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1. Introduction

Motivated by developments in chip firing, tropical geometry, and combinatorial representation
theory, we introduce new families of combinatorial objects, called k-skeletal paths and k-skeletal
functions, that depend on k and certain other parameters. These objects generalize Dyck paths,
parking functions, and lattice paths inside trapezoids and thereby provide new combinatorial
interpretations of Catalan numbers, ballot numbers, parking function counts, and q-analogues of
these numbers. As an initial special case of these ideas, we describe our generalizations of Dyck
paths of order n. Given k, n with 0 ⩽ k < n, define a k-skeletal path to be a path from (0, 0)
to (n, n) consisting of unit-length east steps and north steps satisfying these two conditions:

(K1) The last k + 1 north steps start weakly to the left of the line x = y.

(K2) There do not exist k + 1 consecutive rows in which the north steps all start strictly to the
left of the line x = y.

A primary result of this paper is Theorem 3.2 (cf. Theorem 2.3), which constructs bijections be-
tween the set of k-skeletal paths and the set of k′-skeletal paths for all k, k′ between 0 and n− 1.
Because the (n − 1)-skeletal paths are the same as Dyck paths, we see that the number of
k-skeletal paths is given by the nth Catalan number. These k-skeletal paths provide combinato-
rial interpretations of the Catalan numbers that we believe to be new (see Stanley’s compilations
of interpretations [SF99, Ex. 6.19] and [Sta13]).

Theorem 3.2 and our other results apply in a much more general setting. In lattice path enu-
meration theory, one may study classical Dyck paths (paths in a triangle with boundary x = y)
or rational-slope Dyck paths (paths in a triangle with boundary x = (a/b)y) or trapezoidal paths
(paths in the trapezoid bounded by y = 0, y = n, x = 0, and x = my + c). Some of the recent
literature in this area includes [ALW16, ARW13, GM14, Loe03]. In particular, there are a num-
ber of papers that consider paths lying below lines of arbitrary (i.e., real) slope, especially from
the viewpoint of generalizing the q, t-Catalan. For example, in [BHM+23] the authors present
a generalization of the Shuffle Theorem, a subject in which the area and dinv/bounce statis-
tics are fundamental. Similarly, in [BM23], the authors consider myriad topics ranging from a
generalization of Young’s lattice to various q- and q, t-enumerations.

Section 3 presents our general notion of k-skeletal paths based on an additive subgroup G
of R and parameters c,m ∈ G and n ∈ Z>0. Informally, these k-skeletal paths generalize paths
in a trapezoid with height n, base c, and diagonal of slope 1/m, where all east steps in the paths
have lengths in G. Classical lattice paths arise as the special case where G = Z and m, c are
integers. For that special case, Corollary 3.3 states that the number of k-skeletal paths (for each k
between 0 and n− 1) is given by an m-ballot number.

In Section 4, we extend the framework of Section 3 to consider k-skeletal functions, which
can be viewed as lattice paths with north steps labeled according to certain rules. Our k-skeletal
labeled lattice paths generalize various kinds of parking functions (determined by the parame-
ters n,m, c,G). For fixed choices of these parameters, the number of k-skeletal labeled paths is
independent of k and equals the corresponding parking function count. See Theorem 4.4 for the
precise statement.
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As described in the above two paragraphs, Sections 3 and 4 introduce and explore various
k-skeletal objects that generalize lattice paths and parking functions. While these objects can be
understood and appreciated solely through the lattice-path framework, our motivation in defin-
ing them rests squarely within the framework of chip firing on graphs. As such, we precede
these two sections with Section 2, which presents classical chip firing on graphs and a natural
generalization to G-valued chip firing, where G is any additive subgroup of R. The k-skeletal
chip configurations defined lead directly to their k-skeletal lattice-path counterparts.

The final two sections of this paper contain additional results in two different directions.
Section 5 considers q-analogues of k-skeletal objects using statistics with close connections
to various dinv statistics [Hag08] appearing in the theory of q, t-Catalan polynomials. These
connections raise the possibility that our k-skeletal objects may yield useful new insights on
q, t-Catalan polynomials, diagonal harmonics modules, and related constructions in combina-
torial representation theory. Section 6 uses the well-known “first-return recursion” for m-Dyck
paths to reprove the enumerative result of Corollary 3.3 in the special case c = 1.

The remainder of this introduction consists of two independent subsections giving more de-
tailed background from chip firing to motivate our combinatorial results. Section 1.1 provides
an introductory account of the general role chip firing plays in a story that, in Sections 3 and 4, is
told primarily through the language of lattice paths. Section 1.2 dives deeper into the algebraic
and topological developments in chip-firing theory that led us to the definitions of k-skeletal
paths and functions given here. The rest of this paper is mostly independent of the next two
subsections, which nevertheless provide additional context for understanding the connections
between our results and other areas.

1.1. Motivation from classical chip firing

The chip-firing game [Big99, BLS91] (see [CP18, Kli18] for a general introduction, and addi-
tional references below) is a dynamical process that can be played on any loopless connected
graph such as the complete graph K1+n on the vertex set {0, 1, 2, . . . , n}. In the game, we start
with a chip configuration (or divisor)D = (D(1), . . . , D(n))T , encoded as a column vector and
interpreted as the placement of D(i) ⩾ 0 chips on vertex i for each i between 1 and n. A ver-
tex v ⩾ 1 fires by moving one chip from v to each of its n neighbors. Vertex 0 is distinguished
as the sink. We typically focus on the legal firings — those for which no non-sink vertex ends up
with a negative number of chips after the firing action. Configurations without any legal firings
are stable. Several legal firings are illustrated in Figure 1.1.

Because every firing move on a complete graph sends one chip to the sink, any sequence of
legal firings must eventually terminate. The terminal chip configurations resulting from initial
configurations in which every vertex can fire are called critical configurations (also called re-
current configurations). Critical configurations play an important role in chip-firing theory, as
outlined in Section 1.2. For n = 3, there are (3 + 1)3−1 = 16 different critical configurations.
While we could list all sixteen as vertex-weighted graphs, it is convenient to introduce a method
of associating an unlabeled lattice path with any chip configuration. Associate with the config-
uration D the path π(D) that has j unit-length north steps in column i when j non-sink vertices
have exactly i chips on them. These north steps are arranged vertically so that we obtain a path
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Figure 1.1: The leftmost graph illustrates K1+3 with a chip distribution of D(1) = 4, D(2) = 2
andD(3) = 0. Vertices 1 and 2 are fired in sequence. The resulting chip configuration is stable,
but vertices 1 and 3 can be fired as a cluster to obtain the fourth distribution, which is superstable.

from (0, 0) to (n, n) by connecting the runs of north steps in each column by unit-length east
steps as necessary. The sixteen critical configurations for K1+3 give rise to the five unlabeled
lattice paths shown in Figure 1.2(a). This mapping from arbitrary chip configurations to unla-
beled paths is many-to-one, but we can modify it by adding labels to get a bijection between chip
configurations and labeled lattice paths. To obtain a labeled lattice path, we label the north steps
along each line x = i with the elements of D−1({i}), sorted into increasing order from bottom
to top. Figure 1.2(b) illustrates a collection of three configurations sharing the same underlying
unlabeled path.
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Figure 1.2: (a) The five unlabeled lattice paths representing the sixteen critical configurations
for n = 3. In (b) we show the three labeled lattice paths sharing the same unlabeled lattice path
corresponding to all configurations in which one non-sink vertex has two chips and the other
two have one chip each.

What we have described so far — with only one vertex firing at a time — is the abelian
sandpile model [BTW87, Dha90]. More generally, we can cluster fire a subset S ⊆ {1, 2, . . . , n}
by firing all of the vertices in S simultaneously. In the unconstrained firing model, any nonempty
subset of vertices is allowed to cluster fire; the cluster firing is legal if no vertex ends up with a
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negative number of chips. A superstable configuration is one in which no nonempty subset of
the non-sink vertices can legally cluster fire. The third configuration in Figure 1.1 is stable but
not superstable, as the two vertices 1 and 3 can legally be fired simultaneously. For n = 3, there
are sixteen superstable configurations, which are represented by the unlabeled paths shown in
Figure 1.3.

0 1 2 3 0 1 2 30 1 2 3 0 1 2 3 0 1 2 3

Figure 1.3: The five unlabeled paths corresponding to the sixteen superstable configurations
for n = 3.

There are two aspects of the superstable configurations we wish to highlight. First, there is a
duality between the critical and superstable configurations, as suggested by the fact that there are
sixteen configurations of each type for n = 3. More precisely, letDmax denote the configuration
in which each non-sink vertex ofK1+n has n−1 chips. This is the “maximal” chip configuration
that is stable. It turns out that D is critical if and only if Dmax − D is superstable. This result
appears in the work of Gabrielov [Gab93] and has been further generalized [BKO+24, GK15].
We refer the reader to [Kli18, Thm. 2.6.19] for a proof. See also [AdDL16] for an algorithm for
moving between these configurations in a fixed chip-firing class. The duality in the particular
case n = 3 can be seen by examining Figures 1.2(a) and 1.3. Also see Remark 3.4 in Section 3.

The second aspect worth highlighting is that superstable configurations are parking func-
tions. Under our labeling conventions, a function f : {1, 2, . . . , n} → {0, 1, . . . , n − 1} is a
parking function if for all i between 0 and n− 1, the number of j with f(j) ⩾ i is at most n− i
(see [Hag08, Chap. 5] and Section 4). If we associate a labeled path with each parking function,
as we did above for chip configurations, one can check that the conditions on the values of a
parking function translate into the underlying unlabeled path being a Dyck path. In fact, this is
just a rephrasing of the conditions for a configuration to be superstable: no subset S of i non-
sink vertices, where 1 ⩽ i ⩽ n, has at least n − i + 1 chips on each vertex. Parking functions
play an important role in combinatorics and representation theory. (For instance, the Frobenius
series for the diagonal coinvariants can be expressed as a weighted sum indexed by parking func-
tions [ECAM18, HHL+05].) As such, any generalization of superstable configurations has the
potential to illuminate questions in combinatorial representation theory.

Looking back at Conditions (K1) and (K2) defining the k-skeletal paths, we may interpret the
two extreme cases using chip firing. On one hand, the 0-skeletal paths are the paths correspond-
ing to critical configurations, arising naturally from the abelian sandpile model. On the other
hand, the (n− 1)-skeletal paths are the Dyck paths corresponding to the superstable configura-
tions, arising naturally from the unconstrained firing model. Figure 3.3 illustrates all k-skeletal
paths when n = 3 and k is 0, 1, or 2. Figure 3.2 illustrates the duality between 0-skeletal paths
and (n− 1)-skeletal paths for a more general choice of parameters.
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In Section 2.2 below, we introduce Conditions (C0)–(C2) to define k-skeletal chip config-
urations. These configurations arise in the context of chip firing on a complete graph K1+n in
which edges between non-sink edges are weighted by m, edges touching the sink are weighted
by c, and the chip count at each vertex belongs to an additive subgroup G of R rather than Z.
In Section 3.1 we see how these conditions provide a way to define k-skeletal paths associated
with general trapezoidal or triangular regions, as specified by the parameters n, m, and c.

When G = Z and c,m ∈ Z, we obtain finite collections of k-skeletal paths and functions that
are counted (respectively) by m-ballot numbers and generalized parking function counts. How-
ever, when G is any non-cyclic subgroup ofR, we obtain infinite collections of k-skeletal objects.
For coprime positive integers a, b, the rational Catalan number 1

a+b

(
a+b
a,b

)
counts rational-slope

Dyck paths contained in a triangle bounded by x = (a/b)y. It is natural to ask if there is some
alternate version of our k-skeletal constructions that leads to new collections of paths that are
counted (for all k) by the rational Catalan number. We address this problem in a forthcoming
paper [BLW], which requires yet another novel variation of the classical chip-firing model.

1.2. Motivation from algebraic and geometric aspects of chip firing

The simple definition of chip firing on graphs belies the richness of this theory and its myriad
connections with other areas of mathematics. These areas include statistical physics [BTW87,
Dha90]; arithmetic geometry [Lor89, Lor91, Ray70]; poset theory [Mos72, Pre86, Pro02]; lat-
tice theory [AM10, BLHN97, Big99]; tropical geometry [BN07, MZ08]; and commutative alge-
bra [CRS02, PPW13, PS04]. Additionally, some authors have previously sought to find connec-
tions between chip-firing and topics close to combinatorial representation theory — see [CLB16,
CPS16, DDI+24, DL13]. The present article can be seen as continuing in this vein of research
as we focus on leveraging connections to the combinatorics of trapezoidal lattice paths, both
unlabeled and labeled.

The chip-firing process is not limited to complete graphs. We may start with any connected,
undirected graph G = (V,E) with vertex set V = {v1, . . . , vN} and edge
set E = {e1, . . . , eM}. We assumeG has no loops, butGmay have multiple edges between two
vertices. We choose a distinguished sink vertex q ∈ V and set V ′ = V \ {q}. As before, a chip
configurationD is an assignment of an integer number of chips to each vertex ofG. The degree
of a chip configuration D is

∑
v∈V D(v). Given a chip configuration D of known degree d, we

have D(q) = d −
∑

v∈V ′ D(v). So when focusing on chip configurations of a fixed degree, we
may safely ignore the chip count D(q) at the sink.

The action of firing a vertex or a set of vertices can be expressed in terms of the Laplacian
of G, the N ×N matrix L with entries

Li,j =

{
degree of vi, if i = j;

−(number of edges linking vi and vj), if i ̸= j.

For S ⊆ V ′, let eS be the column vector with 1s in those positions i for which vi ∈ S and 0s
elsewhere. The configuration D′ = D − LeS is defined as the configuration obtained from D
by cluster firing the set S.
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In the study of chip firing, we are often interested in certain distinguished chip configura-
tions. As sketched in Section 1.1 for the sandpile model on G = K1+n, these distinguished
configurations include the critical (also called recurrent) configurations and the superstable
configurations. In terms of the Laplacian, the superstable chip configurations D are those satis-
fying:

1. D(v) ⩾ 0 for all v ∈ V ′; and

2. for every ∅ ̸= S ⊆ V ′, there exists v ∈ V ′ such that (D − LeS)(v) < 0.

The first condition means that no non-sink vertex has a negative number of chips. The second
condition means that there do not exist any non-trivial legal cluster firings. These superstable
configurations are equivalent to the G-parking functions of Postnikov and Shapiro [PS04] and
the q-reduced divisors of Baker and Norine [BN07]. The duality with critical configurations is
closely related to Riemann–Roch duality for graphs [AB10, BN07, CL13] and Alexander duality
for monomial ideals [MS13].

Parking functions of order n are in bijection with trees on n + 1 (labeled) vertices [Kre80].
It is a classical result that the number of parking functions of order n is (n + 1)n−1 (due to
Cayley [Cay89] in the context of labeled trees; see also [KW66, Rio69]).

Proposition 1.1 (see [AB10, GH16, KY08, PS04]). IfG is the complete graph on n+1 vertices,
then the set of G-parking functions (and hence the set of superstable configurations and the set
of q-reduced divisors of degree 0) can be naturally identified with the set of parking functions of
order n.

This connection holds more generally. The number ofG-parking functions is counted by the
number of spanning trees of G [PS04]. To explain this connection, it is helpful to describe how
the critical configurations arise algebraically.

We say that chip configurations D and D∗ are chip-firing equivalent, written D ∼ D∗, if we
can obtain D∗ from D by a finite sequence of chip-firing moves. We have D ∼ D∗ if and only
if there is an integer vector w ∈ ZN with D − D∗ = Lw. Here we are not concerned with
whether vertices have negative numbers of chips, so we do not need to distinguish between the
cluster fire of a set S and the sequential firing of all vertices in S; we can stay within the abelian
sandpile model.

The set of chip configurations onG is an additive group isomorphic toZN if we add chip con-
figurations pointwise. The chip-firing equivalence class of D is [D] = {D∗ : D∗ ∼ D}. Equiv-
alent configurations have the same degree, so it makes sense to define deg([D]) = deg(D).
The collection of chip-firing equivalence classes forms an additive group Pic(G) = ZN/L(ZN)
called the Picard group. Let Picd(G) be the subset of Pic(G) consisting of classes [D]
where deg(D) = d. The set Pic0(G) is a subgroup of Pic(G), called the critical group (this
group goes by different names depending on the context in which it is introduced: the chip-
firing group, the Jacobian, and the sandpile group).

For a connected graphG, there is a natural isomorphismPic(G) ∼= Z⊕Pic0(G). SoPic0(G)
can be identified with the torsion part of the Z-cokernel of L. The critical configurations central
to this paper can be taken to be representatives of elements of Pic0(G). We can take the number
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of chips on the sink to be the negative of the total number on the non-sink vertices, leading to
a total degree of zero. As G is connected, it can be shown by elementary group theory that for
any i,

∣∣Pic0(G)∣∣ = |det(Li)|, where Li is the matrix obtained by deleting ith row and column
of L. On the other hand, Kirchhoff’s Matrix-Tree Theorem [Loe17, §3.18] states that |det(Li)|
is the number of spanning trees of G, hence

∣∣Pic0(G)∣∣ is equal to the number of spanning trees
of a graph (see [BS13]). Several explicit bijections between Pic0(G) and the set of spanning
trees of G are known (see [ABKS14, Bac12, BCT10, CL03, Dha90, KY08, PYY17, Yue17]).

We have outlined some of the close connections among critical configurations, G-parking
functions, Pic0(G) and spanning trees of G. Statistical physicists Caracciolo, Paoletti, and
Sportiello [CPS12] and (independently) Backman [Bac12] discovered a generalization of
G-parking functions with respect to an abstract simplicial complex.1 Recall that a simplicial
complex ∆ on V ′ is a collection of nonempty subsets of V ′ such that {v} ∈ ∆ for all v ∈ V ′, and
whenever ∅ ̸= T ⊆ S ∈ ∆, T also belongs to ∆. We allow the vertices of any subset in ∆ to fire
simultaneously. Regarding the objects introduced in [Bac12], a chip configuration D : V → Z
will be termed ∆-critical if these three conditions hold:

1. For each v ∈ V ′, D(v) ⩾ 0.

2. For each S ∈ ∆, there exists v ∈ S with (D − LeS)(v) < 0.

3. For each nonemptyS ⊆ V ′, the configurationD+LeS does not satisfy both Conditions (1)
and (2).

In the case where the complex ∆ consists of all one-element subsets of V ′, we recover the sand-
pile model; the ∆-critical configurations are the critical (recurrent) configurations. At the other
extreme, when ∆ is the full complex consisting of all nonempty subsets of V ′, we recover the un-
constrained chip-firing model; the ∆-critical configurations are the superstable configurations.

One motivation to consider such simplicial complexes in the context of chip firing is a desire
to develop a notion of divisor theory for tropical curves with respect to an open cover as well
as a discrete version for graphs. For a fixed graph G, sink q, and simplicial complex ∆, the
∆-critical configurations interpolate between the recurrent configurations and the superstable
configurations. All such interpolations are equinumerous with the set of spanning trees in the
graph.

Theorem 1.2 ([Bac12, Theorem 1,Lemma 2],[CPS12, Section 3]). For each fixed sink vertex q
and simplicial complex ∆ on V ′, every chip configurationD is equivalent to a unique ∆-critical
configuration.

Corollary 1.3. The number of ∆-critical configurations is the number of spanning trees of G.

An explicit bijection between ∆-critical configurations and spanning trees was provided
in [Bac12].

The motivating idea for the present work was to specialize this construction toG = K1+n and
take ∆ to be the k-skeleton of the full complex (so ∆ consists of all subsets of {1, 2, . . . , n} of

1The first author thanks Lionel Levine for first observing the connection between these works.
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size between 1 and k+1). (See closely related work in [AdDL16, DL13].) The advantage of this
setup is that∆ is invariant under Sn, so we are able to investigate not only the corresponding gen-
eralization of classical parking functions, but also the analogues of Dyck paths (the Sn-orbits of
the parking functions), which connect to combinatorial representation theory and adjacent fields.
These objects admit an intrinsic description without any reference to chip firing. As described in
Theorems 3.2 and 4.4, our construction extends to generalizations of rational parking functions
and trapezoidal lattice paths that go beyond the framework previously studied in [Bac12]. How-
ever, as noted at the end of Section 1.1, some choices of G lead to collections of paths that are
infinite, illustrating that there are limits to the extent to which this framework can be viewed as
generalizing rational parking functions. See [BLW]. We are hopeful that these objects will find
applications in the study of q, t-Catalan combinatorics, where parking functions and Dyck paths
have previously been utilized. Section 5 explains how the q, t-Catalan dinv statistics interact
nicely with our k-skeletal constructions, allowing us to define k-skeletal versions of the t = 1
specialization of the q, t-Catalan that are independent of k.

2. G-Valued chip firing and skeletal chip configurations

This section introduces a generalization of chip firing based on an additive subgroup G of R
(cf. [LP09]). This framework motivates our study of skeletal paths and skeletal functions in
subsequent sections. After introducing the framework, defining skeletal chip configurations,
and proving some basic properties, we discuss how the theory from Section 1.2 can be adapted
to the setting of G-valued chip configurations. While we focus on chip firing on the complete
graph, Section 2.6 outlines how to extend the ideas of this section to more general graphs.

2.1. Chip-firing framework

We assume this setup: G is a fixed additive subgroup of R, n is a positive integer, and c,m ∈ G
are parameters with c > 0 andm ⩾ 0. We study the following chip-firing model built from these
parameters. LetKn+1 be the complete graph with vertex set {0, 1, 2, . . . , n}, where 0 is a special
vertex called the sink. For each i ̸= j between 1 and n, the edge from i to j has capacity m.
For each i between 1 and n, the edge from i to 0 has capacity c. A chip configuration on Kn+1

with values in G is a function D : [n] → G, where [n] = {1, 2, . . . , n}. We think of D(i) as
the chip count at vertex i, which might be negative or non-integral (depending on G). Our chip
configurations do not record the chip count at the sink vertex 0. The chip configuration D is
nonnegative (written D ⩾ 0) iff D(i) ⩾ 0 for all i ∈ [n].

We introduce an operation ϕi on chip configurations called firing at vertex i. By definition,
ϕi(D) is the configuration obtained from D by decreasing D(i) by m(n − 1) + c and increas-
ing D(j) by m for all j ̸= i in [n]. Intuitively, when vertex i fires, it sends m chips along each
of the n− 1 edges to other j ∈ [n], and it sends c chips to the sink. We say a vertex i ∈ [n] can
legally fire iff D(i) ⩾ m(n− 1) + c. If D ⩾ 0 and vertex i can legally fire, then ϕi(D) ⩾ 0.

More generally, suppose S is a nonempty subset of [n] of size |S|. The operation ϕS (firing
at vertex set S) acts on any D by decreasing D(i) by m(n − |S|) + c for each i ∈ S and
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Figure 2.1: The labeled lattice path for the configuration D in Example 2.1.

increasing D(j) by m|S| for all j ∈ [n] \ S. We say S can legally fire in configuration D
iffD(i) ⩾ m(n−|S|)+ c for all i ∈ S. IfD ⩾ 0 and subset S can legally fire, then ϕS(D) ⩾ 0.

Next, let T be a nonempty subset of [n] of size |T |. The operation βT (borrowing at vertex
set T ) acts on any D by increasing D(i) by m(n− |T |) + c for each i ∈ T and decreasing D(j)
by m|T | for all j ∈ [n] \ T . Evidently, βT is the two-sided inverse of ϕT when acting on all (not
necessarily nonnegative) chip configurations. We say T can legally borrow in configuration D
iffD(j) ⩾ m|T | for all j ∈ [n] \T . IfD ⩾ 0 and subset T can legally borrow, then βT (D) ⩾ 0.

Consider any chip configuration D : [n] → G. Given v, z ∈ [n], we say that v is poorer
than z (and z is richer than v) to mean: D(v) < D(z), or D(v) = D(z) and v < z. We can
visualize D as a labeled path in the plane, as follows. Place the vertices in rows 1 through n
(where row i is between the lines y = i− 1 and y = i) in order from poorest to richest. Let each
vertex v ∈ [n] with chip count D(v) be the label attached to a north step on the line x = D(v).
By our definition, if several vertices have equal chip count, they appear in the same column with
labels increasing from bottom to top. Finally, connect the n north steps with east steps to get
a path proceeding northeast. If D ⩾ 0, then this path may start at the origin. For any chip
configuration D, let LP(D) be the associated labeled path. Let xi(D) be the x-coordinate of
the north step of LP(D) starting on the line y = i. Equivalently, xi(D) is the chip count at
the (i+ 1)th poorest vertex of D.

Example 2.1. Let G = Z, n = 6,m = 2, c = 4, andD = (D(1), . . . , D(6)) = (4, 1, 5, 5, 14, 8).
We may identify π(D) with the lattice path ENEEENENNEEENEEEEEEN, where the north
steps are labeled 2, 1, 3, 4, 6, 5 from bottom to top. See Figure 2.1. Note that we also
have (x0(D), x1(D), . . . , x5(D)) = (1, 4, 5, 5, 8, 14). In D, vertex 5 can fire since it has 14
chips. Firing vertex 5 would change D to ϕ5(D) = (6, 3, 7, 7, 0, 10). In D, no 2-element sub-
set can legally fire since both vertices in the subset would need at least 12 chips. Similarly, for
all f ⩾ 2, no f -element subset can legally fire in D.
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2.2. Skeletal chip configurations

For k ∈ {0, 1, . . . , n− 1}, a chip configuration D is called k-skeletal iff these conditions hold:

(C0) D ⩾ 0.

(C1) For all S ⊆ [n], if 0 < |S| ⩽ k + 1, then S cannot legally fire in configuration D.

(C2) For all nonempty T ⊆ [n], if T can legally borrow in configuration D, then there
exists S ⊆ [n] such that 0 < |S| ⩽ k + 1 and S can legally fire in configuration βT (D).

Condition (C2) says that (C1) fails for every configuration reachable from D by a legal borrow
move.2 Let SKCk be the set of k-skeletal chip configurations.
Remark 2.2. To motivate these conditions, consider the classical cases whereG = Z, c = m = 1,
and k ∈ {0, n−1}. In the case k = n−1, condition (C1) says thatD is superstable (no nonempty
subset can legally fire) and condition (C2) automatically holds (take S = T ). In the case k = 0,
condition (C1) says that D is stable (no single vertex can legally fire) while condition (C2)
amounts to Dhar’s Criterion for configuration D to be recurrent [Dha90].

Our enumerative result for k-skeletal chip configurations is the following.

Theorem 2.3. For fixed G, n, c,m, | SKCk | is independent of k (possibly infinite). There are
canonical bijections between the various sets SKCk. In the caseG = Z, | SKCk | = c(mn+c)n−1

for k = 0, 1, . . . , n− 1.

We prove this theorem in Section 4.5 by reducing it to an analogous theorem for k-skeletal
functions, which are defined later. To prepare for that proof, and to motivate the definition of
k-skeletal paths, here we derive conditions equivalent to (C1) and (C2) that are simpler to check
from the labeled lattice path representingD. This discussion culminates in Theorem 2.10 below.

2.3. Analysis of condition (C1)

Lemma 2.4. Let D : [n] → G be a nonnegative chip configuration. D satisfies condition (C1)
iff the labeled path LP(D) satisfies this condition:

(C1′) The last k + 1 north steps of LP(D) all start strictly left of the line x = my + c.

Proof. Given D ⩾ 0 and a fixed integer f with 0 < f ⩽ n, the following statements are
equivalent:

(a) There exists an f -element subset S of [n] that can legally fire in D.

(b) The set of f richest vertices in [n] can legally fire in D.
2Inspired by conversations with the first author and Sam Hopkins, Dochtermann [Doc17] investigated functions

which satisfy (C0) and (C1), but not (C2). When one drops condition (C2) the resulting objects are determined
by monomial ideals and thus amenable to techniques from commutative algebra. This line of inquiry was further
pursued by Dochtermann and King [DK21] as well as by Kumar, Lathar, and Roy [KLS21, KLR22, Roy20].



12 Spencer Backman et al.

(c) The f th richest vertex in D has at least m(n− f) + c chips.

(d) xn−f (D) ⩾ m(n− f) + c.

(e) The point (xn−f (D), n− f) lies weakly right of the line x = my + c.

Negating each statement, we deduce: no f -element subset S of [n] can legally fire in configu-
ration D iff the point (xn−f (D), n − f) lies strictly left of the line x = my + c. Applying this
to f = 1, 2, . . . , k + 1, we see that Conditions (C1) and (C1′) are equivalent.

The following notation will be convenient. GivenD : [n]→ G, define gi(D)=mi+c−xi(D)
for 0 ⩽ i < n. We call G(D) = (g0(D), . . . , gn−1(D)) the area vector of D. The configuration
in Example 2.1 has area vector (3, 2, 3, 5, 4, 0). With this notation, Condition (C1′) for LP(D)
is equivalent to this condition:

(C1′′) The last k + 1 entries in G(D) are strictly positive.

2.4. Analysis of condition (C2)

We next develop a simplified version of Condition (C2). First we need a lemma characterizing
when there exists a p-element subset T of [n] such that T can legally borrow in D.

Lemma 2.5. Let D : [n]→ G be nonnegative. For all p ∈ {1, 2, . . . , n},

(some p-element subset T of [n] can legally borrow in D) iff (p = n or gp(D) ⩽ c). (2.1)

In (2.1) and below, we only evaluate the second clause of the OR-statement when p < n.

Proof. In the case p = n, the set T = [n] can always legally borrow. In the case 1 ⩽ p < n, the
following statements are equivalent:

(a) There exists T ⊆ [n] with |T | = p such that T can legally borrow in D.

(b) There exist n− p vertices in [n] that each have at least mp chips in D.

(c) The richest n− p vertices in D each have at least mp chips.

(d) The (p+ 1)th poorest vertex in D has at least mp chips.

(e) xp(D) ⩾ mp.

(f) mp+ c− gp(D) ⩾ mp.

(g) gp(D) ⩽ c.

Condition (e) says that the point (xp(D), p) on LP(D) lies weakly right of the line x = my.

Example 2.6. For the configuration D in Example 2.1, we can find subsets of size 1, 2, 4, 5,
and 6 that can legally borrow. But no such subset exists of size p = 3, since g3(D) = 5 > 4 = c.
Indeed, vertices 1, 2, 3, and 4 each have fewer than 6 chips, so T would need to include all of
these vertices for βT to be legal. But then T has size larger than 3.
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The next result gives a simplification of Condition (C2) reminiscent of Dhar’s Criterion in
the classical case.

Lemma 2.7. For any chip configuration D ⩾ 0, Condition (C2) is equivalent to this condition:

(C2′) For all p ∈ {1, 2, . . . , n}, if (p = n or gp(D) ⩽ c) and gp−1(D) > c and T is the set of p
poorest vertices of D, then configuration βT (D) fails Condition (C1).

Proof. Fix p ∈ {1, 2, . . . , n}. The idea of the proof is to reduce the number of p-element sub-
sets T that we must consider when checking Condition (C2). This condition involves the follow-
ing IF-statement: “If βT is legal for D, then there exists S ⊆ [n] with 0 < |S| ⩽ k + 1 where S
can legally fire in βT (D).” This IF-statement is automatically true in certain cases, listed next.

(i) In the case p < n and gp(D) > c: βT is not legal (by (2.1)), so the IF-statement is true.

(ii) In the case where βT is legal and some v ∈ T has D(v) ⩾ m(p − 1): borrowing at T
increases the chip count at v to be at leastm(n−1)+c. So the IF-statement can be fulfilled
by taking S = {v}.

(iii) In the case where βT is legal and gp−1(D) ⩽ c: the pth poorest vertex in D has chip
count xp−1(D) = m(p − 1) + c − gp−1(D) ⩾ m(p − 1). As T has size p, some vertex
in T must have at least m(p − 1) chips. Thus, the preceding case (ii) applies, and the
IF-statement in (C2) is true.

(iv) In the case where βT is legal and gp−1(D) > c and T is not the set of p poorest ver-
tices in D: T must contain some v outside this set, so p < n, gp(D) ⩽ c (by (2.1)),
and D(v) ⩾ xp(D) = mp+ c− gp(D) ⩾ mp ⩾ m(p− 1). So Case (ii) applies, and the
IF-statement in (C2) is true.

Removing all these cases, and letting p vary, we conclude that Conditions (C2) and (C2′) are
equivalent.

2.5. Effect of βT on area vectors

In the situation where the hypotheses of Condition (C2′) hold, the borrow move βT has a simple
effect on the area vector of D.

Lemma 2.8. Suppose D satisfies Conditions (C0) and (C1), and p and T satisfy the hypothesis
of (C2′). If D has area vector (g0, g1, . . . , gn−1), then βT (D) has area vector (gp, . . . , gn−1,
g0 − c, . . . , gp−1 − c).

Proof. We are assuming T is the set of p poorest vertices in D. Let T ′ = [n] \ T be the set
of n − p richest vertices in D. For all v ∈ T , D(v) ⩾ 0. Borrowing at T shifts all chip counts
in T up by m(n − p) + c, so βT (D)(v) ⩾ m(n − p) + c for all v ∈ T . On the other hand, for
all z ∈ T ′, D(z) ⩽ xn−1(D) < m(n− 1) + c because D satisfies Condition (C1′). Borrowing
at T shifts all chip counts in T ′ down by mp, so βT (D)(z) < m(n− p− 1) + c for all z ∈ T ′.
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It follows that the list of vertices in βT (D), from poorest to richest, consists of T ′ (ordered as
in D) followed by T (ordered as in D).

For brevity, write gi for gi(D), xi for xi(D), g∗i for gi(βT (D)), and x∗i for xi(βT (D)). We
must prove (g∗0, . . . , g∗n−1) = (gp, . . . , gn−1, g0−c, . . . , gp−1−c). For i in the range 0 ⩽ i < n−p,
x∗i = xp+i −mp, so

g∗i = mi+ c− x∗i = m(p+ i) + c− xp+i = gp+i.

For i in the range n− p ⩽ i < n, x∗i = xi−(n−p) +m(n− p) + c, so

g∗i = mi+ c− x∗i = m(i− (n− p))− xi−(n−p) = gi−(n−p) − c.

Example 2.9. In Example 2.1, we can take p = 4, T = {2, 1, 3, 4}, and apply βT to D to
get βT (D) = (12, 9, 13, 13, 6, 0). This converts the area vector (3, 2, 3, 5, 4, 0) for D to the area
vector (4, 0,−1,−2,−1, 1) for βT (D) by cyclically shifting p = 4 steps left, then subtract-
ing c = 4 from the last 4 entries.

The next theorem summarizes our results so far.

Theorem 2.10. Suppose 0 ⩽ k ⩽ n − 1 and D : [n] → G is a nonnegative chip configuration
with area vector G(D) = (g0, g1, . . . , gn−1). The configuration D is k-skeletal if and only if:

• the last k + 1 entries of G(D) are > 0; and

• for every p ∈ [n] satisfying (p = n or gp ⩽ c) and gp−1 > c, one of the last k + 1 entries
in (gp, . . . , gn−1, g0 − c, . . . , gp−1 − c) is ⩽ 0.

This reduces the study of k-skeletal chip configurations to the study of area vectors (or equiv-
alently, unlabeled paths), which we pursue in Section 3. This ultimately leads to a bijective proof
of Theorem 2.3 and its analogues for unlabeled and labeled paths.

2.6. General G-valued chip firing

So far, we have studied chip configurations with values in G only for certain weighted complete
graphs with a sink vertex. Here we briefly indicate how to extend the general setup of Section 1.2
to the setting of G-valued chip configurations.

Let G be an additive subgroup of R. A G-weighted graph is a simple graph G = (V,E)
together with a weight function wt : E → G ∩ R>0 that assigns a positive weight in G to each
edge of G. Let (v1, v2, . . . , vN) be a fixed total ordering of V . The Laplacian of the G-weighted
graph G is the N ×N matrix L with entries

Li,j =

{∑
e: e touches vi wt(e) if i = j;

−wt(e) if i ̸= j and e = {vi, vj} ∈ E.

The restriction to simple graphs is no real loss of generality. To model graphs with multiple
edges between the same two vertices, we combine all those edges into a single edge whose
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weight is the sum of the original edge weights. This modification produces a simple graph with
the same Laplacian as the original graph.

A G-valued chip configuration is a function D : V → G. Chip configurations D and D∗ are
chip-firing equivalent ifD−D∗ ∈ L(ZN). The chip-firing group of the edge-weighted graphG
is Pic(G,wt) = GN/L(ZN). This group, which may no longer be discrete, is the Z-cokernel
of the Laplacian. Define Pic0(G,wt) to be the subgroup of Pic(G,wt) consisting of classes
represented by degree-zero chip configurations. Given a sink q ∈ V and an abstract simplicial
complex ∆ on V ′ = V \ {q}, we define ∆-critical configurations exactly as in Section 1.2. It
would be interesting to see if Theorem 1.2 extends to the setting of G-valued chip configurations.
Our analysis of k-skeletal objects proves this result in the special cases where G is a complete
graph (with sink and weights as described earlier) and∆ is the (k+1)-skeleton of V ′, namely the
set of all nonempty subsets of V ′ of size k+1 or less. This is the origin of the term “k-skeletal”
for the various combinatorial collections considered here.

3. Skeletal paths

This section can be read independently of Section 2, although that section provides motivation
for the concepts defined here.

3.1. Definitions and main result

We first introduce certain paths that generalize lattice paths. Throughout, n is a fixed positive
integer and G is an additive subgroup of R (typically G = Z or G = R). Formally, we define a
path of height nwith values in G to be a set π = {(xi, i) : i = 0, 1, 2, . . . , n−1} of n points inR2

such that x0 ⩽ x1 ⩽ · · · ⩽ xn−1 and all xi ∈ G. Informally, we make the picture of the path π
by drawing n unit-length north steps from (xi, i) to (xi, i + 1) for 0 ⩽ i ⩽ n − 1, and drawing
east steps connecting (xi, i+ 1) to (xi+1, i+ 1) for 0 ⩽ i < n− 1. The points (xi, i) are called
the vertices of the path π. The formal definition focuses on these vertices (the starting points of
the north steps) to make connections to parking functions and chip-firing configurations more
transparent and to avoid ambiguities involving initial east steps and final east steps.

We say the path π = {(x0, 0), . . . , (xn−1, n − 1)} is nonnegative if x0 ⩾ 0. For such a
path, we often draw an initial east step from (0, 0) to (x0, 0). For sets of paths where there is a
known upper bound M for all xi, we may also draw a final east step from (xn−1, n) to (M,n).
When G = Z, nonnegative paths can be identified with classical lattice paths, which
are sequences of unit-length north steps and unit-length east steps starting at the origin. We
write Pn = Pn(G) for the set of all paths of height n with values in G.

Example 3.1. Figure 3.1 shows the nonnegative path {(1/2, 0),(3/2, 1),(3/2, 2),(3, 3)}∈P4(Q)
with its vertices marked by dots.

Fix parameters c,m ∈ G with c > 0 and m ⩾ 0. The reference line for these parameters is
the line with equation x = my + c. For each integer k ∈ {0, 1, . . . , n − 1}, a path π ∈ Pn is
called a k-skeletal path (for parameters c and m) if and only if these conditions hold:

(P0) π is nonnegative.
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0 1 2 3

Figure 3.1: Picture of the nonnegative path {(1/2, 0), (3/2, 1), (3/2, 2), (3, 3)}.

(P1) The last k + 1 north steps of π all start strictly left of the line x = my + c.

(P2) There do not exist k + 1 consecutive rows such that the north steps of π in those rows all
start strictly left of the line x = my.

In terms of the vertices (xi, i) of π, Condition (P0) requires that x0 ⩾ 0. Condition (P1) requires
that xi < mi + c for all i in {n − 1, n − 2, . . . , n − (k + 1)}. In the special case G = Z,
we could equivalently require xi ⩽ mi + c − 1, but the general case requires the strict in-
equality. Condition (P2) requires that for any i in {0, 1, . . . , n − (k + 1)}, there must exist j
in {i, i + 1, i + 2 . . . , i + k} with xj ⩾ mj. Let SKPk = SKPk(G, n; c,m) be the set of
k-skeletal paths of height n with parameters c and m and values in G. The main theorem of this
section is the following:

Theorem 3.2. For all k, k′ ∈ {0, 1, . . . , n − 1}, there is a canonical bijection from SKPk

to SKPk′ .

The proof of Theorem 3.2 appears in Sections 3.2 through 3.5. In Section 3.2 we introduce
the notion of an area vector g associated with a path and rephrase Conditions (P0), (P1), and (P2)
in terms of area vectors. In Section 3.3 we introduce certain equivalence classes of area vectors
that, by Theorem 3.10 of that section, contain exactly one k-skeletal area vector for each k be-
tween 0 and n−1. The bijection of Theorem 3.2 thereby arises by mapping any given k-skeletal
area vector to the corresponding k′-skeletal area vector in its equivalence class. Thus, the proof
of Theorem 3.2 is reduced to that of Theorem 3.10, which is carried out in Sections 3.4 and 3.5.

Before continuing on to the proof of Theorem 3.2, we consider its enumerative consequences
for the case of G = Z.

Corollary 3.3. When G = Z, the number of k-skeletal paths is given by an m-ballot number:
for all k between 0 and n− 1,

| SKPk | =
c

(m+ 1)n+ c

(
(m+ 1)n+ c

n

)
. (3.1)

Proof. For k = n − 1, equation (3.1) is a classical result. Condition (P1) restricts atten-
tion to paths whose north steps start at points (x, y) ∈ Z2 with x < my + c, or equiva-
lently x ⩽ my + c− 1. Condition (P2) is automatically satisfied since the first north step of any
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such path starts at (x0, 0) with x0 ⩾ 0. We can identify these paths with lattice paths from (0, 0)
to (mn+ c− 1, n) contained in the trapezoidal region

T = {(x, y) ∈ R2 : 0 ⩽ y ⩽ n, 0 ⩽ x ⩽ my + c− 1}.

The stated formula for the number of such lattice paths can be shown by induction (see, for
example, [Loe17, Theorem 2.27]).

For k < n− 1, the claimed enumeration follows from the case of k = n− 1 along with the
bijection from Theorem 3.2.

Remark 3.4. When k = 0, we can interpret SKP0 as counting lattice paths in a rotated version
of the trapezoid T referenced in the proof of Corollary 3.3. By adjusting east steps we obtain a
lattice path from (−m, 0) to (mn−m+ c−1, n). Under this bijection, SKP0 is the set of lattice
paths contained in the region {(x, y) ∈ R2 : 0 ⩽ y ⩽ n, my−m ⩽ x ⩽ mn−m+c−1}. This
is T rotated 180 degrees about the point 1

2
(mn −m + c − 1, n). Figure 3.2 gives an example

where n = 2, c = 1, and m = 2.

SKP

1

0

SKP

Figure 3.2: Illustration of the duality between SKP0 and SKPn−1 in the case of n = 2, m = 2,
and c = 1 as described in Remark 3.4. The black portion of each path in SKP0 can be found,
after a 180-degree rotation, as the black portion of the corresponding path in SKP1.

Example 3.5. Let G = Z, n = 3, and c = m = 1. The reference line is x = y + 1. Here,
we can view skeletal paths as lattice paths from (0, 0) to (3, 3) with three unit-length north steps
and three unit-length east steps. We find

SKP0 = {NENENE,ENENNE,NEENNE,ENNENE,EENNNE},
SKP1 = {NENENE,NENNEE,NNEENE,ENNENE,ENNNEE},
SKP2 = {NENENE,NENNEE,NNEENE,NNENEE,NNNEEE},

as illustrated in Figure 3.3. The set SKP2 consists of Dyck paths in the triangle bounded
by x = 0, y = 3, and x = y. Note these paths can touch the line x = y but are strictly left
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of the reference line x = y + 1. Adjusting east steps in SKP0 to get paths from (−1, 0) to (2, 3)
as described in Remark 3.4, we get

{ENENEN,ENEENN,EEENNN,EENENN,EENNEN},

which is the set of rotated Dyck paths in the triangle bounded by x = y − 1, y = 0, and x = 2.

SKP

SKP

SKP

0

1

2

Figure 3.3: The three collections of paths from Example 3.5.

When G is a non-cyclic subgroup of R, the collections of k-skeletal paths are infinite, but
Theorem 3.2 still applies. We could obtain finite subcollections by imposing the extra require-
ment that all north steps of paths have integer x-coordinates. However, Theorem 3.2 no longer
holds in this setting, as seen in the next example.

Example 3.6. Let G = Q, n = 2, m = 3/2 and c = 1/2. When k = 0, there are three
lattice paths (consisting of unit-length east steps and north steps) that satisfy Condition (P1),
namely ENNEE, NENEE, and NNEEE. None of these paths satisfy Condition (P2). But
for k = 1, the two lattice paths NENEE and NNEEE satisfy both conditions. Compare to Ex-
ample 3.11 below, which finds the (non-integral) 0-skeletal objects corresponding to these two
paths.

3.2. Area vectors

To study skeletal paths, we develop a bijection between paths of height n and the area vectors
defined next. An area vector is an n-tuple g = (g0, g1, . . . , gn−1) ∈ Gn such that gi+1 ⩽ gi +m
for 0 ⩽ i < n− 1. Let AVn be the set of all such area vectors (AVn also depends on m and G).
We call g ∈ AVn a Dyck vector iff all gi > 0.

For a path π = {(xi, i)} ∈ Pn, define the area vector of π to be

G(π) = (g0, g1, . . . , gn−1), where gi = mi+ c− xi for 0 ⩽ i < n.
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Each gi is the signed horizontal distance from vertex (xi, i) to the reference line x = my + c.
Since m, c belong to the subgroup G, xi is in G iff gi is in G. The inequality xi ⩽ xi+1 is
equivalent to gi+1 ⩽ gi +m. It follows that G : Pn → AVn is a bijection. From the definition
of gi, we also deduce: x0 ⩾ 0 iff g0 ⩽ c; xi < mi + c iff gi > 0; xi < mi iff gi > c. Thus, we
can rephrase the definition of skeletal paths in terms of area vectors, as follows.

Proposition 3.7. Let g = (g0, g1, . . . , gn−1) be the area vector of a path π. The path π is a
k-skeletal path (for parameters c and m) if and only if these conditions hold:

(A0) g0 ⩽ c.

(A1) The last k + 1 entries gn−1, . . . , gn−(k+1) of g are all strictly positive.

(A2) There do not exist k + 1 consecutive entries gi, . . . , gi+k in g that all strictly exceed c.

We call g ∈ AVn a k-skeletal area vector iff g satisfies (A0), (A1), and (A2). Let SKVk be
the set of such area vectors.

Example 3.8. Let G = Z, n = 3, and c = m = 1. The k-skeletal paths found in Example 3.5
correspond to the following area vectors:

SKV0 = {(1, 1, 1), (0, 0, 1), (1, 0, 1), (0, 1, 1), (−1, 0, 1)},
SKV1 = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (0, 1, 1), (0, 1, 2)},
SKV2 = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2), (1, 2, 3)}.

Example 3.9. Let G = Z, n = 14, c = 4, and m = 1. Consider the path π = {(xi, i)}, where

(x0, x1, . . . , x13) = (0, 0, 0, 4, 4, 4, 5, 9, 13, 13, 13, 13, 13, 14).

Viewing π as a lattice path from (0, 0) to (14, 14) as shown in Figure 3.4, we have

π = NNNEEEENNNENEEEENEEEENNNNNEN.

The area vector of π isG(π) = (4, 5, 6, 3, 4, 5, 5, 2,−1, 0, 1, 2, 3, 3). SinceG(π) ends in exactly
four positive entries, Condition (A1) holds for all k ⩽ 3. SinceG(π) contains subsequences 5, 6
and 5, 5 but no longer consecutive subsequence of entries exceeding 4, Condition (A2) holds for
all k ⩾ 2. Thus, the path π and area vector G(π) are k-skeletal for k = 2, 3 (only).

3.3. Cycling operator on area vectors

Define the cycling operator C : Gn → Gn by

C(g0, g1, . . . , gn−1) = (g1, . . . , gn−1, g0 − c).

C is a bijection with inverse C−1(h0, h1, . . . , hn−1) = (hn−1 + c, h0, h1, . . . , hn−2). We write
C2 = C ◦ C, C−2 = C−1 ◦ C−1, and so on.
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Figure 3.4: The path π from Example 3.9.

For g=(g0, g1, . . . , gn−1) ∈ Gn, define |g|=g0+g1+· · ·+gn−1. We see that |C(g)|= |g| − c.
For g, h ∈ Gn, write g ⪰ h to mean |g| ⩾ |h|. Define pos(g) ∈ {0, 1, . . . , n} to be the largest
integer ℓ such that the last ℓ entries of g are strictly positive. Observe that g is a Dyck vector
iff pos(g) = n.

Define S = {g ∈ AVn : g0 ⩽ c and gn−1 > 0}. Elements of S are the area vectors
of nonnegative paths π whose last vertex is strictly left of the reference line. For any path π
satisfying Conditions (P0) and (for some k) (P1), G(π) belongs to S. Define an equivalence
relation ∼ on S as follows: for g, h ∈ S, g ∼ h means h = Cj(g) for some j ∈ Z. Informally,
this says that we can go from g to h by applying C or C−1 finitely many times, noting that some
intermediate vectors along the way might not belong to S. Since applying C to g decreases |g|,
each equivalence class of ∼ is totally ordered by the relation ⪰.

Theorem 3.10. For each k ∈ {0, 1, . . . , n − 1}, each equivalence class T of ∼ in S contains
exactly one k-skeletal area vector, namely the least g in T (relative to⪰) satisfying pos(g) > k.

Theorem 3.2 follows immediately from Theorem 3.10:

Proof of Theorem 3.2. We define a bijection SKPk → SKPk′ by mapping each k-skeletal path π
to the unique k′-skeletal path π′ with G(π′) ∼ G(π).

Example 3.11. Let G = Q, n = 2, m = 3/2 and c = 1/2. Two of the infinitely many 1-
skeletal area vectors for these parameters are g = (1/2, 2) and g′ = (1/2, 1). These area vectors
correspond to the two lattice paths NNEEE and NENEE from Example 3.6. Applying C to g six
times leads to the 0-skeletal area vector (−1, 1/2) in the same equivalence class as g. ApplyingC
to g′ twice leads to the 0-skeletal area vector (0, 1/2).

The remaining two subsections contain the proof of Theorem 3.10.
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3.4. Preliminary lemmas

Lemma 3.12. For all g = (g0, g1, . . . , gn−1) ∈ S and all j ∈ Z, Cj(g) belongs to AVn.

Proof. Write j = ne+ p, where e ∈ Z and 0 ⩽ p < n. If p = 0, then

Cj(g) = Cne(g) = (g0 − ec, g1 − ec, . . . , gn−1 − ec). (3.2)

Because g ∈ S, we know gi+1 ⩽ gi +m for 0 ⩽ i < n− 1. Adding −ec to both sides of these
inequalities, we see that Cj(g) is an area vector. If 0 < p < n, then

Cj(g) = Cne+p(g) = (gp − ec, . . . , gn−1 − ec; g0 − (e+ 1)c, . . . , gp−1 − (e+ 1)c). (3.3)

Each pair of consecutive entries separated by a comma satisfies the needed inequality
to be an area vector, as we see by adding −ec or −(e + 1)c to one of the inequali-
ties gi+1 ⩽ gi + m. We must also check that the pair of entries separated by a semicolon
satisfies g0 − (e+ 1)c ⩽ gn−1 − ec+m, or equivalently g0 −m ⩽ c + gn−1. Because g ∈ S,
this last inequality follows by adding the inequalities g0 ⩽ c and −m ⩽ 0 < gn−1. We even
have the strict inequality g0 − (e+ 1)c < (gn−1 − ec) +m, a fact that we will need later.

Lemma 3.13. Each equivalence class of ∼ in S is finite.

Proof. Consider the equivalence class of some g ∈ S. Since c > 0, there exists j0 ∈ Z>0 so that
for all j ⩾ j0, all entries in Cj(g) are nonpositive. This is clear from formulas (3.2) and (3.3).
Similarly, there exists i0 ∈ Z<0 so that for all i ⩽ i0, all entries in Ci(g) exceed c. By definition
of S, the equivalence class of g must be a subset of the finite set {Cr(g) : i0 < r < j0}.

The next lemma proves the k = n− 1 case of Theorem 3.10.

Lemma 3.14. Each equivalence class T of ∼ contains exactly one Dyck vector.

Proof. Let T be a fixed equivalence class in S. We first show T contains at most one Dyck
vector. Suppose g = (g0, g1, . . . , gn−1) ∈ T is a Dyck vector. Then g0 ⩽ c (since g ∈ S),
so C(g) = (g1, . . . , gn−1, g0 − c) has last entry ⩽ 0. If we continue to apply C, this entry
will move left through the vector, and eventually it cycles back to the right and becomes even
smaller. We see that all vectors following any Dyck vector g in the totally ordered set T are not
Dyck vectors. Thus T cannot contain two different Dyck vectors.

Next we show that T does contain a Dyck vector. Start with any g = (g0, g1, . . . , gn−1) in T .
If g is a Dyck vector, then there is nothing to prove. Otherwise, choose the least integer e > 0
such that

g∗ = C−en(g) = (g0 + ec, g1 + ec, . . . , gn−1 + ec) ∈ Gn

has all positive entries. Note that g∗ may not belong to S. By minimality of e, there must exist j
with 0 < gj + ec ⩽ c. Choose the least such index j, and let

g+ = Cj(g∗) = (gj+ec, gj+1+ec, . . . , gn−1+ec, g0+(e−1)c, g1+(e−1)c, . . . , gj−1+(e−1)c).

In this new vector, the first entry gj + ec is ⩽ c by choice of j. All entries (including the last
one) are strictly positive, by choice of e and j. Also g+ is an area vector by Lemma 3.12. So g+
is in S and is a Dyck vector in T .
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Example 3.15. Let G=Z, n=14, c=4,m=1, and g=(3, 4, 5, 5, 2,−1, 0, 1, 2, 3, 3, 0, 1, 2)∈S.
Following the proof of the lemma, we take e = 1 to get

g∗ = C−14(g) = (7, 8, 9, 9, 6, 3, 4, 5, 6, 7, 7, 4, 5, 6),

which has all positive entries but is not in S. We find j = 5 and set

g+ = C5(g∗) = (3, 4, 5, 6, 7, 7, 4, 5, 6, 3, 4, 5, 5, 2).

This is the unique Dyck vector in S equivalent to g. Starting at g+ and applying C repeatedly,
the equivalence class of g is {g+, g′, g, g′′}, where

g′ = C6(g+) = (4, 5, 6, 3, 4, 5, 5, 2,−1, 0, 1, 2, 3, 3); g = C9(g+);

g′′ = C13(g+) = (2,−1, 0, 1, 2, 3, 3, 0, 1, 2,−1, 0, 1, 1).

We have pos(g+) = 14 = n, pos(g′) = 4, pos(g) = 2, and pos(g′′) = 2. The definition shows
that g+ is k-skeletal for 4 ⩽ k < 14, g′ is k-skeletal for 2 ⩽ k < 4, g is not k-skeletal for any k,
and g′′ is k-skeletal for 0 ⩽ k < 2. This agrees with the conclusion of Theorem 3.10.

Given g ∈ S, the next lemma determines which subsequent objects Cj(g) also belong to S.

Lemma 3.16. Suppose g = (g0, g1, . . . , gn−1) is in S.
(a) For each e > 0, Cen(g) ∈ S if and only if g0 ⩽ (e+ 1)c and gn−1 > ec.
(b) For all e, p with e ⩾ 0 and 0 < p < n, Cen+p(g) ∈ S if and only if gp ⩽ (e + 1)c
and gp−1 > (e+ 1)c.

Proof. Because g ∈ S, Lemma 3.12 shows that all vectorsCj(g) are area vectors. Assertions (a)
and (b) follow at once from (3.2) and (3.3) and the definition of S.

3.5. Analysis of k-skeletal conditions

To finish proving Theorem 3.10, we reformulate the k-skeletal Conditions (A0), (A1), and (A2)
in several ways.

Proposition 3.17. An area vector g = (g0, g1, . . . , gn−1) is k-skeletal iff these conditions hold:

(A0) g0 ⩽ c.

(A1′) pos(g) > k.

(A2′) For all p ∈ {1, 2, . . . , n}, if (p = n or gp ⩽ c) and gp−1 > c, then pos(Cp(g)) ⩽ k.

Proof. Condition (A1) says that the last k+1 entries of g (and perhaps more entries) are strictly
positive, which is equivalent to pos(g) > k, as stated in (A1′). Next, assume g ∈ AVn fails
Condition (A2). Choose i and k so that gi, gi+1, . . . , gi+k all exceed c and either i + k = n− 1
or gi+k+1 ⩽ c. In the case i+ k = n− 1, let p = n. Then gp−1 = gn−1 > c and

Cp(g) = (g0 − c, g1 − c, . . . , gn−1 − c)
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has pos(Cp(g)) > k, which means that Condition (A2′) fails. In the case i + k < n − 1
and gi+k+1 ⩽ c, let p = i+ k + 1. Then gp ⩽ c, gp−1 > c, and

Cp(g) = (gp, . . . , gn−1, g0 − c, g1 − c, . . . , gp−1 − c)

has pos(Cp(g)) > k, so Condition (A2′) fails. Similarly, reversing the reasoning in the two
cases shows that the failure of (A2′) implies the failure of (A2). So Conditions (A2) and (A2′)
are logically equivalent.

Proposition 3.18. An area vector g = (g0, g1, . . . , gn−1) is k-skeletal iff these conditions hold:

(A0) g0 ⩽ c.

(A1′) pos(g) > k.

(A2′′) For all p ∈ {1, 2, . . . , n} such that Cp(g) ∈ S, pos(Cp(g)) ⩽ k.

Proof. Assume g ∈ AVn satisfies (A0) and (A1′), so g ∈ S. We need only confirm that the
hypothesis “if (p = n or gp ⩽ c) and gp−1 > c” in (A2′) is logically equivalent to the con-
dition Cp(g) ∈ S. Consider the case p = n. The hypothesis simplifies to gn−1 > c. Tak-
ing e = 1 in Lemma 3.16(a), Cn(g) ∈ S iff g0 ⩽ 2c and gn−1 > c. The condition g0 ⩽ 2c is
already guaranteed because g0 ⩽ c < 2c (as g ∈ S and c > 0). So Cn(g) ∈ S is equivalent
to gn−1 > c, as needed. Consider the case 0 < p < n. The hypothesis in (A2′) simplifies
to “gp ⩽ c and gp−1 > c.” Taking e = 0 in Lemma 3.16(b), we see this condition is equivalent
to Cp(g) ∈ S.

After one last technical adjustment to Condition (A2), we will be ready to prove Theo-
rem 3.10.

Proposition 3.19. An area vector g = (g0, g1, . . . , gn−1) is k-skeletal iff these conditions hold:

(A0) g0 ⩽ c.

(A1′) pos(g) > k.

(A2′′′) For all p ∈ Z>0 such that Cp(g) ∈ S, pos(Cp(g)) ⩽ k.

Proof. Assume g ∈ AVn satisfies (A0) and (A1′), so g ∈ S. Certainly, if g satisfies (A2′′′),
then g satisfies (A2′′). To prove the converse, assume g fails (A2′′′), meaning there exists p∗ > 0
with Cp∗(g) ∈ S and pos(Cp∗(g)) > k. We prove g fails (A2′′) by finding p ∈ {1, 2, . . . , n}
with Cp(g) ∈ S and pos(Cp(g)) > k.

Case 1: p∗ ⩽ n. Then we take p = p∗.
Case 2: p∗ = en for some e > 1. Here, Cp∗(g) = (g0 − ec, g1 − ec, . . . , gn−1 − ec).

Take p = n, so Cp(g) = (g0 − c, g1 − c, . . . , gn−1 − c). We obtain Cp(g) from Cp∗(g) by
increasing each entry by (e− 1)c > 0. Since pos(Cp∗(g)) > k, the last k + 1 entries of Cp∗(g)
are positive. So the last k+1 entries ofCp(g) are positive, and pos(Cp(g)) > k. SinceCp∗(g) is
in S, Lemma 3.16(a) gives g0 ⩽ (e+ 1)c and gn−1 > ec. Since g0 ⩽ c also, we deduce g0 ⩽ 2c
and gn−1 > c. Lemma 3.16(a) now shows Cp(g) ∈ S, as needed.
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Case 3: p∗ = ne+ r for some e ⩾ 1 and 0 < r < n. By assumption,

Cp∗(g) = (gr − ec, . . . , gn−1 − ec, g0 − (e+ 1)c, . . . , gr−1 − (e+ 1)c)

is in S and its last k+1 entries are positive. ApplyingC−ne toCp∗(g) increases all entries by ec,
leading to the vector

Cr(g) = (gr, . . . , gn−1, g0 − c, . . . , gr−1 − c).

This vector also has its last k + 1 entries positive, but Cr(g) need not be in S because gr > c
could occur. Let ℓ be as large as possible such that the first ℓ entries of Cr(g) strictly exceed c.
We have 0 ⩽ ℓ ⩽ n−r since the (n−r+1)th entry is g0−c, and g0−c ⩽ 0 < c. Let p = r+ℓ,
which is in {1, 2, . . . , n}. We compute

Cp(g) = Cℓ(Cr(g)) = (gp, . . . , gn−1, g0 − c, . . . , gr−1 − c, gr − c, . . . , gp−1 − c).

The ℓ values that cycle to the right end when we pass from Cr(g) to Cp(g) start larger
than c and get decreased by c, so the cycled values are still strictly positive.
So pos(Cp(g))⩾pos(Cr(g))>k. To finish, we show Cp(g) ∈ S. If r < p < n, then Cp(g) ∈ S
because gp ⩽ c (by choice of ℓ) and gp−1 − c > 0 (due to gp−1 being cycled to the right end).
If p = r, then ℓ = 0, so gr ⩽ c and Cp(g) = Cr(g) is in S. If p = n, then Cp(g) ∈ S
because gn−1 − c > 0 (due to gn−1 being cycled to the right end) and g0 − c < g0 ⩽ c.

Proof of Theorem 3.10. Fix k ∈ {0, 1, . . . , n−1} and an equivalence class T of∼. Every g ∈ T
belongs to S and therefore satisfies g0 ⩽ c, as required by (A0). Since applying C decreases |g|,
g satisfies (A1′) and (A2′′′) iff g is the least object in T (relative to ⪰) such that pos(g) > k.
Because T is finite (Lemma 3.13) and contains a Dyck object g+ with pos(g+) = n > k (Lem-
ma 3.14), there exists a unique least g ∈ T with pos(g) > k. This g is the unique k-skeletal area
vector in T .

4. Skeletal functions

This section can be read independently of Section 2, except for §4.5 which contains the proof of
Theorem 2.3.

4.1. Representing functions as labeled paths

We continue to assume G is an additive subgroup of R and n is a fixed positive integer.
Let [n] = {1, 2, . . . , n}, and let Fn = Fn(G) be the set of all functions f : [n] → G. For each
such function f , we define the (unlabeled) path of f to be π(f) = {(xi, i) : 0 ⩽ i < n}, where
x0, x1, . . . , xn−1 is the list of function values f(1), f(2), . . . , f(n) sorted into weakly increasing
order. The labeled path of f is the ordered pair (π(f), w), where w = (w0, w1, . . . , wn−1) is
the unique rearrangement of 1, 2, . . . , n such that f(wi) = xi for all i, and whenever xi = xi+1,
we have wi < wi+1. We call w the label sequence for f . Informally, we draw the labeled path
for f as follows. Put a north step labeled a on the line x = b whenever f(a) = b. Arrange
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these north steps at different heights so that the x-coordinates weakly increase as we move up
the figure, producing a path of height n. For north steps on the same line x = b, make their
labels increase reading from bottom to top. This process defines a bijection from Fn(G) to the
set of labeled paths where all x-coordinates belong to G. The inverse bijection maps a labeled
path to the function f such that f(j) is the x-coordinate of the north step with label j.

Example 4.1. Let G = Z, n = 12, c = 6, and m = 2. Consider the function f with values
shown in Table 4.1. Figure 4.1 shows the labeled path for f . The area vector for the unlabeled
path is

g = (5, 7, 9, 11, 10, 10, 6, 8, 6, 8, 10, 11).

The label sequence of f is w = (4, 7, 8, 11, 1, 3, 2, 5, 6, 9, 12, 10).

Table 4.1: Function analyzed in Example 4.1 and illustrated in Figure 4.1.
a 1 2 3 4 5 6 7 8 9 10 11 12

f(a) 4 12 6 1 12 16 1 1 16 17 1 16
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Figure 4.1: Labeled path for the function in Example 4.1. Labels are placed in blue to the right
of each north step. Entries of the g-vector are listed in each row in red along the line x = 2y+6.

For any path π = {(xi, i)} ∈ Pn, a run of north steps in π is a maximal interval
{i, i + 1, . . . , j} of consecutive indices such that xi = xi+1 = · · · = xj . The length of this
run is j − i + 1, which is the number of north steps of π lying on the line x = xi. Let run(π)
be the multiset consisting of the lengths of all runs of north steps in π. Suppose π has area
vector G(π) = (g0, g1, . . . , gn−1). By definition of G, xi = xi+1 iff gi+1 = gi +m. A run in an
area vector g is a maximal subsequence of consecutive entries in which each successive entry
exceeds the previous one by m. Let run(g) be the multiset of run lengths in g. For all π ∈ Pn,
we have run(π) = run(G(π)).
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An unlabeled path π ∈ Pn may have the form π(f) for several different functions f ∈ Fn.
The run structure of π determines how many such f there are, as follows.

Proposition 4.2. Suppose π ∈ Pn has run(π) = [r1, r2, . . . , ra]. The number of f ∈ Fn

with π(f) = π is the multinomial coefficient
(

n
r1,r2,...,ra

)
.

Proof. Choose distinct z1, z2, . . . , za such that π has ri north steps with x-coordinate zi. A
function f ∈ Fn has π(f) = π iff the word f(1), f(2), . . . , f(n) is a rearrangement of r1 copies
of z1, r2 copies of z2, and so on. The number of such rearrangements is

(
n

r1,r2,...,ra

)
.

Example 4.3. The path π shown in Figure 4.1 has run multiset run(π) = [4, 1, 1, 2, 3, 1]. This
path is π(f) for

(
12

4,1,1,2,3,1

)
= 1663200 choices of f ∈ Fn. The area vector g = G(π) has the

same run multiset as π. We write g = (5, 7, 9, 11, 10, 10, 6, 8, 6, 8, 10, 11), where entries in the
same run are underlined.

4.2. Main result for skeletal functions

A function f ∈ Fn is called k-skeletal (for parameters c and m) iff the unlabeled path π(f) is
k-skeletal. Similarly, a labeled path (π,w) is k-skeletal iff π is k-skeletal. Let SKFk be the set
of k-skeletal functions in Fn with parameters c and m and values in G.

Theorem 4.4. (a) For all k, k′ ∈ {0, 1, . . . , n − 1}, there is a canonical bijection from SKFk

to SKFk′ . (b) When G = Z, for all k ∈ {0, 1, . . . , n − 1}, we have | SKFk | = | SKFn−1 | =
c(mn+ c)n−1.

The equality | SKFn−1 | = c(mn + c)n−1 in (b) is a classical result (compare to the proof
of Corollary 3.3). Specifically, SKFn−1 is the set of trapezoidal parking functions, which are
functions f whose path π(f) stays in the trapezoidal region

{(x, y) ∈ R2 : 0 ⩽ y ⩽ n, 0 ⩽ x ⩽ my + c− 1}.

The stated formula for the number of such functions can be found, for example, in [SW18, The-
orem 1.2].

4.3. Run structure of equivalence classes

The proof of Theorem 4.4 uses the set S and equivalence relation ∼ from Section 3.3.

Lemma 4.5. Let T be an equivalence class of ∼ in S with unique Dyck representative g+. For
every h ∈ T , run(h) = run(g+).

Proof. Let T = {g+ ≻ g1 ≻ g2 ≻ · · · } be the finite sequence of all area vectors in T ordered
by decreasing area. By induction, it suffices to show that if g, h are two consecutive objects in
this sequence, then run(g) = run(h).

Let g = (g0, g1, . . . , gn−1) ∈ T . To reach h from g, we must apply C one or more times.
Choose the largest s so that the first s entries of g are ⩽ c; we have s ⩾ 1 since g0 ⩽ c.
When C cycles these entries to the end, they each become ⩽ 0. So C1(g), . . . , Cs(g) are not
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in S. If s = n, then applying C additional times never leads to an object in S, contradicting the
fact that h follows g in the sequence. So 0 < s < n. Next, choose the largest t so that the t
entries of g scanning forward from gs are > c. We must have t > 0 because s < n. Since
the first entry of any vector in S must be ⩽ c, we must cycle all t of these entries to the end to
reach the next object in S. Thus, h = Cs+t(g) where 0 < s + t ⩽ n. In the case s + t = n,
h = (g0 − c, g1 − c, . . . , gn−1 − c), which certainly has the same run multiset as g. In the
case s+ t < n,

h = (gs+t, . . . , gn−1; g0 − c, . . . , gs+t−1 − c). (4.1)

The key point is that gs+t−1 > c but gs+t ⩽ c, so gs+t cannot be gs+t−1+m. So (g0, . . . , gs+t−1)
is a union of certain runs of g, and the run lengths in this part are unaffected when we subtract c
from every entry. Similarly, (gs+t, . . . , gn−1) contributes the same run lengths to g and to h,
once we notice (using the last sentence of the proof of Lemma 3.12) that gn−1 and g0− c cannot
belong to the same run in h. So run(h) = run(g).

Example 4.6. In Example 3.15, all vectors g+, g′, g, g′′ in the equivalence class have run multi-
set [5, 1, 3, 3, 1, 1].

Example 4.7. Continuing Example 4.1, the path in Figure 4.1 has Dyck area vector

g = g+ = (5, 7, 9, 11, 10, 10, 6, 8, 6, 8, 10, 11) ∈ S.

To reach the next element of S equivalent to g, we must cycle the initial entries less than or equal
to c (namely the first entry 5) and continue to cycle everything after that exceeding c (namely 7,
9, 11, 10 and 10). This leads to

g′ = (6, 8, 6, 8, 10, 11,−1, 1, 3, 5, 4, 4).

Repeating this process, we reach two more area vectors in the equivalence class:

g′′ = (6, 8, 10, 11,−1, 1, 3, 5, 4, 4, 0, 2);

g′′′ = (−1, 1, 3, 5, 4, 4, 0, 2, 0, 2, 4, 5).

We have pos(g) = 12, pos(g′) = 5, pos(g′′) = 1, pos(g′′′) = 3, and all these vectors have
run multiset [4, 1, 1, 2, 3, 1]. So g is k-skeletal for 5 ⩽ k < 12, g′ is k-skeletal for 3 ⩽ k < 5,
g′′ is not k-skeletal for any k, and g′′′ is k-skeletal for 0 ⩽ k < 3. Note that exactly one of
the elements {g, g′, g′′, g′′′} is k-skeletal for each k in the range 0 ⩽ k ⩽ 11, as assured by
Theorem 4.4(a).

4.4. Proof of Theorem 4.4.

Fix k, k′ ∈ {0, 1, . . . , n− 1} and f ∈ SKFk = SKFk(G; c,m). Let g be the area vector of π(f),
and let g′ be the unique k′-skeletal area vector with g′ ∼ g (Theorem 3.2). We can go from g
to g′ by stepping up or down through the equivalence class of g using powers of C−1 or C, as
described in the proof of Lemma 4.5. Each step cycles the area vector in a way that preserves
the run multiset. So we can cycle the labels of the north steps in the same way without violating
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the rules for labeled paths. For example, suppose we start with g = (g0, g1, . . . , gn−1) and label
sequence w = (w0, w1, . . . , wn−1). If the next step replaces g by the h shown in (4.1), then we
replace the label sequence w by (ws+t, . . . , wn−1;w0, . . . , ws+t−1). We eventually reach g′ and
a new label sequence w′, which corresponds to some function f ′ ∈ SKFk′ . The map sending f
to f ′ is the required bijection from SKFk to SKFk′ .

Example 4.8. Let f be the function shown in Table 4.1. The area vector of π(f) is the vector g
from Example 4.7, which is 7-skeletal, so f ∈ SKF7. Let us find the image of f under the
bijection from SKF7 to SKF4. The label sequence of f isw = (4, 7, 8, 11, 1, 3, 2, 5, 6, 9, 12, 10).
When g cycles to g′, the label sequence cycles to w′ = (2, 5, 6, 9, 12, 10, 4, 7, 8, 11, 1, 3). The
labeled path encoded by g′ and w′ is shown in Figure 4.2. The corresponding 4-skeletal function
f ′ has the values shown in Table 4.2.

Table 4.2: Function analyzed in Example 4.8 and illustrated in Figure 4.2.
a 1 2 3 4 5 6 7 8 9 10 11 12

f ′(a) 22 0 24 19 0 4 19 19 4 5 19 4

242220181614121086420

4

4

5

3

1

11

10

8

6

6

2826 30

8

−1

3

1

11

8

7

4

10

12

9

6

5

2

Figure 4.2: Labeled path for the function f ′ in Example 4.7.

Remark 4.9. The symmetric group Sn acts on each set SKFk by permuting the
inputs: σ · f = f ◦ σ−1 for σ ∈ Sn and f ∈ SKFk. To see that σ · f does belong to SKFk,
note that f and σ · f have the same multiset of output values. So the (unlabeled) path of σ · f
equals the path of f , which is k-skeletal by assumption on f .
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4.5. Proof of Theorem 2.3.

Theorem 2.3 is an immediate consequence of Theorem 4.4, once we show that k-skeletal chip
configurations (for given parameters G, n, c,m) are the same thing as k-skeletal functions.
Let D : [n] → G be a chip configuration with area vector g = (g0, . . . , gn−1). On one hand, D
is a k-skeletal function iff g is a k-skeletal area vector iff g satisfies the conditions in Proposi-
tion 3.17. On the other hand, D is a k-skeletal chip configuration iff g satisfies the conditions in
Theorem 2.10. The two sets of conditions are easily seen to be equivalent. This completes the
proof.

We finish this section by elaborating on how the operators C and C−1 furnish the explicit
bijections of Theorem 2.3. The reader may compare this approach to [AdDL16, Sec. 2, Sec.7].
In the special case of c = m = 1 and G = Z, our operatorC is closely related to their ψ andC−1

to their φ.
Fix k between 0 and n − 1, and let SKC+

k be the set of chip configurations D : [n] → G
that satisfy Conditions (C0) and (C1). Define a map U : SKC+

k → SKC+
k as follows. For

all D ∈ SKCk, let U(D) = D. For D ∈ SKC+
k \ SKCk, D must fail Condition (C2). By

the negation of Condition (C2′) in Lemma 2.7, there exists p ∈ [n] such that borrowing at the
poorest p vertices of D produces another configuration D′ satisfying Conditions (C0) and (C1).
Choose the minimal such p, and let U(D) = D′ be the result of applying this borrow move toD.

Next define a “projection operator” U∗ : SKC+
k → SKCk as follows. Starting atD ∈ SKC+

k ,
apply U zero or more times until reaching a configuration in SKCk, and call this configura-
tion U∗(D). An argument like that in Lemma 3.13 shows that a k-skeletal configuration must be
reached in finitely many steps. U∗ is surjective since every k-skeletal configuration maps to itself.
For k′ > k, Condition (C1) for k′ implies Condition (C1) for k; in particular, SKCk′ ⊆ SKC+

k .
Based on theorems proven so far, we can now see that the restriction of U∗ to SKCk′ must be a
bijection from SKCk′ to SKCk. The reason is that each application of U corresponds to applying
some powerCp to the labeled lattice path representingD. We have seen that eachC-equivalence
class of labeled paths contains exactly one k-skeletal configuration and exactly one k′-skeletal
configuration. Thus, the restricted U∗ is one-to-one and onto.

5. q-Analogues of skeletal paths and skeletal functions

Throughout this section, we take G = Z and fix positive integer parameters n,m, c. A statistic
on area vectors is any function stat : AVn → Z⩾0. A q-analogue of | SKVk | is the polynomial
generating function SKVk(q; stat) =

∑
g∈SKVk

qstat(g).
We prove the following q-analogue of Theorem 3.2 and Corollary 3.3.

Theorem 5.1. Suppose F : R → R is a function satisfying F (z) = F (c − z) for all z ∈ R,
and stat : AVn → Z⩾0 satisfies

stat(g0, g1, . . . , gn−1) =
∑

0⩽i<j<n

F (gi − gj). (5.1)

Then for all k ∈ {0, 1, . . . , n− 1}, SKVk(q; stat) = SKVn−1(q; stat). This is a q-analogue of
the m-ballot number c

(m+1)n+c

(
(m+1)n+c

n

)
that is independent of k.
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Proof. Let g = (g0, g1, . . . , gn−1) be any area vector. Since C(g) = (g1, . . . , gn−1, g0 − c), we
have

stat(C(g)) =
∑

1⩽i<j<n

F (gi − gj) +
∑

0<j<n

F (gj − (g0 − c))

=
∑

1⩽i<j<n

F (gi − gj) +
∑

0<j<n

F (c− (g0 − gj))

=
∑

1⩽i<j<n

F (gi − gj) +
∑

0<j<n

F (g0 − gj) =
∑

0⩽i<j<n

F (gi − gj) = stat(g).

Therefore, any area vector h reachable from g by applying powers of C has stat(h) = stat(g).
Recall (from Theorem 3.10 and the following statement) that there is a bijection SKVk→SKVn−1

sending g ∈ SKVk to the unique Dyck area vector h ∈ SKVn−1 with g ∼ h. Using this bijection,
we compute

SKVk(q; stat) =
∑

g∈SKVk

qstat(g) =
∑

h∈SKVn−1

qstat(h) = SKVn−1(q; stat).

Some statistics that arise in the theory of q, t-Catalan numbers have the form (5.1). Con-
sider first the case c = m = 1. Jim Haglund’s celebrated combinatorial formula [Hag04]
for the q, t-Catalan numbers can be written Catn(q, t) =

∑
g∈SKVn−1

qarea(g)tbounce(g),
where area(g0, g1, . . . , gn−1) = g0 + g1 + · · · + gn−1 − n and bounce is a certain statistic
defined on the Dyck path with area vector g. We subtract n in the area formula since we com-
pute area vectors relative to the reference line x = y+ 1, rather than x = y. For instance, under
our conventions, the path NENENE in Figure 3.3 has area vector (1, 1, 1) and area statistic 0.
Under the classical conventions in [Hag08], the area vector of NENENE would be (0, 0, 0).

In a personal communication to Haglund in 2000, Mark Haiman conjectured a companion
formula Catn(q, t) =

∑
g∈SKVn−1

qdinv(g)tarea(g), where dinv(g0, g1, . . . , gn−1) is the number
of pairs i < j with gi − gj ∈ {0, 1}. There is an explicit bijection proving the equivalence
of Haglund’s and Haiman’s formulas [Hag08, Thm. 3.15]. Haiman’s dinv statistic has the
form (5.1) if we take F to be the characteristic function of {0, 1}, namely F (0) = F (1) = 1
and F (z) = 0 for all other real z. The bijection just cited shows that dinv and area are equidis-
tributed on Dyck vectors. Hence, Theorem 5.1 shows that for every k,∑

g∈SKVk

qdinv(g) =
∑

h∈SKVn−1

qarea(h) = Catn(q, 1),

which is the q-analogue of the Catalan numbers first studied by Fürlinger and Hofbauer [FH85].
For parameters m = 1 and c ⩾ 1, we can define dinv(c)(g) to be the number of pairs i < j

with 0 ⩽ gi − gj ⩽ c. In this variation, F (z) = 1 for 0 ⩽ z ⩽ c and F (z) = 0 otherwise. For
parameters c = 1 and m ⩾ 1, we can use the function F (z) = max(0,m + 1/2 − |z − 1/2|).
On integer inputs, F (z) = m + 1 − z for 1 ⩽ z ⩽ m, F (z) = m + z for −m ⩽ z ⩽ 0,
and F (z) = 0 otherwise. So this F recovers the “slope-m dinv statistic” used to define higher-
order q, t-Catalan numbers [Loe05, Sec. 2.1]. For general c,m ∈ Z>0, we can take F to be
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the piecewise linear function that goes from (−m, 0) to (0,m) to (c,m) to (c +m, 0) and is 0
outside this range. Or we may use F (z) = max(0,m+ c/2− |z − c/2|).

The q, t-analogue SKVk(q, t) =
∑

g∈SKVk
qdinv(g)tarea(g) is not independent of k. It would be

interesting to compare the combinatorial properties of these polynomials to q, t-Catalan polyno-
mials and their generalizations. Alternatively, perhaps there is a k-skeletal variation of the area
statistic on SKVk which, when paired with dinv, does give the q, t-Catalan polynomial for ev-
ery k. The q, t-Catalan numbers satisfy the joint symmetry property Catn(q, t) = Catn(t, q).
This joint symmetry is not true for k < n− 1, as seen in the next example.

Example 5.2. By computing dinv for the paths shown in Figure 3.3 from left to right, we find

SKV0(q) = SKV1(q) = SKV2(q) = q3 + q1 + q2 + q1 + q0

= 1 + 2q + q2 + q3 = Cat3(q, 1) = Cat3(1, q).

On the other hand,

SKV0(q, t) = q3t0 + q1t−2 + q2t−1 + q1t−1 + q0t−3;

SKV1(q, t) = q3t0 + q1t1 + q2t1 + q1t−1 + q0t0;

SKV2(q, t) = q3t0 + q1t1 + q2t1 + q1t2 + q0t3 = Cat3(q, t) = Cat3(t, q).

For general n, the duality property (cf. Figure 3.2) implies that SKV0(q, t
−1) = SKVn−1(q, t) =

Catn(q, t). Indeed, using the classical version of area vectors, rotating the Dyck path replaces
the classical area vector (g0, g1, . . . , gn−1) by (−gn−1, . . . ,−g1,−g0). This preserves dinv and
negates the area statistic. But for 0 < k < n−1, there are no obvious joint symmetry properties
of SKVk(q, t).

The q, t-Catalan numbers (defined using area and bounce) were given chip-firing interpre-
tations in [DL13]. A result similar to Theorem 5.1 holds for q-analogues of k-skeletal functions.

Theorem 5.3. Extend C to act on pairs consisting of an area vector g and a label sequence w
by writing

C((g0, g1, . . . , gn−1), (w0, w1, . . . , wn−1)) = ((g1, . . . , gn−1, g0 − c), (w1, . . . , wn−1, w0)).

If stat is a statistic on labeled paths that satisfies stat(C(g, w))=stat(g, w) for all inputs (g, w),
then

∑
qstat(g,w) (summed over all pairs (g, w) encoding functions in SKFk) is a

q-analogue of | SKFk | that is independent of k.

This theorem follows from the bijective proof of Theorem 4.4 (Section 4.4).
For example, let m = c = 1 and define dinv(g, w) to be the number of pairs i < j

with gi − gj = 0 and wi < wj , or gi − gj = 1 and wi > wj (see [Hag08, Chapter 5]). It
is easy to check that dinv is preserved by C. The q, t-analogue of classical parking functions
studied in q, t-Catalan theory is

∑
(g,w) q

dinv(g)tarea(g,w) where we sum over labeled Dyck paths
of height n. Setting t = 1 and summing over labeled paths for k-skeletal functions gives a
q-analogue that is independent of k. Here too, perhaps there are variations of area (depending
on k) that pair with dinv to give the same q, t-polynomial for every k.
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6. First-return recursion and bijection

Corollary 3.3 provides an enumeration of the number of k-skeletal paths when G = Z. Here we
give an alternative proof when c = 1 using a generalization of the first-return recursion for the
Catalan numbers.

For any n ⩾ 0 we identify elements of Pn(Z) with the classical lattice paths starting at the
origin. We write Dm

n for the set of augmented m-Dyck paths of height n, that is, the subset of
paths in Pn(Z) that remain weakly above the line x = my except for their last step, which we
require to be an east step ending at (mn+1, n). The cardinality ofDm

n is well known to be given
by the Fuss–Catalan number Cm

n = 1
mn+1

(
mn+n

n

)
(see [Duc00, vF95]). We often identify a path

in Dm
n with a certain string of n north steps and mn + 1 east steps, which may be translated to

a starting point other than the origin in some situations.

Proposition 6.1 (See [Cat87, LF03, Ted11]). For n,m > 0, any π ∈ Dm
n has a unique decom-

position of the form
Nπ1π2 · · · πm+1 (6.1)

where each πj ∈ Dm
pj

for some pj ⩾ 0 and p1 + · · · + pm+1 = n − 1. Furthermore,
if G(π) = (g0, g1, . . . , gn−1), then for any i with 1 ⩽ i ⩽ p1 + · · ·+ pj , gi ⩾ m− j + 2.

Proof. Let π ∈ Dm
n . We note that π begins on the line x = my and ends on the line x = my+1.

Consider any point (x0, y0) on π lying on the line x = my − b for some b ∈ Z. If the next step
in π is a north step, then the next point on π lies on the line x = my − b −m; if an east step,
then the next point on π lies on the line x = my − b+ 1.

Since π stays weakly above x = my except at the end, it must begin with a north step. So the
first point on the path after the starting point of (0, 0) is (0, 1), which is on the line x = my −m.
As π ends at the point (mn + 1, n), which is on the line x = my + 1, it must visit each of the
lines x = my− i at least once, for each i in the range m ⩾ i ⩾ −1. Furthermore, its initial visit
to x = my − j must occur before any visit to x = my − i whenever m ⩾ j > i ⩾ −1.
Letting N denote a north step and E an east step, it follows that π has a unique factoriza-
tion of the form Nπ1π2 · · · πm+1 where for each j with 1 ⩽ j ⩽ m + 1, Nπ1π2 · · · πj is
the shortest initial segment of π ending on the line x = my − m + j. By construction,
each πj ∈ Dm

pj
for some pj ⩾ 0, as otherwise there would be a shorter initial segment ending on

the line x = my −m+ j. Since π ends at (mn+1, n), it follows that p1+ · · ·+ pm+1 = n− 1.
The claimed inequalities satisfied by the area vector follow from the fact that the north steps

in Nπ1 · · · πj (except the first one) all start weakly left of x = my − m + j − 1. So the area
vector entries for this part of the path satisfy

gi = mi+ 1− xi ⩾ mi+ 1− (mi−m+ j − 1) = m− j + 2.

Corollary 6.2. We have Cm
n =

∑
i1+···+im+1=n−1
ij⩾0 for 1⩽j⩽m+1

Cm
i1
Cm

i2
· · ·Cm

im+1
.

Let Dm,k
n denote the set of k-skeletal paths for parameters m and n (again augmenting each

path with one east step at the end), and let Cm,k
n = |Dm,k

n |.
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Theorem 6.3. For all m,n ⩾ 1 and 0 ⩽ k ⩽ n− 1, Cm
n = Cm,k

n via an explicit bijection.

Proof. We consider m fixed and prove the theorem by induction on n. For each k, m, and n,
we define a map φm,k

n : Dm
n → Dm,k

n that we prove to be a bijection. To avoid clutter, we will
frequently suppress the dependencies of φm,k

n on m, n and k and simply write φ.
Given a path π ∈ Dm

n , find the unique decomposition (as in Proposition 6.1)

π = Nπ1π2 · · · πm+1 (6.2)

such that each πi ∈ Dm
pi

for some pi ⩾ 0. Choose the maximum s ∈ {1, 2, . . . ,m + 2} such
that p1+ · · ·+ ps−1 ⩽ k (such s exists since the sum on the left side is zero for s = 1). Write←−σ
for the stepwise reversal of a path σ. We define φ by

φ(π) =


π, n = k + 1,
←−−−−−−−−−πs+1 · · · πm+1Nπ1 · · · πs−1πs, n > k + 1 ⩾ ps,
←−−−−−−−−−πs+1 · · · πm+1Nπ1 · · · πs−1φ

m,k
ps (πs), n > k + 1 < ps.

(6.3)

Since p1 + · · · + pm+1 = n − 1 and 0 ⩽ k ⩽ n − 1, we have s = m + 2 if and only
if k+1 = n. Hence, in the definition of φ above, and in the discussion below, we have s ⩽ m+1
whenever n > k + 1.

For any n, when k = n− 1 it is routine to check that m-Dyck paths coincide with k-skeletal
paths, so the identity map gives the required bijection. This case covers the base case n = 1 of
the induction. From now on, fix n > 1 and assume φm,k

p is a bijection for all p < n.
In the rest of this proof, define the level of a point (x, y) ∈ Z2 to be lvl(x, y) = my−x, which

is the signed horizontal distance from (x, y) to the line x = my. We rephrase Conditions (P0),
(P1), and (P2) for k-skeletal paths (see Section 3.1) in terms of levels. Condition (P0) is auto-
matically satisfied since all lattice paths considered here start at the origin. Since c = 1 here,
Conditions (P1) and (P2) may be rewritten as:

(P1′) The last k + 1 north steps of the path start at levels ⩾ 0.

(P2′) There do not exist k + 1 consecutive rows such that the north steps in those rows all start
at levels > 0.

Suppose πi (one of the factors in (6.2)) appears as a subword of some path and starts in
that path at level ℓ. Then all steps of πi start at levels ⩾ ℓ, and the final east step of πi ends at
level ℓ− 1. Next suppose←−πi appears as a subword of some path and starts in that path at level ℓ.
Then the first step of←−πi goes east to level ℓ − 1, all subsequent steps of←−πi start at levels < ℓ,
and←−πi ends at level ℓ− 1.

Using the above observations, consider the levels reached by various subpaths of φ(π)
when n > k+1. First consider the shared prefix←−−−−−−−−−πs+1 · · · πm+1N. If s = m+1 then←−−−−−−−−−πs+1 · · · πm+1

is the empty word. If s < m + 1, ←−−−−−−−−−πs+1 · · · πm+1 is the concatenation of m + 1 − s
factors ←−−−πm+1, . . . ,

←−−πs+1, it starts at level 0 with an east step, it has all subsequent steps start-
ing at negative levels, and it ends at level s − (m + 1) < 0. In either case, the terminal north
step of←−−−−−−−−−πs+1 · · · πm+1N starts at level s − (m + 1) ⩽ 0 and ends at level s − 1 ⩾ 0; this north
step is the first step in φ(π) ending at a nonnegative level.
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We now consider the subpath π1 · · · πs−1. If s − 1 = 0 then it is empty. Otherwise, by the
previous two paragraphs we know it has all its steps starting at positive levels and its final step
ending at level 0. Finally, we consider the subpath of φ(π) following π1 · · · πs−1. In the case
of k + 1 ⩾ ps, the final subpath πs has all its steps starting at levels ⩾ 0, and ends at level −1.
In the case of k + 1 < ps, the final subpath φm,k

ps (πs) of φ(π) starts at level 0, ends at level −1,
and satisfies Conditions (P1′) and (P2′) by the induction hypothesis.

We now prove that φ(π) satisfies Condition (P1′) when n > k + 1. We know
that p1 + · · · + ps ⩾ k + 1, by definition of s. In the case of k + 1 ⩾ ps, the last k + 1
north steps in φ(π) all appear in the suffix π1π2 · · · πs. By the preceding analysis, all these north
steps start at levels ⩾ 0, as needed. In the case of k+1 < ps, the last k+1 north steps in φ(π) all
appear in the suffix φm,k

ps (πs). By induction hypothesis, these north steps all start at levels ⩾ 0.
We now prove that φ(π) satisfies Condition (P2′) when n > k + 1. To get a contradiction,

assume there are k+1 rows inφ(π)where the north steps in those rows all start at levels> 0. The
last factor of φ(π), namely πs when k+1 ⩾ ps or φm,k

ps (πs) when k+1 < ps, either has no north
steps at all or has first north step starting at level 0. The north steps violating Condition (P2′)
must either all occur after this north step or all occur before it. We rule out the first possibility
as follows. When k + 1 ⩾ ps there are not enough north steps in πs (following the first north
step) to cause a violation. When k + 1 < ps we reach the same conclusion by invoking the
induction hypothesis to see that φm,k

ps (πs) has no violation. Next we rule out the possibility of
a violation earlier in φ(π). By the level analysis above, the k + 1 violating north steps must
all occur in the subword π1π2 · · · πs−1 of φ(π). But, regardless of how k + 1 compares to ps,
p1 + · · ·+ ps−1 < k + 1 by definition of s, so there are not enough available north steps in this
region to cause a violation.

So far, we have proved that φm,k
n maps Dm

n into Dm,k
n . It remains to show that φm,k

n is a
bijection. We define an inverse ψ = ψm,k

n : Dm,k
n → Dm

n recursively as follows. Decom-
pose ω ∈ Dm,k

n as ω = ω1Nω2ω3 where:

• ω1N is the shortest initial segment of ω ending at a nonnegative level;

• ω1Nω2 is the shortest initial segment ending at level zero.

Note that ω1 is either empty or begins with an east step and that ω2 may be empty. Let p be the
number of north steps in ω3. We define ψ using three cases.

ψ(ω) =


ω, n = k + 1,

Nω2ω3
←−ω1, n > k + 1 ⩾ p,

Nω2ψ
m,k
p (ω3)

←−ω1, n > k + 1 < p.

By a level analysis similar to what appears above, one may show that: ω3 belongs to Dm,k
p

when n > k + 1 < p; ψ does map Dm,k
n into Dm

n ; and ψ is the two-sided inverse of φ. We omit
these details.

Example 6.4. Consider k = 1 and

π = N

π1

NEEE

π2

E

π3

NNENEEENNEEENEEEEEE ∈ D2
8,
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as illustrated in Figure 6.1(a). Since s = 3, we find thatφ(π) = Nπ1π2φ(π3) = NNEEEEφ(π3).
We now decompose π3 as

π3 = N

π′
1

NENEEENNEEENEEEE

π′
2

E
π′
3

E,

from which it follows that s′ = 1 and that

φ(π3) =
←−−
π′
2π

′
3Nφ(π′

1) = EENφ(π′
1).

Then we decompose π′
1 as

π′
1 = N

π′′
1

E
π′′
2

NEEE

π′′
3

NNEEENEEEE,

so s′′ = 3 and φ(π′
1) = Nπ′′

1π
′′
2φ(π

′′
3) = NENEEEφ(π′′

3). We now decompose π′′
3 as

π′′
3 = N

π′′′
1

NEEE

π′′′
2

NEEE

π′′′
3

E ,

from which it follows that s′′′ = 2 and φ(π′′
3) =

←−
π′′′
3 Nπ′′′

1 φ(π
′′′
2 ) = ENNEEEφ(π′′′

2 ). Finally,
when we decompose π′′′

2 we find that s′′′′ = 4, so φ(π′′′
2 ) = π′′′

2 = NEEE. Combining our
results, we conclude that

φ(π) = NNEEEEφ(π3)

= NNEEEEEENφ(π′
1)

= NNEEEEEENNENEEEφ(π′′
3)

= NNEEEEEENNENEEEENNEEEφ(π′′′
2 )

= NNEEEEEENNENEEEENNEEENEEE,

as illustrated in Figure 6.1(b).

1816141210 86420 1210 1614 1886420

a) b)

Figure 6.1: (a) The path π from Example 6.4 and (b) its image under φ. Note that we are not
showing the reference line x = my + c, but rather the standard diagonal x = my.
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