
combinatorial theory 5 (4) (2025), #4 combinatorial-theory.org

The Ehrhart h∗-polynomials
of positroid polytopes

Yuhan Jiang1

1Department of Mathematics, Harvard University, Cambridge Massachusetts, U.S.A.
yjiang@math.harvard.edu

Submitted: Jan 15, 2025; Accepted: May 14, 2025; Published: Dec 20, 2025
© The author. Released under the CC BY license (International 4.0).

Abstract. A positroid is a matroid realized by a matrix such that all maximal minors are
non-negative. Positroid polytopes are matroid polytopes of positroids. In particular, they
are lattice polytopes. The Ehrhart polynomial of a lattice polytope counts the number of
integer points in the dilation of that polytope. The Ehrhart series is the generating function
of the Ehrhart polynomial, which is a rational function with the numerator called the h∗-
polynomial. We compute the h∗-polynomials of an arbitrary positroid polytope by a family
of shelling orders of it. We also compute the h∗-polynomial of any positroid polytope with
some facets removed and we relate it to the descents of permutations. Our result generalizes
that of Early, Kim, and Li for hypersimplices.
Keywords. Positroid, Ehrhart theory
Mathematics Subject Classifications. 05B35

1. Introduction

A positroid is a matroid on an ordered set realized by a matrix such that all of its maximal minors
are non-negative. Postnikov [Pos06] showed that positroids are in bijection with several interest-
ing classes of combinatorial objects, including Grassmann necklaces, decorated permutations,

L-diagrams, and equivalence classes of plabic graphs.
If P ⊆ Zn is a d-dimensional lattice polytope, its Ehrhart function/polynomial is defined for

every integer t ⩾ 0 by
E(P, t) := #(t · P ) ∩ Zn

where t · P is the dilation of P by a factor t, i.e., t · P = {t · v | v ∈ P}. It is well known from
Ehrhart [Ehr62] that E(P, t) is a polynomial function in t. The corresponding Ehrhart series is
defined as

∑∞
t=0E(P, t)zt = h∗(P,z)

(1−z)d+1 where h∗(P, z) = h0+h1z+ · · ·+hdz
d is a polynomial of

degree at most d with non-negative coefficients [Sta80], called the Ehrhart h∗-polynomial of P .
Ehrhart theory naturally extends to half-open polytopes, which are polytopes with some facets
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Figure 1.1: We show the graph of the circuit triangulation of the positroid polytopePJ associated
to the positroid with Grassmann necklace J = (123, 235, 345, 145, 125), which coincides with
the Hasse diagram of the poset P24135,J . The h∗-polynomial of PJ is 1 + 4z + 3z2.

removed. The Ehrhart h∗-polynomial of the whole polytope can then be obtained by inclusion-
exclusion on the faces; see Proposition 6.11.

The hypersimplex ∆k,n is the matroid polytope of the uniform matroid Uk,n, which is also
a positroid. The h∗-polynomial of hypersimplices was first computed by Katzman in [Kat05].
Early conjectured that the h∗-vector is given by hypersimplicial decorated ordered set parti-
tions in [Ear17] and Kim proved it in [Kim20]. Li computed the h∗-polynomial of half open
hypersimplices in terms of cover relations in [Li12].

In this paper, we generalize their results and give the h∗-polynomials of positroid polytopes
and half-open positroid polytopes. Apart from the special case of the uniform matroid, before
this paper, no combinatorial formula for the h∗-polynomial of an arbitrary positroid polytope
was known.

Theorem 1.1. LetPJ be any connected positroid polytope (see Definitions 2.7 and 2.9), whereJ
is the associated Grassmann necklace (see Definition 2.3). Let DJ ⊂ Sn be the subset of per-
mutations that label the circuit triangulation of PJ (see Theorem 3.12). For any w0 ∈ DJ ,
let (Pw0,J ,≺) be the corresponding poset onDJ (see Definition 4.5). The cover statistic ofPw0,J
gives the h∗-polynomial of PJ , i.e.,

h∗(PJ , z) =
∑

w∈DJ

zcover(w)

where cover(w) is the number of elements w covers in the poset Pw0,J .

Early conjectured and Kim proved [Ear17, Kim20] that the h∗-polynomial of the hypersim-
plices ∆k,n is given by decorated ordered set partitions. With Elisabeth Bullock, we conjecture
a relation between our formula and the formula of Early and Kim in terms of decorated ordered
set partitions [BJ24a].
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1.1. Organization

In Section 2, we introduce positroids and related combinatorial objects. We reduce the problem
to connected positroids; see Definition 2.9. In Section 3, we analyze the circuit triangulation of
connected positroid polytopes. In Section 4, we give a family of shellings of connected positroid
polytopes, which give formulas for the h∗-polynomial of all connected positroid polytopes, prov-
ing Theorem 1.1. In Section 6, we give the h∗-polynomial of all half-open connected positroid
polytopes in terms of permutation descents; see Theorem 6.9. In Section 5, we define a tree
positroid to be a positroid whose plabic graph is a tree (acyclic), and prove a corollary of Theo-
rem 6.9 in the case of tree positroids; see Corollary 5.15.

2. Positroids

A positroid is a matroid that can be represented by a matrix with nonnegative maximal minors.
In this section, we will start by defining matroids and positroids. We will define Postnikov’s
notion of Grassmann necklace, and explain how each one naturally labels a positroid. Then we
introduce positroid polytopes and the notion of connected positroids.

Definition 2.1. A matroid is a pair M = (E,B) consisting of a finite set E and a nonempty
collection of subsets B = B(M) of E, called the bases of M , which satisfy the basis exchange
axiom:

For any I, J ∈ B and i ∈ I there exists j ∈ J such that (I \ {i}) ∪ {j} ∈ M .

All the bases B ∈ B have the same size, which is called the rank of M .

For a k × n-matrix A of rank k and a k-element subset I ⊂ [n], let AI denote the
k × k-submatrix of A in the column set I , and let ∆I(A) := det(AI) denote the corresponding
maximal minor of A. The set of k-subsets I ⊂ [n] such that ∆I(A) ̸= 0 form the bases of a
rank k matroid M(A).

Definition 2.2. Suppose A is a k×n matrix of rank k with real entries such that all its maximal
minors are nonnegative. Then the matroid M(A) associated to A is called a positroid.

2.1. Grassmann necklaces

Definition 2.3. Let k ⩽ n be a positive integer. A Grassmann necklace of type (k, n) is a
sequence (J1, J2, . . . , Jn) of k-subsets Ji ∈

(
[n]
k

)
such that for any i ∈ [n],

• if i ∈ Ji then Ji+1 = Ji − {i} ∪ {j} for some j ∈ [n],

• if i /∈ Ji then Ji+1 = Ji,

where the indices i are taken modulo n.
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The i-order <i on the set [n] is the total order

i <i i+ 1 <i · · · <i n <i 1 <i · · · <i i− 2 <i i− 1.

Let i ∈ [n]. The Gale order on
(
[n]
d

)
(with respect to <i) is the partial order ⩽i defined as

follows: for any two d-subsets S = {s1 <i · · · <i sd} ⊆ [n] and T = {t1 <i · · · <i td} ⊆ [n],
we have S ⩽i T if and only if sj ⩽i tj for all j ∈ [d] [Gal68].

For a matroid M ⊆
(
[n]
k

)
of rank k on the set [n], let JM = (J1, . . . , Jn) be the sequence of

subsets in [n] such that, for i ∈ [n], Ji is the lexicographically minimal basis of M with respect
to ⩽i.
Lemma 2.4 ([Pos06], Lem 16.3). For any matroid of rank k, the sequenceJ (M) is a Grassmann
necklace of type (k, n).

Theorem 2.5 ([Pos06, Oh11]). Let J = (J1, . . . , Jn) be a Grassmann necklace of type (k, n).
Then the collection

B(J ) :=

{
B ∈

(
[n]

k

)
| B ⩾i Ji for all i ∈ [n]

}
is the collection of bases of a rank k positroid M(J ) := ([n],B(J )). Moreover, for any
positroid M we have M(J (M)) = M .

Example 2.6. Let J be the Grassmann necklace (12, 23, 13, 14). The bases of the positroid
associated to J is {12, 13, 14, 23, 24}.

2.2. Positroid polytopes

Definition 2.7. Given a matroid M = ([n],B), the (basis) matroid polytope PM of M is the
convex hull of the indicator vectors of the bases of M :

PM := convex{eB | B ∈ B} ⊂ Rn,

where eB =
∑

i∈B ei and {e1, . . . , en} is the standard basis of Rn.
The next proposition provides inequalities that define the matroid polytope of a positroid.

Proposition 2.8 ([ARW16, LP24]). Let J = (J1, J2, . . . , Jn) be a Grassmann necklace of
type (k, n). For any i ∈ [n], suppose the elements of Ji are ai1 <i ai2 <i · · · <i aik. Then
the matroid polytope PJ of the positroid associated to J can be described by the inequalities

x1 + x2 + · · ·+ xn = k

xi ⩾ 0 for all i ∈ [n],

xi + xi+1 + · · ·+ xaij−1 ⩽ j − 1 for all i ∈ [n] and j ∈ [k],

where all the subindices are taken modulo n.

To write the inequalities more concisely, we will use the following notation. Given i, j ∈ [n],
we define the (cyclic) interval [i, j] to be the totally ordered set [i, j] := {i <i · · · <i j} and

x[i,j] = xi + · · ·+ xj−1,

with all indices modulo n.
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2.3. Connected positroids

Definition 2.9. A matroid which cannot be written as the direct sum of two nonempty matroids
is called connected.

Lemma 2.10 ([ARW16]). Let M be a positroid on [n] and write it as a direct sum of connected
matroids M = M1 ⊕ · · · ⊕Mm. Then each Mi is a positroid.

Remark 2.11. Connected positroids can be characterized in terms of their corresponding deco-
rated permutations. Ardila–Rincon–Williams showed that a positroid is connected if and only if
its associated decorated permutation is a stabilized-interval-free permutation [ARW16, Cor. 7.9],
and they showed that the matroid polytope of a connected positroid on [n] has dimension n− 1
[ARW16, Thm. 8.2].

If a matroid M is equal to the direct sum of matroids M = M1⊕· · ·⊕Mm, then the matroid
polytope PM of M is equal to the direct product of the matroid polytopes PM1 × · · · × PMm .

The Ehrhart polynomial of PM is equal to the product of the Ehrhart polyno-
mials E(PM) = E(PM1) · · ·E(PMm). Thus, to know the h∗-polynomial of all positroid poly-
topes, it suffices to give formulas for all connected positroid polytopes. From now on, we will
focus on connected positroids.

3. Circuit triangulation of connected positroid polytopes

In this section, we analyze the triangulation of connected positroid polytopes in terms of (w)-
simplices, defined by [PSBTW24]. Other equivalent characterizations also appear in [LP07].
We follow the conventions of [PSBTW24].

Definition 3.1. Let w ∈ Sn. A letter i < n is a left descent of w if i occurs to the right
of i + 1 in w. In other words, w−1(i) > w−1(i + 1). We say that i ∈ [n] is a cyclic left
descent of w if either i < n is a left descent of w or if i = n and 1 occurs to the left of n
in w, that is, w−1(1) < w−1(n). We let cDesL(w) denote the set of cyclic left descents of w and
let cdesL(w) = |cDesL(w)|.

Definition 3.2. Choose 0 ⩽ k ⩽ n− 2. We define Dk+1,n to be the set of permutations w ∈ Sn

with k + 1 cyclic left descents and wn = n. We let Dn be the set of permutations w ∈ Sn

with wn = n. For w = w1 · · ·wn, let (w) denote the cycle (w1, · · · , wn).

Remark 3.3. The definition of cyclic left descent only depends on the total order on [n]. That is,
given any permutation of any totally ordered set that is not a singleton or empty set, the cyclic left
descent of such a permutation can be defined analogously. This definition coincides with [LP18,
Def. 6.2] in type A.

Definition 3.4. Let w = w1 · · ·wn ∈ Sn and i, j ∈ [n]. Let [i, j] denote the cyclic inter-
val defined in Section 2. Let w|[i,j] be the restriction of w to the totally ordered set [i, j], and
let cdesL(w|[i,j]) be the number of cyclic left descents of w|[i,j], which is well defined by Re-
mark 3.3.
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Example 3.5. Letw=32415. Thenw|[1,3]=321 andw|[3,1]=3415. Then cDesL(w|[1,3])={1, 2}
and cDesL(w|[3,1]) = {5, 1}

Definition 3.6. For w = w1w2 · · ·wn ∈ Sn, let w(a) denote the cyclic rotation of w ending at a.
We define

Ir(w) := cDesL(w
(r)).

Note that Ir only depends on the cycle (w).
We define the (w)-simplex ∆(w) to be the convex hull of the points eI1 , . . . , eIn; this is an

(n− 1)-dimensional simplex. We call

Iw1 → Iw2 → · · · → Iwn → Iw1

the circuit of ∆(w). Triangulations by (w)-simplices are often called circuit triangulations.

Remark 3.7. A circuit is a sequence of vertices v1 → v2 → · · · → vn of the hypersimplex ∆k,n

such that vi+1 is obtained from vi by shifting a ‘1’ in vi one step to the right to the next adjacent
place, for all i ∈ [n] wth the convention that vn+1 = v1 [LP07]. The circuit of ∆(w) is a
Grassmann necklace with the additional property that i ∈ Ii for all i.

Example 3.8. The circuit of 32415 is 135 → 235 → 245 → 124 → 125 → 135. The vertices
of ∆(32415) are 11001, 10101, 01101, 01011, 11010.

For a permutation w = w1 . . . wn ∈ Sn, Stanley [Sta77] defined the simplex

∇w := {y ∈ [0, 1]n | 0 ⩽ yw1 ⩽ · · · ⩽ ywn ⩽ 1} . (3.1)

Stanley showed that the ∇w’s triangulate the hypercube, i.e., [0, 1]n =
⋃

w∈Sn
∇w.

From here on, we essentially follow the conventions of [Sta77, HJV16, AJVR20], but our
conventions differ slightly from theirs.

Define a measure preserving map ϕ : [0, 1]n → [0, 1]n, (y1, . . . , yn) 7→ (x1, . . . , xn) such
that xn = 1− yn and

xi+1 =

{
yi − yi−1 if yi ⩾ yi−1,

yi − yi−1 + 1 if yi < yi−1,

with inverse
yi = 1 + ⌊xi + · · ·+ xn⌋ − (xi + · · ·+ xn).

Remark 3.9. In [Sta77], the map ϕ is defined such that y1 = x1 and

yi = x1 + · · ·+ xi − ⌊x1 + · · ·+ xi⌋.

Lemma 3.10. Let w ∈ Dn. Let p : Rn → Rn−1 be the projection onto the first (n − 1)
coordinates. Then the projected (w)-simplex p(∆(w)) has facet-defining inequalities of the form

x[wi,wi+1] ⩾ cdesL(w|[wi,wi+1])− 1 for wi < wi+1,

x[wi+1,wi] ⩽ cdesL(w|[wi+1,wi]) for wi > wi+1,
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for all i ∈ [n− 2] and

x[w1,1] ⩽ cdesL(w|[w1,n]),

x[wn,1] ⩾ cdesL(w|[wn,n])− 1.

Moreover, for all i, j ∈ [n], the projected (w)-simplex satisfies

cdesL(w|[i,j])− 1 ⩽ x[i,j] ⩽ cdesL(w|[i,j]).

Proof. It follows from [LP07, Theorem 2.7] that ϕ(∇w) = p(∆(w)). The facets of p(∆(w)) are
obtained by applying the transformation ϕ to the facets of ∇w. This gives the first statement.

The second statement is a type A special case of [LP18, Lem. 8.1].

Example 3.11. The projected 32415-simplex has facet-defining inequalities

x1 + x2 + x3 + x4 ⩾ 2,

x3 + x4 ⩽ 1,

x2 ⩽ 1,

x2 + x3 ⩾ 1,

x1 + x2 + x3 ⩽ 2.

Theorem 3.12. Let PJ be any connected positroid polytope, where J = (J1, . . . , Jn) is the
associated Grassmann necklace.

For any i ∈ [n], suppose the elements of Ji are ai1 <i · · · <i a
i
k. Then the positroid poly-

tope PJ is triangulated by (w)-simplices for w in the set

DJ := {w ∈ Dk+1,n | cdesL(w|[i,aij ]) ⩽ j − 1 for all i ∈ [n], j ∈ [k]}

= {w ∈ Dk+1,n | Iwi
⩾j Jj for all i, j ∈ [n]},

where Iw1 → Iw2 → · · · → Iwn → Iw1 is the circuit of w.

Proof. By [ARW16, Theorem 8.2], the positroid polytopeP associated to π has dimension n−1.
By Proposition 2.8 and Lemma 3.10, we have that P is triangulated by (w)-simplices forw in

DJ = {w ∈ Dk+1,n | cdesL(w|[i,aij ]) ⩽ j − 1 for all i ∈ [n], j ∈ [k]}.

By Theorem 2.5, we obtain the equivalent characterization

DJ = {w ∈ Dk+1,n | Iwi
⩾j Jj for all i, j ∈ [n]}.

Example 3.13. Consider the Grassmann necklace J = (12, 23, 13, 14). Then DJ consists of
permutations in S4 that end with 4 such that cdesL(w) = 2 and cdesL(w|[3,1]) ⩽ 1, so DJ =
{1324, 2134}. The positroid polytope PJ is a pyramid, as in Figure 3.1. The (1324)-simplex has
vertices 1100, 0101, 0110, 1010, and the (2134)-simplex has vertices 1100, 0101, 1001, 1010.
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Figure 3.1: The positroid polytope PJ associated to the Grassmann necklace (12, 23, 13, 14),
with bases {12, 13, 14, 23, 24}.

4. The h*-polynomial of connected positroid polytopes

In this section, we prove Theorem 1.1, which gives the h∗-polynomial of an arbitrary connected
positroid polytopes.

Definition 4.1. A shelling of a triangulation Γ is a linear order on its maximal faces G1, . . . , Gs

such that, for each i ∈ [2, s], the set Gi ∩ (G1 ∪ · · · ∪Gi−1) is a union of facets of Gi.

Lemma 4.2 ([Sta80]). Let Γ be a unimodular triangulation of a polytope P and let G1, . . . , Gs

be a shelling of Γ. Then the h∗-polynomial of P is equal to h∗(P, z) =
∑s

i=1 z
αi where αi is the

number of facets of Gi in the intersection Gi ∩ (G1 ∪ · · · ∪Gi−1).

Definition 4.3. Consider a connected positroid polytope PJ with Grassmann necklace J .
Let ΓJ be the graph whose vertices are w ∈ DJ and there is an edge between w and u if and
only if ∆(w) and ∆(u) share a common facet. We call ΓJ the graph of the circuit triangulation
of PJ .

Remark 4.4. In the special case of the hypersimplex ∆k,n, the graph ΓJ for

J = ([1, k], [2, k + 1], . . . , [n, k − 1])

coincides with Γk,n in [LP07]. For a generic connected positroid with Grassmann necklace J
of type (k, n), the graph ΓJ is a connected subgraph of Γk,n.

Definition 4.5. Let Γ = (V,E) be an undirected graph, and let v0 ∈ V be an arbitrary vertex
of Γ. Define a partial order (Pv0,Γ,≺) on V with minimal element v0 such that, for two distinct
vertices u, v ∈ V , u ≺ v if and only if there exists a shortest path from v0 to v passing through u.

In particular, the above definition applies toΓJ andw0 ∈ DJ for any Grassmann necklaceJ .
In this case, we will simplify our notation and denote Pw0,ΓJ by Pw0,J . The following theorem
characterizes the edges of ΓJ .
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Theorem 4.6 (Theorem 2.9, [LP07]). Let Γk,n be the graph of the circuit triangulation of the
hypersimplex ∆k,n. Two simplices ∆(u) and ∆(w) of Γk,n are adjacent if and only if there ex-
ists i ∈ [n] such that ui − ui+1 ̸= ±1(modn) and the cycle (w) is obtained from (u) by switch-
ing ui with ui+1. Here the indices are modulo n so un+1 = u1 by convention.

Remark 4.7. Let si = (i, i+ 1) for i ∈ [n] with indices modulo n. Then

Sn = ⟨s1, . . . , sn | s2i , (sisj)2, (sisi+1)
3, s1s2 · · · sn · · · s2s1⟩.

The cycles in ΓJ are generated by the relations among s1, . . . , sn. We can label the edge be-
tween ∆(u) and ∆(w) of ΓJ with si, if i is the index used between u and w in Theorem 4.6.

Definition 4.8 ([BB05]). The affine permutations of period n are bijections u of Z such
that u(x + n) = u(x) + n for all x ∈ Z and

∑n
x=1 u(x) =

(
n+1
2

)
. They form a group, de-

noted by S̃n, with composition as group operation. Such a u is uniquely determined by its
values on [n], and we write u = [u(1), . . . , u(n)], which we call the window notation of u.
Let s̃i = [. . . , i + 1, i, . . . ] for i ∈ [n − 1] and s̃n = [0, 2, 3, . . . , n − 1, n + 1]. Then S̃n is
generated by simple reflections s̃1, . . . , s̃n.

Each affine permutationw can be written as a product of simple reflections s̃i1 · · · s̃ik , and if k
is minimal among all such expressions for w, then k is called the length of w (written ℓ(w) = k),
and the word s̃i1 · · · s̃ik is called a reduced word for w. The right weak order on S̃n is a partial
order such that u ⩽R w if and only if w = us̃i1 · · · s̃ik such that ℓ(us̃i1 · · · s̃ij) = ℓ(u) + j for
all 0 ⩽ j ⩽ k.

Lemma 4.9. Let PJ be a connected positroid polytope where J is the associated Grassmann
necklace. Fix w0 ∈ DJ . There is a unique injection Lw0 : DJ → S̃n such that Lw0(w0) = e

and Lw0(w) = s̃i1 · · · s̃ik if there is a path w0

si1→ · · ·
sik→ w in ΓJ for all w ∈ DJ . Moreover, for

any reduced word s̃i1 · · · s̃ik of Lw0(w), there is a shortest path w0

si1→ · · ·
sik→ w in ΓJ .

Proof. We only need to show that Lw0 is well-defined. Suppose there is another
path w0

sj1→ · · · sjm→ w from w0 to w. Then w0

si1→ · · ·
sik→ w

sjm→ · · ·
sj1→ w0 form a cy-

cle in ΓJ . If the cycle is generated by (sisj)
2 for i − j ̸= ±1(modn) and (sisi+1)

3, then
s̃i1 · · · s̃ik = s̃j1 · · · s̃jm in S̃n. We argue that there is no cycle in ΓJ that corresponds to the
relation s1s2 · · · sn−1snsn−1 · · · s2s1 among s1, . . . , sn. Suppose not, then there is a cycle (u)
such that u1 − ui ̸= ±1(modn) for all i ∈ [n], which is impossible.

The second statement follows from the convexity of PJ by [LP18, Prop. 3.5].

Remark 4.10. We can embed any connected positroid polytope into an affine Coxeter arrange-
ment, which makes Lemma 4.9 obvious; see [Hum90]. By Lemma 4.9, the partial order Pw0,J
is identified with the restriction of the weak order on a subset of S̃n.

Lemma 4.11. Let PJ be a connected positroid polytope where J is the associated Grassmann
necklace. Let u,w∈DJ . Let J be the minimal set of simple reflections that generateLu(w) in S̃n

with |J |=m. Then the intersection between∆(w) and∆(u) is∆(w) ∩∆(u)=convex(eIwi
| i /∈ J)

with codimension m.
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Figure 4.1: On the left, we show the graph Γ2,5 of the circuit triangulation of the hypersim-
plex ∆2,5. The vertices of Γ2,5 are labeled by permutations w ∈ D3,5 in one-line notation.
On the right, we relabel the vertices w of Γ2,5 by affine permutations Lw0(w) in window no-
tation with w0 = 31425 according to Lemma 4.9. The arrows represent cover relations in the
poset P31425,J for J = (12, 23, 34, 45, 51), pointing from a smaller element to a bigger element.



combinatorial theory 5 (4) (2025), #4 11

Proof. Suppose Iu1 → Iu2 → · · · → Iun → Iu1 is the circuit of u. Recall from Definition 3.6
that Iui

= cDesL(u
(ui)). Then the circuit of usi only differs from that of u at Iui

. As the circuit
of u gives the vertices of ∆(u), the statement follows from induction.

Proposition 4.12. Consider a connected positroid polytope PJ with Grassmann necklace J .
Let ΓJ be the graph of the circuit triangulation of PJ . For any w0 ∈ DJ , any linear extension
of Pw0,J is a shelling of the circuit triangulation of PJ .

Remark 4.13. Benedetti–Knauer–Valencia-Porras proved this for general type A alcoved poly-
topes in [BKVP23, Prop. 2.5] using a more geometric argument.

Proof. Let w0, w1, . . . , ws be a linear extension of (Pw0,J ,≺).
Fix i ∈ [s]. Let S1 be the set of s̃k for k ∈ [n] such that Lw0(wi)s̃k < Lw0(wi) in the

weak order of S̃n and (wi)k − (wi)k+1 ̸= ±1(modn). In other words, there exists u ∈ DJ
such that u ≺ · wi and Lw0(u) = Lw0(w)s̃k. Let S2 be the set of s̃k for k ∈ [n] such
thatLw0(wi)s̃k < Lw0(wi) but (wi)k−(wi)k+1 ≡ ±1( mod n). Let S3 be the set of s̃k for k ∈ [n]
such that Lw0(wi)s̃k > Lw0(wi). In particular, S1 ⊔ S2 ⊔ S3 = {s̃1, . . . , s̃n}.

Let I1 → I2 → · · · In → I1 be the circuit of wi. For each s̃t ∈ S1, let Ft be the
facet convex(eIk | k ̸= t) of ∆(wi). Let F = {Ft | s̃t ∈ S1}. In other words,
F = {∆(wi) ∩∆(u) | Lw0(u) = Lw0(w) for some s̃ ∈ S1}.

We want to show that ∆(wi) ∩ (∆(w0) ∪ · · · ∪ ∆(wi−1)) ⊆
⋃
F . The reverse inclusion ⊇ is

immediate. To show ⊆, we want to show that, for any j ∈ [0, i− 1], ∆(wi) ∩∆(wj) ⊆
⋃
F .

For any j ∈ [0, i − 1], if wj ≺ wi, then by definition, there is a shortest path w0 → · · · →
wj → · · · → u → wi. Then ∆(wj) ∩∆(wi) ⊂ ∆(u) ∩∆(wi) ∈ F .

For any j ∈ [0, i − 1], if wj and wi are not comparable, we consider the minimal set J of
simple reflections that generate Lwi

(wj).
Suppose J ∩ S1 ̸= ∅, by the parabolic decomposition of S̃n, we can find a reduced word

for Lwj
(wi) of the form uS1uS1 such that uS1 is generated by S1 [BB05, Prop. 2.4.4]. If uS1 ̸= 1,

then let s̃t be the last reflection in uS1 . We have ∆(wi) ∩∆(wj) ⊆ Ft ⊆
⋃

F by Lemma 4.11.
Suppose J ∩ S1 = ∅ but J ∩ S2 ̸= ∅, then we can find a reduced word for Lwj

(wi) of the
form uS2uS2 where uS2 is generated by S2. However, Lw0(wi)s /∈ Lw0(DJ ) for s̃ ∈ S2, so there
is no path in ΓJ that corresponds to this reduced word, a contradiction to the second statement
of Lemma 4.9.

Suppose J ⊆ S3, that is, Lwi
(wj) can be generated by S3. Let uS3 be a reduced word

for Lw0(wi) and let uS3 be a reduced word for Lwi
(wj). We have uS3s > uS3 for all s ∈ S3 by

the definition of S3. Moreover, uS3uS3 is a reduced word for Lw0(wj) by [BB05, Prop. 2.4.4].
By Lemma 4.9, there is a shortest path from w0 to wj passing through wi so wi ≺ wj , which
contradicts our assumption that j ∈ [0, i− 1] and w0, . . . , ws is a linear extension of (Pw0,J ,≺).

Therefore, for any i ∈ [2, s] and for any j ∈ [0, i−1], the intersection between∆(wi) and∆(wj)

is a union of facets of ∆(wi).

Remark 4.14. In the spirit of [Bjö84, Thm. 2.1], Proposition 4.12 can be stated in a more general
setting, which says that any linear extension of the weak order of the restriction of the Coxeter
complex to a convex subset that contains the identity is a shelling. This more general statement
will appear in the joint work with Elisabeth Bullock [BJ24b].
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24135

42135 32415 41325

34215

Figure 4.2: We show the graph of the circuit triangulation of the positroid polytope associated
with the Grassmann necklace J = (124, 234, 134, 145, 125). The vertices of ΓJ are labeled
by DJ .

If we implement a breadth first search on ΓJ from root vertexw0, then the cover of a vertexw
in Pw0,J is equal to the number of edges that connect w to those previously found vertices.

Proof of Theorem 1.1. The statement about the covers follows from Lemma 4.2 and Proposi-
tion 4.12.

Example 4.15. In Figure 4.1, we draw ΓJ where J = (12, 23, 34, 45, 51). The positroid poly-
tope associated to J is the hypersimplex ∆2,5. Choose w0 = 31425 and consider the poset
in Figure 4.1. We have cover(31425) = 0, cover(31245) = cover(13425) = cover(23145) =
cover(34125) = cover(14235) = 1 and cover(12435) = cover(13245) = cover(21345) =
cover(23415) = cover(41235) = 2, hence h∗(∆2,5, z) = 1 + 5z + 5z2.

Example 4.16. Consider the connected positroid polytope PJ for the Grassmann necklace J =
(124, 234, 134, 145, 125). We showΓJ and the Hasse diagram ofP24135,J in Figure 4.2. We have
cover(24135) = 0, cover(42135) = cover(32415) = cover(41325) = 1, and cover(34215) = 2.
The h∗-polynomial of the positroid polytope associated to the permutation 2413 is 1 + 3z + z2.

5. Tree positroids

When the plabic graph of a positroid is acyclic, we call it a tree positroid. In this section, we
apply Theorem 1.1 to the special case of a tree positroid. To each plabic graph, one can asso-
ciate a plabic tiling [OPS15]. Tree positroids are positroids whose plabic tilings are bicolored
subdivision.

We start off with several defintions that follow the conventions of [PSBTW24].

Definition 5.1. LetPn be a convex n-gon with vertices labeled from 1 to n in clockwise order. A
bicolored subdivision τ is a partition ofPn into black and white polygons such that two polygons
sharing an edge have different colors. We say that τ has type (k, n) if any triangulation of the
black polygons consists of exactly k black triangles.
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1
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4
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1 2

34

Figure 5.1: The tree plabic graph and bicolored subdivision associated to the Grassmann neck-
lace J = (12, 23, 13, 14).

Remark 5.2. Given a Grassmann necklace J = (J1, . . . , Jn), we can define a graph GJ on [n]
such that {i, j} is an edge if and only if |Ji \ Jj| = |Jj \ Ji| = 1. The positroid PJ associated
with the Grassmann necklace J is a tree positroid if and only if the graph GJ is a subdivision
of a convex n-gon into polygons by diagonals.

Definition 5.3. Let τ be a bicolored subdivision. Given a pair of vertices i, j of Pn, we say that
the arc i → j is

• compatible with τ if the arc either is an edge of a black or white polygon, or lies entirely
inside a black or white polygon of τ ,

• facet-defining if it bounds a black polygon of τ to its left.

If i → j is compatible with τ , the area to the left of i → j, denoted by area(i → j), is the
number of black triangles to the left of i → j in any triangulation of the black polygons of τ .

Example 5.4. In Figure 5.1, the arc 1 → 3 is facet defining, but 2 → 4 is not.

The tree positroid polytopes are triangulated by (w)-simplices where w extends a partial
cyclic order [PSBTW24].

Definition 5.5. A (partial) cyclic order on a finite set X is a ternary relation C ⊂
(
X
3

)
such that

for all a, b, c, d ∈ X:

(a, b, c) ∈ C =⇒ (c, a, b) ∈ C (cyclicity)
(a, b, c) ∈ C =⇒ (c, b, a) /∈ C (asymmetry)

(a, b, c) ∈ C and (a, c, d) ∈ C =⇒ (a, b, d) ∈ C (transitivity)

A cyclic order C is total if for all a, b, c ∈ X , either (a, b, c) ∈ C or (a, c, b) ∈ C. A total cyclic
order C ′ is a circular extension of C if C ⊆ C ′. We denote the set of all circular extensions of C
by Ext(C).
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Figure 5.2: The tree plabic graph and bicolored subdivision associated to the Grassmann neck-
lace J = (124, 234, 134, 145, 125).

Informally, a total cyclic order C on [n] is a way of placing 1, . . . , n on a circle, just as a total
order is a way of placing 1, . . . , n on a line.

Definition 5.6. Let w = w1 . . . wn ∈ Sn. The w-order Cw is the total cyclic order obtained
by placing w1, w2, . . . , wn on the circle clockwise. We identify this total cyclic order with the
n-cycle (w), so we may write (w) for Cw or write Cw = (w1 w2 . . . wn).

Note that each total cyclic order on [n] is of the form Cw for a unique permutation w ∈ Dn

(cf. Definition 3.2 for the definition of Dn). We move interchangeably between w ∈ Dn, the
n-cycle (w) and the total cyclic order Cw.

Definition 5.7. Let x1, . . . , xm be a sequence of m distinct elements of [n] (for 3 ⩽ m ⩽ n).
We let C = C(x1,x2...,xm) denote the partial cyclic order on [n] in which for each
triple 1⩽ i<j<ℓ⩽m we have (xi, xj, xℓ) ∈ C (which implies by cyclicity that also (xj, xℓ, xi)
and (xℓ, xi, xj) lie in C). We call this partial cyclic order a chain.

Definition 5.8. Let τ be a bicolored subdivision of Pn with q polygons P1, . . . , Pq which are
black or white. IfPa is white (respectively, black), we let v1, . . . , vr denote its list of vertices read
in clockwise (respectively, counterclockwise) order. We then associate the chain Ca = C(v1,...,vr)

to Pa. Finally we define the τ -order to be the partial cyclic order which is the union of the partial
cyclic orders associated to the black and white polygons:

Cτ := C1 ∪ · · · ∪ Cq.

Not all cyclic orders have a circular extension [Meg76], that is, Ext(C) could be empty.
Moreover, the problem of determining whether a cyclic order has a circular extension is NP-
complete [Meg76].



combinatorial theory 5 (4) (2025), #4 15

Theorem 5.9 ([PSBW23], Thm. 9.2, Prop. 9.5, Prop. 9.6). If τ is a bicolored subdivision, then
the corresponding positroid polytope Γτ is cut out of Rn by the equality x1 + · · ·+ xn = k and
either

area(i → j) ⩽ xi + · · ·xj−1 ⩽ area(i → j) + 1 for any compatible arc i → j of τ

or, alternatively, by the following facet inequalities

• xi ⩾ 0 if there is a white polygon of τ with vertex i;

• xi + · · ·+ xj−1 ⩾ area(i → j), if i → j is a facet-defining arc of τ .

Remark 5.10. If we remove the sum of coordinates x1 + · · · + xn = k equality from these
tree positroid polytopes, then we obtain a Parke–Taylor polytope defined in [PSBTW24]. The
Parke–Taylor polytopes generalize the consecutive coordinate polytopes defined by Ayyer,
Josuat-Vergés, and Ramassamy in [AJVR20]. The consecutive coordinate polytopes are defined
by inequalities of the form xi + · · ·+ xj−1 ⩽ 1 for some arbitrarily chosen pairs (i, j).

Proposition 5.11 (Cor. 4.8, [PSBTW24]). Let σ be a bicolored subdivision of type (k, n). Then

Γσ =
⋃

(w)∈Ext(Cσ)

∆(w).

That is, Γσ is the union of (w)-simplices ∆(w).

Example 5.12. In Figure 5.1, we have chains (3, 2, 1) and (1, 3, 4). The only two cyclic total
order on [4] with these two chains are 2134 and 1324, which coincide with our computation in
Example 6.12.

Corollary 5.13. Let τ be a bicolored subdivision and let J be the Grassmann necklace of the
positroid defined by τ . Then we have DJ = Ext(Cτ ).

Example 5.14. In Figure 5.2, we have that Cτ consists of the chains (3,2,1), (1,3,4) and (5,4,1).
We can check that DJ in Example 4.16 is exactly the set of circular extensions of Cτ .

Analogous to [LP07, Theorem 2.9], we can characterize the edges in the graph of the circuit
triangulation of tree positroid polytopes via the following corollary to Theorem 1.1.

Corollary 5.15. Let Pτ be a tree positroid polytope associated with the bicolored subdivision τ .
Let Γτ be the graph of the circuit triangulation of Pτ . For any w0 ∈ Ext(Cτ ), let (Pw0,τ ,≺) be
the corresponding poset on Ext(Cτ ). The cover statistic of Pw0,τ gives the h∗-polynomial of Pτ ,
i.e., h∗(Pτ , z) =

∑
w∈Ext(Cτ )

zcover(w) where cover(w) = #{u ∈ Ext(Cτ ) | u ≺· w} is the
number of elements covered by w in Pw0,τ .
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6. The h*-polynomial of half-open connected positroid polytopes

In this section, we give a combinatorial formula for the h∗-polynomial of half-open connected
positroid polytopes in terms of descents of permutations. Then we show how to compute the
h∗-polynomial of the whole closed polytope by inclusion-exclusion on the half-open ones of
smaller dimension. Our result generalizes results from [Li12] and [AJVR20].

Definition 6.1. Define the half-open simplex ∇◦
w by

0 < yw1

ywi
⩽ ywi+1

⇐⇒ wi < wi+1

ywi
< ywi+1

⇐⇒ wi > wi+1

ywn ⩽ 1

Lemma 6.2 ([AJVR20], Lem. 4.5). The half-open simplices are mutually disjoint, and they
triangulate the half open hypercube (0, 1]n for n ⩾ 1. That is,

(0, 1]n =
⊔

w∈Sn

∇◦
w.

Lemma 6.3 ([HJV16]). The h∗-polynomial of the half-open simplex∇◦
w is h∗(∇◦

w, z)=zdes(w)+1.

Example 6.4. Let w = 3241, then ∇◦
w is defined by

0 < y3 < y2 ⩽ y4 < y1 ⩽ 1.

Remark 6.5. In [HJV16], the half-open hypersimplex they consider for 3241 is defined by

0 ⩽ y3 < y2 ⩽ y4 < y1 < 1.

In [AJVR20], these half-open hypersimplices are mutually disjoint and triangulate [0, 1)n. We
modify these conventions because [PSBTW24] and [LP07] both identify a permutationw∈Sn−1

with w1 . . . wn−1n ∈ Sn while [AJVR20] identifies w ∈ Sn−1 with 0w1 . . . wn−1 ∈ Sn.

Definition 6.6. Let w ∈ Dn. We denote ϕ(∇w) ⊂ [0, 1)n−1 by ∆◦
(w) and call it the half-open

(w)-simplex.

Remark 6.7. The facets of these (w)-simplices and positroid polytopes are all of the
form x[i,j] = k for some i, j ∈ [n] and k ∈ Z. We will call a facet of a positroid polytope
or (w)-simplex upper if it is of the form x[i,j] = k such that the polytope satisfies x[i,j] ⩽ k.

The next corollary follows directly from the definition of ϕ.

Corollary 6.8. Let w ∈ Dn. The half-open (w)-simplex is equal to ∆(w) with all upper facets
removed.
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Theorem 6.9. Let PJ be a connected positroid polytope, where J is the associated Grassmann
necklace. Consider the half-open positroid polytope P̃J ⊂ [0, 1)n−1 which is the projection
of PJ onto the first (n− 1) coordinates with all upper facets removed. Then the h∗-polynomial
of P̃J is equal to h∗(P̃J , z) =

∑
w∈DJ

zdes(w)+1.

This theorem is analogous to the main result of [Li12].

Proof. By Corollary 6.8, we have that the half open polytope P̃J is triangulated by ∆◦
(w). By

Lemma 6.3 and the additivity of h∗-polynomials, we have that h∗(P̃J , z) =
∑

w∈DJ
zdes(w)+1.

Example 6.10. Consider the Grassmann necklace J = (124, 234, 134, 145, 125). The half-
open positroid polytope P̃J associated to J has facet-defining inequalities x1 < 1, x2 < 1,
x4 < 1, x3 ⩾ 0 and

x1 + x2 + x3 < 2,

x1 + x2 ⩾ 1,

x1 + x2 + x3 + x4 ⩾ 2.

To compute the h∗-polynomial of a polytope from the h∗-polynomials of the half-open
polytope and its faces, we use the inclusion-exclusion principle. Let P be a polytope and
let F1, . . . , Fℓ be a collection of facets of P . Consider the restriction of the face poset of P
to have coatoms F1, . . . , Fℓ. This poset PF1,...,Fℓ

describes all the faces of P in the intersections
of F1, . . . , Fℓ. Let µF1,...,Fℓ

be the Möbius function of this poset.
The next proposition follows from inclusion-exclusion on the face poset and additivity of

Ehrhart polynomials.

Proposition 6.11. Let P be a polytope. Let F1, . . . , Fℓ be a collection of facets of P , and
let P̃ = P \ (F1 ∪ · · · ∪ Fℓ). The h∗-polynomial of the polytope P is equal to

h∗(P, z) = h∗(P̃ , z)−
∑

F∈PF1,...,Fℓ
(F ),F ̸=P

µF1,...,Fℓ
(F, P )(1− z)dim(P )−dim(F )h∗(F, z).

Example 6.12. Consider the Grassmann necklace J = (12, 23, 13, 14). Then DJ consists
of permutations in S4 that end with 4 such that cdesL(w|[3,4]) ⩽ 1 so DJ = {1324, 2134}.
Now des(132) = des(213) = 1, so h∗(P̃J , z) = 2z2. To compute the h∗-polynomial of the
whole positroid polytope P , which is a pyramid (see Figure 6.1), we use Proposition 6.11. The
upper facets we removed are

F1 : x1 = 1

F2 : x2 = 1

F3 : x1 + x2 + x3 = 2.

They are all triangles and F1 ∩ F2 = F1 ∩ F2 ∩ F3 is the apex of the pyramid. Also F1 ∩ F3

andF2∩F3 are both segments. Both triangles and segments have h∗-polynomial 1. Therefore, by
inclusion-exclusion, the h∗-polynomial of PJ is h∗(PJ , z) = 2z2+3(1−z)−2(1−z)2 = 1+z.
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Figure 6.1: The positroid polytope associated to the Grassmann necklace J = (12, 23, 13, 14)
is a pyramid. The orange facet corresponds to F1 : {x1 = 1}; the olive facet corresponds
to F2 : {x2 = 1}; the blue facet corresponds to F3 : {x1+x2+x3 = 2}. These are all the upper
facets of this positroid polytope.

F1 : △ F3 : △ F2 : △

F2 ∩ F3 F1 ∩ F3

1100

1

-1 -1 -1

1 1

0

Figure 6.2: The poset PF1,F2,F3 and the value of its Möbius function µF1,F2,F3(−, PJ ).
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Figure 6.3: The facet defined by x1 + x2 + x3 = 2 of the positroid polytope associated to the
Grassmann necklace (124, 234, 134, 145, 125). This is a prism, the product of a triangle and a
segment.

Example 6.13. Consider the positroid with bases

{{1, 2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4}, {2, 3, 5}, {2, 4, 5}},

associated to the Grassmann necklace J = (124, 234, 134, 145, 125). We have

DJ = {34215, 42135, 24135, 32415, 41325}.

Therefore h∗(P̃J , z) = z2 + 4z3. To compute the h∗-polynomial of the whole positroid poly-
tope PJ , we use Proposition 6.11. The upper facets we removed are

F1 : x1 = 1

F2 : x2 = 1

F3 : x4 = 1

F4 : x1 + x2 + x3 = 2

The first three facets are isomorphic to the pyramid. The last facet is a prism, which is a product
of a triangle and a segment; see Figure 6.3. The Ehrhart polynomial of the triangle is equal
to
(
t+2
2

)
and the Ehrhart polynomial of the segment is equal to 1+t. Thus, the Ehrhart polynomial

of the prism is equal to
(
t+2
2

)
(1+ t) by Remark 2.11 and the h∗-polynomial of the prism is equal

to 1 + 2z.
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Figure 6.4: The poset PF1,...,F4 and the value of its Möbius function µF1,...,F4(−, PJ ).

The intersections F1∩F3, F2∩F3, F3∩F4 are triangles, and the intersections F1∩F4, F2∩F4

are squares, which has h∗-polynomial 1 + z. We have F1 ∩ F2 = F1 ∩ F2 ∩ F4 is a segment
and F1 ∩F2 ∩F3 = F1 ∩F2 ∩F3 ∩F4 is a point. All the other triple intersections are segments.
The h∗-polynomial of P is therefore

h∗(PJ , z) = z2 + 4z3 + (3(1 + z) + 1 + 2z)(1− z)− (3 + 2(1 + z))(1− z)2 + 2(1− z)3

= 1 + 3z + z2.

The result coincides with Example 4.16.
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