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Abstract. A positroid is a matroid realized by a matrix such that all maximal minors are
non-negative. Positroid polytopes are matroid polytopes of positroids. In particular, they
are lattice polytopes. The Ehrhart polynomial of a lattice polytope counts the number of
integer points in the dilation of that polytope. The Ehrhart series is the generating function
of the Ehrhart polynomial, which is a rational function with the numerator called the h*-
polynomial. We compute the h*-polynomials of an arbitrary positroid polytope by a family
of shelling orders of it. We also compute the h*-polynomial of any positroid polytope with
some facets removed and we relate it to the descents of permutations. Our result generalizes
that of Early, Kim, and Li for hypersimplices.
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1. Introduction

A positroid is a matroid on an ordered set realized by a matrix such that all of its maximal minors
are non-negative. Postnikov [Pos06] showed that positroids are in bijection with several interest-
ing classes of combinatorial objects, including Grassmann necklaces, decorated permutations,
J-diagrams, and equivalence classes of plabic graphs.

If P C Z" is a d-dimensional lattice polytope, its Ehrhart function/polynomial is defined for
every integer t > 0 by

E(Pt):=#(t-P)NZ"

where ¢ - P is the dilation of P by a factor ¢, i.e.,t- P = {t-v | v € P}. It is well known from
Ehrhart [Ehr62] that E'( P, t) is a polynomial function in ¢. The corresponding Ehrhart series is
definedas )~  E(P,t)z" = % where h*(P, 2) = ho+hyz+- - -+ hgz? is a polynomial of
degree at most d with non-negative coefficients [Sta80], called the Ehrhart h*-polynomial of P.
Ehrhart theory naturally extends to half-open polytopes, which are polytopes with some facets
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Figure 1.1: We show the graph of the circuit triangulation of the positroid polytope P associated

to the positroid with Grassmann necklace J = (123, 235, 345, 145, 125), which coincides with
the Hasse diagram of the poset Pa4135 7. The h*-polynomial of Py is 1 + 4z + 322.

removed. The Ehrhart ~2*-polynomial of the whole polytope can then be obtained by inclusion-
exclusion on the faces; see Proposition 6.11.

The hypersimplex Ay, is the matroid polytope of the uniform matroid Uy, ,,, which is also
a positroid. The A*-polynomial of hypersimplices was first computed by Katzman in [Kat05].
Early conjectured that the h*-vector is given by hypersimplicial decorated ordered set parti-
tions in [Ear17] and Kim proved it in [Kim20]. Li computed the h*-polynomial of half open
hypersimplices in terms of cover relations in [Lil2].

In this paper, we generalize their results and give the ~A*-polynomials of positroid polytopes
and half-open positroid polytopes. Apart from the special case of the uniform matroid, before
this paper, no combinatorial formula for the /*-polynomial of an arbitrary positroid polytope
was known.

Theorem 1.1. Let Py be any connected positroid polytope (see Definitions 2.7 and 2.9), where JJ
is the associated Grassmann necklace (see Definition 2.3). Let Dy C S, be the subset of per-
mutations that label the circuit triangulation of Py (see Theorem 3.12). For any wy € D 7,
let (Pu,.7, <) be the corresponding poset on D 7 (see Definition 4.5). The cover statistic of Py, 7
gives the h*-polynomial of P, i.e.,

h*(Pj, Z) _ Z zcover(w)

weD 7
where cover(w) is the number of elements w covers in the poset P, 7.

Early conjectured and Kim proved [Ear17, Kim20] that the ~*-polynomial of the hypersim-
plices Ay, is given by decorated ordered set partitions. With Elisabeth Bullock, we conjecture
a relation between our formula and the formula of Early and Kim in terms of decorated ordered
set partitions [BJ24a].
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1.1. Organization

In Section 2, we introduce positroids and related combinatorial objects. We reduce the problem
to connected positroids; see Definition 2.9. In Section 3, we analyze the circuit triangulation of
connected positroid polytopes. In Section 4, we give a family of shellings of connected positroid
polytopes, which give formulas for the /*-polynomial of all connected positroid polytopes, prov-
ing Theorem 1.1. In Section 6, we give the h*-polynomial of all half-open connected positroid
polytopes in terms of permutation descents; see Theorem 6.9. In Section 5, we define a tree
positroid to be a positroid whose plabic graph is a tree (acyclic), and prove a corollary of Theo-
rem 6.9 in the case of tree positroids; see Corollary 5.15.

2. Positroids

A positroid is a matroid that can be represented by a matrix with nonnegative maximal minors.
In this section, we will start by defining matroids and positroids. We will define Postnikov’s
notion of Grassmann necklace, and explain how each one naturally labels a positroid. Then we
introduce positroid polytopes and the notion of connected positroids.

Definition 2.1. A matroid is a pair M = (FE,B) consisting of a finite set £ and a nonempty
collection of subsets B = B(M) of E, called the bases of M, which satisfy the basis exchange
axiom:

Forany /,J € Band ¢ € [ there exists j € J such that (1 \ {i}) U {j} € M.
All the bases B € B have the same size, which is called the rank of M.

For a k£ x n-matrix A of rank &k and a k-element subset I C [n], let A; denote the
k x k-submatrix of A in the column set /, and let A;(A) := det(A;) denote the corresponding
maximal minor of A. The set of k-subsets / C [n] such that A;(A) # 0 form the bases of a
rank k£ matroid M (A).

Definition 2.2. Suppose A is a k x n matrix of rank k with real entries such that all its maximal
minors are nonnegative. Then the matroid M (A) associated to A is called a positroid.

2.1. Grassmann necklaces

Definition 2.3. Let £ < n be a positive integer. A Grassmann necklace of type (k,n) is a
sequence (Jy, Ja, ..., J,) of k-subsets J; € ([Z]) such that for any i € [n],

e if i € J;then J; 4y = J; — {i} U {j} for some j € [n],
e if g é Jz then Ji—i—l = Ji,

where the indices 7 are taken modulo n.
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The i-order <; on the set [n] is the total order

Let i € [n]. The Gale order on ([Z]) (with respect to <;) is the partial order <; defined as
follows: for any two d-subsets S = {s1 <; --+ <; 4} C [n]and T = {t; <; --- <; ta} C [n],
we have S <; T if and only if s; <; ¢; for all j € [d] [Gal68].

For a matroid M C (7)) of rank k on the set [n], let 7y = (J1,. .., J,) be the sequence of
subsets in [n] such that, for ¢ € [n], J; is the lexicographically minimal basis of M with respect
to <z

Lemma 2.4 ([Pos06], Lem 16.3). For any matroid of rank k, the sequence [J (M) is a Grassmann
necklace of type (k,n).

Theorem 2.5 ([Pos06, Ohl1]). Let J = (Ji, ..., J,) be a Grassmann necklace of type (k,n).
Then the collection

B(J):= {B € ([Z]) | B >; J;forallie [n]}
is the collection of bases of a rank k positroid M(J) = ([n],B(J)). Moreover, for any
positroid M we have M(J (M)) = M.

Example 2.6. Let 7 be the Grassmann necklace (12,23, 13,14). The bases of the positroid
associated to 7 is {12, 13, 14,23, 24}.

2.2. Positroid polytopes

Definition 2.7. Given a matroid M = ([n], B), the (basis) matroid polytope Py, of M is the
convex hull of the indicator vectors of the bases of M:

Py = convex{ep | B € B} C R",
where eg = Y. _pe;and {ey, ..., e,} is the standard basis of R".
The next proposition provides inequalities that define the matroid polytope of a positroid.

Proposition 2.8 ([ARW16, LP24]). Let J = (J1,Js,...,J,) be a Grassmann necklace of
type (k,n). For any i € [n], suppose the elements of J; are a} <; ay <; --- <; a,. Then
the matroid polytope P7 of the positroid associated to [J can be described by the inequalities

I1+$2+"‘+l’n:k’
x; =20 foralli € [n],
Tit T+t ra <j—1 foralli € [n]and j € [k],
J
where all the subindices are taken modulo n.

To write the inequalities more concisely, we will use the following notation. Given i, j € [n],
we define the (cyclic) interval |, j] to be the totally ordered set [, j] := {i <; -+ <; j} and

Tlig) = Ti + 0+ Tjoa,

with all indices modulo n.
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2.3. Connected positroids

Definition 2.9. A matroid which cannot be written as the direct sum of two nonempty matroids
is called connected.

Lemma 2.10 ((ARW16]). Let M be a positroid on [n| and write it as a direct sum of connected
matroids M = M, & - -- & M,,. Then each M; is a positroid.

Remark 2.11. Connected positroids can be characterized in terms of their corresponding deco-
rated permutations. Ardila—Rincon—Williams showed that a positroid is connected if and only if
its associated decorated permutation is a stabilized-interval-free permutation [ARW 16, Cor. 7.9],
and they showed that the matroid polytope of a connected positroid on [n] has dimension n — 1
[ARW16, Thm. 8.2].

If a matroid M is equal to the direct sum of matroids M = M; & - - - & M,,, then the matroid
polytope Py, of M is equal to the direct product of the matroid polytopes Py, X - -+ X Py, .

The Ehrhart polynomial of FP,; is equal to the product of the Ehrhart polyno-
mials E(Py;) = E(Pyy,) - -+ E(Pyy, ). Thus, to know the ~A*-polynomial of all positroid poly-
topes, it suffices to give formulas for all connected positroid polytopes. From now on, we will
focus on connected positroids.

3. Circuit triangulation of connected positroid polytopes

In this section, we analyze the triangulation of connected positroid polytopes in terms of (w)-
simplices, defined by [PSBTW24]. Other equivalent characterizations also appear in [LP07].
We follow the conventions of [PSBTW?24].

Definition 3.1. Let w € S,. A letter ¢ < n is a left descent of w if ¢ occurs to the right
of i + 1 in w. In other words, w™'(i) > w™'(i + 1). We say that i € [n] is a cyclic left
descent of w if either ¢« < n is a left descent of w or if ¢ = n and 1 occurs to the left of n
in w, that is, w™' (1) < w™!(n). We let cDes,(w) denote the set of cyclic left descents of w and
let cdesy, (w) = |cDesg (w)|.

Definition 3.2. Choose 0 < k£ < n — 2. We define Dy, to be the set of permutations w € .S,
with k£ + 1 cyclic left descents and w,, = n. We let D,, be the set of permutations w € 5,
with w,, = n. For w = wy - - - wy, let (w) denote the cycle (wy, - -+, w,).

Remark 3.3. The definition of cyclic left descent only depends on the total order on [n]. That is,
given any permutation of any totally ordered set that is not a singleton or empty set, the cyclic left
descent of such a permutation can be defined analogously. This definition coincides with [LP18,
Def. 6.2] in type A.

Definition 3.4. Let w = w;---w, € S, and i, € [n]. Let [z, j] denote the cyclic inter-
val defined in Section 2. Let w|}; ; be the restriction of w to the totally ordered set [z, j], and
let cdesy,(wl; ;) be the number of cyclic left descents of w|; ;;, which is well defined by Re-
mark 3.3.
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Example 3.5. Let w=232415. Then w|}; 3y =321 and w|[3 1 =3415. Then cDes, (w1 5) ={1, 2}
and cDesy,(w|31)) = {5, 1}

Definition 3.6. For w = wjws - - - w,, € Sy, let w® denote the cyclic rotation of w ending at a.
We define
I.(w) := cDesg,(w™).

Note that /.. only depends on the cycle (w).
We define the (w)-simplex A, to be the convex hull of the points ey, ..., ey,; this is an
(n — 1)-dimensional simplex. We call

Ly, = Iy, = - = 1y, — 1y,
the circuit of A,). Triangulations by (w)-simplices are often called circuit triangulations.

Remark 3.77. A circuit is a sequence of vertices v; — vo — - - - — v, of the hypersimplex Ay,
such that v, is obtained from v; by shifting a ‘1’ in v; one step to the right to the next adjacent
place, for all i € [n] wth the convention that v,,; = v; [LP0O7]. The circuit of Ay is a
Grassmann necklace with the additional property that 7 € I; for all s.

Example 3.8. The circuit of 32415 is 135 — 235 — 245 — 124 — 125 — 135. The vertices
of Aga415) are 11001, 10101, 01101, 01011, 11010.

For a permutation w = wy ... w, € 5,, Stanley [Sta77] defined the simplex
Vo ={y€[0,1]" |0 < yu, < < Yo, <1}. (3.1

Stanley showed that the V,,’s triangulate the hypercube, i.e., [0, 1]" = | \Y

weSy, ¥ W

From here on, we essentially follow the conventions of [Sta77, HIV16, AJVR20], but our
conventions differ slightly from theirs.
Define a measure preserving map ¢ : [0,1]" — [0,1]™, (y1,...,Yn) — (21,...,2,) such
that x,, = 1 — y,, and
Ti1 = { Yi — Yi-1 %fyi2yi717
’ vi— v+ 1 ity <y,
with inverse
yi=14 x4+ 4 x,] — (r;+ -+ x,).

Remark 3.9. In [Sta77], the map ¢ is defined such that y; = x; and
yi:I1+"'+l’i— Ll’l—i‘—i‘xd

Lemma 3.10. Let w € D,. Letp : R* — R"! be the projection onto the first (n — 1)
coordinates. Then the projected (w)-simplex p(A ) has facet-defining inequalities of the form

L fwi,wit1] > CdeSL(w“wuwiH]) -1 Jor w; < wiyq,

x[“’i-&-l:wi] < CdeSL(fw“le,wi]) fOl" w; > Wi41,
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foralli € [n— 2] and

x[whl} < CdeSL(w|[w1,n])7

Tfup,,1) = cdesr, (W], ) — 1.
Moreover, for all i, j € [n], the projected (w)-simplex satisfies
cdesy (wlp ) — 1 < @) < edesg(w]f ).

Proof. 1t follows from [LP07, Theorem 2.7] that ¢(V.) = p(A(w)). The facets of p(A(,,) are
obtained by applying the transformation ¢ to the facets of V,,. This gives the first statement.
The second statement is a type A special case of [LP18, Lem. 8.1]. U

Example 3.11. The projected 32415-simplex has facet-defining inequalities

1+ X9+ T3+ x4

T3+ Xy

I2+JI3

8
N NN NNV
N e el °)

x1+a:2+x3

Theorem 3.12. Let P; be any connected positroid polytope, where J = (J1,...,J,) is the
associated Grassmann necklace.

For any i € [n), suppose the elements of J; are ai <; --- <; ai. Then the positroid poly-
tope Py is triangulated by (w)-simplices for w in the set

D7 :={w € D1, | cdesL(wl[iyaj_]) <j—1lforalli€n],j€ [k]}
={w € Dyr1 | L, = Jj foralli,j € [n]},
where I,,, — I,, = -+ — I, — I, is the circuit of w.

Proof. By [ARW16, Theorem 8.2], the positroid polytope P associated to 7 has dimension n—1.
By Proposition 2.8 and Lemma 3.10, we have that P is triangulated by (w)-simplices for w in

Dy ={w € Dyy1 | cdesL(w|[i,a§,]) <j—1foralli € [n],j € [k]}.
By Theorem 2.5, we obtain the equivalent characterization
Dj = {UJ S Dk+17n | [wi 2] J] for all 2,] S [TL]} O
Example 3.13. Consider the Grassmann necklace J = (12,23, 13,14). Then D consists of
permutations in S, that end with 4 such that cdes;(w) = 2 and cdesy (w|;31) < 1,50 Dy =

{1324, 2134}. The positroid polytope P is a pyramid, as in Figure 3.1. The (1324)-simplex has
vertices 1100,0101,0110, 1010, and the (2134)-simplex has vertices 1100,0101, 1001, 1010.



8 Yuhan Jiang

1100

1001
0110

1010

Figure 3.1: The positroid polytope P; associated to the Grassmann necklace (12,23, 13, 14),
with bases {12, 13,14, 23, 24}.

4. The h*-polynomial of connected positroid polytopes

In this section, we prove Theorem 1.1, which gives the h*-polynomial of an arbitrary connected
positroid polytopes.

Definition 4.1. A shelling of a triangulation I" is a linear order on its maximal faces G, ..., G
such that, for each i € [2, 5], the set G; N (G U - -+ U G;_1) is a union of facets of G;.

Lemma 4.2 ([Sta80]). Let I' be a unimodular triangulation of a polytope P and let G, . . ., Gy
be a shelling of T'. Then the h*-polynomial of P is equal to h*(P, z) =Y ._, z* where «; is the
number of facets of G; in the intersection G; N (G U --- U G;_1).

Definition 4.3. Consider a connected positroid polytope P; with Grassmann necklace 7.
Let I' ;7 be the graph whose vertices are w € D s and there is an edge between w and w if and
only if A, and A(,) share a common facet. We call I ; the graph of the circuit triangulation

Ofpj.

Remark 4.4. In the special case of the hypersimplex Ay ,, the graph I' ; for
J=([1,k],[2,k+1],...,[n, k—1])

coincides with I';, ,, in [LPO7]. For a generic connected positroid with Grassmann necklace J
of type (k,n), the graph I' 7 is a connected subgraph of I' ,,.

Definition 4.5. Let ' = (V, E') be an undirected graph, and let vy € V be an arbitrary vertex
of I'. Define a partial order (P,, r, <) on V with minimal element v, such that, for two distinct
vertices u,v € V', u < v if and only if there exists a shortest path from v to v passing through w.

In particular, the above definition applies to I' s and wy € D s for any Grassmann necklace 7.
In this case, we will simplify our notation and denote P,, by Puy,7- The following theorem
characterizes the edges of I 7.

0,7
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Theorem 4.6 (Theorem 2.9, [LPO7]). Let Iy ,, be the graph of the circuit triangulation of the
hypersimplex Ay, ,. Two simplices A,y and A,y of T'y.,, are adjacent if and only if there ex-
ists i € [n] such that u; — u;; # £1(modn) and the cycle (w) is obtained from (u) by switch-
ing u; with u; 1. Here the indices are modulo n so u, 1 = uy by convention.

Remark 4.7. Let s; = (i,i + 1) for i € [n] with indices modulo n. Then
Sy = <S1, <v+ySp | S?, (Sz'Sj)Q, (5i3i+1)37 8182 Sp 8231>-

The cycles in I'; are generated by the relations among sy, ..., s,. We can label the edge be-
tween A(,) and A, of I' 7 with s, if 4 is the index used between v and w in Theorem 4.6.

Definition 4.8 ([BB05]). The affine permutations of period n are bijections v of Z such
that u(z + n) = u(z) + nforallz € Zand Y."_ u(z) = ("}'). They form a group, de-
noted by S,, with composition as group operation. Such a u is uniquely determined by its

values on [n], and we write u = [u(1),...,u(n)], which we call the window notation of w.
Let3; = [...,i+1,i,...]fori € [n—1]and §, = [0,2,3,...,n — 1,n + 1]. Then S, is
generated by simple reflections 31, ..., 5,.

Each affine permutation w can be written as a product of simple reflections s;, - - - 5;,, andif k
is minimal among all such expressions for w, then k is called the length of w (written {(w) = k),
and the word s;, - - - 35;, is called a reduced word for w. The right weak order on S, is a partial
order such that u <x w if and only if w = u5;, ---5;, such that {(u3;, ---35;,) = £(u) + j for
all0 < 7 < k.

Lemma 4.9. Let Py be a connected positroid polytope where J is the associated Grassmann
necklace. Fix wy € Dy. There is a unique zn]ectlon Lw0 Dgs — S, such that L, (wy) = e

and L, (w) = §;, - - - §;, if there is a path wy M win I’ for all w € Dg. Moreover, for
any reduced word 5;, - - - §;, of Ly, (w), there is a shortest path w S win Iy

Proof. We only need to show that L,, is well-defined. = Suppose there is another

pathwoﬁ —T?wfromwotow Thenw03 C Ky -~~S£w0f0rmacy—
cle in I';s. If the cycle is generated by (s;s;)* for i — j # £1(modn) and (s;5:41)°, then
SiyttSi, = s]1 ©++5j, in S,. We argue that there is no cycle in I'; that corresponds to the

relation s189 -+ - S, _18,Sp_1* + - S2§1 among sy, ..., S,. Suppose not, then there is a cycle (u)
such that u; — u; # il(modn) for all i € [n], which is impossible.
The second statement follows from the convexity of P by [LP18, Prop. 3.5]. [

Remark 4.10. We can embed any connected positroid polytope into an affine Coxeter arrange-
ment, which makes Lemma 4.9 obvious; see [Hum90]. By Lemma 4.9, the partial order Py, 7
is identified with the restriction of the weak order on a subset of S,,.

Lemma 4.11. Let P; be a connected positroid polytope where [J is the associated Grassmann
necklace. Let u,w € D 7. Let J be the minimal set of simple reflections that generate L, (w) in S,
with|J|=m. Then the intersection between A,y and A,y is Ay N Ay =convex(er, | i ¢ J)
with codimension m.
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[0,2,4,3,6]

/
53

(2,1,4,3,5] <—[12435]

[0,2,3,4,6]
/ K‘

[2,1,3,4,5] <— [1,2,3,4,5] [0,3,2,4,6]

Figure 4.1: On the left, we show the graph I'; 5 of the circuit triangulation of the hypersim-
plex Ay 5. The vertices of I'y 5 are labeled by permutations w € Ds 5 in one-line notation.
On the right, we relabel the vertices w of I'y 5 by affine permutations L, (w) in window no-
tation with wy = 31425 according to Lemma 4.9. The arrows represent cover relations in the
poset Ps1495 7 for J = (12,23, 34,45, 51), pointing from a smaller element to a bigger element.
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Proof. Suppose I,,, — 1, — --- — I, — I, is the circuit of u. Recall from Definition 3.6
that I, = cDesy,(u(*)). Then the circuit of us; only differs from that of u at I,,,. As the circuit
of u gives the vertices of A, the statement follows from induction. O]

Proposition 4.12. Consider a connected positroid polytope P; with Grassmann necklace [J.
Let T 7 be the graph of the circuit triangulation of P;. For any wy € D 7, any linear extension
of Py, 7 Us a shelling of the circuit triangulation of P.

Remark 4.13. Benedetti—-Knauer—Valencia-Porras proved this for general type A alcoved poly-
topes in [BKVP23, Prop. 2.5] using a more geometric argument.

Proof. Let wg, wy, ..., ws be alinear extension of (P, 7, <).

Fix ¢ € [s]. Let Sy be the set of §; for &k € [n] such that L, (w;)3x < Ly, (w;) in the
weak order of S, and (w;); — (wi)re1 # F1(modn). In other words, there exists u € D
such that v < - w; and L, (u) = Ly, (w)S,. Let Sy be the set of 5 for k& € [n] such
that Ly, (w;)8k < Ly, (w;) but (w;)g— (w;)r+1 = £1( mod n). Let S; be the set of 5, for k € [n]
such that L, (w;)5g > Ly, (w;). In particular, S; U Sy LI S3 = {51,...,8,}.

Let [y, — I, — ---1, — I be the circuit of w;. For each s, € S;, let F; be the
facet convex(e;, | kK # t) of Aw,. Let F = {F, | 5 € S}. In other words,
F = {Aw) N A | Ly (u) = Ly, (w) for some 5 € S}

We want to show that A(,,) N (A U -+ U A, ,)) € JF. The reverse inclusion 2 is
immediate. To show C, we want to show that, for any j € [0,7 — 1], A,y N A,y € UF.

For any j € [0,7 — 1], if w; < w;, then by definition, there is a shortest path wy — -+ —
W — - U > W Then A(w].) N A(wi) C A(u) N A(wi) e F.

For any j € [0,7 — 1], if w; and w; are not comparable, we consider the minimal set J of
simple reflections that generate L., (w;).

Suppose J N S; # @, by the parabolic decomposition of S,., we can find a reduced word
for L., (w;) of the form u%lug, such that ug, is generated by S; [BBOS, Prop. 2.4.4]. If ug, # 1,
then let 5, be the last reflection in ug,. We have A(,,) N A,y € F; € (JF by Lemma 4.11.

Suppose J NS} = @ but J NSy # &, then we can find a reduced word for Ly, (w;) of the
form u52ug, where ug, is generated by So. However, L, (w;)s & Ly, (D7) for § € Sy, so there
is no path in I ;7 that corresponds to this reduced word, a contradiction to the second statement
of Lemma 4.9.

Suppose J C S, that is, Ly, (w;) can be generated by S3. Let u® be a reduced word
for Ly, (w;) and let ug, be a reduced word for L., (w;). We have u**s > u% for all s € S3 by
the definition of S3. Moreover, u53uS3 is a reduced word for L,,, (w;) by [BBOS5, Prop. 2.4.4].
By Lemma 4.9, there is a shortest path from wy to w; passing through w; so w; < w;, which
contradicts our assumption that j € [0,7 — 1] and wy, . . ., wy is a linear extension of (P, 7, <).

Therefore, forany i € [2, s] and forany j € [0,i—1], the intersection between A ) and A,
is a union of facets of A(,,).

Remark 4.14. In the spirit of [Bjo84, Thm. 2.1], Proposition 4.12 can be stated in a more general
setting, which says that any linear extension of the weak order of the restriction of the Coxeter
complex to a convex subset that contains the identity is a shelling. This more general statement
will appear in the joint work with Elisabeth Bullock [BJ24b].
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Figure 4.2: We show the graph of the circuit triangulation of the positroid polytope associated
with the Grassmann necklace J = (124,234,134, 145,125). The vertices of I'; are labeled
by D J-

If we implement a breadth first search on I' 7 from root vertex wy, then the cover of a vertex w
in P, 7 is equal to the number of edges that connect w to those previously found vertices.

Proof of Theorem 1.1. The statement about the covers follows from Lemma 4.2 and Proposi-
tion 4.12. [

Example 4.15. In Figure 4.1, we draw I" 7 where J = (12,23, 34, 45, 51). The positroid poly-
tope associated to J is the hypersimplex Ay 5. Choose wy, = 31425 and consider the poset
in Figure 4.1. We have cover(31425) = 0, cover(31245) = cover(13425) = cover(23145) =
cover(34125) = cover(14235) = 1 and cover(12435) = cover(13245) = cover(21345) =
cover(23415) = cover(41235) = 2, hence h*(Ag5,2) = 1 + 5z + 522

Example 4.16. Consider the connected positroid polytope P for the Grassmann necklace [J =
(124,234,134, 145, 125). We show I" 7 and the Hasse diagram of Pay;35 7 in Figure 4.2. We have
cover(24135) = 0, cover(42135) = cover(32415) = cover(41325) = 1, and cover(34215) = 2.
The h*-polynomial of the positroid polytope associated to the permutation 2413 is 1 + 3z + 22

S. Tree positroids

When the plabic graph of a positroid is acyclic, we call it a tree positroid. In this section, we
apply Theorem 1.1 to the special case of a tree positroid. To each plabic graph, one can asso-
ciate a plabic tiling [OPS15]. Tree positroids are positroids whose plabic tilings are bicolored
subdivision.

We start off with several defintions that follow the conventions of [PSBTW24].

Definition 5.1. Let P, be a convex n-gon with vertices labeled from 1 to n in clockwise order. A
bicolored subdivision T is a partition of P,, into black and white polygons such that two polygons
sharing an edge have different colors. We say that 7 has fype (k,n) if any triangulation of the
black polygons consists of exactly & black triangles.
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3

Figure 5.1: The tree plabic graph and bicolored subdivision associated to the Grassmann neck-
lace J = (12,23,13,14).

Remark 5.2. Given a Grassmann necklace J = (Ji, ..., J,), we can define a graph GG 7 on [n]
such that {4, j} is an edge if and only if |.J; \ J;| = |J; \ J;| = 1. The positroid P associated
with the Grassmann necklace 7 is a tree positroid if and only if the graph G is a subdivision
of a convex n-gon into polygons by diagonals.

Definition 5.3. Let 7 be a bicolored subdivision. Given a pair of vertices ¢, j of P,,, we say that
the arc ¢ — j is

» compatible with 7 if the arc either is an edge of a black or white polygon, or lies entirely
inside a black or white polygon of 7,

* facet-defining if it bounds a black polygon of 7 to its left.
If : — j is compatible with 7, the area fo the left of i — j, denoted by area(i — j), is the
number of black triangles to the left of © — j in any triangulation of the black polygons of 7.
Example 5.4. In Figure 5.1, the arc 1 — 3 is facet defining, but 2 — 4 is not.

The tree positroid polytopes are triangulated by (w)-simplices where w extends a partial
cyclic order [PSBTW24].

Definition 5.5. A (partial) cyclic order on a finite set X is a ternary relation C' C (3 ) such that
forall a,b,c,d € X:

(a,b,c) e C = (c,a,b) e’ (cyclicity)
(a,b,c) e C = (c,b,a) ¢ C (asymmetry)
(a,b,c) € C'and (a,c,d) € C = (a,b,d) € C (transitivity)

A cyclic order C'is rotal if for all a, b, c € X, either (a,b,c¢) € C or (a,c,b) € C. A total cyclic

order (" is a circular extension of C' if C' C C’. We denote the set of all circular extensions of C'
by Ext(C).
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3

Figure 5.2: The tree plabic graph and bicolored subdivision associated to the Grassmann neck-
lace J = (124,234,134, 145,125).

Informally, a total cyclic order C on [n] is a way of placing 1, ..., n on acircle, just as a total
order is a way of placing 1,...,n on a line.

Definition 5.6. Let w = w;...w, € 5,. The w-order C), is the total cyclic order obtained
by placing wy, ws, ..., w, on the circle clockwise. We identify this total cyclic order with the
n-cycle (w), so we may write (w) for C,, or write Cy, = (w; wy . .. wy,).

Note that each total cyclic order on [n] is of the form C, for a unique permutation w € D,
(cf. Definition 3.2 for the definition of D,). We move interchangeably between w € D,,, the
n-cycle (w) and the total cyclic order C,,.

Definition 5.7. Let x4, ..., z,, be a sequence of m distinct elements of [n| (for 3 < m < n).
We let C = C(0,..2,) denote the partial cyclic order on [n| in which for each
triple 1 <i < j <{<m we have (z;,z;, z;) € C (which implies by cyclicity that also (z;, z¢, z;)
and (z¢, z;, z;) lie in C'). We call this partial cyclic order a chain.

Definition 5.8. Let 7 be a bicolored subdivision of P,, with ¢ polygons P, ..., P, which are
black or white. If P, is white (respectively, black), we let vy, . . . , v, denote its list of vertices read
in clockwise (respectively, counterclockwise) order. We then associate the chain C, = C(y, ... ,)
to F,. Finally we define the 7-order to be the partial cyclic order which is the union of the partial
cyclic orders associated to the black and white polygons:

C,:=CiU---UC,.

Not all cyclic orders have a circular extension [Meg76], that is, Ext(C') could be empty.
Moreover, the problem of determining whether a cyclic order has a circular extension is NP-
complete [Meg76].



COMBINATORIAL THEORY 5 (4) (2025), #4 15

Theorem 5.9 ([PSBW23], Thm. 9.2, Prop. 9.5, Prop. 9.6). If 7 is a bicolored subdivision, then
the corresponding positroid polytope 1, is cut out of R" by the equality x1 + - - - + x,, = k and
either

area(i — j) < x; +---xj_1 < area(i — j) + 1 for any compatible arci — j of T
or, alternatively, by the following facet inequalities
* x; > 0 if there is a white polygon of T with vertex i,
* x;+ -+ xj_1 = area(i — j), if i — j is a facet-defining arc of T.

Remark 5.10. If we remove the sum of coordinates x; + --- + x,, = k equality from these
tree positroid polytopes, then we obtain a Parke—Taylor polytope defined in [PSBTW24]. The
Parke—Taylor polytopes generalize the consecutive coordinate polytopes defined by Ayyer,
Josuat-Vergés, and Ramassamy in [AJVR20]. The consecutive coordinate polytopes are defined
by inequalities of the form z; + - - - 4+ x;_; < 1 for some arbitrarily chosen pairs (i, j).

Proposition 5.11 (Cor. 4.8, [PSBTW24]). Let o be a bicolored subdivision of type (k,n). Then

L= Aw

(w)eExt(Cy)
That is, I',, is the union of (w)-simplices A ().

Example 5.12. In Figure 5.1, we have chains (3,2, 1) and (1, 3,4). The only two cyclic total
order on [4] with these two chains are 2134 and 1324, which coincide with our computation in
Example 6.12.

Corollary 5.13. Let T be a bicolored subdivision and let [J be the Grassmann necklace of the
positroid defined by . Then we have D ;7 = Ext(C').

Example 5.14. In Figure 5.2, we have that C'. consists of the chains (3,2,1), (1,3,4) and (5,4,1).
We can check that D 7 in Example 4.16 is exactly the set of circular extensions of C.

Analogous to [LPO7, Theorem 2.9], we can characterize the edges in the graph of the circuit
triangulation of tree positroid polytopes via the following corollary to Theorem 1.1.

Corollary 5.15. Let P, be a tree positroid polytope associated with the bicolored subdivision T.
Let I'; be the graph of the circuit triangulation of P.. For any wy € Ext(C.), let (Py, -, <) be
the corresponding poset on Ext(C'.). The cover statistic of P, - gives the h*-polynomial of P,
ie, W'(Pr,z) = 3, cux(c) zeoverw) ywhere cover(w) = #{u € Ext(C,) | u <- w} is the
number of elements covered by w in Py, ;.
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6. The h*-polynomial of half-open connected positroid polytopes

In this section, we give a combinatorial formula for the ~A*-polynomial of half-open connected
positroid polytopes in terms of descents of permutations. Then we show how to compute the
h*-polynomial of the whole closed polytope by inclusion-exclusion on the half-open ones of
smaller dimension. Our result generalizes results from [Lil2] and [AJVR20].

Definition 6.1. Define the half-open simplex V; by

0 < Yuy
Yw; S Ywipr = Wi < Wit
Yur < Yusey = Wi > Wity
Yw, S 1

Lemma 6.2 ([AJVR20], Lem. 4.5). The half-open simplices are mutually disjoint, and they
triangulate the half open hypercube (0, 1|" for n > 1. That is,

01" = | | vs.

WESn
Lemma 6.3 ((HIV16]). The h*-polynomial of the half-open simplex V2, is h*(VS,, z) = zdes(w)+1
Example 6.4. Let w = 3241, then V;, is defined by
O<ys<y2<ys <y < L.
Remark 6.5. In [HJV16], the half-open hypersimplex they consider for 3241 is defined by
O0<ys<pa<ys <y <1l

In [AJVR20], these half-open hypersimplices are mutually disjoint and triangulate [0, 1)". We
modify these conventions because [PSBTW24] and [LP07] both identify a permutation w € S,, 1
with wy ... w,_1n € S, while [AJVR20] identifies w € S,,_; with Ow; ... w,—1 € S,.

Definition 6.6. Let w € D,,. We denote ¢(V,,) C [0,1)""! by AY,, and call it the half-open
(w)-simplex.

Remark 6.7. The facets of these (w)-simplices and positroid polytopes are all of the
form x; ;) = k for some i,j € [n] and k € Z. We will call a facet of a positroid polytope
or (w)-simplex upper if it is of the form x}; ; = k such that the polytope satisfies x}; jj < k.

The next corollary follows directly from the definition of ¢.

Corollary 6.8. Let w € D,,. The half-open (w)-simplex is equal to A,y with all upper facets
removed.
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Theorem 6.9. Let P; be a connected positroid polytope, where J is the associated Grassmann
necklace. Consider the half-open positroid polytope ]5J C [0,1)" which is the projection
of Pz onto the first (n — 1) coordinates with all upper facets removed. Then the h*-polynomial
of Py is equal to h*(Py, z) = > wep, 2@

This theorem is analogous to the main result of [Lil2].

Proof. By Corollary 6.8, we have that the half open polytope Pj is triangulated by A‘(’w). By

Lemma 6.3 and the additivity of h*-polynomials, we have that h*(Py,z) = 3 _ D, Zdes(w)+1,
O

Example 6.10. Consider the Grassmann necklace J = (124,234,134, 145,125). The half-
open positroid polytope P associated to J has facet-defining inequalities ;7 < 1, x5 < 1,
Ty < 1, 23 > 0 and

T1+ o + 23 < 2,
1+ w2 1,
T1+ 2o+ a3+ 14 = 2.

To compute the h*-polynomial of a polytope from the h*-polynomials of the half-open
polytope and its faces, we use the inclusion-exclusion principle. Let P be a polytope and
let Fi,..., Fy be a collection of facets of P. Consider the restriction of the face poset of P
to have coatoms £, ..., Fy. This poset Pr,  r, describes all the faces of P in the intersections
of Fi,..., Fy. Let pup, ., be the Mobius function of this poset.

The next proposition follows from inclusion-exclusion on the face poset and additivity of
Ehrhart polynomials.

Proposition 6.11. Ler P be a polytope. Let I, ..., I, be a collection of facets of P, and
let P= P\ (F1U---UZF,). The h*-polynomial of the polytope P is equal to

(P, z) = h*(P, z) - > WF i (Fy P)(1 = 2) 8B =dimE e ()
FEePp, ... p,(F),F#P

Example 6.12. Consider the Grassmann necklace J = (12,23,13,14). Then D consists
of permutations in S that end with 4 such that cdesy(w|;34) < 1so Dy = {1324,2134}.
Now des(132) = des(213) = 1, so h*(Py, z) = 2z2. To compute the h*-polynomial of the
whole positroid polytope P, which is a pyramid (see Figure 6.1), we use Proposition 6.11. The
upper facets we removed are

F1 X = 1
F2 L Xy = 1
F32x1+$2+l’3:2.
They are all triangles and F; N Fy, = F} N F, N Fy is the apex of the pyramid. Also F; N Fj

and F,N F3; are both segments. Both triangles and segments have ~*-polynomial 1. Therefore, by
inclusion-exclusion, the ~A*-polynomial of Py is h*(Pyz,z) = 2224+ 3(1—2)—2(1—2)? = 1+ 2.
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Figure 6.1: The positroid polytope associated to the Grassmann necklace J = (12, 23,13, 14)
is a pyramid. The facet corresponds to I : {x; = 1}; the facet corresponds
to Fy : {xy = 1}; the blue facet corresponds to F5 : {1 + x9+ x5 = 2}. These are all the upper
facets of this positroid polytope.
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Figure 6.2: The poset Pr, p, i, and the value of its Mobius function g, g, gy (—, P7r).
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Figure 6.3: The facet defined by x; + x5 + x3 = 2 of the positroid polytope associated to the
Grassmann necklace (124,234,134, 145, 125). This is a prism, the product of a triangle and a
segment.

Example 6.13. Consider the positroid with bases
{{1,2,4},{1,2,5},{1,3,4},{1,3,5},{1,4,5},{2,3,4},{2,3,5},{2,4,5} },
associated to the Grassmann necklace J = (124,234, 134,145, 125). We have
D g = {34215,42135, 24135, 32415, 41325}.

Therefore h*(ﬁ’j, z) = 2% + 423, To compute the h*-polynomial of the whole positroid poly-
tope P, we use Proposition 6.11. The upper facets we removed are

Flll’l:l
FQ:.CL’Q:l
F3Z[L'4:1

F4I.T1+I2+.T3:2

The first three facets are isomorphic to the pyramid. The last facet is a prism, which is a product
of a triangle and a segment; see Figure 6.3. The Ehrhart polynomial of the triangle is equal
to (*}?) and the Ehrhart polynomial of the segment is equal to 1+¢. Thus, the Ehrhart polynomial
of the prism is equal to (*7?)(1+¢) by Remark 2.11 and the h*-polynomial of the prism is equal
to 1+ 2z.
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//\\ //\\

Figure 6.4: The poset Pr,

77777

The intersections F N F3, FoN F3, F3N F) are triangles, and the intersections £ N Fy, FoNFy
are squares, which has A*-polynomial 1 4+ 2. We have F; N Fy, = F} N £y, N F) is a segment
and [y N EFy N F3 = Fy N FyN F3N Fyis a point. All the other triple intersections are segments.
The h*-polynomial of P is therefore

h*(Pr,2) =22 +42° + (3(1+2) + 1+ 22)(1 —2) — 3+ 2(1 + 2))(1 — 2)* + 2(1 — 2)?
= 1432+ 22

The result coincides with Example 4.16.

Acknowledgements

We thank Lauren Williams for suggesting the problem and helpful conversations and comments
on the manuscript. We thank Alex Postnikov, Alejandro Morales, Arvind Ayyer, Elisabeth Bul-
lock, Colin Defant, Theo Douvropoulos, Nick Early, and Johnny Gao for helpful discussions.

References

[AJVR20] Arvind Ayyer, Matthieu Josuat-Verges, and Sanjay Ramassamy. Extensions of
partial cyclic orders and consecutive coordinate polytopes. Ann. H. Lebesgue,
3:275-297, 2020. doi:10.5802/ahl.33.

[ARW16] Federico Ardila, Felipe Rinc6n, and Lauren Williams. Positroids and non-crossing
partitions. Trans. Amer. Math. Soc., 368(1):337-363,2016. doi:10.1090/tran/
6331.


https://doi.org/10.5802/ahl.33
https://doi.org/10.1090/tran/6331
https://doi.org/10.1090/tran/6331

COMBINATORIAL THEORY 5 (4) (2025), #4 21

[BBOS]

[BJ24a]

[BJ24b]

[Bjo84]

[BKVP23]

[Earl7]

[Ehr62]

[Gal68]

[HIV16]

[Hum90]

[Kat05]

[Kim?20]

[Lil2]

[LPO7]

[LP18]

[LP24]

Anders Bjorner and Francesco Brenti. Combinatorics of Coxeter groups, volume
231 of Graduate Texts in Mathematics. Springer, New York, 2005.

Elisabeth Bullock and Yuhan Jiang. The ehrhart series of alcoved polytopes, 2024.
arXiv:2412.02787.

Elisabeth Bullock and Yuhan Jiang. The ehrhart series of alcoved polytopes, 2024.
arXiv:2412.02787.

Anders Bjorner. Some combinatorial and algebraic properties of Coxeter com-
plexes and Tits buildings. Adv. in Math., 52(3):173-212, 1984. doi:10.1016/
0001-8708(84)90021-5.

Carolina Benedetti, Kolja Knauer, and Jerénimo Valencia-Porras. On lattice
path matroid polytopes: alcoved triangulations and snake decompositions, 2023.
arXiv:2303.10458.

Nick Early. Conjectures for ehrhart ~2*-vectors of hypersimplices and dilated sim-
plices, 2017. arXiv:1710.09507.

Eugene Ehrhart. Sur les polyedres rationnels homothétiques a n dimensions. C.
R. Acad. Sci. Paris, 254:616-618, 1962.

David Gale. Optimal assignments in an ordered set: An application of matroid
theory. Journal of Combinatorial Theory, 4(2):176—-180, 1968. doi:10.1016/
S0021-9800(68)80039-0.

Guo-Niu Han and Matthieu Josuat-Verges. Flag statistics from the Ehrhart h*-
polynomial of multi-hypersimplices. Electron. J. Combin., 23(1):Paper 1.55, 20,
2016. doi:10.37236/5538.

James E. Humphreys. Reflection groups and Coxeter groups, volume 29 of Cam-
bridge Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, 1990. doi:10.1017/CB09780511623646.

Mordechai Katzman. The Hilbert series of algebras of the Veronese type. Comm.
Algebra, 33(4):1141-1146, 2005. doi:10.1081/AGB-200053828.

Donghyun Kim. A combinatorial formula for the Ehrhart h*-vector of the hyper-
simplex. J. Combin. Theory Ser. A, 173:105213, 15, 2020. doi:10.1016/j.
jcta.2020.105213.

Nan Li. Ehrhart A*-vectors of hypersimplices. Discrete Comput. Geom.,
48(4):847-878,2012. doi:10.1007/s00454-012-9452-2.

Thomas Lam and Alexander Postnikov. Alcoved polytopes. 1. Discrete Comput.
Geom., 38(3):453-478, 2007. doi:10.1007/s00454-006-1294-3.

Thomas Lam and Alexander Postnikov. Alcoved polytopes II. In Lie groups,
geometry, and representation theory, volume 326 of Progr. Math., pages 253-272.
Birkhduser/Springer, Cham, 2018. doi:10.1007/978-3-030-02191-7\_10.

Thomas Lam and Alexander Postnikov. Polypositroids. Forum Math. Sigma,
12:Paper No. €42, 67, 2024. doi:10.1017/fms.2024.11.


https://arxiv.org/abs/2412.02787
https://arxiv.org/abs/2412.02787
https://doi.org/10.1016/0001-8708(84)90021-5
https://doi.org/10.1016/0001-8708(84)90021-5
https://arxiv.org/abs/2303.10458
https://arxiv.org/abs/1710.09507
https://doi.org/10.1016/S0021-9800(68)80039-0
https://doi.org/10.1016/S0021-9800(68)80039-0
https://doi.org/10.37236/5538
https://doi.org/10.1017/CBO9780511623646
https://doi.org/10.1081/AGB-200053828
https://doi.org/10.1016/j.jcta.2020.105213
https://doi.org/10.1016/j.jcta.2020.105213
https://doi.org/10.1007/s00454-012-9452-2
https://doi.org/10.1007/s00454-006-1294-3
https://doi.org/10.1007/978-3-030-02191-7_10
https://doi.org/10.1017/fms.2024.11

22

[Meg76]

[Ohl1]

[OPS15]

[Pos06]

[PSBTW24]

[PSBW23]

[Sta77]

[Sta80]

Yuhan Jiang

Nimrod Megiddo. Partial and complete cyclic orders. Bull. Amer. Math. Soc.,
82(2):274-276, 1976. doi:10.1090/50002-9904-1976-14020-7.

Suho Oh. Positroids and schubert matroids. Journal of Combinatorial Theory,
Series A, 118(8):2426-2435, 2011. doi:10.1016/j.jcta.2011.06.006.

Suho Oh, Alexander Postnikov, and David E. Speyer. Weak separation and plabic
graphs. Proc. Lond. Math. Soc. (3), 110(3):721-754, 2015. doi:10.1112/plms/
pdu052.

Alexander Postnikov. Total positivity, grassmannians, and networks, 2006.
arXiv:math/0609764.

Matteo Parisi, Melissa Sherman-Bennett, Ran Tessler, and Lauren Williams. The
magic number conjecture for the m = 2 amplituhedron and parke-taylor identities,
2024. arXiv:2404.03026.

Matteo Parisi, Melissa Sherman-Bennett, and Lauren K. Williams. The m = 2
amplituhedron and the hypersimplex: signs, clusters, tilings, Eulerian numbers.
Comm. Amer. Math. Soc., 3:329-399, 2023. doi:10.1090/cams/23.

Richard P. Stanley. Eulerian partitions of a unit hypercube. Proceedings of the
NATO Advanced Study Institute, 1977.

Richard P. Stanley. Decompositions of rational convex polytopes. Ann. Discrete
Math., 6:333-342, 1980. doi:10.1016/s0167-5060(08)70717-9.


https://doi.org/10.1090/S0002-9904-1976-14020-7
https://doi.org/10.1016/j.jcta.2011.06.006
https://doi.org/10.1112/plms/pdu052
https://doi.org/10.1112/plms/pdu052
https://arxiv.org/abs/math/0609764
https://arxiv.org/abs/2404.03026
https://doi.org/10.1090/cams/23
https://doi.org/10.1016/s0167-5060(08)70717-9

	Introduction
	Organization

	Positroids
	Grassmann necklaces
	Positroid polytopes
	Connected positroids

	Circuit triangulation of connected positroid polytopes
	The h*-polynomial of connected positroid polytopes
	Tree positroids
	The h*-polynomial of half-open connected positroid polytopes

