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1. Introduction

Let Fq denote the finite field with q elements where q is a prime power. Let n be a positive
integer and denote by Mn(Fq) the space of n× n matrices over Fq.

Definition 1.1. Given a matrix∆ ∈ Mn(Fq), a subspaceW ofFn
q has∆-profile µ = (µ1, µ2, . . .)

if

dim(W +∆W + · · ·+∆j−1W ) = µ1 + · · ·+ µj (j ⩾ 1).

It can be shown that the ∆-profile of each subspace is a weakly decreasing sequence of
nonnegative integers with finite sum [BCRR92, p. 2]; thus it can be viewed as an integer partition.
The ∆-profile of a subspace is also referred to as ‘dimension sequence’ [BCRR92]. Let σ(µ,∆)
denote the number of subspaces of Fn

q with ∆-profile µ. We are primarily interested in the
following problem.

Problem 1.2. Give an explicit formula for σ(µ,∆) for arbitrary µ and ∆.

This problem was originally posed by Bender, Coley, Robbins and Rumsey [BCRR92, p. 2]
who gave elegant product formulas in the cases where ∆ has irreducible characteristic polyno-
mial or is regular nilpotent (nilpotent with one-dimensional null space). When ∆ has irreducible
characteristic polynomial, they proved that

σ(µ,∆) =
qn − 1

qµ1 − 1

∏
i⩾2

qµ
2
i−µi

[
µi−1

µi

]
q

. (1.1)

Similarly, when ∆ is regular nilpotent,

σ(µ,∆) =
∏
i⩾2

qµ
2
i

[
µi−1

µi

]
q

.

Here
[
n
k

]
q

denotes a q-binomial coefficient, given by

[
n

k

]
q

=
k−1∏
i=0

qn − qi

qk − qi
.

Unaware of the work of the authors of [BCRR92], proofs of Eq. (1.1) in the special case where µ
is a rectangular partition of n appear later on in the work of Chen and Tseng [CT13] and Arora,
Ram and Venkateswarlu [ARV21]. In this special case, the problem of determining σ(µ,∆)
has interesting connections with group theory and finite projective geometry and is related to
the splitting subspace problem posed by Niederreiter [Nie95, p. 11] in the context of pseudo-
random number generation. We refer to [GR11, GR12] for details on this topic. It is easy to
see that σ(µ,∆) depends only on the conjugacy class of ∆ since W has ∆-profile µ if and only
if PW has P∆P−1-profile µ for each linear isomorphism P of Fn

q . More generally, it can be
shown that σ(µ,∆) depends only on the similarity class type (in the sense of Green [Gre55])
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of ∆ [PR25, Cor. 4.6]. An answer to Problem 1.2 in the case where the invariant factors of ∆
satisfy certain degree constraints and µ has equal parts appears in [AR22]. The case where µ is a
partition of the ambient dimension with exactly two parts was resolved in [PR24]. A formula is
also known [PR25] in the case where ∆ is a regular diagonal matrix (the diagonal entries are dis-
tinct). The regular diagonal case has interesting connections with several classical combinatorial
objects as we outline below.

Theorem 1.3. [PR25, Thm. 4.7] For each integer partition µ, there exists a polynomial bµ(t)
with nonnegative integer coefficients such that

σ(µ,∆) =

(
n

|µ|

)
(q − 1)

∑
j⩾2 µjq

∑
j⩾2 (

µj
2 )bµ(q),

for every prime power q and every regular diagonal matrix ∆ ∈ Mn(Fq).

The polynomials bµ(t) above have several interesting specializations. bµ(1) equals the num-
ber of set partitions of an n-element set of shape µ′ (the conjugate of µ) while bµ(0) equals the
number of standard Young tableaux of shape µ′. In addition, bµ(−1) equals the number of stan-
dard shifted tableaux of shape µ′ when µ′ has distinct parts. In the case where µ = (m,m), we
have bµ(t) = Tm(t), the Touchard generating polynomial for chord diagrams on 2m points by
number of crossings. The polynomials bµ(t) can be obtained by summing a polynomial statistic
over standard tableaux of shape µ′ and also via a new statistic on set partitions called the interlac-
ing number. Several classical objects like the Stirling numbers and their q-analogs (as defined by
Carlitz [Car33]) as well as the Bell numbers can be expressed in terms of the polynomials bµ(t)
and their specializations. The reader is referred to [PR25] for further details.

In this paper, we investigate Problem 1.2 in the case where ∆ is an arbitrary diagonal matrix.
Before we state our main results, it will be convenient to introduce some notation. Throughout
this article [n] denotes the set of the first n positive integers while Πn denotes the collection of
all set partitions of [n]. By convention we write set partitions in standard form: the elements
in each block are listed in increasing order while the blocks are written in increasing order of
their least elements. The shape of a set partition is the integer partition obtained by arranging
the cardinalities of its blocks in weakly decreasing order. A weak composition of an integer n is
a sequence α = (α1, . . . , αk) of nonnegative integers with |α| :=

∑k
i=1 αi = n. In addition, if

each αi > 0, we say that α is a composition of n.

Definition 1.4. To each composition α = (α1, . . . , αk) of n, we associate a canonical set par-
tition Aα ∈ Πn by setting Aα = ∪k

i=1Ai where Ai (1 ⩽ i ⩽ k) is the set of αi consecutive
integers given by

Ai = {α1 + · · ·+ αi−1 + 1, . . . , α1 + · · ·+ αi}.

For instance, when α = (2, 3, 1), we have Aα = {{1, 2}, {3, 4, 5}, {6}} which we abbre-
viate to 12|345|6. The type of a diagonal matrix is the integer partition obtained by listing the
multiplicities of its diagonal entries in weakly decreasing order. We are now ready to state the
main results of this paper. We obtain the following answer to Problem 1.2 in the diagonal case,
thereby generalizing Theorem 1.3.
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Theorem 1.5. For each pair µ, ν of integer partitions, there exists a polynomial bµν(t) with
nonnegative integer coefficients such that

σ(µ,∆) = (q − 1)
∑

j⩾2 µjq
∑

j⩾2 (
µj
2 )bµν(q),

for every prime power q and every diagonal matrix ∆ ∈ Mn(Fq) of type ν.

We note that bµν(t) =
(
n
|µ|

)
bµ(t) when ν has all parts equal to 1. In the case where µ is a

partition of n, the polynomials bµν(t) have the following specializations: bµν(0) is the Kostka
number Kµν , defined as the number of semistandard tableaux of shape µ and content ν; bµν(1)
equals the number of set partitions A ∈ Πn of shape µ′ such that no block of A intersects any
block of the canonical set partition Aν in more than one element (the meet of A and Aν in the
lattice Πn is the minimal element).

Motivated by the above specializations, we prove that the polynomials bµν(t) can be written
as positive sums over semistandard tableaux of shape µ and content ν. We also prove the exis-
tence of several new set partition statistics that generate the polynomials bµν(t). More precisely,
we show that to each Mahonian statistic (in the sense of Definition 2.6) on multiset permu-
tations, one can associate a set partition statistic that generates the polynomials bµν(t) (Theo-
rem 3.9). The expressions for bµν(t) in terms of semistandard tableaux and set partitions lead
us to an intriguing elementary correspondence (see Section 2) between semistandard tableaux
and set partitions. To the best of our knowledge, this correspondence appears to be new. Theo-
rem 1.5 has proved to be a crucial ingredient in the resolution of the general case of Problem 1.2
(see [Ram23]).

In Section 5, we explore connections between the polynomials bµν(t) and the theory of sym-
metric functions. In this context, and throughout this paper, it will be convenient to treat q
as a formal variable, which we will often specialize to a prime power. The q-Whittaker func-
tions Wλ(x; q) were defined by Gerasimov, Lebedev and Oblezin [GLO10] and may be viewed
as joint eigenfunctions of q-deformed Toda chain Hamiltonians with support in the positive
Weyl chamber (see Etingof [Eti99] or Ruijsenaars [Rui90]). They also arise as specializations
of a more general and well-studied class of symmetric functions, the Macdonald polynomi-
alsPλ(x; q, t), asWλ(x; q) = Pλ(x; q, 0) (Macdonald [Mac88]). We prove the following relation
between the polynomials bµν(q) and the q-Whittaker functions.

Theorem 1.6. IfWµ =
∑

ν aµν(q)mν denotes the monomial expansion of the q-Whittaker func-
tion, then

bµν(q) =

∏
i⩾1[νi]q!∏

i⩾1[µi − µi+1]q!
aµν(q),

where [n]q! denotes the product
∏n

i=1(1 + q + · · ·+ qi−1).

LetMλν denote the number of binary integer matrices with row sums λ and column sums ν.
It is well-known that the numbers Mλν occur as coefficients in the monomial expansion of ele-
mentary symmetric functions (Stanley [Sta99, Prop. 7.4.1]). As an application of Theorem 1.6,
we give an efficient nonrecursive formula for computing Mλν when the Kostka number Kλ′ν is
small (Corollary 5.5).
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Let Tm(q) denote the generating polynomial for chord diagrams on 2m points by their num-
ber of crossings. There is a beautiful analytic formula for these polynomials, referred to as the
Touchard–Riordan formula (see Eq. (5.3)). The study of subspace profiles for regular diagonal
matrices has recently led to a new proof of this formula [PR23]. Using results in Section 5,
we prove (Theorem 5.6) that these polynomials admit a compact representation in terms of
q-Whittaker functions:

Tm(q) =
1

[m]q!
⟨W(m,m), h

2m
1 ⟩.

Here ⟨·, ·⟩ denotes the Hall scalar product [Mac95, p. 63] on the ring of symmetric functions
while hλ denotes the complete homogeneous symmetric function indexed by the partition λ.

In Section 6, we define a new class of q-Stirling numbers Sq(n,m; ν) indexed by integer
partitions ν of n. These numbers are defined in terms of the polynomials bµν(q) by

Sq(n,m; ν) :=
∑
µ⊢n
µ1=m

q
∑

j⩾2 (
µj
2 )bµν(q),

where the sum is taken over all partitions µ of n with first part m. In the case where ν has all
parts equal to 1, Sq(n,m; ν) coincides with the q-Stirling numbers of the second kind defined
by Carlitz. In Section 7 we discuss connections with q-rook theory introduced by Garsia and
Remmel [GR86]. We prove that the q-Stirling numbers Sq(n,m; ν) above arise naturally as
q-rook numbers of certain truncated staircase boards.

This paper is organized as follows. Enumerative combinatorics is primarily addressed in
Sections 2 and 3. Linear algebraic aspects and finite-field matrix theory are the focus of Sec-
tion 4. Connections to symmetric function theory are developed in Section 5 while Sections 6
and 7 explore q-analogs of classical combinatorial numbers and rook theory. More precisely,
in Section 2 we discuss the elementary correspondence between semistandard tableaux and set
partitions. Section 3 consists of a description of the various set partition statistics which arise
from Mahonian statistics and which generate the polynomials bµν(q). In Section 4 we use a cell
decomposition of the Grassmannian to prove that the polynomials bµν(q) arise naturally when
counting subspaces with profile µ with respect to a diagonal operator of type ν. The connection
with q-Whittaker symmetric functions and the Touchard–Riordan formula is explored in Sec-
tion 5. In Sections 6 and 7, we define a class of q-Stirling numbers indexed by integer partitions
and present connections with q-rook theory.

2. Semistandard tableau associated to a set partition

In this section we discuss the correspondence between semistandard tableaux and set partitions
stated in the introduction. This correspondence is of an elementary nature and can be explained
without reference to the subspace counting problem discussed in the introduction. We begin
with some notation.

A partition of an integer n is a weakly decreasing sequence µ = (µ1, µ2, . . .) of nonnega-
tive integers with sum n. If µ is a partition of n, we write µ ⊢ n. We also write |µ| for the
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sum
∑

i⩾1 µi. The positive µi (i ⩾ 1) are referred to as the parts of µ. The number of parts
of µ is called the length of µ, denoted ℓ(µ). It is customary to omit trailing zeroes when writing
partitions. For instance, the partition (3, 1, 1, 0, 0, . . .) of 5 is considered equivalent to (3, 1, 1).
The Young diagram of a partition µ is an array of cells arranged in rows such that the ith row
has precisely µi cells for 1 ⩽ i ⩽ ℓ(µ). A tableau of shape µ is a filling of the Young diagram
of µ with positive integers. A tableau of shape µ is said to be standard if its entries are precisely
the first |µ| positive integers and the entries in each row and column are strictly increasing from
left to right and top to bottom (see Figure 2.1). Given a weak composition α = (α1, α2, . . .),
a semistandard tableau of shape µ and content α is tableau of shape µ in which the rows are
weakly increasing from left to right, the columns are strictly increasing from top to bottom and
the entry i appears precisely αi times (see Figure 2.1). The set of semistandard tableaux of
shape µ and content α is denoted SSYT(µ, α).

1 2 4 5 9
3 6 7
8

1 1 1 2 3
2 3 3
3

.

Figure 2.1: Left: A standard tableau of shape (5, 3, 1). Right: A semistandard tableau of
shape (5, 3, 1) and content (3, 2, 4).

Definition 2.1. Two set partitions A and B are minimally intersecting if each block of A inter-
sects each block of B in at most one element.

The collection of set partitions of [n] of a given shape λ is denoted Πn(λ). Let λ be a
partition of n and suppose α is a composition of n. Let Aα denote the canonical set partition
corresponding to α as in Definition 1.4.

Definition 2.2. Denote by Π(λ, α) the collection of all set partitions A ∈ Πn(λ) such that A
and Aα are minimally intersecting.

Example 2.3. Let λ = (3, 2, 2, 1, 1) and α = (3, 3, 3). In this case Aα = 123|456|789 and the
set partition 147|25|36|8|9 is an element of Π(λ, α).

For every partition µ, let µ′ denote the corresponding conjugate partition. To each element
in Π(µ′, α) one can associate a semistandard tableau T ∈ SSYT(µ, α) in a canonical way. An
example will serve to illustrate the general case. Suppose µ = (5, 3, 1) and α = (3, 3, 3). The set
partition A = 16|2|348|57|9 of shape µ′ = (3, 2, 2, 1, 1) is represented by the following array:

1 2 3 5 9
6 4 7

8

.

Now successively perform the following steps to obtain tableaux as shown in Figure 2.2.

Step 1: Left justify the cells in each row and then sort each row in ascending order, to obtain a
tableau of shape µ.
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1 2 3 5 9
6 4 7

8

Step 1−−−→ 1 2 3 5 9
4 6 7
8

Step 2−−−→ 1 1 1 2 3
2 2 3
3

.

Figure 2.2: Standard and semistandard tableaux associated to A = 16|2|348|57|9.

Step 2: For each positive integer x ⩽ |α|, let Sα(x) denote the least integer i for
which x ⩽ α1 + · · · + αi. Apply Sα to each entry of the tableau obtained in Step 1
to obtain another tableau of shape µ.

Somewhat remarkably, Step 1 applied to any set partition A ∈ Πn(µ
′) always yields a stan-

dard tableau of shape µ [PR25, Lem. 2.6]. Let SYT(µ, α) denote the set of standard tableaux of
shape µ such that no column of T contains more than one element in any block of Aα. We will
prove that steps 1 and 2 above correspond to surjective maps T and Sα as follows:

Π(µ′, α)
T−−→ SYT(µ, α)

Sα−−−→ SSYT(µ, α).

The maps T and Sα for µ = (3, 2) and α = (2, 2, 1) are shown in Figure 2.3.

Proposition 2.4. T maps Π(µ′, α) onto SYT(µ, α).

Proof. For each A ∈ Π(µ′, α), it follows by [PR25, Lem. 2.6] that T (A) is a standard
tableau of shape µ. Thus T maps Π(µ′, α) into SYT(µ). Suppose α = (α1, . . . , αk) and
write Aα = ∪i⩾1Ai where

Ai = {α1 + · · ·+ αi−1 + 1, . . . , α1 + · · ·+ αi},

for 1 ⩽ i ⩽ k. Suppose, by way of contradiction, that there exists a partition A ∈ Π(µ′, α)
such that T (A) contains a column in which two entries a < b lie in the same block Ar of Aα.
Since Ar is a set of consecutive integers, all entries lying between a and b in the same column
also lie in Ar. In particular, the entry b′ in the cell immediately above b also lies in Ar. Suppose
that the entry b lies in the ith row and the jth column of T (A). By the definition of T , there
is a unique injective map θ from the ith row to the (i − 1)th row of T (A) defined by θ(x) = y
if y < x are consecutive elements in some block of A. Since A ∈ Π(µ′, α), it follows that θ(x)
and x lie in different blocks of Aα. Therefore, if x is in the ith row of T (A) and x ∈ As for
some s, then the fact that θ(x) < x implies that θ(x) ∈ ∪s−1

i=1Ai. Since b ∈ Ar and b is in the jth
column, it follows that the first j elements in row i are mapped under θ into ∪r−1

i=1Ai. As b′ ∈ Ar

as well, it follows that θ maps the first j elements in row i to elements in the (i− 1)th row that
are strictly to the left of b′, contradicting the injectivity of θ. This proves that T maps Π(µ′, α)
into SYT(µ, α).

Surjectivity follows easily since, for every tableau T ∈ SYT(µ, α), the set partition whose
blocks are specified by the columns of T maps to T under T .

Proposition 2.5. Sα maps SYT(µ, α) surjectively onto SSYT(µ, α).
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Figure 2.3: The set partitions, tableaux and semistandard tableaux corresponding to the maps T
and Sα for µ = (3, 2) and α = (2, 2, 1).

Proof. Suppose α = (α1, . . . , αk) and let T ∈ SYT(µ, α). Then Sα(T ) is obtained from T by
replacing each entry x by Sα(x). Since Sα is weakly order preserving, it follows that the rows
and columns of Sα(T ) are weakly increasing. Since no two entries in the same column of T lie
in the same block of Aα, it follows that the entries in each column of Sα(T ) are distinct and,
consequently, the columns of Sα(T ) are strictly increasing. It follows that Sα(T ) ∈ SSYT(µ, α).
To prove the surjectivity of Sα, consider a tableau T̂ ∈ SSYT(µ, α). For each integer 1 ⩽ i ⩽ k,
there are αi entries equal to i in T̂ , each of which appears in a different column. Scanning from
left to right, replace these entries by the elements in the ith block of Aα in increasing order. It
is easily seen that this process yields a tableau T ∈ SYT(µ, α) such that Sα(T ) = T̂ .

We wish to describe a method of obtaining set partition statistics from certain multiset
permutation statistics by using the correspondence between set partitions and semistandard ta-
bleaux. We begin by introducing some notation and defining Mahonian statistics. The q-analog
of the integer n is defined by [n]q := 1 + q + · · · + qn−1. Write [n]q! for the product

∏n
i=1[i]q.
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The q-multinomial coefficient
[

n
β1,...,βr

]
q

is defined by[
n

β1, . . . , βr

]
q

:=
[n]q!

[β1]q![β2]q! · · · [βr]q!
,

which is a polynomial in q with nonnegative integer coefficients. Given a composi-
tion β = (β1, . . . , βr) of n, let R(β) denote the class of all words of length n which are re-
arrangements of the word 1β12β2 · · · rβr which contains βi copies of i for 1 ⩽ i ⩽ r. One can
viewR(β) as the set of all permutations of the multiset which contains βi copies of i (1 ⩽ i ⩽ r).
For our purposes it will be more convenient to think of the elements ofR(β) as words. A statistic
on a set is a nonnegative integer valued function defined on the set.

Definition 2.6. A statistic φ defined on R(β) is said to be Mahonian [FH11, Eq. 6.2] if[
n

β

]
q

:=

[
n

β1, . . . , βr

]
q

=
∑

w∈R(β)

qφ(w).

Some authors refer to the property in Definition 2.6 as multiset Mahonian. Examples of
Mahonian statistics include the inversion number (inv), the number of noninversions (ninv), the
Major index, the z-index of Bressoud and Zeilberger [ZB85, p. 204] and Denert’s index [FZ90,
Han94]. We refer to the lecture notes of Foata and Han [FH11] for more on Mahonian statistics.

Definition 2.7. An inversion of a word w = w1w2 · · ·wn is defined as a pair 1 ⩽ i < j ⩽ n
such that wi > wj . The number of inversions of w is denoted inv(w).

We will show that, to each Mahonian statistic φ, one can associate a statistic on set partitions
which generates the polynomials bµα(q) in the introduction.

Definition 2.8. Let α = (α1, . . . , αk) be a composition of n. Given a Mahonian statistic φ and
a word w in its domain, define

φα(w) :=
k∑

i=1

φ(wi),

where the wordswi are defined uniquely by requiring thatw is a concatenationw = w1w2 · · ·wk

and wi has length αi for 1 ⩽ i ⩽ k. To each set partition A ∈ Πn, associate a
word w = w(A) := a1 · · · an where ai = j if i is the j-th smallest element in some block
of A. Define

φα(A) := φα(w(A)).
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Example 2.9. If A = 127|34|56, then w(A) = 1212123. Suppose φ = inv and α = (3, 2, 1, 1).
Then φα(A) = inv(121) + inv(21) + inv(2) + inv(3) = 1 + 1 + 0 + 0 = 2.

Consider the set partitions

A = 1 2 3 5 9
6 4 7

8

, B = 1 2 3 5 9
4 6 7
8

.

Note that w(A) = 111212231 = w(B) since each entry appears in the same position within
blocks of A and B. More generally, we have the following result.

Proposition 2.10. For A,B ∈ Πn, w(A) = w(B) if and only if T (A) = T (B). In par-
ticular, if T (A) = T (B), then for every composition α and every Mahonian statistic φ, we
have φα(A) = φα(B).

Proof. An element is the ith smallest element in some block of A if and only if it appears in the
ith row of T (A). Therefore, each element appears in the same position in blocks of A and B if
and only if T (A) = T (B).

In view of Proposition 2.10, we can define w(T ) for any standard tableau T .

Definition 2.11. To each standard tableau T , associate a word w(T ) = a1a2 · · · an where ai = j
if the entry i occurs in the jth row of T . For each Mahonian statistic φ, define

φα(T ) = φα(w(T )).

It should be clear from the definitions above that, for each set partition A, we
have w(A) = w(T (A)) and φα(A) = φα(T (A)).

Example 2.12. For the standard tableau

T = 1 2 3 5 9
4 6 7
8

,

we havew(T ) = 111212231. If α = (3, 3, 3) and φ = inv, then φα(T ) = inv(111)+inv(212)+
inv(231) = 0 + 1 + 2 = 3.

Definition 2.13. Suppose T is a semistandard tableau. For each i ⩾ 1, let βi
j = βi

j(T )
denote the number of occurrences of the integer i in the jth row of T for j ⩾ 1. Define
βi = βi(T ) := (βi

1, β
i
2, . . .) for i ⩾ 1.

Example 2.14. Let µ = (5, 3, 1) and α = (3, 3, 3). Consider the tableau T ∈ SSYT(µ, α) given
by

T = 1 1 1 2 3
2 2 3
3

.
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In this case β1 = (3), β2 = (1, 2) and β3 = (1, 1, 1). Consider the map Sα : SYT(µ, α) →
SSYT(µ, α). The fiber of Sα over T (defined as the inverse image S−1

α (T )) contains the tableau

T̂ = 1 2 3 5 8
4 6 7
9

.

In this case w(T̂ ) is a concatenation w1w2w3 where w1, w2, w3 are given by 111, 212, 213 re-
spectively. Note that the length of wi is αi and wi ∈ R(βi) for 1 ⩽ i ⩽ 3.

In general, given compositions β1, . . . , βk and a Mahonian statistic φ, assign a
weight to tuples (w1, . . . , wk) in the Cartesian product R(β1) × · · · × R(βk)
by φ((w1, . . . , wk)) =

∑k
i=1 φ(wi). Given a word w of length n, define gα(w) = (w1, . . . , wk)

where the wi are determined uniquely by requiring that wi has length αi and w = w1w2 · · ·wk.
The following proposition characterizes the fibers S−1

α (T ).

Proposition 2.15. Let T ∈ SSYT(µ, α) and suppose α has length k. Let βi=βi(T ) (1⩽ i⩽k)
be as above. For each Mahonian statistic φ, the map T̂ 7→ gα(w(T̂ )) is a weight preserving
bijection between the fiber S−1

α (T )weighted byφα and the Cartesian productR(β1)×· · ·×R(βk)
weighted by φ.

Proof. It follows from the definition of φα that the map T̂ 7→ gα(w(T̂ )) is weight preserving.
Moreover, it easily seen that if T̂ ∈ S−1

α (T ), then gα(w(T̂ )) ∈ R(β1)× · · · ×R(βk). It remains
to prove that the map T̂ 7→ gα(w(T̂ )) is a bijection from S−1

α (T ) to
∏k

i=1R(β
i). First note that

this map is injective since the map T̂ 7→ w(T̂ ) is injective. Since the cardinality of
∏k

i=1R(β
i)

is given by the product

N =
k∏

i=1

(
αi

βi

)
of multinomial coefficients, surjectivity would follow if we prove that there are N distinct el-
ements in the fiber S−1

α (T ). Consider the canonical partition Aα = ∪k
i=1Ai where |Ai| = αi

(1 ⩽ i ⩽ k). Each element in the fiber S−1
α (T ) can be obtained from T by replacing all entries

equal to i in T by a suitable permutation of elements in Ai for each 1 ⩽ i ⩽ k. Successively
for i = 1, 2, . . . , k, write Ai = Bi1 ∪ Bi2 ∪ · · · ∪ Bii as an ordered union of i disjoint sets
(possibly empty) with |Bij| = βi

j and replace the βi
j entries equal to i in row j of T by the en-

tries of Bij in ascending order. It is easily seen that this procedure always results in a standard
tableau T̃ ∈ S−1

α (T ). Since the number of ways to write the Ai as an ordered union of disjoint
sets above is the multinomial coefficient

(
αi

βi

)
for each 1 ⩽ i ⩽ k, it follows that there exist N

standard tableaux in S−1
α (T ), proving surjectivity.

Example 2.16. Let µ = (5, 3, 1) and α = (3, 3, 3). Consider the tableau T ∈ SSYT(µ, α)
defined by

T = 1 1 1 2 3
2 2 3
3

.
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To enumerate tableaux in S−1
α (T ) we compute β1 = (3), β2 = (1, 2) and β3 = (1, 1, 1).

Here Aα = 123|456|789 = A1 ∪ A2 ∪ A3. As β1 = (3), there is a unique way to write A1

as a union of a single set of size 3. This corresponds to replacing the entries equal to 1 in T by
the elements in A1:

1 2 3 .

Since β2 = (1, 2), we may write A2 = {4, 5, 6} as a union in 3 ways, namely {4} ∪ {5, 6}
and {5}∪{4, 6} and {6}∪{4, 5}. These correspond respectively to the following replacements
of entries equal to 2 in T :

1 2 3 4
5 6

, 1 2 3 5
4 6

and 1 2 3 6
4 5

.

In each of the above tableaux, the empty cells can be filled in
(
α3

β3

)
=
(

3
1,1,1

)
= 6 ways to

obtain an element in S−1
α (T ). It follows that |S−1

α (T )| = 3 · 6 = 18, which is equal to the
product

∏3
i=1

(
αi

βi

)
.

We now define a q-deformation of the product
∏k

i=1

(
αi

βi

)
which will be used to define the

polynomials bµα(q) in Section 3.

Definition 2.17. Given T ∈ SSYT(µ, α), let βi = βi(T ) and define

sq(T ) :=
∏
i⩾1

[
αi

βi

]
q

.

Lemma 2.18. For each Mahonian statistic φ and each tableau T ∈ SSYT(µ, α), we have∑
T̂∈SYT(µ,α)

Sα(T̂ )=T

qφα(T̂ ) = sq(T ).

Proof. Suppose α = (α1, . . . , αk). By Proposition 2.15, we have∑
T̂∈SYT(µ,α)

Sα(T̂ )=T

qφα(T̂ ) =
∑

(w1,...,wk)∈
∏

i⩾1 R(βi)

qφ(w1)+···+φ(wk)

=
∏
i⩾1

∑
wi∈R(βi)

qφ(wi)

=
∏
i⩾1

[
αi

βi

]
q

= sq(T ).
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3. Set partitions statistics arising from Mahonian statistics

In this section we show that to each Mahonian statistic on multiset permutations, one can asso-
ciate a statistic on set partitions. We require the notion of interlacing number of a set partition
from [PR25, Sec. 3.3] which we now describe. Given a set partitionA∈Πn, we form its extended
chord diagram as follows. First plot the points 1, . . . , n on a number line with an additional
point to the right, denoted ∞, which is deemed to be greater than all positive integers. To each
block B = {b1, . . . , br} of A of cardinality r, we associate r arcs, (b1, b2), (b2, b3), . . . , (br,∞).
For 1 ⩽ j ⩽ r, the arc (bj, bj+1) is referred to as the j-th arc of B (with the conven-
tion br+1 = ∞). For instance, when A = 127|36|45, its extended chord diagram is shown
in Figure 3.1. A pair of arcs {(a1, a2), (b1, b2)} is said to be crossing if either a1 < b1 < a2 < b2
or b1 < a1 < b2 < a2 (Kreweras [Kre72]). An interlacing of A is a crossing of j-th arcs of
distinct blocks of A for some j. For instance, the extended chord diagram in Figure 3.1 has
precisely 2 interlacings corresponding to the arc pairs {(2, 7), (5,∞)} and {(2, 7), (6,∞)}.

1 2 3 4 5 6 7 ∞

Figure 3.1: Extended chord diagram of the partition 127|36|45. The jth arcs in each block are
colored identically for j ⩾ 1.

Definition 3.1. Let α be a composition of n and A ∈ Πn. Two interlacing arcs (a, b) and (c, d)
of A with a < c < b < d are said to be α-interlacing if b and c do not belong to the same block
of Aα.

For instance, the arcs (2, 7) and (6,∞) in the extended chord diagram of Figure 3.1 are
α-interlacing when α = (3, 2, 1, 1), but not when α = (2, 3, 2). Let iα(A) denote the number
of α-interlacings of A. Values of iα(A) for some set partitions are shown in Table 3.1.
Remark 3.2. For α = (1n), α-interlacings are simply interlacings. In addition, if all blocks of A
are of cardinality 2, then interlacings of A are precisely the crossings of A.

We will show that the sum
∑
qiα(A) taken over all set partitions A ∈ Π(µ′, α) which map to

a fixed tableau under T can be expressed compactly as a product of suitably defined q-integers.
An example will serve to illustrate the general case.

Example 3.3. Suppose µ = (6, 2) and α = (4, 4) and consider the tableau T ∈ SYT(µ, α)
given by

T = 1 2 3 4 5 7
6 8

.
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The canonical set partition corresponding to α is Aα = 1234|5678 = A1 ∪ A2. We wish to
compute the sum ∑

A∈Π(µ′,α)
T (A)=T

qiα(A).

Let R1, R2 denote the set of entries in the first and second rows of T respectively. Any set
partition A ∈ Π(µ′, α) with T (A) = T is uniquely specified by a map θ : R2 → R1 with
the property that if x ∈ Aj , then θ(x) ∈ Ai for some i < j. Thus θ(6), θ(8) ∈ {1, 2, 3, 4}.
The choices θ(6) = 4, 3, 2, 1 contribute 0, 1, 2, 3 α-interlacings to iα(A) respectively (the arc
passing through 5 does not contribute to interlacings since 5 and 6 lie in the same block of Aα).
For instance, if θ(6) = 2, then there are two α-interlacings formed by arcs which join 3 and 4 to
either 8 or ∞. Once θ(6) has been chosen, there are 3 remaining choices for θ(8). For instance,
if θ(6) = 3, then θ(8) ∈ {1, 2, 4} as shown in Figure 3.2. The choices θ(8) = 4, 2, 1 result in a
contribution of 0, 1, 2 to iα(A) respectively. The extended chord diagram for θ(6) = 3, θ(8) = 1
is shown in Figure 3.3.

1 2 3 4 5 6 7 8 ∞

Figure 3.2: Choices for θ(8) when θ(6) = 3. Numbers of the same color are in the same block
of Aα. White and black nodes correspond to elements in the first and second row of the tableau
respectively.

1 2 3 4 5 6 7 8 ∞

Figure 3.3: Extended chord diagram for A = 18|2|36|4|5|7. First arcs and second arcs are col-
ored differently. When α = (4, 4), α-interlacings are given by {(3, 6), (4,∞)}, {(1, 8), (2,∞)}
and {(1, 8), (4,∞)}. Thus iα(A) = 3.

Therefore, ∑
A∈Π(µ′,α)
T (A)=T

qiα(A) = (1 + q + q2 + q3)(1 + q + q2) = [4]q[3]q.
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Definition 3.4. Let bij denote the entry in row i and column j of a tableau T . For each i ⩾ 2,
the cell (i, j) is assigned a value given by

rij(T ) := #{j′ : j′ ⩾ j and bi−1,j′ < bij}.

Define

rq(T ) :=
∏
i⩾2

∏
j⩾1

[rij(T )]q.

Example 3.5. For

T = 1 1 1 2 2 3
2 2 3
3 4

,

the values of rij(T ) for each corresponding cell are indicated below:

3 2 3
2 2

.

In this case rq(T ) = (1 + q)3(1 + q + q2)2.

Proposition 3.6. Suppose T̂ ∈ SYT(µ, α) and Sα(T̂ ) = T . Then∑
A∈Π(µ′,α)

T (A)=T̂

qiα(A) = rq(T ).

Proof. Let F (T̂ ) denote the sum in the statement of the proposition. Suppose the canonical set
partition corresponding to α is Aα = ∪k

i=1Ai. Let Ri denote the entries in the ith row of T̂ .
Each set partition A ∈ Π(µ′, α) with T (A) = T̂ is uniquely specified by maps θi : Ri → Ri−1

(i ⩾ 2) with the property that if x ∈ Rp and x ∈ As, then θp(x) ∈ Ar for some r < s.
Suppose T̂ = (aij) where aij denotes the jth entry in the ith row of T̂ . Then T = (bij) where bij
is the unique integer for which aij ∈ Abij . The number of choices for θ2(a21) is equal to

#{j′ : b1j′ < b21} = r21(T ).

Thus the contribution of these choices to the sum F (T̂ ) is given by

1 + q + · · ·+ qr21(T )−1 = [r21(T )]q.

Once θ2(a21) has been chosen, the number of choices for θ2(a22) is equal to

#{j′ : b1j′ < b22} − 1 = #{j′ : j′ ⩾ 2 and b1j′ < b22} = r22(T ).

These choices contribute [r22(T )]q to F (T̂ ). In general, once θ2 has been defined for a21,
a22, . . . , a2,j−1, the number of choices for θ2(a2j) is equal to

#{j′ : b1j′ < b2j} − (j − 1) = #{j′ : j′ ⩾ j and b1j′ < b2j} = r2j(T ).
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These choices contribute [r2j(T )]q to F (T̂ ). Once θ2 has been defined for all elements in the
second row of T̂ we proceed to define θ3 starting with the entry a31. Continuing this line of
reasoning, it can be seen that the number of choices for θi(aij) is equal to

#{j′ : bi−1,j′ < bij} − (j − 1) = #{j′ : j′ ⩾ j and bi−1,j′ < bij} = rij(T ),

and these choices contribute [rij(T )]q to F (T̂ ). Therefore

F (T̂ ) =
∏
i⩾2

∏
j⩾1

[rij(T )]q = rq(T ).

In the rest of this section, t denotes a formal variable. We are now in a position to define the
polynomials bµα(q) mentioned in the introduction.
Definition 3.7. For each partition µ and composition α with |µ| = |α|, define

b̃µα(q, t) :=
∑

T∈SSYT(µ,α)

rq(T )st(T ),

and

bµα(q) := b̃µα(q, q).

Let sort(α) denote the partition obtained by sorting the sequence αi (i ⩾ 1) in weakly
decreasing order. Recall that the Kostka number Kµα is defined as the number of semistandard
tableaux of shapeµ and contentα. By setting q=0 in Definition 3.7, it follows that bµα(0)=Kµα.
It follows from Definition 3.7 that bµα(q) is nonzero precisely when Kµα > 0 which happens
when µ ⩾ sort(α) in the dominance order on partitions.
Example 3.8. Suppose µ = (5, 1) and α = (3, 3). In this case SSYT(µ, α) consists of the single
tableau T = 1 1 1 2 2

2
with rq(T ) = sq(T ) = [3]q. Therefore

bµα(q) = rq(T )sq(T ) = q4 + 2q3 + 3q2 + 2q + 1.

We wish to show that the polynomials bµα(q) defined above can also be obtained from several
set partition statistics. Let inv(w) denote the number of inversions of w and suppose µ = (5, 1)
and α = (3, 3) are as in Example 3.8 above. The values of iα and invα for set partitions in
Π(µ′, α) are shown in Table 3.1. In this case it is easily verified that

bµα(q) =
∑

A∈Π(µ′,α)

qiα(A)+invα(A).

In general, we have the following result.
Theorem 3.9. For each Mahonian statistic φ,

b̃µα(q, t) =
∑

A∈Π(µ′,α)

qiα(A)tφα(A).

In particular,

bµα(q) =
∑

A∈Π(µ′,α)

qiα(A)+φα(A).
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A Diagram of A w(A) iα(A) φα(A) iα(A) + φα(A)

14|2|3|5|6

1 2 3 4 5 6 ∞

111 · 211 2 2 4

15|2|3|4|6

1 2 3 4 5 6 ∞

111 · 121 2 1 3

16|2|3|4|5

1 2 3 4 5 6 ∞

111 · 112 2 0 2

1|24|3|5|6

1 2 3 4 5 6 ∞

111 · 211 1 2 3

1|25|3|4|6

1 2 3 4 5 6 ∞

111 · 121 1 1 2

1|26|3|4|5

1 2 3 4 5 6 ∞

111 · 112 1 0 1

1|2|34|5|6

1 2 3 4 5 6 ∞

111 · 211 0 2 2

1|2|35|4|6

1 2 3 4 5 6 ∞

111 · 121 0 1 1

1|2|36|4|5

1 2 3 4 5 6 ∞

111 · 112 0 0 0

Table 3.1: The statistics iα(A) and φα(A) for A ∈ Π(µ′, α) when µ = (5, 1), α = (3, 3)
and φ = inv. Here bµα(q) = q4 + 2q3 + 3q2 + 2q + 1.
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Proof. Observe that∑
A∈Π(µ′,α)

qiα(A)tφα(A) =
∑

T∈SSYT(µ,α)

∑
T̂∈SYT(µ,α)

Sα(T̂ )=T

∑
A∈Π(µ′,α)

T (A)=T̂

qiα(A)tφα(A).

By Proposition 2.10, the expression on the right hand side above is equal to∑
T∈SSYT(µ,α)

∑
T̂∈SYT(µ,α)

Sα(T̂ )=T

tφα(T̂ )
∑

A∈Π(µ′,α)

T (A)=T̂

qiα(A) =
∑

T∈SSYT(µ,α)

∑
T̂∈SYT(µ,α)

Sα(T̂ )=T

tφα(T̂ )rq(T ),

where the last equality follows from Proposition 3.6. Thus∑
A∈Π(µ′,α)

qiα(A)tφα(A) =
∑

T∈SSYT(µ,α)

rq(T )
∑

T̂∈SYT(µ,α)

Sα(T̂ )=T

tφα(T̂ ).

By Lemma 2.18, the inner sum on the right hand side above is equal to st(T ). Therefore,∑
A∈Π(µ′,α)

qφα(A)tiα(A) =
∑

T∈SSYT(µ,α)

rq(T )st(T ) = b̃µα(q, t).

The number of binary integer matrices with given row and column sums can be expressed
in terms of bµα(1) (see Corollary 5.4).

4. Diagonal operators with a given profile

In this section, we prove that for each diagonal matrix ∆ ∈ Mn(Fq), the number of subspaces
with a given ∆-profile (see Definition 1.1) can be expressed in terms of the polynomials bµα(q).
The main idea in this section is to use a cell decomposition of the Grassmannian along the lines
of [PR25, Sec. 4], but some new ideas are required to solve the more general recursion obtained
(see Theorem 4.11) and express the answer as a sum over semistandard tableaux. Given positive
integers m and n, let C(n,m) denote the set of all m-element subsets of [n]. By the pivots of a
subspaceW ⊆ Fn

q , we mean the indices of the pivot columns of the unique matrix in row reduced
echelon form whose rows span W . We can view the ordered set of pivots of any m-dimensional
subspace W ⊆ Fn

q as an element of C(n,m). For instance, the subspace of F6
q spanned by the

rows of the matrix

A =

1 0 3 0 0 1
0 1 4 0 3 0
0 0 0 1 2 5


has pivots (1, 2, 4) ∈ C(6, 3). To each C ∈ C(n,m), we associate a binary word b(C) of
length n defined by

b(C) := b1b2 · · · bn,
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where bi = 1 if i ∈ C and 0 otherwise. The following result of Knuth [Knu71] shows that the
number of subspaces over a finite field with pivots C can be expressed in terms of the number
of inversions of the word b(C).

Proposition 4.1. The number ofm-dimensional subspacesW ⊆Fn
q with pivotsC = (c1, . . . , cm)

is given by qN where

N = inv(b(C)) =
m∑
i=1

(n−m− ci + i).

Example 4.2. A 3-dimensional subspace of Fn
q (n ⩾ 5) with pivots C = (2, 4, 5) is spanned by

the rows of some matrix of the form0 1 ∗ 0 0 ∗ · · · ∗
0 0 0 1 0 ∗ · · · ∗
0 0 0 0 1 ∗ · · · ∗

 .

Here, asterisks denote arbitrary elements of Fq. Permuting the columns of this matrix by moving
pivot columns to the left, we obtain the matrix 1 0 0 0 ∗ ∗ · · · ∗

0 1 0 0 0 ∗ · · · ∗
0 0 1 0 0 ∗ · · · ∗

 ,

which is of the form (I | X), where I denotes the identity matrix and X = (xij) is a matrix
with xij = 0 for j < ci − (i− 1).

Definition 4.3. Given a composition β = (β1, . . . , βm), a matrix X = (xij) with m rows has
shape β = (β1, . . . , βm) if xij = 0 whenever j < βi for 1 ⩽ i ⩽ m.

Note that a given matrix can have multiple shapes. For instance, the matrixX in Example 4.2
above has shapes (2, 3, 3) and (1, 2, 3). For each pivot set C ∈ C(n,m) write C − δ for the
tuple (c1, c2 − 1, . . . , cm − (m− 1)).

Denote by diag(a1, . . . , an) the diagonal matrix whose diagonal entries are a1, . . . , an. To
each diagonal matrix ∆, associate a set partition A∆ ∈ Πn by declaring that i and j lie in the
same block of A∆ if and only if ∆(i, i) = ∆(j, j).

Definition 4.4. The type of a diagonal matrix∆ is the composition obtained by listing successive
block sizes of A∆ written in standard form.

For example, if ∆ = diag(1, 4, 3, 4, 3, 4, 1), then A∆ = 17|246|35 and ∆ has type (2, 3, 2).
Since permuting diagonal entries does not change the conjugacy class of ∆, it will occasionally
be convenient to assume that the type is an integer partition.

Definition 4.5. A square matrix is said to be block-scalar if it is diagonal and all occurrences
of each diagonal entry are contiguous.
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For example, the matrix diag(1, 1, 1, 2, 4, 4) ∈ M6(F5) is block-scalar but diag(1, 2, 1, 1, 2)
is not. Note that every diagonal matrix is permutation similar to a block-scalar matrix. The
following proposition may be viewed as a generalization of Proposition 4.1 as every subspace is
invariant under a scalar multiple of the identity.

Proposition 4.6. Let ∆ = diag(a1, . . . , an) ∈ Mn(Fq) be a block-scalar matrix of type α.
Given C ∈ C(n,m), the number of ∆-invariant subspaces of Fn

q with pivots C is given by

σC(α) = qinvα(b(C)).

Proof. Let W be an m-dimensional ∆-invariant subspace of Fn
q with pivots C = (c1, . . . , cm).

Let AW denote the matrix in reduced row echelon form whose rows span W . Moving the pivot
columns of AW to the left, we obtain an m × n matrix (I | X) where X is of shape C − δ.
Since W is ∆-invariant, it follows that the rows of (I | X) are ∆̃-invariant where

∆̃ =

(
∆1 0
0 ∆2

)
,

for the diagonal matrices ∆1,∆2 given by ∆1=diag(aj : j∈C) and ∆2=diag(aj : j∈ [n] \ C).
Thus the number of ∆-invariant subspaces with pivots C is equal to the number of matrices X
of shape C − δ for which the block matrix(

I X
∆1 X∆2

)
has rank m. The above matrix is row equivalent to(

I X
0 X∆2 −∆1X

)
.

Therefore σC(α) is equal to the number of m× (n−m) matrices X of shape C − δ for which
X∆2−∆1X=0. IfX=(xij), then the last condition is equivalent to xij(∆2(j, j)−∆1(i, i))=0.
Since X has shape C − δ, we have xij = 0 unless j > ci − i. Therefore σC(α) = qN , where

N =
∑
i∈[m]

j∈[n−m]
j>ci−i

[∆1(i, i) = ∆2(j, j)].

Here, for any statement P , the Iverson bracket [P ] is defined to be equal to 1 if P is true and 0
otherwise. If ϕC : [n −m] → [n] − C denotes the unique order preserving bijection, then the
last sum is equivalent to

N =
∑
i∈[m]

j∈[n−m]
ϕC(j)>ci

[∆(ci, ci) = ∆(ϕC(j), ϕC(j))],

since ϕC(j) > ci if and only if j > ci − i. Since ∆(ϕC(j), ϕC(j)) = ∆(ci, ci) precisely
when ϕC(j) and ci lie in the same block of Aα, it follows that N is equal to the number of
pairs (c, c′) ∈ C × ([n] \ C) such that c < c′ and both c, c′ lie in the same block of Aα.
Therefore N = invα(b(C)).
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Corollary 4.7. If ∆1,∆2 are as in the proof of Proposition 4.6, then each nonempty fiber of
the map X 7→ X∆2 − ∆1X defined on m × (n − m) matrices of shape C − δ has cardinal-
ity qinvα(b(C)).

Let P denote the set of positive integers. For each pivot set C, let ϕC : P → P \ C be
the unique order preserving bijection. Given pivot sets C andD, denote by T (C,D) the tableau
whose rows are given by the elements ofC andϕC(D) arranged in increasing order. For example,
when C = (1, 3, 4) and D = (1, 3), we have

T (C,D) = 1 3 4
2 6

.

Note that the rows of T (C,D) are increasing by construction, but this is not necessarily true of
the columns. For instance, when C = (1, 4, 5) and D = (1, 2, 4), we have

T (C,D) = 1 4 5
2 3 7

,

which does not have increasing columns. Our next objective is to derive a recursion for the
number of subspaces with pivots C and ∆-profile µ. We require the following lemma.

Lemma 4.8. Let µ be an integer partition and suppose ∆ = diag(a1, . . . , an) ∈ Mn(Fq) is a
block-scalar matrix of type α. Given C ∈ C(n, µ1) and D ∈ C(n − µ1, µ2), define diagonal
matrices ∆1,∆2 by ∆1 = diag(aj : j ∈ C) and ∆2 = diag(aj : j ∈ [n] \ C). The number
of µ1 × (n − µ1) matrices Y of shape C − δ and of the form Y = X∆2 − ∆1X whose rows
span a given subspace W ⊆ Fn−µ1

q with pivots D is given by

ηα(C,D) = (q − 1)µ2q(
µ2
2 )rq(Sα(T (C,D))).

Proof. Since Y = (yij) has shape C − δ it follows that yij = 0 unless j > ci − i
which is equivalent to ϕC(j) > ci. Moreover, since Y = X∆2 − ∆1X , it follows
that xij(∆2(j, j) − ∆1(i, i)) = yij. Thus yij = 0 whenever ∆2(j, j) = ∆1(i, i), or equiva-
lently, ∆(ϕC(j), ϕC(j)) = ∆(ci, ci). The last equality occurs if and only if ci and ϕC(j) lie
in the same block of Aα, which is equivalent to Sα(ci) = Sα(ϕC(j)). Combining the above
observations, it follows that yij = 0 unless Sα(ϕC(j)) > Sα(ci).

Let E denote the unique µ2 × (n − µ1) matrix in reduced row echelon form whose rows
span W . Then we can write Y = AE for some µ1 × µ2 matrix A = (aij) of rank µ2. To count
the number of possible choices for Y , we count the number of choices for A by successively
choosing its columns. For 1 ⩽ i ⩽ µ1, the ith row of Y is given by

Yi =

µ2∑
j=1

aijEj,

whereEj is the jth row ofE for j ⩾ 1. If we writeD = (d1, d2, . . .) then, sinceE has pivotsD,
it follows that the first nonzero entry of Ej is in position dj . Now aij ̸= 0 if and only if yi,dj ̸= 0
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which can only happen when Sα(ϕC(dj)) > Sα(ci) (see Example 4.9). Therefore, the number
of potentially nonzero elements in the jth column of A is equal to

#{i : Sα(ϕC(dj)) > Sα(ci)} = r2j(Sα(T (C,D))) + j − 1.

Writing r2j for r2j(Sα(T (C,D))), the number of choices for the first column of A is given
by qr21 − 1. The second column of A is linearly independent of the first column and can be
chosen in qr22+1 − q ways. More generally, once the first j − 1 columns of A have been chosen,
the jth column can be chosen in qr2j+j−1 − qj−1 ways. It follows that the number of choices
for A is equal to

µ2∏
j=1

(qr2j+j−1 − qj−1) = (q − 1)µ2q(
µ2
2 )

µ2∏
j=1

[r2j]q

= (q − 1)µ2q(
µ2
2 )rq(Sα(T (C,D))).

Example 4.9. Suppose n = 12 while µ = (5, 4, 3) and α = (2, 3, 2, 2, 3). Let C = (1, 2, 4, 7, 8)
and D = (1, 2, 3, 5). In this case,

T (C,D) = 1 2 4 7 8
3 5 6 10

, Sα(T (C,D)) = 1 1 2 3 4
2 2 3 5

.

Here A is a 5× 4 matrix of the form

A =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗
0 0 0 ∗


Observe that the number of zeros in the ith row ofA is equal to the number of entries in the second
row of the tableau Sα(T (C,D)) less than or equal to the ith entry in the first row. Therefore the
number of potentially nonzero entries in successive rows ofA is weakly decreasing. The number
of choices for A having full column rank is therefore equal to

(q2 − 1)(q2 − q)(q3 − q2)(q5 − q3) = ηα(C,D).

Remark 4.10. Note that rq(Sα(T (C,D))) (and hence ηα(C,D)) is zero whenever Sα(T (C,D))
does not have increasing columns. In particular, this happens when T (C,D) itself does not have
increasing columns.

For each pivot set C and integer partition µ, let σC
n (µ,∆) denote the number of subspaces

with pivots C and ∆-profile µ. In the following theorem we obtain a recursion satisfied
by σC

n (µ,∆).
Theorem 4.11. Let µ be an integer partition and suppose ∆ = diag(a1, . . . , an) is a block-
scalar matrix over Fq of type α. For each pivot set C ∈ C(n, µ1), let ∆C denote the diagonal
matrix defined by ∆C = diag(aj : j ∈ [n] \ C). We have

σC
n (µ,∆) = qinvα(b(C))

∑
D∈C(n−µ1,µ2)

ηα(C,D)σD
n−µ1

(µ̃,∆C),

where µ̃ = (µ2, µ3, . . .).
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Proof. LetW be a subspace of Fn
q with pivots C = (c1, . . . , cµ1). Consider the µ1×nmatrix in

reduced row echelon form whose rows span W and move its pivot columns to the left to obtain
a matrix A = (I | X) where X is a µ1 × (n− µ1) matrix of shape C − δ. The rows of A span
a subspace W̃ ⊆ Fn

q . Now W has ∆-profile µ if and only if W̃ has ∆̃-profile µ where ∆̃ is the
diagonal matrix given by

∆̃ =

(
∆1 0
0 ∆2

)
,

with ∆1 = diag(ai : i ∈ C) and ∆2 = diag(ai : i ∈ [n] \ C). Write µ = (µ1, µ2, . . .) and
observe that W̃ has ∆̃-profile µ precisely when the block matrix

I X
∆1 X∆2
... ...

∆j−1
1 X∆j−1

2


has rank µ1 + · · · + µj for each j ⩾ 1. Applying the block row operation Ri → Ri −∆i−1

1 R1

successively for i = 2, 3, . . . , j, we obtain the matrix
I X
0 X∆2 −∆1X
... ...
0 X∆j−1

2 −∆j−1
1 X

 .

The rank condition above implies that the matrix X∆2 −∆1X
...

X∆j−1
2 −∆j−1

1 X

 (4.1)

has rank µ2 + · · ·+ µj for each j ⩾ 2. If Y = X∆2 −∆1X , then it is easily verified that

X∆i
2 −∆i

1X = Y∆i−1
2 +∆1Y∆i−2

2 + · · ·+∆i−2
1 Y∆2 +∆i−1

1 Y.

Thus the matrix (4.1) can be written as
Y

Y∆2 +∆1Y
...

Y∆j−2
2 +∆1Y∆j−3

2 + · · ·+∆j−3
1 Y∆2 +∆j−2

1 Y

 .

Now apply the block row operation Ri → Ri −∆1Ri−1 successively for i = j − 1, j − 2, . . . , 2
to the matrix above to obtain 

Y
Y∆2

...
Y∆j−2

2

 .
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The rank condition implies that the matrix above has rank µ2 + · · · + µj for j ⩾ 2. It follows
that the row space of Y has ∆2-profile µ̃ = (µ2, µ3, . . .). Since X has shape C − δ, it follows
that Y also has shape C − δ. By Corollary 4.7, the number of µ1 × (n − µ1) matrices X of
shape C − δ such that X∆2 −∆1X = Y for a fixed matrix Y is equal to qinvα(b(C)). Consider a
pivot set D ∈ C(n− µ1, µ2). Lemma 4.8 implies that the number of µ1 × (n− µ1) matrices Y
of shape C − δ and of the form Y = X∆2 −∆1X whose rows span a given subspace of Fn−µ1

q

with pivots D is given by ηα(C,D). Putting these observations together, it follows that

σC
n (µ,∆) = qinvα(b(C))

∑
D∈C(n−µ1,µ2)

ηα(C,D)σD
n−µ1

(µ̃,∆2),

where ∆2 = diag(aj : j ∈ [n] \ C) = ∆C . This completes the proof.

The recursion in the theorem above can be solved to express σC
n (µ,∆) as a sum over a class

of tableaux which we now define. Given an integer partition µ, a multilinear tableau of shape
µ is a filling of the Young diagram of µ with positive integers such that each integer appears at
most once. Let Tab⊆[n](µ) denote the set of all multilinear tableaux of shape µ with increasing
rows and columns and with entries in [n]. We have the following extension of Definition 2.11.

Definition 4.12. To each tableau T ∈ Tab⊆[n](µ) with r rows, we associate a word

w(T ) := a1a2 · · · an,

where

ai =

{
j if the entry i appears in row j of T
r + 1 otherwise.

For instance, when n = 8, µ = (3, 2) and

T = 1 3 5
2 6

,

we have w(T ) = 12131233.

Definition 4.13. The number of non-inversions of a word w = w1w2 · · ·wn is defined as the
number of pairs 1 ⩽ i < j ⩽ n such that wi < wj . Denote by ninv(w) the number of non-
inversions of w.

It is well-known that ninv is a Mahonian statistic.

Theorem 4.14. Let ∆ be a block-scalar n × n matrix of type α and suppose µ is an integer
partition. For each pivot set C ∈ C(n, µ1),

σC
n (µ,∆) = (q − 1)

∑
j⩾2 µjq

∑
j⩾2 (

µj
2 )

∑
T∈Tab⊆[n](µ)
T has first row C

qninvα(w(T ))rq(Sα(T )).
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Proof. Induct on the number of parts ℓ of µ. When ℓ = 1, we have µ = (m) for some positive
integer m. By Proposition 4.6, we have σC

n ((m),∆) = qinvα(b(C)). If T denotes the tableau with
a single row whose entries are given by C, then w(T ) can be obtained from b(C) by replacing
all the zeros by 2. It follows that invα(b(C)) = ninvα(w(T )). Moreover, since rq(Sα(T )) = 1,
the theorem holds for ℓ = 1.

Suppose the result holds when µ has at most ℓ − 1 parts. Let µ = (µ1, . . . , µℓ) and sup-
pose ∆ = diag(a1, . . . , an) is a block-scalar matrix of type α = (α1, . . . , αr). By Theorem 4.11,

σC
n (µ,∆) = qinvα(b(C))

∑
D∈C(n−µ1,µ2)

ηα(C,D)σD
n−µ1

(µ̃, ∆̃),

where µ̃ = (µ2, µ3, . . .) and ∆̃ is the block-scalar matrix diag(aj : j ∈ [n] \ C). Let α̃ denote
the type of ∆̃. By the induction hypothesis,

σD
n−µ1

(µ̃, ∆̃) = (q − 1)
∑

j⩾3 µjq
∑

j⩾3 (
µj
2 )

∑
T̃∈Tab⊆[n−µ1]

(µ̃)

T̃ has first row D

qninvα̃(w(T̃ ))rq(Sα̃(T̃ )).

Using the fact that

ηα(C,D) = (q − 1)µ2q(
µ2
2 )rq(Sα(T (C,D))),

we obtain

σC
n (µ,∆) = (q − 1)

∑
j⩾2 µj · qinvα(b(C))+

∑
j⩾2 (

µj
2 )× (4.2)∑

D∈C(n−µ1,µ2)

rq(Sα(T (C,D)))
∑

T̃∈Tab⊆[n−µ1]
(µ̃)

T̃ has first row D

qninvα̃(w(T̃ ))rq(Sα̃(T̃ )).

Let ϕC : P → P \ C denote the unique order preserving bijection. For each
tableau T̃ ∈ Tab⊆[n−µ1](µ̃), let ϕC(T̃ ) denote the tableau obtained by replacing each entry x
in T̃ by ϕC(x). Thus, ϕC induces a map (also denoted ϕC by a slight abuse of notation):

ϕC : Tab⊆[n−µ1](µ̃) → Tab⊆[n]\C(µ̃).

Consider the weak composition α̂ = (α̂1, . . . , α̂r) obtained by padding α̃ with zeros (if neces-
sary) such that αj and α̂j correspond to the multiplicities of the same element of Fq

for 1 ⩽ j ⩽ r. Let Sα̂(x) denote the least integer i for which x ⩽ α̂1 + · · · + α̂i. We
claim that Sα̂(x) = Sα(ϕC(x)) for each x ∈ [n − µ1]. This follows from the easily verified
fact that x ⩽ α̂1 + · · · + α̂i if and only if ϕC(x) ⩽ α1 + · · · + αi for each i ⩾ 1. There-
fore, Sα̂(T̃ ) = Sα(ϕC(T̃ )). We may not have Sα̃(x) = Sα̂(x) but, since α̂ is obtained by
padding α̃ with zeros, it is easily seen that Sα̃(x) < Sα̃(y) if and only if Sα̂(x) < Sα̂(y).
Therefore, rq(Sα̃(T̃ )) = rq(Sα̂(T̃ )) for each tableau T̃ ∈ Tab⊆[n−µ1](µ̃).

Since invα(b(C)) equals the value taken by ninvα on the word corresponding to a tableau
with a single row with entries C, it can be seen that

invα(b(C)) + ninvα̃(w(T̃ )) = ninvα(w(T )),
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where T = [C, ϕC(T̃ )] denotes the tableau whose first row is C and subsequent rows are those
of ϕC(T̃ ). Since the rows of T (C,D) are C and ϕC(D), it follows that

rq(Sα(T (C,D))) · rq(Sα̃(T̃ )) = rq(Sα(T (C,D))) · rq(Sα̂(T̃ ))

= rq(Sα(T (C,D))) · rq(Sα(ϕC(T̃ )))

= rq(Sα([C, ϕC(T̃ )])),

whenever the first row of T̃ is equal to D. Abbreviating [C, ϕC(T̃ )] to T , we have by (4.2)

σC
n (µ,∆) = (q − 1)

∑
j⩾2 µj · q

∑
j⩾2 (

µj
2 )

∑
D∈C(n−µ1,µ2)

∑
T̃∈Tab⊆[n−µ1]

(µ̃)

T̃ has first row D

qninvα(w(T ))rq(Sα(T ))

= (q − 1)
∑

j⩾2 µj · q
∑

j⩾2 (
µj
2 )

∑
T̃∈Tab⊆[n−µ1]

(µ̃)

qninvα(w(T ))rq(Sα(T ))

= (q − 1)
∑

j⩾2 µj · q
∑

j⩾2 (
µj
2 )

∑
T ′∈Tab⊆[n]\C(µ̃)

qninvα(w(T̂ ))rq(Sα(T̂ )),

where T̂ is the tableau whose first row is C and other rows are those of T ′. It follows that

σC
n (µ,∆) = (q − 1)

∑
j⩾2 µjq

∑
j⩾2 (

µj
2 )

∑
T∈Tab⊆[n](µ)
T has first row C

qninvα(w(T ))rq(Sα(T )),

completing the proof.

Definition 4.15. Given a composition α and a partition µ, let Tab⊆[n](µ, α) denote the set of
all tableaux T ∈ Tab⊆[n](µ) such that no column of T contains more than one element of the
canonical set partition Aα.

Corollary 4.16. If∆ is a diagonal matrix of typeα and µ is an integer partition, then the number
of subspaces with ∆-profile µ is given by

σ(µ,∆) = (q − 1)
∑

j⩾2 µjq
∑

j⩾2 (
µj
2 )

∑
T∈Tab⊆[n](µ,α)

qninvα(w(T ))rq(Sα(T )).

Proof. If ∆ is block-scalar, the result follows from Theorem 4.14 by summing over all possible
pivot sets C since rq(Sα(T )) = 0 for T ∈ Tab⊆[n](µ) \ Tab⊆[n](µ, α). The result now follows
for arbitrary diagonal matrices since each such matrix is similar to a block-scalar matrix.

We will see that the expression obtained for σ(µ,∆) above can be expressed more compactly
as a sum over certain semistandard tableaux.

Definition 4.17. Given a composition α = (α1, α2, . . .) of n, let SSTab(µ, α) denote the set of
all fillings of the Young diagram of µ by submultisets of {1α1 , 2α2 , . . .} such that the rows are
weakly increasing from left to right while the columns are strictly increasing from top to bottom.
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Example 4.18. If µ = (2, 1) and α = (2, 1, 2), then SSTab(µ, α) consists of column-strict
fillings of the Young diagram of (2, 1) with a submultiset of {1, 1, 2, 3, 3}. There are six such
tableaux:

1 1
2

, 1 1
3

, 1 2
3

, 1 3
2

, 1 3
3

, 2 3
3

.

Definition 4.19. For T ∈ SSTab(µ, α), define

sαq (T ) :=
∏
i⩾1

[
αi

αi − |βi|, βi
1, β

i
2, . . .

]
q

,

where βi and βi
j are as in Definition 2.13.

Note that when |µ| = |α|, we have αi = |βi|; therefore sαq (T ) is simply sq(T ) as in Defini-
tion 2.17. We now extend Definition 3.7 for bµα(q) to all partitions µ.

Definition 4.20. Define

bµα(q) :=
∑

T∈SSTab(µ,α)

rq(T )s
α
q (T ).

Theorem 4.22 gives a formula for the number of subspaces with a given profile in terms of
the polynomials bµα(q). The theorem rests on the following lemma.

Lemma 4.21. For each composition α of n, and each tableau T ∈ SSTab(µ, α),∑
T̂∈Tab⊆[n](µ,α)

Sα(T̂ )=T

qninvα(T̂ ) = sαq (T ).

Proof. The proof is very similar to that of Lemma 2.18; we give a sketch of the proof. For each
tableau T ∈ Tab⊆[n](µ), consider the associated word w(T ) = a1a2 · · · an as in Definition 4.12.
Suppose α = (α1, . . . , αk) and that µ has ℓ parts. By an argument analogous to the one in the
proof of Proposition 2.15, we obtain∑

T̂∈SYT(µ,α)

Sα(T̂ )=T

qninvα(w(T̂ )) =
∑

(w1,...,wk)∈
∏

i⩾1 R(γi)

qninv(w1)+···+ninv(wk),

where γi denotes the weak composition (βi
1, β

i
2, . . . , β

i
ℓ, αi − |βi(T )|). Write βi = (βi

1, β
i
2, . . .).

Since ninv is Mahonian, the sum on the right hand side above equals∏
i⩾1

∑
wi∈R(γi)

qninv(wi) =
∏
i⩾1

[
αi

αi − |βi|, βi
1, β

i
2, . . .

]
q

= sαq (T ).

Theorem 4.22. Let ∆ be a diagonal matrix of type α over Fq. The number of subspaces with
∆-profile µ is given by

σ(µ, α) = (q − 1)
∑

j⩾2 µjq
∑

j⩾2 (
µj
2 )bµα(q).
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Proof. Note that if T̂ ∈ Tab⊆[n](µ, α), then Sα(T̂ ) ∈ SSTab(µ, α). By Corollary 4.16,

σ(µ,∆) = (q − 1)
∑

j⩾2 µjq
∑

j⩾2 (
µj
2 )

∑
T̂∈Tab⊆[n](µ,α)

qninvα(w(T̂ ))rq(Sα(T̂ ))

= (q − 1)
∑

j⩾2 µjq
∑

j⩾2 (
µj
2 )

∑
T∈SSTab(µ,α)

∑
T̂∈Tab⊆[n](µ,α)

Sα(T̂ )=T

qninvα(w(T̂ ))rq(Sα(T̂ ))

= (q − 1)
∑

j⩾2 µjq
∑

j⩾2 (
µj
2 )

∑
T∈SSTab(µ,α)

rq(T )
∑

T̂∈Tab⊆[n](µ,α)

Sα(T̂ )=T

qninvα(w(T̂ )).

By Lemma 4.21, the innermost sum is simply sαq (T ) and the theorem follows.

Observe that σ(µ, α) is invariant under permutations of the coordinates ofα, since permuting
the entries of a diagonal matrix leaves its conjugacy class invariant. Consequently, bµα(q) is
invariant under permutations of coordinates of α. Therefore it suffices to study bµν(q) for integer
partitions ν. Another point worth noting is that one can define bµα(q) by treating q as a formal
variable using Definition 4.20 even when there is no diagonal matrix of type α over the finite
field Fq. When q is treated as a formal variable, it is clear that bµα(q) is a polynomial in q and
we assume this viewpoint in the next section.
Remark 4.23. The results in this section play a crucial role in the solution to the general case of
Problem 1.2 for arbitrary operators. The reader is referred to [Ram23] for the details.

5. q-Whittaker functions and the Touchard–Riordan formula

In this section we show that the polynomials bµν(q) are closely related to coefficients in the
monomial expansion of the q-Whittaker symmetric function. Though the name ‘q-Whittaker’
was coined by Gerasimov, Lebedev and Oblezin [GLO10], they had already been considered
previously by Macdonald [Mac95]. The q-Whittaker function Wλ(x; q) is obtained as the t = 0
specialization of the Macdonald polynomial Pλ(x; q, t). One has the specializations

Wλ(x; 0) = sλ(x), Wλ(x; 1) = eλ′(x), (5.1)

where sλ denotes the Schur function and eλ denotes the elementary symmetric function. The
q-Whittaker function arises in a representation theoretic setting in the context of the graded
Frobenius characteristic of the cohomology ring of Springer fibers. The reader is referred to
the survey article of Bergeron [Ber20] for more on q-Whittaker functions. Denoting by mλ the
monomial symmetric function indexed by λ, we have (Macdonald [Mac95, VI.(7.13’)])

Wµ(x) =
∑
ν

aµν(q)mν , (5.2)
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where, for each partition ν = (ν1, . . . , νk),

aµν(q) =
∑ k∏

j=1

ψµj/µj−1(q),

where the sum is taken over all chains ∅ = µ0 ⊆ µ1 ⊆ · · · ⊆ µk = µ of partitions such
that µj/µj−1 is a horizontal νj-strip. Here

ψµ/ρ(q) =
∏
i⩾1

[
µi − µi+1

µi − ρi

]
q

.

We will show in Theorem 5.3 that the the polynomials bµν(q) can be expressed in terms of the
coefficients aµν(q) above.

Proposition 5.1. Given partitions µ and ν = (ν1, . . . , νk) of the same size,

bµν(q) =
∑ k∏

j=1

θµj/µj−1(q),

where the sum is taken over all chains ∅ = µ0 ⊆ µ1 ⊆ · · · ⊆ µk = µ of partitions such
that µj/µj−1 is a horizontal νj-strip (1 ⩽ j ⩽ k) and

θµ/ρ(q) =
[|µ| − |ρ|]q!
[µ1 − ρ1]q!

∏
i⩾1

[
ρi − ρi+1

µi+1 − ρi+1

]
q

,

where [k]q! denotes the product [1]q[2]q · · · [k]q.

Proof. By Definition 3.7,

bµν(q) =
∑

T∈SSYT(µ,ν)

rq(T )sq(T ).

Consider a tableau T ∈ SSYT(µ, ν). For each positive integer j ⩽ k, let µj denote the partition
corresponding to the shape of the tableau formed by the entries not exceeding j in T . Then it is
clear that µj is obtained from µj−1 by adding a horizontal strip of size νj for each 1 ⩽ j ⩽ k.
Now fix j and write ρ = µj−1 and λ = µj . The contribution to sq(T ) of entries equal to j in T
is the multinomial coefficient [

|λ| − |ρ|
λ1 − ρ1, λ2 − ρ2, . . .

]
q

.

On the other hand, the contribution to rq(T ) coming from entries equal to j is given by∏
i⩾1

[
ρi − ρi+1

λi+1 − ρi+1

]
q

[λi+1 − ρi+1]q!
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Multiplying the last two expressions above, it follows that the total contribution of all entries
equal to j to the product rq(T )sq(T ) is given by

θλ/ρ(q) =
[|λ| − |ρ|]q!
[λ1 − ρ1]q!

∏
i⩾1

[
ρi − ρi+1

λi+1 − ρi+1

]
q

.

Therefore, the contribution of all entries of T to rq(T )sq(T ) is equal to

k∏
j=1

θµj/µj−1(q),

and the proposition follows.

Corollary 5.2. Let µ, ν be partitions of n with ν = (ν1, . . . , νk). Then

bµν(q) =
∑

ρ:µ/ρ is a horizontal
strip of size νk

bρ,ν̂(q) θµ/ρ(q),

where ν̂ denotes the partition obtained by deleting the last part of ν.

Corollary 5.2 can be used to efficiently compute the polynomials bµν(q) recursively, starting
with the base case bµν(q) = 1 when µ and ν are empty partitions.

Theorem 5.3. IfWµ =
∑

ν aµν(q)mν denotes the monomial expansion of the q-Whittaker func-
tion, then

bµν(q) =

∏
i⩾1[νi]q!∏

i⩾1[µi − µi+1]q!
aµν(q).

Proof. Write ν = (ν1, . . . , νk) and consider a chain ∅ = µ0 ⊆ µ1 ⊆ · · · ⊆ µk = µ of partitions
such that µj/µj−1 is a horizontal νj-strip for 1 ⩽ j ⩽ k. We have

ψµj/µj−1(q) =
∏
i⩾1

[
µj
i − µj

i+1

µj
i − µj−1

i

]
q

,

and

θµj/µj−1(q) =
[νj]q!

[µj
1 − µj−1

1 ]q!

∏
i⩾1

[
µj−1
i − µj−1

i+1

µj
i+1 − µj−1

i+1

]
q

.

It is easily verified that
k∏

j=1

θµj/µj−1(q) =

∏
i⩾1[νi]q!∏

i⩾1[µi − µi+1]q!

k∏
j=1

ψµj/µj−1(q).

The proposition now follows from the expressions for aµν(q) and bµν(q) in terms of ψµ/ρ(q)
and θµ/ρ(q).
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We now consider an application of Theorem 5.3 to binary integer matrices. The coeffi-
cients Mλν in the expansion

eν =
∑
λ

Mλνmλ

correspond to the number of (0, 1)-matrices whose row and column sums are given by λ and ν
respectively (Stanley [Sta99, Prop. 7.4.1]). A formula for computingMλν using Kostka numbers
appears in Macdonald [Mac95, I.(6.7)]. An explicit expression not involving Kostka numbers
was found by Johnsen and Straume [JS87]. Theorem 5.3 together with the q = 1 specialization
of the q-Whittaker functions in Eq. (5.1), implies the following corollary.

Corollary 5.4. Let λ and ν be integer partitions. The number of binary integer matrices with
row sums λ and column sums ν is given by

Mλν = bλ′ν(1)

∏
i⩾1mi(λ)!∏

i⩾1 νi!
,

where λ′ denotes the partition conjugate to λ and mi(λ) is the multiplicity of the integer i as a
part of λ for i ⩾ 1.

In view of Definition 3.7, Corollary 5.4 implies the following formula forMλν as a sum over
semistandard tableaux.

Corollary 5.5. We have

Mλν =

∏
i⩾1mi(λ)!∏

i⩾1 νi!

∑
T∈SSYT(λ′,ν)

(∏
i⩾2

∏
j⩾1

rij(T )

)∏
i⩾1

(
νi

βi(T )

)
,

where βi(T ) are as in Definition 2.13 and rij(T ) are as in Definition 3.4.

The formula above provides a very efficient nonrecursive method to compute Mλν when the
Kostka number Kλ′ν is small.

We now consider an application of the above results to a classical combinatorial problem.
Given a positive integer m, a chord diagram on 2m points is a collection of 2m equally spaced
points on the circumference of a circle joined by chords in pairs. Such chord diagrams are easily
seen to correspond to set partitions of [2m] in which all blocks are of size 2. The chord diagrams
for m = 2, are shown in Figure 5.1. Among all chord diagrams on 2m points, let tm,k denote
the number of chord diagrams which have k pairs of crossing chords (these coincide with cross-
ings of arcs in the corresponding set partition) and define Tm(q) =

∑
k⩾0 tm,kq

k. Thus Tm(q)
is the generating polynomial for chord diagrams on 2m points by number of crossings. For
instance, T2(q) = 2 + q. The polynomials Tm(q) were investigated by Touchard [Tou50a,
Tou50b, Tou52] in the context of the stamp folding problem. Building on Touchard’s work,
Riordan [Rio75] gave a beautiful analytic formula for Tm(q):

Tm(q)(1− q)m =
m∑
i=0

(−1)i
[(

2m

m− i

)
−
(

2m

m− i− 1

)]
q(

i+1
2 ). (5.3)
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Figure 5.1: All chord diagrams on 4 points.

An alternative proof of this formula using ideas from the theory of continued fractions can be
found in Read [Rea79]. A bijective proof due to Penaud [Pen95] is also known. The reader is
referred to Aigner [Aig07, p. 337] for a very nice exposition.

We will prove that the polynomials Tm(q) can be expressed in terms of the q-Whittaker func-
tions. Recall that the ring of symmetric functions is endowed with the Hall scalar product ⟨·, ·⟩
with respect to which the monomial and complete homogeneous symmetric functions are dual
bases (Macdonald [Mac95, p. 63]). In other words, we have ⟨mλ, hµ⟩ = δλµ, where δλµ denotes
the Kronecker delta function. The coefficients aµν(q) in the monomial expansion ofWµ can also
be written in terms of the scalar product as ⟨Wµ, hν⟩.

Theorem 5.6. We have

Tm(q) =
1

[m]q!
⟨W(m,m), h

2m
1 ⟩.

Proof. By Theorem 5.3,

bµν(q) =

∏
i⩾1[νi]q!∏

i⩾1[µi − µi+1]q!
⟨Wµ, hν⟩.

Now take ν = (12m) and µ = (m,m). It follows from Theorem 3.9 that

bµν(q) =
∑

A∈Π2m(2m)

qiα(A) = Tm(q),

since iα(A) is simply equal to the number of crossings of A by Remark 3.2. It follows that the
polynomials Tm(q) can be expressed as

Tm(q) =
1

[m]q!
⟨W(m,m), h

2m
1 ⟩.

6. q-Stirling numbers indexed by integer partitions

In this section we define a new class of q-Stirling numbers Sq(n,m; ν) indexed by integer par-
titions ν of n. In the case where ν has all parts equal to 1, these numbers coincide with the
q-Stirling numbers of the second kind defined by Carlitz [Car33]. First, we consider a q = 1
analog of these numbers. Given a composition α of n, let S(n,m;α) denote the number of
set partitions A of [n] which contain m blocks and intersect Aα minimally. It is easy to see
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that S(n,m;α) is invariant under a rearrangement of the coordinates of α; therefore we only
need to consider S(n,m; ν) for integer partitions ν. Note that when ν has all parts equal to 1,
S(n,m; ν) equals the number of set partitions of [n] into m blocks and is therefore simply the
classical Stirling number of the second kind.

Since bµν(1) = |Π(µ′, ν)| by Theorem 3.9, it follows that

S(n,m; ν) =
∑
µ⊢n
µ1=m

bµν(1). (6.1)

When ν has precisely one part, S(n,m; ν) is 1 if n = m and zero otherwise. The num-
bers S(n,m; ν) satisfy the following recursion.

Proposition 6.1. For each partition ν = (ν1, . . . , νk) of n,

S(n,m; ν) =

νk∑
r=0

S(n− νk,m− r, ν̂)

(
νk
r

)(
m− r

νk − r

)
(νk − r)!,

where ν̂ denotes the partition obtained by deleting the last part of ν.

Proof. Write Aν = ∪k
i=1Ai where Ai = {ν1 + · · ·+ νi−1 + 1, . . . , ν1 + · · ·+ νi} for 1 ⩽ i ⩽ k.

Consider a set partition A counted by S(n,m; ν). If we delete the elements of Ak from the
blocks of A, then we obtain a set partition A′ of ∪k−1

i=1Ai such that A′ intersects Aν̂ minimally.
The number of blocks in A′ is precisely m− r where r is the number of elements of Ak that lie
in singleton blocks of A. The number of set partitions A′ that can be obtained by the procedure
above is counted by S(n− νk,m− r, ν̂). The number of set partitions A which yield a given set
partition A′ can be counted by first choosing r elements of Ak which lie in singleton blocks and
then assigning each of the remaining νk − r elements to the m − r blocks of A′. Thus a given
set partition A′ arises in precisely (

νk
r

)(
m− r

νk − r

)
(νk − r)!

ways. The proposition follows easily from these observations.

For nonnegative integers n,m, the Carlitz q-Stirling numbers of the second kind are defined
by

Sq(n,m) = Sq(n− 1,m− 1) + [m]qSq(n− 1,m) (n ⩾ 1,m ⩾ 1), (6.2)

with Sq(n,m) = δnm (Kronecker delta) when either n = 0 or m = 0. The following definition
may be viewed as a q-analog of Eq. (6.1).

Definition 6.2. Define

Sq(n,m; ν) :=
∑
µ⊢n
µ1=m

q
∑

j⩾2 (
µj
2 )bµν(q).
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When ν has all parts equal to 1, we will see that Sq(n,m; ν) coincides with the q-Stirling
numbers of the second kind defined by Carlitz.

In view of Theorem 3.9 which expresses bµν(q) in terms of a set partition statistic, we have
the following alternate combinatorial expression for Sq(n,m; ν).

Proposition 6.3. For each Mahonian statistic φ,

Sq(n,m; ν) =
∑

qiν(A)+φν(A)+
∑

i⩾1(i−1)(λA
i −1),

where the sum is taken over all set partitionsA ∈ Πn withm blocks which intersectAν minimally
and λA denotes the shape of A.

The next result shows that an analog of Proposition 6.1 holds for Sq(n,m; ν). This recursion
will be used in Section 7 to show that Sq(n,m; ν) corresponds to q-rook numbers of suitably
defined Ferrers boards.

Theorem 6.4. For each partition ν = (ν1, . . . , νk) of n,

Sq(n,m; ν) =

νk∑
r=0

q(
νk−r

2 )
[
νk
r

]
q

[
m− r

νk − r

]
q

[νk − r]q! Sq(n− νk,m− r, ν̂),

where ν̂ denotes the partition obtained by deleting the last part of ν.

Proof. If we write n(µ) =
∑

j⩾2

(
µj

2

)
, it follows from Proposition 5.2 that

Sq(n,m; ν) =
∑
µ⊢n
µ1=m

qn(µ)bµν(q)

=
∑
µ⊢n
µ1=m

qn(µ)
∑

ρ:µ/ρ is a horizontal
strip of size νk

bρ,ν̂(q)
[νk]!q

[µ1 − ρ1]!q

∏
j⩾1

[
ρj − ρj+1

µj+1 − ρj+1

]
q

=

νk∑
r=0

∑
µ⊢n
µ1=m

∑
ρ:µ/ρ is a horizontal

strip of size νk
ρ1=m−r

qn(µ)bρ,ν̂(q)
[νk]!q
[r]!q

∏
j⩾1

[
ρj − ρj+1

µj+1 − ρj+1

]
q

.

Now interchange the two inner sums to obtain

νk∑
r=0

[νk]!q
[r]!q

∑
ρ⊢n−νk
ρ1=m−r

∑
µ:µ/ρ is a horizontal

strip of size νk
µ1=m

qn(µ)bρ,ν̂(q)
∏
j⩾1

[
ρj − ρj+1

µj+1 − ρj+1

]
q

=

νk∑
r=0

[νk]!q
[r]!q

∑
ρ⊢n−νk
ρ1=m−r

bρ,ν̂(q)q
n(ρ)+(νk−r

2 )
∑

µ:µ/ρ is a horizontal
strip of size νk

µ1=m

qn(µ)−n(ρ)−(νk−r
2 )
∏
j⩾1

[
ρj − ρj+1

µj+1 − ρj+1

]
q

.
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We claim that the innermost sum above is simply
[
m−r
νk−r

]
q
. To see this, suppose ρ has ℓ parts

and let xj = µj+1 − ρj+1 for 1 ⩽ j ⩽ ℓ. Then n(µ) − n(ρ) =
∑

j⩾1

(
xj

2

)
+ xjρj .

Since
∑

j⩾1 xj = νk − r, we also have
(
νk−r
2

)
=
∑

j⩾1

(
xj

2

)
+
∑

1⩽j<i xjxi. Therefore, the
innermost sum above is equal to

∑
x1+x2+···+xℓ=νk−r

q
∑ℓ

j=1 xj(ρj+1−(xj+1+···+xℓ))

ℓ∏
j=1

[
ρj − ρj+1

xj

]
q

=

[
ρ1

νk − r

]
q

,

by an ℓ-fold Vandermonde convolution for q-binomial coefficients. The claim now follows
since ρ1 = m− r. It follows that

Sq(n,m; ν) =

νk∑
r=0

[νk]!q
[r]!q

[
m− r

νk − r

]
q

q(
νk−r

2 )
∑

ρ⊢n−νk
ρ1=m−r

bρ,ν̂(q)q
n(ρ)

=

νk∑
r=0

[νk]!q
[r]!q

[
m− r

νk − r

]
q

q(
νk−r

2 )Sq(n− νk,m− r, ν̂),

proving the theorem.

Remark 6.5. When ν has a single part, it is easily verified using Definition 6.2
that Sq(n,m; ν) = 1 if n = m and 0 otherwise. Along with this base case, Theorem 6.4 can be
used to efficiently compute Sq(n,m; ν).

Note that when ν has all parts equal to 1, the recursion of Theorem 6.4 reads

Sq(n,m; (1n)) = Sq(n− 1,m− 1; (1n−1)) + [m]qSq(n− 1,m; (1n−1)),

which coincides with the defining recursion (6.2) for the q-Stirling numbers of Carlitz.

7. Stirling numbers and q-rook theory

Rook theory was introduced by Kaplansky and Riordan [KR46] in the 1940s and, ever since,
has found several applications in enumerative combinatorics. The basic idea of rook theory is
to count the number of placements of a given number of nonattacking rooks on a chess board;
these are called rook numbers of the board. Garsia and Remmel [GR86] developed q-analogues
of the rook numbers by defining a statistic on rook placements. Haglund [Hag96] found intri-
cate connections between q-rook theory and basic hypergeometric series and proved that a large
class of q-rook numbers can be expressed in terms of basic hypergeometric series of Karlsson–
Minton type (see Gasper and Rahman [GR04, Sec. 1.9] for the definition). Ding [Din97] found
connections between rook theory and algebraic topology by exhibiting algebraic varieties for
which the Poincaré polynomials of cohomology are in fact q-rook polynomials. Rook theory
has also been considered in the context of matrices over finite fields; see, for instance, the papers
by Haglund [Hag98] and Solomon [Sol90]. In this section we briefly describe the q-rook theory
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of Garsia and Remmel and show that the q-Stirling numbers Sq(n,m; ν) discussed in Section 6
are closely related to the q-rook numbers of certain types of Ferrers boards.

For a sequence a1 ⩽ · · · ⩽ ar of nonnegative integers, the Ferrers board of shape (a1, . . . , ar)
is defined by

B(a1, . . . , ar) = {(i, j) : 1 ⩽ i ⩽ r, 1 ⩽ j ⩽ ai}.

The board B is visually represented as an array of squares in the Cartesian plane such that the
square corresponding to (i, j) ∈ B has its upper right corner at the point (i, j). For instance,
the board B(2, 4, 5) is show in Figure 7.1. By the staircase board of size n, we mean the Ferrers

1
2

3
4

5

Figure 7.1: Left: the Ferrers board B(2, 4, 5); Right: the staircase board of size 5 with rows and
columns labeled.

board Bn = B(1, 2, . . . , n− 1). Given a Ferrers board B, a placement of m nonattacking rooks
on B is simply a subset P ⊆ B of cardinality m such that, for distinct elements (i, j) and (k, l)
of P , we have i ̸= k and j ̸= l. Each set partitionA of [n]withm blocks corresponds uniquely to
a placement of n−m nonattacking rooks on a staircase board of sizen (Stanley [Sta12, Sec. 2.4]).
To see this correspondence, number the rows of the staircase board from 1 to n− 1 from bottom
to top. The columns are numbered from 2 to n from left to right as shown in Figure 7.1. A rook
(indicated by a cross) is placed in the box in row i and column j whenever i and j are consecutive
elements in the same block of A. For instance, the rook placement corresponding to the set
partition A = 14|235 is shown in Figure 7.2. For a rook placement P , we mark all squares that

1
2

3
4

5

1
2

3
4

5

Figure 7.2: Left: rook placement for A = 14|235. Right: ρ(P ) = 3.

are below or to the right of some rook by a thick dot; these squares are said to be cancelled by the
rooks. The number of cells which do not contain a rook or a dot is denoted ρ(P ). An example
is shown in Figure 7.2. The following definition is due to Garsia and Remmel [GR86].
Definition 7.1. The mth q-rook number of the Ferrers board B is defined by

rm(B) :=
∑
P

qρ(P ),
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where the sum is taken over all placements P of m nonattacking rooks on B.

For each set partition A, define ρ(A) = ρ(P ), where P is the placement of rooks on the
staircase board corresponding to A. The q-Stirling numbers of the second kind defined in
Section 6 can be expressed in terms of the rook numbers of the staircase board Bn

by Sq(n,m) = q−(
m
2 )rn−m(Bn) (this is essentially [GR86, Eq. 3.10] with a slightly different

normalization for Sq(n,m)). Therefore

Sq(n,m) =
∑
A

qρ(A)−(m2 ),

where the sum is taken over all set partitions A of [n] with m blocks.

Definition 7.2. Given an integer partition ν, define

S̃q(n,m; ν) =
∑
A

qρ(A)−(m2 ),

where the sum is taken over all set partitions A of [n] with m blocks such that A intersects Aν

minimally.

When ν = (1n), it is clear that S̃q(n,m; ν) = Sq(n,m), the classical q-Stirling number of
Carlitz. We will prove that S̃q(n,m; ν) is in fact equal to Sq(n,m; ν) which was defined in terms
of the polynomials bµν(q) in Section 6.

Definition 7.3. For each partition ν, let B(ν) denote the Ferrers board whose column lengths
are successively given by

ν1, . . . , ν1︸ ︷︷ ︸
ν2 times

, ν1 + ν2, . . . , ν1 + ν2︸ ︷︷ ︸
ν3 times

, . . . , ν1 + · · ·+ νk−1, . . . , ν1 + · · ·+ νk−1︸ ︷︷ ︸
νk times

.

Lemma 7.4. We have

S̃q(n,m; ν) = q−(
m
2 )+

∑
j⩾1 (

νj
2 )rn−m(B(ν)).

Proof. Note that the set partitions A which contribute to S̃q(n,m; ν) correspond to placements
of n−m nonattacking rooks onBn such that no rook is placed in row i and column j whenever i
and j lie in the same block of Aν . For instance, when ν = (3, 2, 4), this corresponds to all
placements of nonattacking rooks on the unmarked squares of the board shown in Figure 7.3.

The forbidden squares for rooks form smaller staircase boards of size νi for i ⩾ 1. For
each partition ν of n, deleting the forbidden squares from a staircase board of size n results in
the Ferrers board B(ν). Since B(ν) is obtained from the staircase board of size n by deleting
precisely

∑
j⩾1

(
νj
2

)
squares, it follows that

S̃q(n,m; ν) = q−(
m
2 )+

∑
j⩾1 (

νj
2 )rn−m(B(ν)).
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1
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Figure 7.3: The forbidden squares for rooks when ν = (3, 2, 4).

Denote by B(ab) the rectangular Ferrers board which has b columns, each of length a. The
following Lemma is a slight generalization of [GR86, Thm. 3.3] and is easily proved by the same
combinatorial argument given there.

Lemma 7.5. The mth q-rook number of the rectangular board B = B(ab) is given by

rm(B) = q(a−m)(b−m)

[
b

m

]
q

[a]q!

[a−m]q!
.

The next lemma may be viewed as a generalization of [GR86, Thm. 1.1].

Lemma 7.6. Let B be a Ferrers board in which each column has height at most a.
If B̄ = B ∪ B(ab) denotes the Ferrers board obtained by adding b columns of height a to
the right of B, then

rm(B̄) =
m∑
j=0

rj(B)q(a−m)(b−m+j)

[
b

m− j

]
q

[a− j]q!

[a−m]q!
.

Proof. Each placement ofm rooks on B̄ corresponds to a placement of j rooks on B andm− j
rooks onB(ab) for some 0 ⩽ j ⩽ m. Placing j nonattacking rooks onB cancels j rows inB(ab),
leaving a− j rows for the remaining m− j rooks. Therefore,

rm(B̄) =
m∑
j=0

rj(B) rm−j(B((a− j)b)).

The result now follows from Lemma 7.5.

Theorem 7.7. We have Sq(n,m; ν) = S̃q(n,m; ν).

Proof. When ν has a single part, it is easily verified using Definition 7.2 that S̃q(n,m; ν) = 1
if n = m and 0 otherwise. By Remark 6.5, it follows that Sq(n,m; ν) and S̃q(n,m; ν) agree
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when ν has a single part. Therefore, it suffices to prove that S̃q(n,m; ν) satisfies the recurrence
of Theorem 6.4. If ν̂ denotes the partition obtained by deleting the last part of ν, then

B(ν) = B(ν̂) ∪B(ab),

where a = ν1 + · · ·+ νk−1 = n− νk and b = νk. Set B = B(ν̂) in Lemma 7.6 to obtain

rm(B(ν)) =
∑
j

rj(B(ν̂))q(n−νk−m)(νk−m+j)

[
νk

m− j

]
q

[n− νk − j]q!

[n− νk −m]q!
.

Replacing m by n−m, this becomes

rn−m(B(ν)) =
∑
j

rj(B(ν̂))q(m−νk)(νk−n+m+j)

[
νk

n−m− j

]
q

[n− νk − j]q!

[m− νk]q!

=
∑
j

rn−νk−m+j(B(ν̂))q(m−νk)j

[
νk
j

]
q

[m− j]q!

[m− νk]q!
,

where the last step follows by replacing j by n− νk −m+ j. By Lemma 7.4, it follows that

q(
m
2 )−

∑
i⩾1 (

νi
2 )S̃q(n,m; ν)=

∑
j

S̃q(n− νk,m− j; ν̂)q(
m−j

2 )−
∑k−1

i=1 (
νi
2 )q(m−νk)j

[
νk
j

]
q

[m− j]q!

[m− νk]q!
,

which simplifies to

S̃q(n,m; ν) =
∑
j

S̃q(n− νk,m− j; ν̂)q(
νk−j

2 )
[
νk
j

]
q

[
m− j

νk − j

]
q

[νk − j]q!.

This recurrence is identical to the one proved for Sq(n,m; ν) in Theorem 6.4.
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