same tiling in Figure 4.7b, a tiling
given by the snub cube and ay? is the only vertex type. The reverse process gives the fusions.

Proposition 4.5. The edge-to-edge dihedral tilings of the sphere by the squares and the rhombi

with a vertex o3 are the two sporadic tilings.

Each tiling has 10 squares and 4 rhombi (see Figures 2.4e, 2.4f, 4.10).
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(a) Dividing a rhombus into 2 triangles. (b) The snub cube.

Figure 4.7: A rhombus as the union of an adjacent pair of regular triangles in the snub cube.
]

Proof. The vertex angle sum of o?3 and § > a imply 3 > 27 > o and R($?) < o. Mean-
while, 3 + v > 7 implies R(3?) < 2v. Then 8 > o > v imply 32 --- = 2.
The vertex angle sums of o3, 3%y imply

B =21 —2«a, ~v=4a—2T.

The above and (3.6) further imply

tan? %a = —tan atan 2o.

(1+cos @)(2cos? a—1)
(1—cos @)

Multiplying both sides by gives

(2cosa+1)* =0,

which has no solution for o & (%7‘(‘, %w) Hence /3% is not a vertex and therefore the same

for 3% - - -. Propositions 4.1, 4.2, 4.3, 4.4 imply that a3 is the only degree 3 vertex type.
Because of 3 > %7‘(‘ > > %W, the possible vertex types are

a?B,7°, Sy, By, a e

The absence of 32 - rules out 3|3 - as well as |y - - (see Figure 3.1b). The absence
of |y - - - means that v¢, ay¢, 3~° are not vertices. Moreover, combined with a3 being the only
degree 3 vertex type, itimplies 1 < ¢ < 3ina?v%, and ¢ = 2 in a?7¢, afy, and a| 3 - - - = a?p.
It suffices to discuss

a?B, oy, a*y? Py, oy Byl

Assume that one of a?v2, a37?, a2, a3~? is a vertex. The absence of ~y|y - - - implies that
the vertex has v|«|y, which determines tiles 77, 75, T3 in Figure 4.8. Then the absence of |y - - -
implies as|f; - -+, B3 -+ = a2, which further determine T}, T5. It results in ay|as|as - - -,
meaning that oy is also a vertex.

The vertex angle sums of o3, a®y and (3.8) determine «, 3, v, x below,

a:4tan_1\/%(11—4\/6), b =21 —2a, ~v=2r—3aq, ZE:COS_I%. (4.6)
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Figure 4.8: The deduction from 7|«/|7y.

Approximated values of the angles are given as follows,
a = (0.58043...)r, [ =(0.83913...)m, ~=(0.25870...)m,

which contradict o?42, o872, a3+?2, a3+3, and hence none of them is a vertex. We conclude

AVC = {a?B,a*~}. 4.7
From the above, we know 3--- = o?Band v - -- = o?y.

The angle arrangement of oy determines tiles 77,75, T in Figure 4.9. We know
that orye - - - is a3 or o3~. If the undetermined o - - - is o?f3, then it determines 75 in
Figure 4.9a. Subsequently a5 - - - = o~y determines 7). If the undetermined ojcv - - - is oy
as configured in Figure 4.9b, then it determines 75, and /35 - - - = o3 determines 7). We fur-
ther get the undetermined asars - - - = apaizay - - - = oy, If the undetermined a s - - - = oy

is otherwise configured, then a flip gives 71,15, 75,7} in Figure 4.9a. In either situation, we
always have a “T-piece” formed by four squares 77, 15, 15, T};.

(b)

Figure 4.9: The T-pieces in the deductions from a3.

For a T-piece with T},75,75,T, in Figure 4.9, it is either a square or a thombus for the
adjacent tile along the remaining undetermined edge of 75.

If it is a square 7% adjacent to 75 in Figure 4.10a, then ayasag - - -, aqasa - - -, aoogaes - - -,
and a3y -+ = oy determine Ty, Ty, Ty, Ty respectively. Now, a1 3s--- = o2 further
determines 77y. By rotational symmetry, a similar argument determines 771, 772, 713. Finally,
by apai3vs - - = a3~ we determine 7', and hence a tiling with 10 squares and 4 rhombi.

If it is a rhombus 75 adjacent to 75 in Figure 4.10b, then a similar argument determines
another tiling with the same vertex types and the same number of tiles. [



20 Hoi Ping Luk

@ ao‘oz Boz aﬂ aN
Y a  « 7
O[fyOl BCta aaﬁ Oé’yOé @ @ @ (%
@ e | @ ol Yo aly 5@
87 vlaTaly 8 a ala ol «

Yo ala ala a® @ | © a@aa@aa@a
Oz@aa@aa@a? aﬁ Yo _alv_p|”
8 Ya aly B Q ®
o @ | ® o i Pla_alf la
vy 50& Oéﬁ v (0% (6% « Oéa

aNQ a@a o« @

(a) (b)
Figure 4.10: The two tilings with AVC = {a?, a®v}, 10 squares and 4 rhombi.

Proposition 4.6. The edge-to-edge dihedral tilings of the sphere by the squares and the rhombi
with a vertex 3%~ are the infinite family of earth map type.

Each member of the family has 2 squares and 4(2¢ — 1) rhombi, where ¢ > 2 is the number
of v’s in af° (see Figures 2.3, 4.13).

Proof. Proposition 4.5 rules out o?3. The vertex angle sum of 5%y and 8 > o > 7 im-
ply B2--- = B?yand B > 27m. Recall @« > im. These facts imply that the possible vertex

3 2
types are

By, 7, a*S3yC, By P a By,

Lemma 3.1 asserts that a/3--- is a vertex and the above further implies af3--- = afy2
Hence a5y°>? is a vertex.

We first rule out v¢, a®~¢ for our dihedral tilings.

The angle arrangement «|y determines tiles 77, T in Figure 4.11. Then a; 35 - - - = o372

determines 73. The same argument also determines 7y, T5. As we start with «|y = aq |79, this
implies a|y - - - = Blaly - - - = afy*>?2, which rules out a®~°.

®

O™ =
Q=
= .-

e
= 2[R
= e

Figure 4.11: The deduction from «|y.
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If 7¢ is a vertex, then 7|y determines T3, T5 in Figure 4.12. Next, 5135+ = 3%y deter-
mines 73. The process continues at v and eventually determines a monohedral earth map
tiling ££1 for each fixed ¢ > 3 (see Figure 2.2 for ¢ = 3). Hence ~° is not a vertex in our
dihedral tilings.

Figure 4.12: A time zone given by 77, T3 and T = ¢ — % time zones for ¢ = 2.

For ¢ > 2, we use T to denote a block of ¢ — % time zones, equivalently ¢ — 1 time zones plus
one extra tile. Examples with ¢ = 2, 3 are illustrated in Figure 4.12 and Figure 2.3a respectively.
The absence of ¢, o~y implies

AVC = {8y, By?, aBy?}. (4.8)

At an a37*>?, the same deduction from «|y in Figure 4.11 determines the central square and
its four vertices in Figure 4.13. For any fixed ¢ > 2, the v“-part of each a37*>? determines
a T in Figure 4.13a. The tiling is then completed by another square in the exterior of the “cir-
cular boundary”. As instructed, it is straightforward to construct the minimal member (¢ = 2,
Figure 4.13b) of the family.

v B B8
By 0 v
v Yo alB 7? 7£ o|B 55
T 0 o T
15} e v Bla aly B
VAN NN be— Bl B[
zﬁﬁ 75? @ Y 55
xiZ\T/::y7 v Bl B v
6 0% Y 5 Y o
(e}
@c=>2 (b) ¢ =2

Figure 4.13: The tilings with 3%y, a37°>? and 2 squares and 4(2c¢ — 1) rhombi.

The infinite family have the vertex types below

AVC = {B%y, a2}, 4.9)
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meaning that 5y¢ does not appear as a vertex in the dihedral tilings. Note that, the monohedral
tilings with AVC = {3%y, 3~} are the flip modification F'EE1 of EE1 given by v¢ [CLY22,
Proposition 23].

Lastly, we verify the geometric existence of the infinite family. The vertex angle sums

of 5%y, a B¢ imply
a:ﬂ—(c—%)% 6:71'—%’)/. (4.10)

The geometric existence of the tilings is equivalent to the existence of values for o, 3, v,z € R*
such that the constraints, (4.10), 0 < cosx < 1, (3.8),and 7® > > a > %71’ > v > 0, are
satisfied. As «, 3 are parametrised by 7 in (4.10) and together with (3.8) the edge length x is also
parametrised by v, we will show that for every integer ¢ > 2 that there exists a corresponding
value 7, € (0, 37) such that the above constraints are satisfied.

For v > 0 and ¢ > 2, the equations in (4.10) imply 7 > 8 > a.

For v € (0, %7?), substituting the second equation of (4.10) into (3.8) gives

0 <cosz = 1(1—tan’1y) < 1.

>
By (4.10) (the first equality), o > %71' is equivalent to
(c—3)v < 3. (4.11)
Meanwhile, substituting both equations in (4.10) into (3.6) gives
2tan®(2c — 1)37 + tan® 1y — 1 = 0. (4.12)

Now the geometric existence is equivalent to the following: for each integer ¢ > 2 there
exists a value for 7. € (0, %7‘(‘) such that (4.11), (4.12) hold for 7.
The general solution to (4.12) is

[tan 1
cy = i%(t(v) +kr)+1,  wheret(y) =tan™’ f;l—g, keZ.

For v € (0, 17), we have 0 < ¢(v) < 7. This implies

¢t € (5,5 +0)+ 21,
c.e(d-1,1)- 2

For c to satisfy (4.11), it remains to consider ¢(vy) = ¢, with k = 0, i.e.,
c(v) = %t('y) +1. (4.13)

A plot of ¢(v) against 7 is given in Figure 4.14.

Now (4.13) implies that (4.11) is equivalent to ¢(y) < iw. Since tan 0 is strictly increasing
on (0,3m), for v € (0,3m) we have tan 1y < tan 3~y and hence t(y) < i holds. There-
fore (4.11) holds for v € (0, $7).
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Figure 4.14: Graph of c() against T.

Finally, it remains to show that, for any integer ¢ > 2, there is a value 7. € (0, %ﬂ) sat-
isfying ¢(7.) = c. One can show that ¢() in (4.13) is continuous and decreasing on (0, 17)
and

I = +00.
vgglg(v) +00

On the other hand, we have
cAm)=4(lim) + L =ttan I (VV2 - 1) + 1 < Ltan (1) + L =3,

Here we get c(%ﬂ) < 2. The Intermediate Value Theorem guarantees that for any integer ¢ > 2,
there exists a . as desired, which is also unique.

Therefore the infinite family of tilings in Figure 4.13 exist. By (4.10) and (4.12), we conclude
with the numerical values of «, 3, v, z for ¢ = 2, 3 below,

c=2: 4.14)
a=(0.61456...)r, [ =(0.87152...)m, ~=(0.25695... )7, x = (0.34097...)7.
c=3: 4.15)

a=(0.61045... )7, B=(0.92209...)m, ~=(0.15581... )7, == (0.33610...).
O

5. Conclusion and discussion

Strategy

Our strategy is to determine all the admissible vertex types in terms of incident angle combi-
nations. To achieve this goal, the tools are built on local properties (e.g., vertex types of de-
gree 3 (3.2), the trigonometric identity of the prototiles (3.6), etc.) and a global property (i.e.,
Counting Lemma). Based on the admissible vertex types, tilings are then constructed. What we
demonstrate in this paper is a first extension of the machinery from [CLY?22].

The studies of tilings with other prototile combinations may follow a similar path. For exam-
ple, the strategy applies to a prototile combination consisting of a regular n-gon with n > 5 and
arhombus [CL24]. On the other hand, the prototile combination consisting of a regular triangle
and a rhombus may also be studied analogously, possibly aided by computer.



24 Hoi Ping Luk

Comparison

An interesting comparison is drawn by an anonymous reviewer between this classification and
that of the monohedral tilings of the sphere by rhombi [CLY22, SA15]. Combinatorially, the
1-skeletons of the tilings from both sides are spherical maps with faces of size 4. Geometrically,
there are isolated tilings and infinite families as realisations of these 1-skeletons. Differences
are highlighted in terms of symmetry and modification.

The two isolated monohedral tilings by rhombi are given by the rhombic dodecahedron and
rhombic triacontahedron. As shown in Figure 5.1, they can be deduced respectively from the
octahedron (equivalently the cube) and the icosahedron (equivalently the dodecahedron) via the
quadricentric subdivision [CLY22, the first main theorem]. From this viewpoint, their symme-
tries (octahedral and icosahedral) are obvious. Such symmetries are absent in our dihedral tilings
as the squares and the rhombi fall in different orbits under an automorphism. Hence the dihedral
tilings are not face-transitive. In addition, the octahedral symmetry of the truncated octahedron
is “broken” by the quadrilateral subdivision on the hexagonal faces.

Figure 5.1: The rhombic dodecahedron via quadricentric subdivision C' P of the octahedron P
(in dotted lines); rhombic triacontahedron via quadricentric subdivision C Py, of the icosahe-
dron Psq (in dotted lines).

In contrast to the dihedral tilings of Archimedean and sporadic types, the two monohedral
tilings do not admit any modification. Nevertheless, the infinite monohedral families, Ff1
and FEE1 in Figure 5.2, are related via a flip modification F' [CLY22]. The time zone of
the EZ1 (Figure 5.2) effectively forms the building blocks for both ££1 and the infinite fam-
ily in the main theorem (Figure 2.3), Section 2. The dihedral family however do not admit any
modification. In general, the conditions allowing a tiling to admit a modification remain unclear.

“Near Misses”

It may be possible to conduct the arguments without (3.6) until the geometric realisation
stage. Doing so leads to some “near misses” in which «, (3, ~y fail to satisfy (3.6). For example,
the AVC = {af?, a3y, afy?} givesrise to the “non-geometric” tiling in Figure 5.3, and likewise
for AVC = {a?8, 8%y, a8~} in Figure 5.4. They are studied as tilings by “angle-congruent”
polygons. Two polygons are congruent if there is a one-to-one correspondence between the
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Ef1 FER1

Figure 5.2: EE1 with AVC = {3?v,+?*"'} and FEE1 with AVC = {3%y, 87¢}.

angles and edges, such that the adjacencies of angles and edges are preserved and the corre-
sponding angles and edges have equal values. If the polygons have the same correspondence
except requiring corresponding edges to have equal values, they are called angle-congruent. In
general, tilings by angle-congruent polygons do not necessarily have geodesic edges. The near
misses are dihedral cases in point. Monohedral examples can be seen in [LY25].

Figure 5.3: An angle-congruent tiling with f = 22, AVC = {a/3?, a®y, a8~?}, where o = [3.

We finish with an example of the infinite family in Figure 5.4. The two tilings in Figure 5.5
are the minimal member (¢ = 2 in a5~¢) and its flip modification. Both have two angle arrange-
ments of a372, |a|B|y]v| and |alv|B|v|. The latter appears in adjacent pairs in the second tiling
and otherwise in the first.
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Figure 5.4: An infinite family of angle-congruent tilings with AVC = {28, 3%, a3v=?},
where 7 denotes the ¢ — % time zones in Figure 4.12.

o
+ Before flip After flip

Figure 5.5: A flip modification relating angle-congruent tilings with AVC = {a?8, 8%y, a37?},
vertices || 3|7y|vy| highlighted by e and |a|v|3|| by o, the dashed lines in each picture connect
to form one edge.
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