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Abstract. We define and study the face stratification of the m = 2 amplituhedron. We show
that the face poset is an upper order ideal in the face poset of the totally nonnegative Grass-
mannian. Our construction is consistent with earlier work of Lukowski, and we confirm
various predictions of Lukowski.
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1. Introduction

LetGr(k, n)⩾0 denote the totally nonnegative Grassmannian [Pos06, Lus98], the subspace of the
GrassmannianGr(k, n) of k-planes inRn with nonnegative Plücker coordinates. The Grassman-
nian has a positroid stratification [KLS13] Gr(k, n) =

⊔
M Π̊M into open positroid varieties in-

dexed by rank k positroids M. Intersecting this stratification with Gr(k, n)⩾0 we obtain the face
stratification Gr(k, n)⩾0 =

⊔
M ΠM,>0 into positroid cells [Pos06]. This endows Gr(k, n)⩾0

with the structure of a regular CW-complex homeomorphic to a closed ball [GKL22b, GKL22a].
For m ⩽ n − k, the amplituhedron An,k,m is the image of Gr(k, n)⩾0 under a linear pro-

jection Z : Gr(k, n) → Gr(k, k + m) where Z is represented by a n × (k + m) matrix
with positive (k + m) × (k + m) minors. When k = 1, An,1,m is the familiar cyclic poly-
tope. The amplituhedron was defined by Arkani-Hamed and Trnka [AHT14] to study and con-
struct super Yang–Mills amplitudes. While the case m = 4 is of the most physical signifi-
cance, the m = 2 case is an important toy model which has been the subject of much recent
work [BH19, ŁPW23, Łuk22, PSBW23, ŁPSV19, RST24]. The m = 2 amplituhedron is the
focus of this paper.
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We define (Definition 4.4) the face stratification of An,k,2 as the intersection of An,k,2 with
the positroid stratification of Gr(2, n) under the twistor embedding of An,k,2 into Gr(2, n). This
definition is directly analogous to Postnikov’s definition of the face stratification of Gr(k, n)⩾0.
We further show in Theorem 4.8 that our face stratification agrees with the stratification ofAn,k,2

as a semialgebraic set, or as a (conjectural) positive geometry.
In Theorem 4.6, we give a complete description of the face poset Pn,k of An,k,2 as an upper

order ideal in the face poset Qn,2 of Gr(2, n)⩾0. As a key combinatorial tool we define a twistor
map on the level of matroids (Section 3).

Lukowski [Łuk22] studied the boundaries of An,k,2 in a recursive and computational way.
As we explain in Section 5.1, our approach is consistent with his. In particular, we confirm
conjectures from [Łuk22], for the rank generating function of Pn,k (Theorem 5.3) and that the
face poset is Eulerian (Theorem 5.5). Our results are also consistent with the recent work of
Ranestad, Sinn, and Telen [RST24] who studied the case k = m = 2; see Remark 5.4.

Denote [n] := {1, 2, . . . , n} and let
(
[n]
k

)
denote the k-element subsets of [n]. Let ⩽a be the

total order on [n] that is the cyclic rotation of the usual order, but with minimum a. For k-element
subsets I = {i1 <a i2 <a · · · <a ik} and J = {j1 <a j2 <a · · · <a jk} we have I ⩽a J if and
only if is ⩽a js for all s.

2. The amplituhedron in twistor space

For a point C ∈ Gr(k, n) or a k × n matrix, we let ∆I(C) denote Plücker coordinate labeled
by the subset I ∈

(
[n]
k

)
. If I = {i1 < · · · < ia}, J = {j1 < · · · < jb} are two subsets of [n]

with a+ b = k, we let ∆IJ(C) be the signed Plücker coordinate: it is 0 if I ∩ J ̸= ∅; otherwise
it is equal to ±∆I∪J(C), the determinant of the k × k matrix whose columns are given by the
columns ci1 , . . . , cia , cj1 , . . . , cjb of C, taken in this order.

Let 1 ⩽ k ⩽ n and m ⩽ n − k be even. Let Z be a n × (k +m) positive matrix, that is,
the (k +m) × (k +m) minors of Z are positive. We denote by span(Z) ∈ Gr(k +m,n) the
column span of Z. We define the amplituhedron (in twistor space) An,k,m = An,k,m(Z) as the
image of Gr(k, n)⩾0 under the twistor map

φm : Gr(k, n) → Gr(m,n)

given by
∆I(φm(C)) =

∑
J∈([n]

k )

∆J(C)∆JI(Z) =: ⟨I⟩.

The Plücker coordinate ⟨I⟩ is called a twistor coordinate of C. The amplituhedron
depends on the choice of Z, but for simplicity the dependence on Z is often suppressed from our
notation. Note that φm is only a rational map. It is not defined on V ∈ Gr(k, n) exactly
when dim(V ∩ ker(Z)) ⩾ 1. The amplituhedron in twistor space was called the “B-amplitu-
hedron” in [KWZ20] and shown to be isomorphic to the amplituhedron of [AHT14] there.

The twistor map φm is the composition of the linear projection map

Z : Gr(k, n) → Gr(k, k +m), V 7→ Z(V )
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with the map ψ : Gr(k, k +m) → Gr(m,n) given by

∆I(ψ(Y )) = det(Y Zi1Zi2 · · ·Zim) for Y ∈ Gr(k, k +m),

where for anm-element subset I = {i1, . . . , im}, the notation det(Y Zi1Zi2 · · ·Zim) denotes the
(k + m) × (k + m) determinant obtained by concatenating the k × (k + m) matrix Y with
them row vectors Zi1 , . . . , Zim ∈ Rk+m. See for example [Lam16b, Section 18] and [PSBW23,
Section 3.1].

Lemma 2.1. For Z full rank, the map ψ : Gr(k, k +m) → Gr(m,n) is an embedding.

Proof. The group GL(n) acts simultaneously on Z and on Gr(m,n). Using it, we may assume
thatZ is the identity matrix in the first (k+m) rows. That is,Zi = ei ∈ Rn for i = 1, 2, . . . , k+m
and Zi = 0 for i = k + m − 1, . . . , n. In this case, for I ∈

(
[k+m]
m

)
, the twistor coordi-

nate ∆I(ψ(Y )) is, up to a predictable sign, the usual Plücker coordinate ∆[k+m]\I(Y ).

It follows from Lemma 2.1 that the amplituhedron in twistor space is isomorphic to the usual
amplituhedron, defined as the image Z(Gr(k, n)⩾0) inside Gr(k, k +m).

Arkani-Hamed, Thomas, and Trnka [AHTT17] gave a conjectural description of An,k,m us-
ing inequalities of twistor coordinates, and a topological condition on sign-flips of twistor co-
ordinates. For m = 2, this description, together with a comprehensive description of triangula-
tions, is available due to the works of Bao–He, Karp–Williams, Lukowski–Parisi–Williams, and
Parisi–Sherman-Bennett–Williams [BH19, KW19, ŁPW23, PSBW23].

The complement of the n divisors {⟨a(a + 1)⟩ = 0} in Gr(2, n) is the top open
positroid variety Π̊(2, n) which is a cluster variety of type An−3. The following result is a
special case of upcoming work of Galashin and Lam studying connected components of real
cluster varieties. Let Π̊+ be the union of those connected components of Π̊(2, n) that satis-
fy ⟨12⟩ > 0, ⟨23⟩ > 0, . . . , ⟨(n− 1)n⟩ > 0.

Proposition 2.2 ([GL25]). The space Π̊+ has n− 1 connected components. The k-th connected
component Π̊+,k is the closure of the locus in Π̊+ where the sequence ⟨12⟩, ⟨13⟩, . . . , ⟨1n⟩ has k
sign-flips (and no zeroes).

In Proposition 2.2, the sign of the remaining cyclic minor ⟨1n⟩ on a connected component
Π̊+,k is determined by the parity of k, the number of sign-flips.

Remark 2.3. The space Π̊+,k and the space G◦
n,k,2 of [PSBW23, Section 11.2] have similar def-

initions, and the two spaces have the same closure in Gr(2, n). The spaces Π̊+,k also appear in
the work of Dian and Heslop [DH21]; see also [EHM17].

The following result follows from [PSBW23, Proposition 11.11]; see also [BH19, AHTT17].

Theorem 2.4. We have
An,k,2(Z) = Π̊+,k ∩Gr(2, span(Z)).

Remark 2.5. If we consider the family of amplituhedra An,k,m(Z) as Z varies
over Gr(k +m,n)⩾0, we obtain the universal amplituhedron [GL20]. We believe that it is still
an open problem to determine whether

⋃
positive Z An,k,2(Z) is dense in Π̊+,k.
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We note that Gr(2, n)>0 is the connected component Π̊+,0. Motivated by Proposition 2.2
and Theorem 2.4, we study the intersection of An,k,2 with the positroid stratification of Gr(2, n)
in Definition 4.4 below. We begin with the matroid combinatorics of the twistor map.

3. The twistor map on matroids

Let M be a matroid of rank k on [n]. We will think of a matroid as a collection of bases. For a
point C ∈ Gr(k, n), the matroid MC of C is given by

MC :=

{
I ∈

(
[n]

k

)
| ∆I(C) ̸= 0

}
⊆

(
[n]

k

)
.

We let M∗ := {[n] \ I | I ∈ M} denote the dual matroid of rank n − k on [n]. A matroid M
is a positroid if it is the matroid M = MC of a totally nonnegative point C ∈ Gr(k, n)⩾0 of
the Grassmannian. Positroids were completely classified in the works of Postnikov [Pos06] and
Oh [Oh11]. We describe the classification in terms of Grassmann necklaces.

A (k,n)-Grassmann necklace I = (I1, . . . , In) is a collection of k-subsets Ia ∈
(
[n]
k

)
satis-

fying the conditions: (a) if a ∈ Ia then Ia+1 = Ia \ {a} ∪ {a′} for some a′, and (b) if a /∈ Ia
then Ia+1 = Ia. (Here, the index a is to be taken modulo n.)

Let M be a rank k matroid on [n], and let Ia = Ia(M) be the (lexicographically) minimal
base of M with respect to ⩽a. Then I(M) = (I1, . . . , In) is a (k, n)-Grassmann necklace.
The map M 7→ I(M) restricts to a bijection between positroids of rank k on [n] and (k, n)-
Grassmann necklaces, and we let I → MI denote the inverse of this map. We define the
positroid envelope env(M) of a matroid M to be the (unique) smallest positroid containing M.
Alternatively, the envelope env(M) = MI(M) is the unique positroid with the same Grass-
mann necklace as M. Thus positroids are the maximal elements among matroids with the same
Grassmann necklace.

We deonte by Qn,k the poset of positroids of rank k on [n], ordered by inclusion. The
poset Qn,k is isomorphic to the dual of a lower order ideal in the Bruhat order of the affine
symmetric group. We refer the reader to [Pos06, Oh11, KLS13] for more on positroids.

Definition 3.1. Let m ⩽ n− k. Define the m-twistor matroid M↓m by

M↓m =

{
I ∈

(
[n]

m

)
| I ⊂ J for some J ∈ M∗

}
.

Alternatively, M↓m is the m-truncation of the dual matroid M∗.

Proposition 3.2. The twistor M↓m is a matroid.

Proof. The bases of M↓m are the independent sets of M∗ of size m. The exchange axiom for
bases of M↓m follows immediately from the independent set axioms for M∗.

The following result is immediate from the definition.
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Proposition 3.3. Let M be a matroid. Let the Grassmann necklace of M∗ be (J1, . . . , Jn).
Then the positroid env(M↓m) has Grassmann necklace (I1, . . . , In) where Ia consists of the m
minimal elements of Ja with respect to ⩽a.

Example 3.4. Let k = 2 and n = 5. Consider the matroid M = {13, 15, 34, 35, 45}. That is, 2
is a loop and 1, 4 are parallel. Then M∗ = {245, 234, 125, 124, 123} and M↓2 =

(
[5]
2

)
− {35}.

The Grassmann necklaces ofM,M∗, andM↓2 are (13, 34, 34, 45, 51), (123, 234, 342, 452, 512)
and (12, 23, 34, 45, 51) respectively.

Since envelope, duality and taking independent sets of size m all preserve inclusions of
matroids, we have the following result.

Corollary 3.5. The map M 7→ env(M↓m) is an order-preserving map from Qn,k to Qn,m.

Positroid envelope commutes with duality.

Proposition 3.6. Let M be a matroid. Then env(M)∗ = env(M∗).

Proof. The dual Grassmann necklace of M is the sequence (I1, . . . , In), where Ia ∈ M is the
basis that is maximal with respect to ⩽a. Both the Grassmann necklace and dual Grassmann
necklace uniquely determine a positroid. The positroid envelope env(M) of M is the unique
positroid with dual Grassmann necklace equal to (I1, . . . , In). The dual matroid M∗ has (usual)
Grassmann necklace (J1, . . . , Jn) where Ja = [n] \ Ia. So both env(M)∗ and env(M∗) are
positroids with Grassmann necklace equal to (J1, . . . , Jn).

Proposition 3.7. We have env(M↓m) = env((env(M))↓m).

Proof. By Proposition 3.6, M∗ and env(M)∗ have the same Grassmann necklace. By Propo-
sition 3.3, it follows that M↓m and (env(M))↓m have the same Grassmann necklace, and thus
the same positroid envelope.

Definition 3.8. Let Pn,k,m ⊂ Qn,m to be the subposet of positroids env(M↓m), ordered by
inclusion, as M varies over Qn,k.

By Proposition 3.7, in Definition 3.8 we could equivalently have letM vary over all matroids
of rank k on [n].

We will be particularly interested in the case m = 2. In this case, we write Pn,k for Pn,k,2.
This is a subposet of Qn,2. Rank 2 positroids N on [n] have the following direct description. A
subset L ⊂ [n] are loops. A number of disjoint cyclic intervals [a1, b1], . . . , [ar, br] are specified
such that rank([ai, bi]) = 1. In other words, all elements in [ai, bi] that are not loops are parallel.
We use the notation N = (L, {[a1, b1], . . . , [ar, br]}) for elements of Qn,2. We always assume
in this notation that r is taken to be minimal and each [ai, bi] is taken as small as possible. For
example, if |[ai, bi] \L| = 1 then this cyclic interval can be omitted; if ai ∈ L or bi ∈ L then the
cyclic interval [ai, bi] can be made smaller.

Let N = (L, {[a1, b1], . . . , [ar, br]}) ∈ Qn,2 and N ′ = (L′, {[a′1, b′1], . . . , [a′s, b′s]}) ∈ Qn,2.
Then N ⩽ N ′ if and only if L′ ⊆ L and for each cyclic interval [a′i, b′i], either there exists a
cyclic interval [aj, bj] such that [a′i, b′i] ⊆ [aj, bj], or |[a′i, b′i] \ L| ⩽ 1.
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For N = (L, {[a1, b1], . . . , [ar, br]}) ∈ Qn,2, let S = S(N ) :=
⋃

i[ai, bi], and define

d(N ) := 2k+ r−|S \L|− 2|L|, c(N ) := 2k−d(N ), and e(N ) := r+k−|S ∪L|. (3.1)

(Note that e(N ) depends on k.)

Definition 3.9. Suppose that N ∈ Qn,2 satisfies e(N ) ⩾ 0. We define a matroid (N ↑k)∗ of
rank n − k on the groundset [n] as follows. Begin with the uniform matroid of rank n − k on
the groundset ([n] \ (S ∪L))∪ {a1, . . . , ar}, which has cardinality e(N ) + n− k ⩾ n− k. For
each i = 1, 2, . . . , r, add elements labeled by (ai, bi] \ L parallel to ai. Then add loops labeled
by the set L ⊂ [n].

The rank k matroid N ↑k is defined to be the dual of (N ↑k)∗. It can be described as the largest
matroid satisfying the following rank conditions. The elements in L are coloops of N ↑k. For
each cyclic interval [ai, bi], let A = [ai, bi] \ L. Then

rankN ↑k([n] \ A) = k − |A|+ 1.

It is straightforward to check that (N ↑k)↓2 = N .

Lemma 3.10. Suppose that N ∈ Qn,2 satisfies e(N ) ⩾ 0. Then N ↑k and (N ↑k)∗ are positroids.

Proof. The uniform matroid is a positroid. Adding cyclically consecutive parallel elements, or
adding loops, to a matroid preserves the property of being a positroid. It follows that (N ↑k)∗ is
a positroid. Since the class of positroids is closed under duality [Oh09], N ↑k is also a positroid.

Recall that a poset is graded if all maximal chains have the same length.

Theorem 3.11. Suppose that n− k ⩾ 2. Then

1. Pn,k is an upper order ideal of Qn,2 with
(
n
k

)
minimal elements (L, {}) where |L| = k,

2. Pn,k = {N ∈ Qn,2 | e(N ) ⩾ 0},

3. Pn,k is graded of height 2k and has rank function d(N ) and corank function c(N ).

Proof. We show (2). Suppose that env(M↓2) = N . By Proposition 3.3, the loops of M∗

are exactly the loops of N since a is a loop of N if and only if a /∈ Ia(N ). Let M∗ have
Grassmann necklace (J1, . . . , Jn). We must have rankM∗([ai, bi]) = 1 for otherwise one of
the Ja (with a ∈ [ai, bi]) would contain two elements in [ai, bi]. All these rank conditions are
disjoint. Let M∗ be any matroid that satisfies these rank conditions and has loops equal to L.
There are n−|S∪L| elements of the ground set for which there are no conditions imposed. Any
independent set of M∗ consists of some of these elements together with at most one element in
each cyclic interval [ai, bi]. It follows that the rank of M∗ is bounded above by r+ n− |S ∪L|,
and this is greater than or equal to n− k if and only if e(N ) ⩾ 0. Conversely, the construction
of Definition 3.9 shows that when e(N ) ⩾ 0, a matroid M∗ of rank n−k exists satisfying these
conditions. This proves (2).
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It is easy to see, from the description of the partial order on Qn,2 in terms of the encod-
ing N = (L, {[a1, b1], . . . , [ar, br]}), that the condition e(N ) ⩾ 0 defines an upper order ideal
in Qn,2. If a ∈ S \ L then changing a to a loop does not change the value of e(N ). It follows
from this that the minimal elements of Pn,k are of the form (L, {}), and e(L, {}) = 0 exactly
when |L| = k. This proves (1).

Statement (3) also follows since Qn,2 itself is a graded poset with rank function equal
to rk(N ) = 2(n− 2) + r − |S \ L| − 2|L|.

We remark that the minimal elements described in Theorem 3.11(1) can be identified (by
removing loops) with the rank 2 uniform matroids on [n] \ L.
Remark 3.12. Let N = (L, {[a1, b1], . . . , [ar, br]}) ∈ Pn,k. The positroid (N ↑k)∗ of Defini-
tion 3.9 can also be described as follows. Let Ia ∈

(
[n]
n−k

)
be the ⩽a-minimal subset satisfying

the two conditions: Ia ∩ L = ∅ and |Ia ∩ [ai, bi]| ⩽ 1 for i = 1, 2, . . . , r. Then one can check
directly that I = (I1, I2, . . . , In) is a Grassmann necklace, and we have (N ↑k)∗ = MI .

Let P ⊂ Rn be the polytope in the subspace

Hn−k = {(x1, . . . , xn) | x1 + · · ·+ xn = n− k} ⊂ Rn

cut out by the equalities and inequalities

0 ⩽ xi ⩽ 1 for i ∈ [n],

xℓ = 0 for ℓ ∈ L,

0 ⩽ xai + xai+1 + · · ·+ xbi ⩽ 1 for i = 1, 2, . . . , r.

Then P is the matroid polytope of (N ↑k)∗ and P is an alcoved polytope, generalized permuto-
hedron, and polypositroid [LP24].

4. The face stratification of the m = 2 amplituhedron

For a positroid M ∈ Qn,k, let ΠM, Π̊M, and ΠM,>0 denote the positroid variety, open positroid
variety, and open (totally nonnegative) positroid cell respectively [Pos06, KLS13, Lam16b].
Definition 3.1 of the twistor map on matroids is motivated by the following result.

Lemma 4.1. Suppose that C ∈ ΠM and φ is defined on C. Then φm(C) ∈ Πenv(M↓m).

Proof. We have
⟨I⟩ =

∑
K

∆K(C)∆KI(Z) =
∑
K∈M

∆K(C)∆KI(Z)

where for the second equality we have used that ∆K(C) = 0 for K /∈ M when C ∈ ΠM.
We have I /∈ M↓m if and only if I ∩ K ̸= ∅ for all K ∈ M. In this case, ∆KI(Z) = 0 for
all K ∈ M, and thus ⟨I⟩ = 0 for I /∈ M↓m. In particular, ⟨I⟩ = 0 for I /∈ env(M↓m). It
follows that φm(C) ∈ ΠM↓m .
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Proposition 4.2. Let M be a rank k positroid on [n], and let N = M↓m. Suppose that N
has Grassmann necklace (I1, . . . , In). Then for each a ∈ [n], the twistor coordinate ⟨Ia⟩ takes
constant sign (and never vanishes) on the face ΠM,>0.

Proof. Let C ∈ ΠM,>0. We have

⟨Ia⟩ =
∑
K∈M

∆K(C)∆KIa(Z).

Let the Grassmann necklace ofM∗ be (J1, . . . , Jn). By Proposition 3.3, we have that Ia are them
smallest elements of Ja with respect to ⩽a. Now let Ka := [n] \ Ja, which is the maximal base
ofMwith respect to⩽a. ThenKa must contain all the holes in Ia: that is all elements b ∈ [n]\Ia
such that b <a i for some i ∈ Ia. Indeed, by maximality of Ka, this is true for all K ∈ M such
thatK ∩ Ia = ∅. It follows that for suchK, the sign of ∆KIa(Z) depends only on N and a. We
know that ∆K(C) ⩾ 0 for all K and ∆Ka(C) > 0. Thus ⟨Ia⟩ ≠ 0, and the sign of ⟨Ia⟩ depends
only on N and a.

Let M = MI have Grassmann necklace (I1, . . . , In). Then Π̊M is the open subset of ΠM
where ∆Ia does not vanish for any a ∈ [n].

Corollary 4.3. Let M ∈ Qn,k and N = M↓m. Then φm(ΠM,>0) ⊂ Π̊env(N ).

Now, assume that m = 2. Motivated by the preceding results, we define the face strata
of An,k,2 as follows.

Definition 4.4. The face stratification of An,k,2 is the intersection of An,k,2 with the positroid
stratification of Gr(2, n).

Remark 4.5. For even m > 2, the strata defined in Definition 4.4 could still be interesting
(cf. [GL20, Section 9]). However, we would not recover the full combinatorics of faces ofAn,k,m.
Form = 4, there are facets defined by the hyperplanes ⟨ii+1jj+1⟩ = 0, which are not part of the
positroid stratification. It would be interesting to study the stratification on Gr(4, n) generated
by all such hyperplanes. One could speculate that the face poset of An,k,4 is a subposet of this
stratification (and similarly for other m).

For N ∈ Qn,2, let AN := An,k,2 ∩ Π̊N be the intersection of the amplituhedron in twistor
space with the open positroid variety. Note that we are considering real, but not necessarily
positive, points in Π̊N .

Theorem 4.6. We have AN ̸= ∅ if and only if N ∈ Pn,k. Furthermore, we have

AN =
⊔

N ′⩽N

AN ′ . (4.1)

Proof. By the positroid stratification Gr(k, n)⩾0 =
⊔

M ΠM,>0 and Corollary 4.3, we have

An,k,2 = φ2(Gr(k, n)⩾0) =
⋃

M∈Qn,k

φ2(ΠM,>0) ⊂
⋃

N∈Pn,k

Π̊N .
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Let N ∈ Pn,k and M = N ↑k. Then φ2(ΠM,>0) ⊂ AN , establishing the first statement. We
have

AN = φ2(
⋃

M̃|env(M̃↓2)=N

ΠM̃,>0) = φ2(ΠM,>0) = φ2(
⋃

M′⩽M

ΠM,>0) =
⋃

N ′⩽N

AN ′ . (4.2)

For the second equality, we have used ΠM,>0 =
⊔

M′⩽M ΠM,>0, where the union is over
positroids M′ contained in M. For the last equality, specifically the containment ⊃, we have
used that N ′ ⩽ N implies (N ′)↑k ⩽ N ↑k, and that M′ = N ′↑k is the largest matroid satisfy-
ing env((M′)↓2) = N ′.

By Theorem 4.8(2) below, for generic Z, the intersection Π̊N ∩ Gr(2, span(Z)) has di-
mension d(N ) and codimension c(N ) inside Gr(2, span(Z)). We expect that (regardless of
whether Z is generic) AN is full-dimensional in Π̊N ∩Gr(2, span(Z)).

Conjecture 4.7. The stratum AN (resp. AN ) is an open (resp. closed) ball of dimension d(N ).
The spaceAn,k,2, together with the stratification {AN} is a regular CW-complex homeomorphic
to a closed ball of dimension 2k, and furthermore, it is a positive geometry [Lam24, AHBL17].

In the case k = 2, the “positive geometry” part of Conjecture 4.7 follows from [RST24].
Suppose that X⩾0 is a closed semialgebraic subset of an irreducible real algebraic variety X

such that X is the Zariski closure of X⩾0. We define X>0 to be the interior of X⩾0 (in the ana-
lytic topology on X) and the boundary ∂X⩾0 to be X⩾0 \X>0. The algebraic boundary ∂aX⩾0

is the Zariski-closure of ∂X⩾0. The facets of X⩾0 are the semialgebraic sets obtained by inter-
secting ∂X⩾0 with the irreducible components of ∂aX⩾0. The semialgebraic faces of X⩾0 are
the collection of semialgebraic sets obtained by recursively taking facets.

Theorem 4.8. Suppose that Z is generic. Then

(a) for N ∈ Pn,k, we have dim(AN ) = dimAN = d(N ) = dim(ΠN ∩Gr(2, span(Z))).

(b) AN is the interior of AN ,

(c) ∂AN =
⋃

N ′<N AN ′ ,

(d) AN is a connected component of Π̊N ∩Gr(2, span(Z)).

The semialgebraic faces of An,k,2 agrees with the stratification defined in Definition 4.4.

Proof. The dimension estimate (a) will be proved in Section 6. We prove (b), (c), (d)
assuming (a). We first consider An,k,2 itself, which has Zariski-closure the Grassman-
nian Gr(2, span(Z)). We show that the Zariski-closure ∂aAn,k,2 of ∂An,k,2 in Gr(2, span(Z))
is the union of the n positroid divisors ⟨12⟩ = 0, ⟨23⟩ = 0, . . . , ⟨n1⟩ = 0 intersected
with Gr(2, span(Z)). We follow the argument [RST24, Proof of Proposition 3.1]. First, the
“triangulations” of An,k,2 from [BH19, PSBW23] show that An,k,2 is the closure of an open sub-
set of Gr(2, span(Z)). Thus An,k,2 is the closure of its interior. It follows as in [RST24, Proof
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of Proposition 3.1] that the boundary ofAn,k,2 is pure of codimension 1. The only possible divi-
sors appearing in ∂aAn,k,2 are the vanishing loci of ⟨12⟩, ⟨23⟩, . . . , ⟨n1⟩ or ⟨13⟩, ⟨14⟩, . . ., since
these are the inequalities that appear in Theorem 2.4. However, by cyclic symmetry Theorem 2.4
can also be formulated using sign-flips of the sequence ⟨23⟩, ⟨24⟩, . . .; see also [AHTT17, Sec-
tion 5]. Since we know the boundary is codimension one, only ⟨12⟩, ⟨23⟩, . . . , ⟨n1⟩ can appear.
Indeed, all of them appear – the divisor ⟨i(i + 1)⟩ contains AN where N = ({}, {[i, i + 1]})
satisfies c(N ) = 1.

Given a list X1, . . . , Xr of subvarieties of a variety X , we can consider the stratification
generated by {X1, . . . , Xr}: we repeatedly intersect the subvarieties, breaking the intersections
into irreducible components, and repeat. For the n positroid divisors of Gr(2, n), one obtains
the positroid stratification [KLS13].

By [KLS13, Theorem 5.13], the positroid variety ΠM is normal. By Kleiman transversal-
ity [Kle74, Remark 7], for a general Z (i.e., for Z a matrix belonging to a dense Zariski-open
subset of all matrices), the intersection Gr(2, span(Z)) ∩ ΠM is normal, and by the argument
in [FOV99, Remark 3.4.11(1)] it is irreducible (except possibly when the intersection has ex-
pected dimension 0, in which case it can be checked directly). Thus the stratification generated
by ∂aAn,k,2 is the stratification in Gr(2, span(Z)) induced by intersecting with the positroid
stratification of Gr(2, n). For simplicity, we still call this the positroid stratification.

The semialgebraic faces of An,k,2 are generated by recursively intersecting boundaries of
faces of An,k,2 with the various pieces of the positroid stratification. (Of course, many such
intersections will be empty.) By (a), AN is Zariski dense in ΠN ∩ Gr(2, Z). By (4.2) and
the connectedness of ΠM,>0, the face AN is connected. Since the only boundaries of An,k,2

are the positroid divisors, AN must thus be a connected component of Π̊N ∩ Gr(2, span(Z)),
proving (d). It also follows that the strata AN are the only candidates for the faces of An,k,2.

Now, since AN is a connected component, it is open in ΠN ∩ Gr(2, span(Z)), and it must
be contained in the interior of AN . On the other hand, it follows from Proposition 4.2 that⋃

N ′<N AN ′ must belong to the boundary ofAN . Statements (b) and (c) follow. We conclude by
induction on c(N ) that eachAN is part of the semialgebraic face stratification ofAn,k,2, proving
the last statement.

Let (I1, . . . , In) be the Grassmann necklace ofN . LetFa := AN∩Ha denote the intersection
of AN with the hyperplane Ha = {⟨Ia⟩ = 0}. Note that Fa is always contained in the boundary
of AN , but may not be codimension one. For example, if N = ({1, 2}, {[5, 6]}) and k = 3,
then the cocovers of N are ({1, 2, 5}, {}) and ({1, 2, 6}, {}). Since I3 = {3, 4}, neither of these
strata belong to F3. Also, it is possible for Fa to have multiple components, as is already the case
for Gr(2, n)⩾0. For example, if N = (∅, {[1, 2]}) then F1 contains both of the strata indexed
by ({1}, {}) and (∅, {[1, 3]}). However, we do have the following.

Proposition 4.9. For N ′ ⋖N , we have AN ′ ⊆ Fa for some a.

Proof. One of the subsets I ′a in the Grassmann necklace of N ′ differs from the corresponding
subset Ia in the Grassmann necklace of N . In fact, we have I ′a >a Ia.

It follows from (4.1) that the union of the facets of AN (that is, AN ′ for N ′ ⋖N ) is equal to
the union

⋃
a Fa.
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Remark 4.10. In general, the set of faces of a closed semialgebraic space could have many
pathologies. However, Theorem 4.8 says that for An,k,2 the closed faces form a stratification
in the following sense: the intersection of two closed faces is a union of closed faces.
Remark 4.11. Definition 4.4 and Theorem 4.8 says that the face stratification of An,k,2 is analo-
gous to the following recursive definition of the faces of a convex polytope P . Define the facets
of P as the codimension one intersections P ∩H with a hyperplane H , such that P lies inside a
closed halfspace H⩾0 on one side of H . Recursively taking facets of facets and so on, we obtain
the list of all faces of P .

5. The poset Pn,k

For N = (L, {[a1, b1], . . . , [ar, br]}) ∈ Qn,2, define the set T :=
⋃

i({ai, ai+1, . . . , bi−1}\L).
Then N is uniquely determined by the pair (L, T ). We shall use this notation below.

5.1. Lukowski matrices

Our definition of face stratification ofAn,k,2 coincides with the “boundaries” predicted in earlier
work of Lukowski [Łuk22]. For each N ∈ Pn,k define the following k × n Lukowski matrix.
For each loop a ∈ L, place a row with non-zero entry only in the a-th position. For each a ∈ T ,
we add a row with non-zero entries in the (a, a′) position, where a′ is the (cyclically) smallest
index greater than a which is not a loop. Any remaining rows are filled with generic entries.

Example 5.1. Let k = 5, n = 8, L = {3}, and T = {2, 4, 6}. Then Lukowski’s matrix is
0 ∗ 0 ∗ 0 0 0 0
0 0 ∗ 0 0 0 0 0
0 0 0 ∗ ∗ 0 0 0
0 0 0 0 0 ∗ ∗ 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

 .
The following result shows that our construction is consistent with [Łuk22].

Proposition 5.2. A generic Lukowski matrix has matroid equal to N ↑k.

Proof. Let X be such a matrix. For generic entries, it is clear that rank([n] − a) = k − 1
for a ∈ L. Thus each a ∈ L is a coloop in the matrix. Contracting all such coloops (that is,
removing the a-th column and corresponding row), we may assume that L = ∅.

If rank([a, b]) = 1 is one of the defining rank conditions of N , then we see that the columns
of X in positions [n] \ [a, b] are all concentrated in k + 1 − |[a, b]| rows. Thus the matroid
of X satisfies the rank condition rank([n] − [a, b]) ⩽ k + 1 − |[a, b]|. It is easy to see that for
generic entries equality holds, and furthermore, the matroid of X is maximal given these rank
conditions, and thus is equal to N ↑k.
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5.2. Rank-generating function

The following result confirms the conjecture of [Łuk22, Section 2.8].

Theorem 5.3. The corank generating function of Pn,k is given by

∑
N∈Pn,k

tc(N ) =
k∑

c=0

(
n

c

)
tc(1 + t)c.

Proof. First, assume that N = (∅, T ). Then e(N ) = r + k − |S|, and since |T | = |S| − r, the
condition that e(N ) ⩾ 0 is equivalent to |T | ⩽ k. Any subset T ⊂ [n] satisfying 0 ⩽ |T | ⩽ k
gives an element of Pn,k. This gives the corank generating function

∑
T t

|T | =
∑k

a=0

(
n
a

)
ta. For

general L, we may first fix L, and then choose the subset T in [n] \ L. Summing over b = |L|,
we get

k∑
b=0

(
n

b

)
t2b

k−b∑
a=0

(
n− b

a

)
ta =

k∑
c=0

(
n

c

)
tc

c∑
b=0

(
c

b

)
tb =

k∑
c=0

(
n

c

)
tc(1 + t)c.

Remark 5.4. Ranestad, Sinn, and Telen [RST24] study many aspects of the k = 2,m = 2
amplituhedron, including the face stratification. Our poset Pn,2 should be compared to the strata
labeled “b” in [RST24, Table 1]. In particular, taking k = 2 in Theorem 5.3, we get

1 + nt(1 + t) +

(
n

2

)
t2(1 + t)2 = 1 + nt+ (n+

(
n

2

)
)t2 + n(n− 1)t3 +

(
n

2

)
t4,

which agrees with the numerology in [RST24, Table 1]. The “r” strata in [RST24, Table 1]
correspond to elements in Qn,2 not belonging to Pn,2.

5.3. Eulerian-ness

Let P̂n,k be the poset obtained from Pn,k by adjoining a minimum element 0̂. Then P̂n,k is a
graded poset with a maximum and a minimum. A graded poset is Eulerian if intervals of rank
greater than one have an equal number of even rank and odd rank elements. The following result
confirms a prediction of Lukowski [Łuk22].

Theorem 5.5. The poset P̂n,k is Eulerian.

Proof. We need to check that intervals of rank greater than one have an equal number of even
rank and odd rank elements. For intervals [x, y] ⊂ P̂n,k where x ̸= 0̂, this is known since
such intervals are intervals in Qn,k, and, Qn,k is Eulerian; see [KLS13, Wil07]. We consider
intervals [0̂,N ] in P̂n,k where N = (L, {[a1, b1], . . . , [ar, br]}) = (L, T ). If |L| > 0, then
removing the elements that are loops, we find that [0̂,N ] is isomorphic to an interval of the same
form in P̂n−|L|,k−|L|. Henceforth we assume that N = (∅, {[a1, b1], . . . , [ar, br]}) = (∅, T ) has
no loops.

LetJ (N ) be the principal lower order ideal inPn,k generated byN . LetN ′=(L′, T ′)∈Pn,k.
We have N ′ ∈ J (N ) if and only if for each i, the complement [ai, bi] \ (L′ ∪ T ′)] is either a
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single element c, and we have Ai := [c + 1, bi] ⊂ L′, or it is empty and we set Ai := ∅. We
say that an element d ∈ (L′ ∪ T ′) is flippable if moving d from L′ to T ′ or vice versa produces
another N ′′ ∈ J (N ). Every element in T ′ is flippable. An element d ∈ L′ is not flippable
exactly when d belongs to one of the sets Ai. Call N ′ = (L′, T ′) rigid if it contains no flippable
elements. Note that the set of flippable elements does not change after performing a flip. We
may thus define an involution on the set of non-rigid positroids in J (N ) by flipping the smallest
(in the usual order on [n]) flippable element.

Since flipping changes the parity of the rank of an element, it remains to consider
the set of rigid elements. This consists of a single element (L′, T ′) where T ′ is empty
and L′ =

⋃
i[ai + 1, bi], which has even rank in Pn,k. It follows that the interval [0̂,N ] in P̂n,k

has an equal number of odd rank and even rank elements.

Remark 5.6. Williams [Wil07] proves that Q̂n,k is thin and shellable and thus the face poset of a
regular CW-complex homeomorphic to a closed ball. Since Pn,k is thin, it is easy to see that P̂n,k

is thin. We expect P̂n,k to be EL-shellable.

6. Dimension estimates

In this section, we suppose that Z is generic. Note that a generic positive Z is a generic Z in
the sense of [Lam16a]. In [KLS13], the cohomology class [ΠM] ∈ H∗(Gr(k, n)) of a positroid
variety is described in terms of affine Stanley symmetric functions [Lam06]. We give an explicit
description of this function in the special case that M = N ↑k. We use notation from [KLS13,
Lam16a, Lam16b].

Proposition 6.1. Let M = N ↑k, where N = (L, {[a1, b1], . . . , [ar, br]}), and set

di := |[ai, bi] \ L| − 1, for i = 1, 2, . . . , r.

Then the cohomology class [ΠM] is the image in H∗(Gr(k, n)) of the symmetric function

h
|L|
n−k

r∏
i=1

s(n−k−1)di

where hr and sλ denote homogeneous and Schur symmetric functions, and (n−k−1)di denotes
a di × (n− k − 1) rectangle.

Proof. This result is a variant of [Lam16b, Proposition 10.15]. We calculate the class
of [ΠM∗ ] ∈ H∗(Gr(n− k, n)). The class of [ΠM] is obtained by taking the transpose sλ 7→ sλ′

of the Schur function expansion of [ΠM∗ ]. Setting ℓ ∈ L to be a loop in M∗ cuts out a subGrass-
mannian of the Grassmannian Gr(n − k, n) with cohomology class the elementary symmetric
function en−k. Replacing nwith n−|L|, we may assume that M∗ has no loops. The rank condi-
tion rank(a, a+1, . . . , b) ⩽ 1 cuts out a Schubert variety with cohomology class s(b−a−1)n−k−1 .
As we vary over the cyclic intervals [ai, bi], these Schubert varieties are transverse (because
the intervals are disjoint). We deduce that the [ΠM∗ ] is represented by the symmetric func-
tion e|L|n−k

∏r
i=1 s(di)n−k−1 . Taking the transpose gives the stated result for [ΠM].
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It is also possible to prove Proposition 6.1 using the combinatorics of affine Stanley sym-
metric functions.

In [Lam16a], the cohomology class of the twistor image φm(ΠM) ⊂ Gr(m,n) (or equiva-
lently, the image Z(ΠM) ⊂ Gr(k, k+m)) was computed, again using affine Stanley symmetric
functions. The result there was only stated in the case that ΠM and φm(ΠM) have the same
dimension. We state a slight modification of [Lam16a, Proposition 3.5] which holds when ΠM
and φm(ΠM) have different dimensions.

For λ = (λ1, . . . , λk) a partition, let rm(λ) =
∑k

i=1max(λi − (n− k −m), 0).

Proposition 6.2. Let f =
∑

λ⊆(n−k)k cλsλ represent the class of an irreducible subvariety X ⊂
Gr(k, n) and set C(X) = {λ | cλ > 0}. Then for a generic Z, the image Z(X) ⊂ Gr(k, k+m)
has codimension

codim(Z(X)) = min{rm(λ) | λ ∈ C(X)}.

Proof. We sketch the proof, assuming the reader is familiar with the geometry of the
map Z : Gr(k, n) → Gr(k, k + m) as discussed in [Lam16a]. To compute the codimen-
sion of Z(X), we check whether it intersects a generic translate of various Schubert varie-
ties Yµ ⊂ Gr(k, k + m), where [Yµ] = sµ. The (closure of the) inverse image Z−1(Yµ) is
a Schubert variety in Gr(k, n) with the same cohomology class sµ. Here, µ is a partition in
a k×m box. Now, generic translates of two Schubert varieties Xλ and Xµ in Gr(k, n) intersect
if and only if the 180 degree rotation of µ fits inside the complement of λ inside the rectan-
gle (n− k)k. Thus, Z(X) has codimension ⩽ r if and only if there is a λ ∈ C(X) such that the
intersection of λ with the rightmostm columns of the (n−k)×k rectangle contains ⩽ r boxes.
This intersection has rm(λ) boxes, from which the result follows.

Proposition 6.3. With the same notation as in Proposition 6.1, the codimension of φm(ΠM) in
Gr(2, span(Z)) is equal to c(N ) defined in (3.1).

Proof. This result follows from Proposition 6.1 and Proposition 6.2. Indeed, the Schur
function expansion of h|L|n−k

∏r
i=1 s(n−k−1)di contains the Schur function sλ where λ = λ(N )

contains |L| parts equal to n − k and
∑r

i=1 di parts equal to n − k − 1. For this partition, we
have r2(λ(N )) = 2|L|+

∑r
i=1 di = c(N ). It follows from the Littlewood–Richardson rule that

all Schur functions sµ appearing in the expansion of h|L|n−k

∏r
i=1 s(n−k−1)di have partitions µwith

less than or equal to |L|+
∑r

i=1 di parts. Thus λ(N ) minimizes rm(µ) among all sµ appearing
in the expansion of h|L|n−k

∏r
i=1 s(n−k−1)di .

Proof of Theorem 4.8(1). By Proposition 6.1, or its proof, or [Lam16b, Proposition 10.15], the
cohomology class [ΠN ] ∈ H∗(Gr(2, n)) is given by the symmetric function

[ΠN ] = e
|L|
2

r∏
i=1

hdi (6.1)

With Z generic, the intersection ΠN ∩ Gr(2, span(Z)) has cohomology class obtained by tak-
ing only those Schur functions that fit inside a 2 × k rectangle from (6.1). As long as this
class is non-zero, the intersection would have codimension equal to the degree of [ΠN ], which
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is 2|L| +
∑r

i=1 di = c(N ). This class is always nonzero when N ∈ Pn,k, but there do ex-
ist N ∈ Qn,2 \ Pn,k for which the class is nonzero and the intersection ΠN ∩Gr(2, span(Z)) is
non-empty; see Proposition 6.4.

Now let M = N ↑k. Then by Lemma 4.1, we have φm(ΠM) ⊂ ΠN ∩Gr(2, span(Z)) and by
Proposition 6.3 it has codimension c(N ) and dimension d(N ). Since ΠM,>0 is Zariski-dense in
ΠM [KLS13], it follows that the dimension of φm(ΠM,>0) is equal to d(N ). By (4.2), we have
AN = φm(ΠM,>0) and the result follows.

We also describe the residual arrangement (cf. [RST24]) of An,k,2. These are the positroid
strata ΠN that intersect Gr(2, span(Z)) which are not faces of An,k,2, or equivalently, do not
belong to Pn,k.

Proposition 6.4. Let N ∈ Qn,2 − Pn,k. With notation as in Proposition 6.1, ΠN belongs to the
residual arrangement if and only if we have (a) c(N ) ⩽ 2k, (b) a := k−|L| ⩾ 0, and (c) di ⩽ a
for i = 1, 2, . . . , r.

Proof. As in the proof of Theorem 4.8(1), we have that ΠN belongs to the the residual arrange-
ment if and only if the symmetric function (6.1), when expanded into Schur functions, contains
a Schur function that fits inside a 2×k rectangle. The conditions (a) and (b) follow immediately,
and for (c) we note that

∏r
i=1 hdi contains a Schur function that fits inside a 2 × a rectangle if

and only if di ⩽ a for all i, and
∑r

i=1 di ⩽ 2a.
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