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Abstract. We show that, under suitable hypotheses, the foundation of a generalized parallel
connection of matroids is the relative tensor product of the foundations. Using this result,
we show that the foundation of a 2-sum of matroids is the absolute tensor product of the
foundations, and that the foundation of a matroid is invariant under segment-cosegment
exchange.
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1. Introduction

Pastures are algebraic objects that generalize partial fields and hyperfields. In [BL25a], Baker
and Lorscheid study the foundation of a matroid M, which is a pasture canonically attached to M
that governs the representability of M over arbitrary pastures. In particular, the foundation £,
determines the set of projective equivalence classes of representations of M over partial fields.
More precisely, for any pasture P, the set of (weak) P-representations of M, modulo a suitable
equivalence relation generalizing projective equivalence, is canonically identified with the set
of pasture homomorphisms from F}; to P.
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Let M, M> be matroids with ground sets F; and Es respectively. If £y N Ey = T
with M;|T = M,|T and T is a modular flat' in either M; or M, then one can define the gen-
eralized parallel connection Pr(M;, M) (cf. [Ox106, p.441]) as the matroid on £ = F; U Ey
such that F' is a flat of Pr(My, M,) if and only if F' N E; is a flat of M, fori = 1,2.

There are some important constructions in matroid theory which make use of the generalized
parallel connection, two of the most important being:

1. If M, and M, are simple and 7" = {p} is a singleton, then 7" is automatically a modular
flat in both M, and M,. In this case, we define the 2-sum of M, and M, along p, de-
noted M, @y M (or M, &, M, if we want to emphasize the dependence on p), to be the
minor Pr(My, My)\T of Pr(M;y, Ms).

2. If T'is a coindependent triangle (i.e., 3-element circuit) in a matroid ), we define the
Delta-Wye exchange of M along T, denoted A (M), to be the minor Pr(M, M (Ky))\T
of Pr(M, M(Ky)), where T is identified with a triangle in M (K}).

More generally, if M is a matroid and X C FE(M) is a coindependent set such
that M|X = U,,, for some n > 2, one defines the segment-cosegment exchange of M
along X to be Px(M,©,)\X, where O, is a certain matroid on 2n elements defined in
Section 5. When n = 3, we have ©3 = M(K,) and the segment-cosegment exchange
of M along X coincides with A x (M).

It is known that a 2-sum of matroids )/, and M, is representable over a partial field P if and
only if M, and M, are both representable over P [vZ09, Corollary 2.4.31]. It is also known that
if M is a matroid containing a coindependent set X such that M|X = U,,, for some n > 2,
then M is representable over a partial field P if and only if the segment-cosegment exchange
of M along X is representable over P [OSV00, Corollary 3.6]. In this paper, we generalize
these results in two important ways:

* We establish bijections between suitable rescaling classes of P-representations.
* We prove analogous results for representations over arbitrary pastures.
Our main theorems are as follows:

Theorem A. Let M, and My be matroids so that E(My) N E(Ms) = T and My|T = M,
and let N = M, |T. Suppose that either:

T,

(1) T is a modular flat of both M, and My, or
(2) T is isomorphic to Us,, for some n = 2 and M, is isomorphic to ©,,.
Then the foundation of Pr(M,, My) is isomorphic to Fy, ®py Fi,.

Part (1) of Theorem A is proved in Section 3, and part (2) is proved in Section 5.
In the special case where T' = &, we obtain the following corollary (also proved in [BLZ25]):

'A flat T of a matroid M is called modular if r(T) + r(F) = r(T N F) + r(T U F) for every flat F' of M,
where r is the rank function of M.
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Corollary B. The foundation of a direct sum M, & M, is isomorphic to Fyy, @ Fyy,.

Remark. When T'is a modular flat in M, but not necessarily in M7, the generalized parallel con-
nection M = Pr(Mj, M,) is still well-defined, but the identity Fron ) = Fuy ® Faryir Fuy,
does not necessarily hold, even when r(7") = 2. We give an example at the end of Section 3.

In certain situations, the foundations of Pr(M;, M) and Pr(M;, M)\T turn out to be iso-
morphic. The two most important examples are that of 2-sums and segment-cosegment ex-
changes:

Theorem C. Let M, and M be matroids on Ey and Es, respectively, so that £y N Ey = {p}
and p is not a loop or a coloop in M, or Ms. Then the foundation of the 2-sum M, ©, Ms is
isomorphic to Fy, @ Fiy,.

Theorem D. Let M be a matroid and let X C FE(M) be a coindependent set such
that M| X = Us,, for some n > 2. Then the foundation of the segment-cosegment exchange
of M along X is isomorphic to Fy;.

A proof of Theorem C is given in Section 4. Theorem C implies, in particular, that (under the
hypotheses of Theorem C) for every partial field P there is a bijection between rescaling equiv-
alence classes of P-representations of M; @, M, and pairs of rescaling equivalence classes of
P-representations of M; and M,. To the best of our knowledge, even this particular consequence
of Theorem C is new.

Theorem D is proved in Section 5. It generalizes a result of Oxley—Semple—Vertigan [OSV00,
Corollary 3.6] which says that, under the hypotheses of Theorem D, for every partial field P there
is a bijection between rescaling equivalence classes of P-representations of M and rescaling
equivalence classes of P-representations of the segment-cosegment exchange of M along X.

The proof of Theorem C relies on part (1) of Theorem A, and the proof of Theorem D relies
on part (2) of Theorem A.

Remark. The foundation of M’ = Pp(M;, M3)\T is not in general isomorphic to the founda-
tion of M = Pr(M;, M), even when E(M;) and E(My;) are both modular in M. For example,
if N is any non-regular matroid on E and M; = N @ e; with e; ¢ E fori = 1,2, then E(N)
is a modular flat of both A, and M>, so by Theorem A we have Fy; = Fiy, @p, Fyy,. How-
ever, Frp = F, g, = FY, whereas Fy;, ®p, Fip, & Fy 2 Ff.

Since the universal partial field of a matroid can be computed from its foundation (cf. [BL21,
Lemma 7.48] and Section 5.1 below), Theorem D implies in particular an affirmative solution
to Conjecture 3.4.4 in Stefan van Zwam’s thesis [vZ09] (see Section 5.1 for a proof):

Corollary E. Let M be a matroid and let X C FE(M) be a coindependent set such
that M| X = U,,, for some n > 2, and assume that M is representable over some partial field.
Then the universal partial field of the segment-cosegment exchange of M along X is isomorphic
to the universal partial field of M.

Theorem D also has the following consequence for excluded minors (which is proved
in [OSVO00, Theorem 1.1] in the special case where P is a partial field); for a proof, see Corol-
lary 5.15.
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Corollary F. Let P be a pasture, and let M be an excluded minor for representability over P.
Then every segment-cosegment exchange of M is also an excluded minor for representability
over P.

By applying Theorems C and D to Hom(F),, P) for certain pastures P, we obtain some
interesting consequences for P-representability. These consequences are already known when P
is a partial field, but when P = S (the sign hyperfield) or T (the tropical hyperfield), we obtain
what appear to be new results. In order to state these corollaries precisely, we recall the following
definitions:

Definition.

(1) A matroid M is called orientable if Hom(F);,S) is non-empty. (This is equivalent to the
usual notion of orientability, cf. [BB19, Example 3.33].)

(2) A matroid M is called rigid if Hom(F);, T) has just one element. (This is equivalent
to the condition that the base polytope of M has no non-trivial regular matroid polytope
subdivision, cf. [BL24, Proposition B.1].) Equivalently, M is rigid if and only if every
homomorphism F); — T factors through the canonical inclusion K — T, where K is the
Krasner hyperfield.

We have the following straightforward corollaries of Theorems C and D, respectively.

Corollary G. Let M, and My be matroids on Ey and Es, respectively, so that £y N Ey = {p}
and p is not a loop or a coloop of My or Ms. Then the 2-sum M, @, M is orientable (resp.
rigid) if and only if M, and M, are both orientable (resp. rigid).

Proof. Let N = M, ®©, M and F,, Iy, and Fy be the foundations of M;, M, and N, respec-
tively. Then M, and M, are both orientable if and only if both Hom(F}y,,S) and Hom(Fyy,, S)
are non-empty. By the universal property of the tensor product in the category of pastu-
res [BL25a, Lemma 2.7], there is a canonical bijection

Hom(Fyy,,S) x Hom(Fyy,,S) = Hom(Fy, ® Fu,S).

Moreover, by Theorem C we have Fiy = Fy, ® Fhy,. Thus My and M, are both orientable if
and only if

Hom(Fyy,,S) x Hom(Fyy,,S) = Hom(Fyy, ® Far,,S) = Hom(Fy,S)

is non-empty. This is, in turn, equivalent to N = M; @,, M, being orientable.
The claim for rigid matroids follows from the same proof, replacing “orientable” by “rigid”,
non-empty by singleton, and S by T throughout. [

Corollary H. Let M be a matroid and let X C E(M) be a coindependent set such
that M| X = U,,, for some n > 2. Then the segment-cosegment exchange of M along X is
orientable (resp. rigid) if and only if M is orientable (resp. rigid).

Proof. By Theorem D, the foundation of the segment-cosegment exchange of M along X is iso-
morphic to the foundation of M. Since the notions of orientability and rigidity for a matroid M
depend only on the foundation of M, the claim follows. [
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2. Background on foundations and representations of matroids over pas-
tures

In this section, we recall some background material from [BL.25a] which will be used throughout
this paper. We also discuss some preliminary facts about generalized parallel connections which
we will need.

2.1. Pastures

Pastures are a generalization of the notion of field in which we still have a multiplicative abelian
group G, an absorbing element 0, and an “additive structure”, but we relax the requirement that
the additive structure come from a binary operation.

By a pointed monoid we mean a multiplicatively written commutative monoid P with an
element 0 that satisfies 0 - @ = 0 for all a € P. We denote the unit of P by 1 and write P* for
the group of invertible elements in P. We denote by Sym,(P) all elements of the form a +b+ ¢
in the monoid semiring N[P], where a, b, c € P.

Definition 2.1. A pasture is a pointed monoid P, together with a subset Np of Syms(P), such
that a € P* for all nonzero a € P and for all a, b, ¢, d € P we have:

(P1) a4+ 0+ 0 € Npifandonlyif a =0,
(P2) ifa+ b+ ¢ € Np, then ad + bd + cd is in Np,
(P3) there is a unique element ¢ € P> suchthat 1 + ¢+ 0 € Np.

We call Np the nullset of P, and say that a+b+c is null, and write symbolically a + b + c¢=0,
if a+ b+ c € Np. The element € plays the role of an additive inverse of 1, and the rela-
tions a + b + ¢ = 0 express that certain sums of elements are zero, even though the multiplica-
tive monoid P does not carry an addition. For this reason, we will write frequently —a for ea
and a — b for a + €b. In particular, we have ¢ = —1.

A morphism of pastures is a multiplicative map f : P — P’ of monoids such that f(0) = 0,
f(1)=1and f(a) + f(b) + f(c) = 0in P’ whenever a + b+ ¢ = 0 in P.

2.1.1 Examples

Every field F' can be considered as a pasture whose underlying monoid equals that of /' and
whose nullsetis Np = {a +b+c|a+b+c=0in F}.
Other examples of interest are the following:

1. The regular partial field is the pointed monoid F{ = {0, 1, —1} (with the obvious multi-
plication) together with the nullset N+ = {0, 1 —1}.

2. The Krasner hyperfield is the pointed monoid K = {0, 1} (with the obvious multiplica-
tion) together with the nullset Ny = {0, 1+ 1, 1+ 1+ 1}.
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3. The sign hyperfield is the pointed monoid S = {0, 1, —1} (with the obvious multiplica-
tion) together with the nullset Ns = {0, 1 —1, 1+1—1, 1 —1—1}.

4. The tropical hyperfield is the pointed monoid T = R (with the obvious multiplication)
together with the nullset Ny = {a + b+ | a < b}.

2.1.2 Tensor products

The category of pastures contains all limits and colimits. For example, Fli is initial and K is
terminal, i.e., for every pasture P, there are unique morphisms Ff — P and P — K.

The categorical construction that is most essential to this paper is the tensor product (or
push-out). Namely given pasture morphisms oy : Fy — P, and o : Py — P, there is a
pasture P, ®p, P, together with morphisms ¢; : P, = P, Qp, P and 1o 1 Po = P, ®p, P
such that t; o a7 = 19 o a5 that is universal in the sense that for every pair of pasture mor-
phisms f; : P, — @ and f5 : P, — @ with f; o ay = f; o aw, there is a unique pasture
morphism f : P, ®p, P» — @ such that f; = f o and fo = f o ¢y. In other words, there is a
canonical bijection

Hom(P, ®p, P2, Q) — Hom(P, Q) Xtom(m,@) Hom(Ps, Q)

that is functorial in (). This property determines P; ® p, P, together with ¢; and ¢, uniquely up
to unique isomorphism. For the construction of P, ® p, P, we refer the reader to [Cre21].

2.2. Representations of matroids over pastures

Let P be a pasture and let M be a matroid on the finite set /. There are various “cryptomorphic”
descriptions of weak P-matroids, for example in terms of “weak P-circuits”, cf. [BB19]. For
the purposes of the present paper, however, it will be more convenient to define weak P-matroids
in terms of modular systems of hyperplane functions, as in [BL.25a, Section 2.3]. The point here
is that generalized parallel connections are defined in terms of flats, so we have easier access to
the hyperplanes of a generalized parallel connection than to the bases or circuits.

Definition 2.2. Let /7 be the set of hyperplanes of M.

1. Given H € s, we say that fy : E — P is a P-hyperplane function for H if fy(e) =0
ifand only ife € H.

2. A triple of hyperplanes (Hy, Hy, H3) € 3 is modular if F = H, N Hy N Hy is a flat of
corank 2 such that F' = H; N H; for all distinct 7, j € {1,2,3}.

3. A modular system of P-hyperplane functions for M is a collection of P-hyperplane func-
tions fy : £ — P, one for each H € 7, such that whenever H;, H,, H3 is a modular
triple of hyperplanes in .77, the corresponding functions fy, are linearly dependent, i.e.,
there exist constants ¢y, co, c3 in P, not all zero, such that

crfu, (e) + cafm,(e) + cafu,(e) =0
forall e € F.
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Definition 2.3. 1. A P-representation of M is a modular system of P-hyperplane functions
for M.

2. Two P-representations { fy } and { f}, } of M are isomorphic if there is a function H — cy
from ¢ to P* such that f};(e) = cy fu(e) foralle € EFand H € 7.

3. Two P-representations { fy} and {f};} of M are rescaling equivalent if there are func-
tions H — cy from J¢ to P* and e — ¢, from E to P* such that f};(e) = cuc.fu(e)
foralle € Eand H € 7.

When P is a partial field, a rescaling equivalence class of P-representations of M is the
same thing as a projective equivalence class of P-representations of M in the sense of [PvZ10].
When P is a field, the equivalence between the notion of representability provided in Defini-
tion 2.3 and the usual notion of matroid representability over a field is precisely the content of
“Tutte’s representation theorem”, cf. [Tut65, Theorem 5.1].

Remark 2.4. The notion of rescaling classes of P-representations given by Definition 2.3 is com-

patible with the notion of rescaling classes of P-representations given in [BL21, Section 1.4.7].

Indeed, by [BL.25a, Thm. 2.16], for every modular system { fy } of hyperplane functions for M

in P, there is a weak Grassmann—Pliicker function A : E” — P representing M such that
fu(e) Ale,es, ..., e)

fu(e) A€, eq,. .. e.)

forevery H € ¢ andalle, ¢ es,... e, € Esuchthat{e,, ..., e.}spans H and {€¢', e, ... €.}
is a basis of M. The weak Grassmann—Pliicker function A is uniquely determined up to a con-
stant ¢ € P*, and two modular systems of hyperplane functions { f5} and { f},} correspond to
the same weak Grassmann—Pliicker function A : E” — P (up to a constant) if and only if they
are isomorphic.

Two weak Grassmann—Pliicker functions A and A’ are rescaling equivalent if there are a
constant ¢ € P* and a function e — ¢, from £ — P* such that

Aller,...,e.) = c-Coy v Ce. - Aleg, ... 6.

T

Consequently, we have

A(e ey, ... e.) ce-Ale,ez,....e.)  ce fule)

A€ e, ... e,) co - A€, e9,...,€,) Cer * fu(e)’
where H € ¢ and e, €, es, ..., e, € E are as before. This establishes a bijection

rescaling classes of weak Grassmann— ~ rescaling classes of modular systems
Pliicker functions for M in P of hyperplane functions for M in P
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2.3. The universal pasture and the foundation

Let X4,(P) (resp. X% (P)) be the set of isomorphism classes (resp. rescaling equivalence
classes) of P-representations of M. Itis shown in [BL.25a] that the functors DC{V[ and Xﬁ are rep-
resentable by the universal pasture F; and the foundation F), respectively. This is equivalent
to the fact that X}, (P) = Hom(E);, P) (resp. X% (P) = Hom(F);, P)) functorially in P.

In particular, in order to show that some pasture F” is isomorphic to the foundation of M,
it is equivalent to show that for every morphism of pastures P — P’ there is a commutative
diagram

Hom(F', P) —— XZ(P)

!

Hom(F', P') —— XE (P").

We will use this observation (which is a version of the famous Yoneda Lemma in category
theory) frequently throughout the paper. A similar characterization holds, of course, for the
universal pasture of M.

Example 2.5. As an example, we compute the foundation of a regular matroid. Since a regular
matroid M has a unique rescaling class of P-representations for every P (which is given by a
unimodular matrix), we conclude that Hom(Fjy, P) = X1 (P) is a singleton for every P. In
other words, F; has a unique morphism to any other pasture, which characterizes F; as the
intial object F); = T I—L of the category of pastures.

This holds, in particular, for the foundation F), = IE?TE of the matroid M = U 11 of rank 1 with
one element p.

2.3.1 Induced representations for embedded minors

Let H be a modular system of P-hyperplane functions for a matroid M over a pasture P,
and let A C FE(M). For fp € H and X C FE(M), we write fg|x for the
restriction of the function fy to X. Define H/A = {fulgan-a | A C H}, and
define F\A = { fu|g)-a | H — Ais a hyperplane of M\ A}. The following was originally
stated in terms of weak P-circuits, but we obtain the following statement via the cryptomor-
phism between weak P-circuits and P-hyperplane functions.

Theorem 2.6 (Theorem 3.29 of [BB19]). Let M be a matroid, let P be pasture, let H be a
modular system of P-hyperplane functions for M, and let A C E(M). Then, up to multiplying
functions by scalars, H /A and H\ A are modular systems of P-hyperplane functions for M /A
and M\ A, respectively.

An embedded minor of a matroid M is a minor N = M\ [/.J together with the pair (1, J),
where [ is a coindependent subset and J is an independent subset of F/(M) suchthat I N J = .
Given an embedded minor N = M\I/J and a P-representation of M over a pasture P, The-
orem 2.6 gives an induced P-representation for N. In general, this representation depends on
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the choices of I and .J, meaning that if N = M\I/J = M\I'/.J’, the representation induced
by (I, J) may not be rescaling equivalent to the representation induced by (I’, J'). However,
when N is a restriction of M (or dually, a contraction of M), the induced representation is in-
dependent of the minor embedding. Before proving this, we highlight the following corollary of
Theorem 2.6, which we will use repeatedly in our proofs.

Proposition 2.7. Let M be a matroid, let T C E(M), let P be a pasture, and let H be
a modular system of P-hyperplane functions for M. If H and K are hyperplanes of M so
that HN'T = K N T and this set is a hyperplane of M |T, then the functions fy|r and fr|r are
scalar multiples of each other.

Given a matroid M with T C E(M ), we will use Proposition 2.7 to define an induced system
of hyperplane functions for M|T that is independent of the minor embedding of M|T'.

Proposition 2.8. Let M be a matroid and let T and J be disjoint subsets of E(M) so
that r(T) +r(J) = r(T'U J). Let P be a pasture, and let H be a modular system of P-hyper-
plane functions for M. Let Iy be the set of hyperplanes of M that contain J and whose restric-
tion to T is a hyperplane of M|T, and let H|r = {fulr | H € T;}. Then, up to multiplying
functions by scalars, H|r is a modular system of P-hyperplane functions for M|T, and is inde-
pendent of the choice of J.

Proof. By Proposition 2.7 we may assume, by rescaling, that if H and K are hyperplanes in .7;
with HNT = K NT, then fy|r = fx|r. We will first show that every hyperplane of M|T
has an associated function in H|r. Fix a basis B of M /T with J C B. For each hyper-
plane L of M|T, the set L' = cly(L U B) is a hyperplane in .7, with L' "' T = L, so L
has associated P-hyperplane function f7/|r € H|r. So it suffices to show that H|r is a mod-
ular system. Let (Ly, Lo, L3) be a modular triple of hyperplanes of M|T', and for each i € [3]
let L = clp(L; U B). Then (L}, L}, L) is a modular triple of hyperplanes of M, so there are
constants ¢y, ¢z, c3 € P* so that ¢, - frr(e) + ¢z - fry(e) + ¢z - fry(e) = 0 foralle € E(M).
Then ¢; - fr,(e) + 2 - fr,(e) + ¢3 - fri(e) = 0forall e € T, so H|r is a modular system
of P-hyperplane functions for M|T. Since {fuy|r | H € 3} = {fulr | H € 5} be-
cause .75 C ., it follows that the modular system is independent of the choice of .J. O]

Given a matroid M with T C FE(M), a pasture P, and a P-representation H of M, we
define H|r = {ful|r | H is ahyperplane of M|T}. Let E(M) — T = I U J be a decom-
position of the complement of 7" in M into a coindependent set / and an independent set .J.
Then M|T ~ M\1/J, which induces a morphism of foundations

LM|T - FT ~ FM\[/J — FM
where we write [ for Fyr.
Lemma 2.9. The morphism vy does not depend on the choices of I and J.

Proof. Two choices of decompositions E(M) — T = I, U J; (for i = 1,2) induce two mor-
phisms ¢; : Fp — F), each arising from the restriction of (the rescaling classes of) a modular
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system of P-hyperplane functions of M to M|T'. Since these restrictions are independent of the
choices of the decomposition F(M) — T = I; LI J;, this means that the induced morphism of
functors Hom(Fy;, —) — Hom(Fr, —) is independent of (M) — T = I; U J;. By the Yoneda
lemma, this means that the morphism Fr — F); is independent of this decomposition. [

As a consequence, the tensor product [y, ®p, Fiy, of the foundations of two matroids M
and M, with common restriction M;|T = M,|T has an intrinsic meaning that does not depend
on the choice of minor embeddings of M |T into M; and M,.

2.3.2 Cross ratios

Let €2, be the collection of 5-tuples (.J; e, 3, €3, €4), where J is an independent subset of £'( M)
of cardinality » — 2 and ej,e9,e3,e4 € E(M) are elements such that Je;e; is a basis for
alli € {1,2} and j € {3,4}, writing Je;e; for JU{e;, e;}. This means in particular that Je; has
rank 7 — 1, and thus H; = cl(Je;) is a hyperplane, and thate; ¢ H; fori € {1,2} and j € {3,4}.
The identification Hom(Fyy, Fi) = X5 (Fir) associates with the identity map id: Fyy — Fiy
the universal rescaling class of M, which is the rescaling class of some F);-representa-
tion { fy | H € H} of M. We define the universal cross ratio of (J; ey, ea, €3, €e4) € 2y as

[e1 62] _ Jm(e3) - fr,(eq)

ez eqdyg [ (eq) - fr,(e3)’

where H; = cl(Je;). Since rescaling by ¢ = ((c.), (cg)) € (P*)F x (P*)* yields
g by y

(cfu)(es) - (cfmy)(€) _ CriCesfui(€s) - CryCeifur(ea) _ fr(es) - fy(ea)
(cfm)(ed) - (cfm)(es)  cmcCeifm(en) - cryesfryles) — fm(ea) - fi(e3)’

e1 e2

the universal cross ratio [63 o } ; depends only on the universal rescaling class, which shows
that [ ¢} &2 ] , is a well-defined element of F}.

We have [ ¢} & ] , = Lif Jejey or Jegey is nota basis, i.e., if Hy = Hy or cl(Jes) = cl(Jey).
In these cases, we say that [ £} ¢ ] | is degenerate.

A more profound result, which is a consequence to Tutte’s path theorem [Tut58, Theo-
rem 5.1], is that F; is generated by —1 and all universal cross ratios [BL21, Corollary 7.11].
Similarly, Tutte’s homotopy theorem [Tut58, Theorem 6.1] can be used to exhibit a complete
system of relations between the cross ratios as elements of F; (see [BL25a, Theorem 4.19]),

but we won’t need this latter result for our purposes.

2.4. Facts about generalized parallel connections

Throughout this section, let M, M, be matroids with ground sets F; and Ej,, respectively,
with E; N Ey = T such that M, |T = M,|T and T is a modular flat in M.
We have the following formula for the rank of flats in Pr (M, M,).

Proposition 2.10 (Proposition 5.5 of [Bry75]). If r,r1, 1o are the rank functions of Pr(My, M>),
M, and My respectively, then for any flat F' of Pr(M,, Ms) we have:

T(F) :T1(FHE1)+7’2(FHE2) —Tl(FﬂT) (a)
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In particular,

T‘(PT(Ml, MQ)) = ’I“(Ml) + T(Mz) — T<M1|T) (b)

When 7' is modular in both M; and M5, there is a straightforward description of the hyper-
planes of Pr(My, M,).

Proposition 2.11 (Proposition 22 of [HN11]). Assume that T' is a modular flat in both M,
and Ms. A subset H C Ey U Es is a hyperplane of Pr(My, M) if and only if

(1) HN Eyis a hyperplane of M, that contains T', and H contains FEs, or
(2) H N E5 is a hyperplane of M, that contains T, and H contains F, or
(3) H N E; is a hyperplane of M; fori = 1,2, and rp,(HNT) = ry, (T) — 1.

Proof. Let r be the rank function of Pr(M;, M,). First suppose that H is a hyperplane
of Pp(My,Ms). Then H N E; is a flat of M, fori = 1,2. Letr(HNT) = r(T) — k
where 0 < k& < (7). Since T is a modular flat in M; we have

r(T)+r(HNE)=r(TNH)+r((TUH)NE;)
r(T)—k+r((TUH)NE;)
r(T) — k+ r(E;),

N

and it follows that r(H N E;) < r(E;) — k. Then we have

P(By) + () — (T) -
=r(HNE))+r(HNE,) — T(H NnT)
=r(HNE)+r(HNEy) — (r(T) — k)

< (r(Er) = k) + (r(E2) — k) = (n(T) — k)
=r(Er) +7(Ey) —r(T) — k,

r(H)

where the first line follows from (b) and the fact that H is a hyperplane of Pr(M;, M), and the
second follows from (a). By comparing the first and last lines, we see that £ < 1. By comparing
the first and third lines, we have

T(El) -+ T'(EQ) —1= T'(H N El) + T(H N EQ) + k. (C)

If £ =0, then r(H NT) = r(T), and since H is a flat of Pr(M,, M,) it follows that 7' C H.
By (c), there is some j € {1,2} sothat r(H N E;) = r(E;) — land r(H N E5_;) = r(Es_;).
Since H N E; is a flat of M, for i = 1,2 by the definition of Pr(M;, M>), it follows that if 7 = 1
then (1) holds, and if j = 2 then (2) holds. If k = 1, then r(H NT) = r(T) — 1. By (c) and
the observation that (H N E;) < r(E;) — kfori = 1,2 we see that r(H N E;) = r(E;) — 1
fori = 1,2. Since H N E; is a flat of M, for ¢ = 1,2 by the definition of Pr(M;, M), we see
that (3) holds.

Conversely, suppose that (1), (2), or (3) holds for H. Since H N E; is a flat of M;
for i = 1,2, it follows from the definition of Pr(M;, Ms) that H is a flat of Pr(M;, M),
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so it suffices to show that r(H) = r(Pr(My, Ms)) — 1. If (1) or (2) holds, then by (a) we see
thatr(H) = r(My)+r(My)—r(T)—1, and it follows from (b) that r(H) = r(Pr(My, My)) —1.
If (3) holds, then by (a) we see that r(H) = r(M;) + r(Ms) — r(T') — 1, and by (b) it follows
that r(H) = r(Ppr(M;, Ms)) — 1. O

A similar result holds for corank-2 flats.

Proposition 2.12. Assume that 'T' is a modular flat in both M, and M. A subset F' C Ey U Fs
is a corank-2 flat of Pr(M,, Ms) if and only if

(1) T C F and there is some i € {1,2} so that E; C F and F' N E3_; is a corank-2 flat
OfMgfi, or

(2) T C F and F N E; is a hyperplane of M; forit = 1,2, or

(3) ran (FNT) =1y, (T) — 1, and there is some i € {1,2} so that F' N E; is a hyperplane
of M; and F'N Es3_; is a corank-2 flat of M3_;, or

(4) ra,(FNT) =7y, (T) — 2, and F N E; is a corank-2 flat of M, fori =1, 2.

Proof. Let r be the rank function of Pr(M;, Ms). First suppose that F' is a corank-2 flat
of Pp(My, Ms). Then F'N E; is a flat of M; fori = 1,2. Letr(FNT) = r(T) — k
where 0 < k < r(T). As in the proof of Proposition 2.11, we know that r(F N E;) < r(E;) — k
for ¢ = 1, 2. Then we have

r(F)=r(Ey) +r(Ey) —r(T)—2
=r(FNE)+r(FNEy)—r(FNT)
=r(FNE)+r(FNEy)—(r(T)—k)

< (r(Br) = k) + (r(E2) — k) = (n(T) — k)
=r(Er) +r(E) —r(T) — k,

where the first line follows from (b) and the fact that F' is a corank-2 flat of Pr(M;, M,), and the
second follows from (a). By comparing the first and last lines, we see that £ < 2. By comparing
the first and third lines, we have

If £ = 0, then 7" C F. By (d), either there is some j € {1,2} sothatr(F' N E;) = r(E;) — 1
and r(F N E5_;) = r(Es;_;) and (1) holds because F' N E; is a flat for i« = 1,2,
orr(FNE;) =r(E;)—1forj =1,2and (2) holds. If k = 1, thenr(F'NT) = r(T) — 1. By (d)
and the observation that r(F' N E;) < r(E;) — k for i = 1,2 we see that (3) holds. If k = 2,
then r(F'NT) = r(T) — 2. By (d) and the observation that r(F' N E;) < r(FE;) — kfori = 1,2
we see that (4) holds.

Conversely, suppose that (1), (2), (3), or (4) holds for F. Since F' N E; is a flat of M,
fori = 1,2, it follows from the definition of Pr(M;, Ms) that F is a flat of Pr(M;, Ms). In each
case it follows directly from (a) that r(F') = r(M;) + r(Mz) — r(T") — 2, and by (b) it follows
that F' is a corank-2 flat of Pr(My, Ms). O



COMBINATORIAL THEORY 5 (4) (2025), #12 13

We will also need analogous results when 7(7") = 2 and T is not assumed to be modular
in M;. We replace T" with X here, because we will apply this result in the case that My = O,,.

Proposition 2.13. Let My, My be matroids with ground sets E, and Es, respectively,
with EyNEy = X such that M,|X = M| X and X is a modular flat in My. Assume furthermore
that Ms| X =2 U,,, for some n > 2. A subset H C Ey U Es is a hyperplane of Px (M, M) if
and only if

(1) By C H and H N Es is a hyperplane of M, that contains X, or
(2) Es C H and H N E4 is a hyperplane of M, that contains X, or
(3) H N E; is a hyperplane of M; fori = 1,2 and |H N X| =1, or

(4) HN Ey is a hyperplane of M, that is disjoint from X, and H N Es is a corank-2 flat of M,
that is disjoint from X.

Proof. Let r be the rank function of Px(M;, M,). First suppose that H is a hyperplane
of Px(My,Ms). Then H N E; is a flat of M; for i = 1,2. Letr(HN X) = r(X) — k
where 0 < k£ < 2. Then we have

r(H)=r(E) +r(Ey) —r(X)—1

=r(HNE)+r(HNEy)) —r(HNX)
r(HNE) +r(HNEy) — (r(X) —k),

where the first line follows from (b) and the fact that H is a hyperplane of Py (M, M,), and the
second follows from (a). It follows that

T(El) + T’(Eg) —1= T’(H N El) + T(H N EQ) + k. (C)

If £ = 0then X C H because H is a flat, and it follows from (e) that (1) or (2) holds. If £ = 1
then |H N X| = 1 because M;|X is simple, and r(H N E;) < r(E;) fori = 1,2 because H
does not contain X. Then it follows from (e) that (3) holds. Finally, if £ = 2then X N H = @.
Since X is modular flat in M5, we know that

r(X)+r(HNEy)) =r(XU(HNE))),

and since r(X) = 2 and (X U (H N Ey)) < r(Ey) it follows that r(H N Ey) < r(Ey) — 2.
Since X N H = @ we know that r(H N E;) < r(E;) — 1, and now (e) implies that (4) holds.
Conversely, suppose that (1), (2), (3), or (4) holds for . Since H N E; is a flat of M;
for i = 1,2, it follows from the definition of Pr(M;, Ms) that H is a flat of Pr(M;, M), so it
suffices to show that r(H) = r(Pr(M;, Ms)) — 1. In each case it follows directly from (a) that
r(H) = r(M;)+r(Msy) —r(T) —1, and then (b) implies that r(H) = r(Pr(My, My)) —1. O

A similar result holds for corank-2 flats.
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Proposition 2.14. With hypotheses as in Proposition 2.13, a subset F' C FEy U E5 is a corank-2
flat of Px (M, Ms) if and only if

(1) By C Fand F'N Ey is a corank-2 flat of M, that contains X,

(2) Es C Fand F N E\ is a corank-2 flat of M, that contains X,

(3) Foreachi = 1,2, F N E; is a hyperplane of M; that contains X,

(4) |F N X|=1, FN E isahyperplane of My, and F' N E5 is a corank-2 flat of M, or
(5) |FNX|=1, FN E is a corank-2 flat of My, and F N Ey is a hyperplane of M,
(6) FNX =@, FN E; is a hyperplane of My, and F' N Es is a corank-3 flat of M, or
(7) FNX =, and F N E; is a corank-2 flat of M, for i1 =1, 2.

Proof. Let r be the rank function of Px(M;, M). First suppose that I is a corank-2 flat
of Pp(My,Ms). Then F N E; is a flat of M; fori = 1,2. Letr(FNX) = r(X) -k
where 0 < k£ < 2. Then we have

r(F) =r(E) +r(Ey) —r(X) -2
=r(FNE)+r(FNE)—r(FNX)
=r(FNE)+r(FNEy)—(r(X)—k),

where the first line follows from (b) and the fact that F' is a corank-2 flat of Px (M7, M>), and
the second follows from (a). It follows that

r(EL) +1r(E2) —2=r(FNE)+r(FNE)+k. ()

If £ = 0then X C F because F'is a flat, and (f) implies that (1), (2), or (3) holds. If £ = 1
then |F' N X| = 1 because M;|X is simple, and r(F' N E;) < r(M;) fori = 1,2 because F’
does not contain X. Then (f) implies that (4) or (5) holds. Finally, if £ = 2 then X N F' = &.
Since X is modular flat in M5, we know that

r(X)+r(FNEy) =r(XU(FNEy)),

and since 7(X) = 2 and r(X U (F N Ey)) < r(E,) it follows that 7(F' N Ey) < r(Ey) — 2.
Since X N F' = @ we know that r(F' N E;) < r(£;) — 1, and now (e) implies that (6) or (7)
holds.

Conversely, suppose that one of (1)- (7) holds for F'. Since F' N E; is a flat of M,
for i = 1,2, it follows from the definition of Pr(M;, M) that F is a flat of Pr(M;, M), so
it suffices to show that r(F') = r(Pr(M;y, Ms)) — 2. In each case it follows directly from (a) that
r(F) =r(M;) + r(My) —r(T) — 2, and then (b) implies that r(F') = r(Pr(My, My))—2. O

We will also need to understand interactions between hyperplanes of a matroid. Given a
matroid M, a linear subclass is a set 7 of hyperplanes of M so thatif H, H' € 2 and (H, H')
is a modular pair, then every hyperplane containing H N H' is also in .7’. The canonical example
of a linear subclass is the set of hyperplanes containing a fixed flat. The following proposition
will be useful for inductive arguments involving hyperplanes that avoid a fixed linear subclass.
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Proposition 2.15. Let M be a matroid and let 7€ be a linear subclass of M. If H and K are
distinct hyperplanes of M with H, K & S, then there is a hyperplane L of M so that L ¢ 7,
the pair (H, L) is modular, (H N K) C L, and r(LN K) > r(H N K).

Proof. Let F be a corank-2 flat of M with (HNK) C F' C H. Let .% be the set of hyperplanes
of M that contain F' and some element of K — F. If |.#| = 1, then clj (F Ue) = cly (FU€)
forall e,¢’ € K — F. Then K C cly(F Ue), so (H, K) is a modular pair and the claim
holds with L = K. So we may assume that |.%| > 2. If % C J#, then H € J be-
cause 7 is a linear subclass and all of the hyperplanes in .# contain the corank-2 flat . So
there is some L € .% — 7. Since (H N K) C F C L we see that (H, L) is a modular pair
and (H N K) C L. Since L contains an element in X' — F we see that (L N K) > r(H N K),
and the statement holds. ]

3. The foundation of a generalized parallel connection

The following theorem implies Theorem A (1), and also proves the analogous result for universal
pastures. Recall from Lemma 2.9 that the restriction of a matroid M to a subset 7" induces a
(well-defined) morphism Fy;r — [, of foundations. We will write FT and Fr for FM\T
and Fyr, respectively.

Theorem 3.1. Let M, and M, be matroids with ground sets F, and FE,, respectively,
with B, N Ey = T so that J\{JT = M,|T and T is a modular flat of both M, and Ma, and
let M = PT(Ml, Mg) Then FM = FMl ®FT FM2 and FM = .F]M1 ®FT FM2.

Proof. Let P be a pasture. Let XI(My, My, T, P) (resp. XT(My, M5, T, P)) be the subset
of X, (P) x X1, (P) (xresp. X (P) x X% (P)) for which the induced representations of M |T
and M, |T are in the same isomorphism class (resp. rescaling equivalence class). We will define
a map ® from X!(M,, M, T, P) to X%,(P) and a map ¥ from X4,(P) to X'(M;, My, T, P).
Then we will show that these maps are well-defined and inverse to each other. It will be clear
from the definition of the resulting bijection that it is functorial in . Therefore, by the universal
property of the tensor product, we will obtain an isomorphism Fy = FM1 R, FM2 Passing to
rescaling classes instead of isomorphism classes shows that Iy = Fy, ®@p, Fiy, as well.

For @, if we have a modular system H of P-hyperplane functions of M, then |z, and H|g,
are modular systems of hyperplane functions for M, and Ms, respectively, whose induced rep-
resentations of M |T are clearly isomorphic. For U, let H; be a modular system of P-hyperplane
functions of M; fori = 1,2 so that H; |7 and H, | are isomorphic. By Propositions 2.7 and 2.11,
we may assume, by scaling functions in H; and H, that if f, f € H;UH have the same support
in T, then f(e) = f’(e) for all e € T'. For each hyperplane H of M we define a function fy by
declaring that if H N E; is a hyperplane for some ¢ = 1,2, then fy(e) = fung,(e) foralle € E;.
Let H be the set of all fy for hyperplanes H of M. By Proposition 2.11, the complements of the
supports of the functions in J{ forms the set of hyperplanes of M. Clearly ¢ and ¥ are inverse
to each other because restricting the functions in J to F; for ¢ = 1, 2 results in the systems JH(;
and H,. So it remains to show that J{ is in fact a modular system.
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Let F' be a corank-2 flat of M and let (H, H', H") be a modular triple of hyperplanes of M
such that H N H' N H" = F. We will show that fy, fy, fg~ are linearly dependent. There are
four different cases to consider, stemming from the four cases for ' in Proposition 2.12.

Case 1: Suppose T" C F and there is some ¢ € {1,2} sothat F;, C Fand FF'N E5_; is a
corank-2 flat of M;_;. We may assume that i = 1. Then (H N Ey, H' N Ey, H' N Es) is a
modular triple of hyperplanes of My, and since fung,, frne,, o7 g, are linearly dependent
in I, it follows that fy, fg/, fy~ are linearly dependent in J.

Case 2: Suppose 7' C Fand F' N E; is a hyperplane of M; for : = 1,2. By Proposition 2.11,
the only hyperplanes of M containing /" are /' U E; and F' U Fj, so there is no modular triple
of hyperplanes that all contain F'.

Case 3: Suppose 7y, (FNT) = rp, (T) — 1, and there is some @ € {1,2} so that F' N E; is
a hyperplane of M; and F' N FE5_; is a corank-2 flat of M3 ;. We may assume that : = 1. By
Proposition 2.11 we see that (H N Ey, H' N Ey, H" N Es) is a modular triple of hyperplanes
of M, so there are constants ¢, ¢, ¢ so that

C- meE2 (6) + C/ . fH’ﬂEQ (6) + C” . fH//mEQ(e) =0

forall e € E». If none of H, H', H"” contains F, then ¢+ ¢ + ¢’ = 0 because H N E», H' N E,
H" N E5 all have the same restriction to 7". Similarly, if £y C H”, then ¢ + ¢ = 0. In either
case it follows that ¢ - fy(e) + ¢ - fu(e) + " - fur(e) =0foralle € E; U Es.

Case4: Suppose ry, (FNT) =ry, (T)—2and F'NE; is acorank-2 flat of M, fori = 1,2. If
outcome (1) or (2) of Proposition 2.11 holds for H, then by (a) we see that r;(H) > ry (F)+2,
a contradiction. So outcome (3) of Proposition 2.11 holds for H, H', and H”, and since F' N E;
is a corank-2 flat of M; fori = 1, 2, it follows that (H N E;, H' N E;, H" N E;) is a modular triple
of hyperplanes of M; for i = 1, 2. Then there are constants ¢, ¢, ¢ so that

¢ funp(€) + - funp(€)+ " furng () =0
for all e € E, and constants d, d’, d” so that
d- funp(€) +d" - frnp,(e) +d" farap,(e) =0

for all e € FE,. Since outcome (3) of Proposition 2.11 holds for H, H’, and H”, we know
thatry (HNT) = ry(H'NT) = ry(H"NT) = rp(T) — 1. Since F and H do not agree on 7',
there is an elementt € (HNT') — F sothatcly (FUt) = H. Thent ¢ H'UH",orelse H = H’

’ t
or H = H". By setting e = t, the first equation shows that 5 = —J;f; :51((t)), and the second
1
. d Turae, @) d . . .
equation shows that 7, = — fI:I :522( 7 It follows that & = 4. Repeating this argument with an

elementt’ € (H'NT)—(HUH")and anelementt” € (H"NT)—(HUH') shows that (¢, ¢/, ")
is a scalar multiple of (d, d’, d"), and it follows that ¢ - fy(e) + ¢ - fu:(e) + " - fyn(e) = 0 for
alle € 4 U Es.
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The four cases combine to show that J{ is a modular system of P-hyperplane functions for M,
as desired. So we have defined maps from X! (M, M, T, P) to X%,(P) and vice versa that are
inverse to each other and functorial in P, which shows that FM = FMI Rf,. F’MQ. Since these
maps induce maps from X%(M;, My, T, P) to X1, (P) and vice versa that are also inverse to
each other and functorial in P, it follows that )y = Fyy, ®p, Fiy, as well. O

Remark 3.2. When T is only a modular flat in M, the generalized parallel connec-
tion Pr(My, Ms) is still well-defined. However, the identity Fp, (s, a,) = Far, @py Fiu, does
not always hold in this more general setting, even when r(7') = 2. For example, let M; and M,
be the rank-3 matroids spanned by the two planes of the matroid shown in Figure 3.1, and let T'
be the line spanned by the intersection of these two planes. Then 7 is a modular flat of M,
so M = Pr(Mi, Ms) is well-defined. However, one can check, using the Macaulay?2 package de-
veloped by Chen and Zhang (cf. [CZ23])?, that Fy; % Fyy, ® rp g, Specifically, Fyy, @p, Fiu,
has 30 hexagons (in the sense of [BL25a, Figure 4.1]) while F; has 31 hexagons.

We briefly explain how this extra hexagon in F; arises from the fact that 7" is not a modular
flat of M;. Let H = E(M;) — T and let {a,b,c,d} = E(My) —T. Then H U a, H U b,
HUc, and H Ud are all hyperplanes of M that are not of the form described in Proposition 2.11.
Moreover, (H Ua, H Ub, H U ¢, H U d) is a modular quadruple of hyperplanes of M, which
corresponds to a hexagon of F; (see [BL25a, Definitions 3.3 and 3.4]). The pasture obtained
from F; by deleting this hexagon is isomorphic to [y, ®p, [y, (as verified via Macaulay?2),
so the discrepancy between [, and Fi;, ®p, Fiy, arises directly from the fact that 7" is not a
modular flat of M.

Figure 3.1: A generalized parallel connection for which the foundation of Pr(M;, M,) is not
isomorphic to ', @p, Fir,.

2The software described in [CZ23] is now available through the standard distribution of Macaulay?2 as the pack-
age “foundations.m2”.
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4. The foundation of a 2-sum

In this section, we study the special case in which 7" = {p} is a singleton that is not a loop or a
coloop in either M; or Ms. In this case, the 2-sum of M; and M, with basepoint p is the matroid
with ground set (E(M;) U E(Ms)) — p and set of circuits

C(Mi\p) UC(Mx\p) U{(CL1UCy) —p|peC, €C(M;)andp € Cy € C(M,)},

where C(N) denotes the set of circuits of the matroid N. The 2-sum of M; and M, with base-
point p is denoted by M; @, M, or M; &, M,. When {p} is a flat of M; or M,, we can also
define M; @, M, to be P,(M;, M>)\p, where P,(My, M>) is the parallel connection of M,
and M5 along p [Ox106, Proposition 7.1.20].

We seek to prove Theorem C, which states that Fiy 0, = Fuy ® Fa,, where we use
that F}, =F7, as noted in Example 2.5. We know from Theorem 3.1 that F’ P, (M1, Ms) = Fry @ Fugy,s
so it suffices to show that Fyr, g, 0 = Fp,(ar,0,)- We first show that the sets of hyperplanes
of My &, M, and P,(M,, M,) are closely related.

Lemma 4.1. Let My and My be matroids on Ey and Es, respectively, so that E1 N Ey = {p}
where p is not a loop or a coloop of My or My, and {p} is a flat of My or M.
Let M = P,(My, M) and M' = M, &, Ms, and let 7€ and ' be the sets of hyperplanes
of M and M’ respectively. Then

(1) #' ={H—p|H e 3},

(2) if (Hy, Ho, H3) is a modular triple of hyperplanes of M, then (H, — p, Hy — p, H3 — p)
is a modular triple of hyperplanes of M’', and

(3) conversely, if (Hy, H), H}) is a modular triple of hyperplanes of M’, then
(clas (H7), clar (H3), cla (H3))
is a modular triple of hyperplanes of M.

Proof. We first prove (1). Since M is obtained from M’ by deleting p, it follows
that 77/ C {H —p | H € 5}, so we need only show that the reverse containment holds
as well. If p ¢ H then clearly H —p € J¢'. If p € H then E; C H for some i € {1,2} by
Proposition 2.11. Since p is not a coloop of M, it follows that H and H — p have the same rank
inM,andso H —p € .

We next prove (2). Suppose (Hi, Hy, H3) is a modular triple of hyperplanes of M.
Let L. = H; N Hy N Hj. Tt suffices to show that if p € L, then ry (L — p) = ry(L).
If p € L, then by Proposition 2.11, each of Hy, Hs, and H3 contains Iy or F,. If £y € H;
and Fy € H, then (Hy, Hs, H3) is not a modular triple, so without loss of generality we may
assume F; C L. Since p is not a coloop of Mj, it follows that ry, (L — p) = rp(L), as desired.

Finally, we prove (3). Suppose (Hi, H), H}) is a modular triple of hyperplanes of M’, and
let L' = H{ N H) N Hj. Then

r(M)—2=r(M)—2=ry (L") =ry(clyu(L) = ry(cly (Hy) Ny (Hy) Nely (Hy)),
which shows that (cly (H1), cla(HS), cly (HS)) is a modular triple of hyperplanes of M. [
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The following is a restatement of Theorem C.

Theorem 4.2. Let M, and M, be matroids on E, and E,, respectively, so that Fy N Ey = {p}
and p is not a loop or a coloop of My or Ms. Then Fyr, ¢ nr, = Frpy @ F,.

Proof. We will write si(M) for the simplification of a matroid M. We will reduce to the case in
which M; and M, are simple. First suppose that p is a coloop of si(M;) for some i € {1,2}; we
may assume that + = 1. Since p is not a coloop of My, it is in a nontrivial parallel class of M;.
By [Ox106, Proposition 7.1.15 (v)] and [BL25a, Corollary 4.10] we may assume that this parallel
class is {p,p'} for some p’ € E;. Then p' is a coloop of M\p, so C(M;\p) = C(M\{p,p'}),
and {p, p'} is the unique circuit of M, that contains p. Let M be the matroid obtained from M
by adding p’ in parallel to p and then deleting p. Then F (M2) = (Ey —p)Uyp/, and
clearly M, = M, and C(M\p) = C(M\p'). Since {p,p'} is the unique circuit of M, that
contains p, we see that

{(C1UCy) —p|peCi e C(M)andp € Cy € C(Ma)}

is equal to {C, € C(My) | p € Oy}, because the only choice for Cy is {p,p'}.
Since C(M;\p) = C(M \{p,p'}) and C(M,\p) = C(M:\p), it follows that

C(M; @, My) = (M \{p,p'}) U C(Ma\p) U{C; € C(My) | p' € Cs}
= G(Ml\{p7p/}> U G(M2)
= C(M\{p,p'} ® My),

where the last equality is due to [Ox106, 4.2.12]. Therefore M; &, My = M;\{p,p'} & M.
Since Fup\(ppy = Fuy by [BL25a, Corollary 4.10] and Fy, = F), because Mz = M,,
it follows from Corollary B that Fyq 0, = Fuy ® Fh,. So we may assume that p is
not a coloop of si(M;y) or si(Ms). Then it follows from [Ox106, Proposition 7.1.15 (v)]
that si(My @, M) = si(M;) B, si(Mz), so by [BL25a, Corollary 4.10] we may assume that M/,
and M5 are simple.

Let E = Ey UEs let B = E —p,andlet B/ = E; —pfori = 1,2. Let P be a pasture.
Given functions f;: E! — P fori = 1,2, we define f; x f5 to be the function from £’ to P so
that (f1 % f2)(e) = fi(e) when e € E!. Using modular systems of hyperplane functions, we first
define a map ® from X%, (P) to X%, (P) and a map ¥ from X%, (P) to X¥ (P). Then we will
show that these two maps are well-defined and inverse to each other. The maps will be functorial
in P by construction, and so we will obtain an isomorphism Fip, e, 11, = Fary @ Fi,.

Let H be a modular system of P-hyperplane functions of M. We define ®(H) = H|p.
Now let H' be a modular system of P-hyperplane functions of M’. We define ¥ by extending
the functions in H' to p. If fy is in H’' and H contains £} or E}, then H U p is a hyperplane
of M, so we define fr,(p) = 0. Otherwise, H is also a hyperplane of M by Lemma 4.1, and
we will extend fy to p with the help of a fixed hyperplane H, of M’ that does not contain £
or EY. (To see that H exists, for each i € {1,2}, let H; be a hyperplane of M, that does not
contain p. Then H; U H, is a hyperplane of M by Proposition 2.11, and therefore H; U Hy is
also a hyperplane of M’ by Lemma 4.1 (1). Let Hy = H; U Hs.) Our definition of ¥ will rely
on the following observations, which we will use freely throughout the remainder of the proof:
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o If H and K are hyperplanes of M’ so that H N E; = K N E; for some i € {1,2}
and fy, frr € H', then fy|g, and fr|g, are scalar multiples of each other.

* If H is a hyperplane of M’ that does not contain E} or £}, then (H N E}) U (Hy N EY) is
a hyperplane of M’.

The first follows from Proposition 2.7, and the second follows from Proposition 2.11 and
Lemma 4.1. From these two observations, if H is a hyperplane of M’ that does not contain £
or By, then fgnp;yumoney)|e; is @ scalar multiple of fy|g; and f(une))uoney)| e, is a scalar
multiple of fp,|g;, and it follows that there is a unique ¢ € P* such that fgnp)uH,ney) is a
scalar multiple of fr|g: * (¢ - fu,|p;). We define fr(p) = ¢, which completes the definition
of U(H"). Before proving that ¥(H") is a modular system of P-hyperplane functions for M’, we
will show that this definition is symmetric in £} and E. To do so, we first prove the following
technical claim.

Claim 4.3. Let K and L be hyperplanes of M' so that neither contains E] or El
and K N By, = LN E,. Let K' and L' be hyperplanes of M' so that K' N E} = K N E]
and 'NE] = LNE}, and K'NE, = L'NE!. Let g and g, be scalar multiples of fx, fr, € H',
respectively, so that gK|Eé = gL|Eé. Then, for any scalar multiples gy and g, of fx:, fr. € H/,
respectively, with gx/|pr = gk |p; and gi/|p; = g1|e;, we have gx/|py = gi/| ey

Proof. Fix L, and suppose that the claim is false for L. Choose K so that the claim is false
for L and K, and r)p (K N L) is maximal with this property. Since K N E} = L N EY, this is
equivalent to the maximality of ry, (K N L N E}). Assume we are given K', L', gk, and g/.
If KNE, = LNE], then K = L = K" = L and the result holds. So K N E] # LN Ej.
It follows from Lemma 4.1 that K and L are also hyperplanes of M. Let & be the linear
subclass of hyperplanes of M that contain p. By Proposition 2.15 with (H, K, 5¢) = (K, L, &),
there is a hyperplane H of M (possibly H = L) so that (K, H) is a modular pair, p ¢ H,
ry(HNL) > ry(KNL),and (KNL) C H. Since p ¢ H, Lemma 4.1 implies that H is also a
hyperplane of M’. Then since p ¢ H and K N L contains L N E} which is a hyperplane of Mo,
we see that H N EY = LN EYy = KN ES.

Let gy be the scalar multiple of fy so that gy|p, = gk|p, = 9gr|p,. Define H' to be the
hyperplane of M’ with H N E] = HNEjand H' N E), = K'NEy = L' N EY. Let gy be
the scalar multiple of fp: so that gu/|gr = gpul|e. Since rpp(H N L) > ryp (K N L), by the
maximality of 7y, (K M L) we know that the claim is true for H and L, and so gu/|p, = g1/| gy
We will complete the proof by showing that 9|, = gr|p,. Let Xy = KNHNE}, 50 Xy isa
corank-2 flat of M. Let X = [cly, (X Up) U Es] — p. By Proposition 2.11 and Lemma 4.1, X
is a hyperplane of M’. Moreover, (K, H, X) is a modular triple of hyperplanes of M’, so there
are constants ¢, ¢’ so that

grc(e) + ¢ gue) + ¢ - fx(e) =0

forall e € E'. Since gk |, = gulr, and fx(e) = 0 for all e € E;, we see that ¢ = —1, and so

gr(e) —gu(e)+ - fx(e) =0

foralle € E'.
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Next, note that (K, H', X) is also a modular triple of M’, because K’ N H' N X is the union
of KN HN E] and K' N E,, which is a corank-2 flat of M’. So there are constants d, d’ so that

gr(e) +d-gu(e)+d - fx(e) =0

foralle € E'. Leta € (H— (KU X)) N E}, and note that a € (H' — (K' U X)) N E]
because H|F| = H'|E] and K|E| = K'|E]. By plugging in a to both equations, we see
that gx(a) + ¢ - fx(a) = 0 and gg/(a) + d' - fx(a) = 0. Since gx(a) = gx(a) because
9k |e; = gx'| k., it follows that ¢ = d'.

Now let b € (K — (H U X)) N E}, and note that b € (K' — (H' U X)) N E]
because H|F{ = H'|E] and K|E| = K'|E]. By plugging in b to both equations we see
that —gp(b) + ¢ - fx(b) =0and d - g (b) +d" - fx(b) = 0. Since ¢ = d’ and gy (b) = gu (D)
because gy7| g, = gu| gy, it follows that d = —1. Since d = —1, forany e € Ej — (H' U K') we
have gx/(e) — gu(e) = 0, and 50 gx/|p; = gn|Ey, as desired. O

We have the following corollary, which is the only application of Claim 4.3 that we will need.
It shows that the map ¥ from H' to I does not depend on whether we restrict H, to £} or to F,.

Claim 4.4. Let H be a hyperplane of M' that contains neither E nor Ey. If fy|p; * (¢ fu,|g;)
is in H' for some scalar c, then a scalar multiple of (¢ - fr,|er) * fulg, is also in 3",

Proof. Let K be the hyperplane of M’ with K N E} = HN E] and K N E) = Hy N EY. Note
that fx = fulg; * (¢ fm,|p;) by assumption. Let L = Hy and K’ = H, and let L' be the
hyperplane of M’ with L' N E} = Hy N Ej and L' N E; = H N Ej. Note that fx|p = fx/|e
because K’ = H. Let gx = fx and g; = c- fr;then gx|py = gr|e; = ¢ fu,| ey Let gxr and g
be scalar multiples of fx/, fr, € H’, respectively, so that gx-| B = gK| ; and gr| B = gL B -
Then

QK/‘Ei = gK’Eg = fK|E1 = fK”Eia
and since gy is a scalar multiple of fx- it follows that g5 = fx. By applying Claim 4.3, we
know that gx/|g; = g1/|E;. Then
gl = gule, = c- fule, = ¢ frole;
and
gL’|Eé = gK’|E§ = fK/|E§ = fH|E§,

and so g1 = (¢ fu,|e;) * fu|r, and the claim holds. O

Next, we will show that ¥ (') is a modular system of P-hyperplane functions of M. Let F’
be a corank-2 flat of M, and let (Hy, Ho, H3) be a modular triple of hyperplanes of M so
that H; N Hy, N Hy = F. By Lemma 4.1, (H, — p, H, — p, H3 — p) is a modular triple of
hyperplanes of M’, so there are constants c;, ¢, c3 so that

¢ fra(e) +co- fay(e) +c3- fu,(e) =0

for all e € E’. We need only show that this also holds for e = p. We consider two cases.
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Case 1: Suppose p € F. Then fy,(p) =0fori=1,2,3.

Case 2: Suppose p ¢ F. Then outcome (3) of Proposition 2.12 holds for F, so there is
some i € {1,2} sothat F' N E; is a hyperplane of M; and ' N Fs_; is a corank-2 flat of M;_;.
We consider two subcases.

First suppose that p ¢ H; U Hy U Hs. Then Hy, Ho, and Hj all have the same restriction
to E}, and 8o fu,|grs fu,|E» and fr,| g are scalar multiples of each other. If i = 1, then H,, Ho,
and Hj agree on E7, so (fu, (p), fu,(p), fu,(p)) is a scalar multiple of (fx, (), fu,(€), fu,(€))
forany e € E{—F. Hence ¢ - fr, (p)+c2- fru,(p)+cs- fu,(p) = 0. If i = 2, then H;, Hy, and Hy
agree on F, and it follows from Claim 4.4 that (fy, (p), fu,(p), fus(p)) is a scalar multiple
of (fH1<€>7fH2<€)7 st(e)) forany e € Eé_F' Again, Cl‘fH1(p)+C2'fH2(p)+C3'fH3<p) = 0.

In the second subcase, suppose that p € H; for some j € {1,2,3}. We may assume

that j = 1. Then H, contains E;, so fu,|r, = 0 and we have fp,|p = —2 - fu,|p. First
suppose that i = 1. Then by the definition of fp,(p), a multiple of fp,|z; * (fu,(p) - fH0| By) is
in 3('. Similarly, amultiple of fi,|m; * (fi,(P) - firolmy) is in . Since fry|p, = —2 - [, |5y,
a multiple of — fH2\ B % (fus(p ) fro|ey) is in 3, and by scaling we see that a multiple
of fHQ‘E{ * ( ca fHS( ) fH0|E’> is in H'.  Therefore fHQ(p) = _z_; ) fH3<p>’
80 fiy(p) = —2 - fH2 (p), and when e = p we have

0+4co- fu,(p) +cs- (—Z—z'ng(p)> =0,

as desired. If ¢+ = 2, then Claim 4.4 allows us to use an identical argument, which we briefly
describe. First, by the definition of fp,(p) and Claim 4.4, a multiple of ( fr, (p) - fi,| ;) * i, | £,
is in H'. Similarly, a multiple of (fr,(p) - fa,|m;) * 1|y s in 3. Since fr,|p, = =2+ fu, |5y,
a multiple of (fu,(p) = fmle;) * (=2 - fm,lm) is in . Once again, it follows
that fp,(p) = —2 - fu,(p), and so 1 - fu,(p) + 2 - fu,(p) + 3+ fuy(p) = 0, as desired. It
follows from Cases 1 and 2 that W(H') is a modular system of hyperplane functions, as claimed.

Next we will show that ¢ and W are inverses of one another. It is clear that ¢ o W is the
identity map regardless of the choice of Hj. In the case of ¥ o @, let H, be the hyperplane
that we fixed. Note that H, is also a hyperplane of M. Let fy, € H, and let fy € J for an
arbitrary hyperplane H of M. Let f; be the function in ¥ o ®(3() such that fz(e) = fu(e)
foralle € E'. If p € H then fy = fy. If p ¢ H, thenlet K = (H N Ey) U (Hy N Ey);
by Proposition 2.11, we know that K is a hyperplane of M. Since K N Fy = Hy N Ey we
may assume, by scaling fx € H, that fx|g, = fu,|g,- In particular, fx(p) = fu,(p).
Since K N E, = HN El, we know that fr|g, is a scalar multiple of fy|g,, and in particu-

lar we have fx|p, = }cg Sule, = fH (p) - fu|g,- Then fx = (J;Hog) fH|E1> * fuo|E,- SO,

by definition, fx(p) = = (p) - fu(p). The constant -
0
so H and ¥ o ®(XH) are in the same rescaling class. O

( ) only depends on the hyperplane Hy,
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5. The foundation of a segment-cosegment exchange

In this section we show that if M is a matroid and X C FE(M) is a coindependent set such
that M |X = U,,, for some n > 2, then the segment-cosegment exchange of M along X has the
same foundation as M. We first recall the relevant definitions, which first appeared in [OSV00].

For each integer n > 2, the matroid ©,, has ground set X UY where X = {z1,z9,...,2,}
and Y = {y1,92,...,Yn}, and the following bases:

.Y,
* (Y —y;) Ux; for distinct 4, j € [n], and
e (Y -Y)UX ' where Y CYand X' C X and |Y'| = | X'| = 2.

The set X is a modular flat of ©, and ©,|X = U,,. Therefore, if M is any matroid
with M|X = U,,, the generalized parallel connection Px (M, ©,,) is well-defined.

The matroid Py (M, ©,)\X, often denoted Ax (M), is called the segment-cosegment ex-
change of M along X. When n = 2, {z;,y;} is a series pair of Px(M,0O,) fori = 1,2,
so Px(M,02)\X = M. When n = 3 we have ©3 = M(K,) (the cycle matroid of the
graph K), and Px (M, ©3)\ X is also called the Delta-Wye exchange of M along X [AO91].

We next state some properties of ©,,. There are three different types of hyperplanes of O,
depending on the size of their intersection with X. This is straightforward to prove using the
above description of the bases of ©O,,.

Proposition 5.1. If H is a hyperplane of ©,, then either
(1) H= (Y —y;) Uz, for some i € [n], or
(2) H=(Y —{vi,y;}) Uz fordistinct i, j, k € [n], or
(3) H=(XUY)—{yi,y;, yx} for distinct i, j, k € [n].

Using the previous proposition, it is straightforward to show that there are four types of
corank-2 flats of ©,,. Note that outcomes (1) and (2) only occur when n > 4.

Proposition 5.2. If F' is a corank-2 flat of ©,, then either
(1) F=(XUY)—A{y,vy;, ey} fordistincti, j, k,l € [n], or
(2) F=& —{yi,y;,yx}) U for distinct i, j, k,l € [n], or
(3) F =Y —{vi,yj, y}) Uz, for distinct i, j, k € [n], or
(4) F =Y — {y;,y;} for distinct i, j € [n].

We next turn our attention to representations of Us ,,, and prove two properties that hold for
any modular system of hyperplane functions of U, ,,.
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Proposition 5.3. Let P be a pasture, and let H be a modular system of P-hyperplane functions
for Uy, on the ground set X = {x1,xs,...,2,}. Then

(1) foi(x) = —fo;(x;) for all distinct i, j, € [n], and

(2) forall1 < i< j <k < nwehave

o, (@) - fai(€) + for (w3) - fo,(€) + fo,(25) - fa,(€) =0
foralle € X.

Proof. It follows from [BL25a, Theorem 2.16] that the function A: X2 — P defined
by A(z;x;) = fu,(z;) is a (weak) Grassmann—Pliicker function, which implies that (1) and (2)
hold. =

Finally, we need a general lemma about rescaling a modular system of hyperplane functions
along a triangle.

Lemma 5.4. Let M be a matroid, let T = {x,y, z} be a triangle of M, and let P be a pasture.
Let JH be a modular system of P-hyperplane functions for M. Then there is a modular sys-
tem H' of P-hyperplane functions for M that is rescaling equivalent to H and has the following
properties:

(1) If H is a hyperplane of M so that |H N'T| = 1, then fyg € H' has values 0, 1, and —1
on'T.

(2) If H is a hyperplane of M disjoint from T, then [y € H' satisfies fr(x)+fu(y)H+fu(z)=0.

Proof. Let B be a basis of M /T, and let L = cly(B). Let H,, H,, and H, be cl(L U ),
cl(LUy), and cl(L U z), respectively. Note that (H,, H,, H,) is a modular triple of hyperplanes
of M. By scaling functions in H, we may assume that if H is a hyperplane and H N7 = {z},
then fy(y) = 1. Similarly, we may assume that if H N7 = {y} then fy(z) = 1, and

if HNT = {z} then fy(x) = 1. Now, scale H by fl;—l(z) at z and by ﬁ at x, and let H' be the

resulting system of P-hyperplane functions for M. Note that fy, (2) = —1 and fy, (z) = —1,
as desired.

We first show that fy (y) = —1. Since (H,, H,, H,) is a modular triple, there are con-
stants ¢/, ¢’ so that

fr,(e) + ¢ fu,(e) + " fu.(e) =0
forall e € E(M). Setting e = z shows that ¢’ = 1, and setting e = x shows that ¢ = 1. Then
setting e = y shows that fy_(y) = —1, as desired.

Now we prove (1). We present the argument only for hyperplanes H with H N T = {z},
but the argument is very similar when H N'T" € {y, z}. Suppose there is a hyperplane H of M
with H N T = {z} so that fy(z) # —1, and let 7(H N H,) be maximal with these proper-
ties. Let .7 be the linear subclass of hyperplanes of M that contain 7. By Proposition 2.15
with (H, K, ) = (H, H,,.7), there is a hyperplane H' (possibly H,) so that (H, H') is a



COMBINATORIAL THEORY 5 (4) (2025), #12 25

modular pair, H' contains H N H, but not 7', and r(H' N H,) > r(H N H,). Since H' con-
tains H N H, butnot 7" we see that H'NT" = {x}. By the maximality of 7, (H N H,), it follows
that fr(2) = —1. Let F = H N H',and let H” = cI(F UT). Then (H, H', H") is a modular
triple because F’ is a corank-2 flat of M, so there are constants ¢, ¢’ so that

¢ fule) + fule) + ¢ fun(e) = 0

for all e€ E(M). Setting e =y shows that c=—1, and then setting e =z shows that f(z)=—1,
a contradiction. This establishes (1).

We now prove (2). Let H be a hyperplane of M which is disjoint from 7". Let F' be a corank-2
flat of M contained in H, and let H, = cl(F Uz), H, = cl(F Uy). Then (H,H,,H,) is a
modular triple, so there are constants ¢ and ¢’ so that

fule)+c- fu(e)+c - fu,(e) =0

for all e € F(M). By setting e = z, we see that ¢ = —f;(&, and by setting e = y, we see
that c = — f }i ((y;). Setting e = z then gives
fu(y) fu(z)
Ju(z) — S (2) — - fu,(2) =0,
Oty T @y )
P (2 f y \# . . .
and since ;I}Z Ey; = fgygx; = —1 by (1), this simplifies to fx(z) + fu(y) + fu(x) = 0. O

We now prove that forming the generalized parallel connection with ©,, preserves founda-
tions. Note that we do not require X to be coindependent; that is only necessary for the subse-
quent argument in which we delete X.

Theorem 5.5. Let My be a matroid, let X C E(M,) so that M| X = Us,, for some n > 2, and
let M = Px(Ml, @n) Then Iy = FMl-

Proof. When n=2 we know that the cosimplification of M is isomorphic to M; because {x;, y; }
is a series pair of M for i = 1,2. So by [BL25a, Corollary 4.10], we may assume that n > 3.
Let F; be the ground set of M;, and let £, = X U Y be the ground set of O,
with X = {z1,29,...,2,} and Y = {y1,90,...,yn}. Let E = E; U Es.

Let P be a pasture. Given a modular system H of P-hyperplane functions for M, we define
a modular system H; of P-hyperplane functions for M by restriction to Ey, so H; = H|g,.
Conversely, let J{; be a modular system of P-hyperplane functions for M. Note that J{; induces
a modular system H, |y of P-hyperplane functions of Us,, by restriction to X; we write f,, for
the function in H; | x corresponding to the hyperplane z; of M;|X. By Proposition 2.7 we may
assume, by rescaling the functions in Hy, that for all distinct i, ;7 € [n], if H; is a hyperplane
of M; with H; N X = {x;}, then fu, (x;) = fi,(z;). We will define a modular system JH of
P-hyperplane functions for M so that H|g, = H;, up to rescaling equivalence.

For each hyperplane H of M, we will define the corresponding function fz € H by sepa-
rately considering the five different possibilities for the type of /. These five possibilities arise
by applying Propositions 2.13, 5.1, and 5.2; note that we split outcome (3) of Proposition 2.13
into two separate cases depending on the form of the hyperplane of O,,:
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() If H=E, U (Y —{v;,y;,yx}) for distinct 4, j, k € [n] with ¢ < j < k, define
* fu(yi) = fo;(xr),
* fu(y;) = fo,(:), and
* Juye) = fa.(2).

(2) If H = H, U E5, where H; is a hyperplane of M, that contains X, define fy(e) = fu, ()
foralle € E.

(3) If H=H,U((Y —y;)Ux;) fori € [n], where H, is a hyperplane of M; with H1NX ={x;},
define

* fule) = fu(e) for all e € E; (in particular, fy(z;) = fu,(x;) for all
distinct ¢, j € [n]), and

s fuly:) = 1.

3) IfH = H U (Y —{yi,y;}) Uxy) for distinct ¢, j, k € [n] with ¢ < j, where H is a
hyperplane of M; with H; N X = {x}}, define

* fu(e) = fu,(e) forall e € E; (in particular, fy(z;) = fy, (2;) forall [ ¢ {7, 5, k}),

—fg:j(l’ )
* fu(y) = 4 4 and

* fuly) = 555

4) If H = H;U(Y —{y;,y;}) fordistinct ¢, j € [n], where H; is a hyperplane of M; disjoint
from X, define

o fu(e) = fu,(e) foralle € Ey,

[y (25)

fry (x;)
¢ fH(yz) = %

We now have a well-defined map from H; to a set J{ of hyperplane functions for M.
Clearly H|g, = H;, so it suffices to show that JH is a modular system.

Let F be a corank-2 flat of M, and let (H, H', H") be a modular triple of hyperplanes of M
with H N H' N H"” = F. By Proposition 2.14, there are seven possibilities for /', which we
consider separately. (Some cases only occur when n > 4 or n > 5.) We split outcome (4)
of Proposition 2.14 into two cases depending on the form of the hyperplane of ©,,. Also, each
hyperplane or corank-2 flat of ©,, is associated with a given subset of [n]; we will explicitly
choose this subset without loss of generality to improve readability. We also choose (H, H', H")
up to permutation.
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Casel: F =F— {yl,yQ,yg,y4}. Then (H, HI,H//) = (F U yl,F U yQ,F U yg) We will
show that

far(@a)] - fr(e) = [for (wa)] - frr(€) + [fus (24)] - frn(e) = 0

for all e € E. Without loss of generality, this only needs to be checked for e = y; and e = y;,.
When e = y1, by applying (1) we have

_[fl"2 (x4)] ! frs <I4) + [fiﬂg(x4>] : fx2($4) = 0.

When e = y4, using (1) we have

[fl"l (‘T4)] ' frz <I3) - [fm (I4)] ’ f271 (x?:) + [fwg ($4)] ’ fxl (x2)7

which is equal to 0 by Proposition 5.3.

Case 2: FF = F; U E;, where F; is a corank-2 flat of M, that contains X.
Then there is a modular triple (Hy, H], H/) of hyperplanes of M; so that
(H,H',H") = (H, U Ey, H U E5, H{ U E5). So there are constants ¢, ¢, ¢ such that

¢ fu(e) +¢ - fu(e)+ " fur(e) =0
for all e € F4, and it follows from (2) that

c-fule)+c - fule)+" - fun(e) =0
foralle € E.

Case 3: F = Hy U (Y — {y1,v2,y3}), where H; is a hyperplane of M, that contains X.
Then there is no modular triple of hyperplanes containing F', because the only hyperplanes
containing F' are F'U F4 and F'U Ej.

Cased: F=HU((Y—{y1,vy2,ys3})Uzy) where H; is a hyperplane of M; with H1NX ={x4}.
There are two subcases. In the first subcase, (H, H', H") = (F Uy, F Uy, FF U ys). We will
show that

[far (z4) - far (23)] - fr(€) + [fau (22) - far (23)] - i (€) + [fay (24) - far (22)] - fr(€) = 0 (2)

for all e € FE. When e € [, this follows from Proposition 5.3 and the fact
that fy(e) = fu(e) = fur(e) by (3°). When e = yi, using (3’), the left-hand side of (a)

becomes e )
[fz4($2) ’ ffEl (IB)] ’ m + [fxs(x4) ’ f:vl (132)] ’ m7

which is equal to 0 by Proposition 5.3.
In the second subcase, (H, H', H") = (F Uy, F Uy, F' U E;). We will show that

[fos(21) - for(@3)] - fr(€) + [fan (23) - far (23)] - far(€) + [fas (2a)] - frr(€) =0



28 Matthew Baker et al.

foralle € E. When e € Ej this follows from the fact that fy(e) = fu(e) by (3°). When e = y,
using (1) and (3”), we have

o) - Funlan)] - 20 ()] o) = 0,
fﬂ»‘1 (1:3)
and when e = y3, using (1) and (3), the left-hand side of (a) becomes
. . fx2($4) . . fm (‘7;4> .
[fas(@1) - fan(23)] o [fo2(@3) - far (3)] o [fas(@a)] - far (22),

which is equal to 0 by Proposition 5.3.

Case 4: F = H;y U (Y — {y1,y2,9y3}) U x1), where H; is a hyperplane of M,
with Hy N X = {z1}. Then (H,H' H") = (F Uy, F U{ya,ys3}, F U Ey). We will show
that

[for(@3)] - fr(e) + [fos(22)] - frr(€) + fur(e) =0
forall e € E. When e € Fj, this follows from the fact that fy(e) = fu/(e) = fru,(e) by (3)
and (3’). When e = yy, using (1) and (3), we have

[fas (22)] - 1+ fo,(23) = 0.
When e = y3, using (1) and (3”), we have
fIQ (:131)

A

Case 5: F = F} U H,, where F) is a corank-2 flat of M;, H, is a hyperplane of O,,
and 1N X = HyNX = {x1}. Then (H N Ey, H' N Ey, H' N Ey) is a modular triple of
hyperplanes of M, so there are constants ¢, ¢/, ¢’ so that

¢ funei(€) + ¢ - fanp (€) + " frrnp, (e) =0 (b)

forall e € E;. By (2), (3), and (3°), this implies that ¢ - fy(e) + - fu/(e) + " - fgr(e) = 0 for
all e € F1, so we only need to show that this also holds for all ;. At most one of H, H', H” con-
tains F5; we may assume that H and H’ do not contain F,. We consider two cases depending on
whether or not Fo, C H”. First suppose that H” does not contain Ey. Thenzo ¢ H U H' U H".
Since HN X = HHNX = H' NX = {x;} we know that fyng, (v;) = fung (z;) =
Jrng (x;) = fu(z;) for all i € [n] due to the scaling assumption on H;. Then plugging
in e = x5 to (b) shows that ¢ + ¢ + ¢’ = 0. Since H, H', H" all have the same restric-
tion to Fy (namely Hs), either fy, fy+, fg~ are all defined using (3) or they are all defined
using (3”), and it follows from (3) or (3°) that fy(y;) = fu/(y;) = fur(y;) for all i € [n].
Therefore ¢ - fu(y;) +¢ - fur(yi) +¢" - fur(y;) = 0forall i € [n].

In the second case, suppose that E; C H”. Since HN X = H N X = {x;} we know
that frnp, () = fone () = fe,(z;) for all i € [n] due to the scaling assumption on H;.
Then plugging in e = x5 to (b) shows that ¢ + ¢’ = 0, because 25, € H”. Since H and H' have
the same restriction to Fs (namely Hs), either fy and fy are both defined using (3) or they
are both defined using (3”), and it follows from (3) or (3”) that fy(y;) = fu/(y;) for all i € [n].
Since fyr(y;) = Oforalli € [n]and c+c = 0, weseethat c- i (v;)+ - frr (yi)+" fun(y;) =0
forall i € [n].

+ fm (132) =0.
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Case 6: F = H; U (Y — {y1,y2,vs3}), where H; is a hyperplane of M; disjoint from X.
Lemma 5.4 (1) implies that by scaling HH; at the triangle {x,z2, 23}, we may assume that
if Hy is a hyperplane of M; with |Hy N {x1,x2,23}| = 1 then fg, takes values 0, 1, and —1
on {xy,x9, x3}. It follows from Lemma 5.4 (2) that fy, (x1) + fu, (x2) + fu,(x3) = 0. We may
further assume, by rescaling functions, that f,, (z2) = 1.

We now consider two subcases. In the first subcase, (H, H', H") = (F Uy, F Uys, FUys).
We will show that

[fr (01) - fan(23)] - fr(€) + [fa,(22) - fos(21)] - fr(E) + [fa, (23) - fo,(22)] - fu(e) =0 (c)

foralle € E.
When e € Ey, we know that fy(e) = fu/(e) = fur(e) = fu,(e) by (4). Since f,, (x2) = 1,
we know that f, (z3) = —1, and so by Proposition 5.3 we have f,,(z;) = 1. Simi-

larly, f,,(z3)=1, and then (c) holds because f, (x1)+ fu, (x2)+ fu, (x3) =0 by Lemma 5.4 (2).
When e = y;, using (4), the equation (c) reduces to

S (23) S (22)
fw1 (1’3) fwl(xZ)

In the second subcase, (H, H', H") = (F Uy, FUys, FUE). Itis similarly straightforward
to check that

[far (x3) - fry (w3)] - fr(€) + [fas (21) - fur(w3)] - frr(€) + [y (w5)] - fur(e) =0 (d)

for all e € E. When e € Fj, this follows from the fact that fy(e) = fy/(e) = fu,(e) by (4).
When e = y;, applying (1) and (4) gives

=0.

[le ((Eg) ’ fxs(xl)] ’ + [fH1 ($3) ’ fl’1 (332)]

fo, (z

Fa0) - Fea)] - 22 L ()] o) =0,
fxl ($3)

and when e = ys3, applying (4) shows that the left-hand side of (d) is equal to

. fH1<x2) . fH1<x1)
fms(x2> fx3($1)

This is equal to 0 because, as described in the previous subcase, f,, (r2) = fo, (1) = fo,(23) =1
and le (xl) + le (1'2) + le (l’g) =0.

Case7: F = F,U(Y —{v1,y2}), where F} is a corank-2 flat of M; disjoint from X. We first
prove:

Claim 5.6. Let (H;, H;, H},) be a modular triple of hyperplanes of M, so that H; N X = {x;},
H;NX ={z;}, and H N X = {xy}. Then

[far (23) - oy (23)] + fos (1) - fan(23)] + [ (23)] - foy (22).

foralle € Fj.



30 Matthew Baker et al.

Proof. We may assume that (7, j, k) = (1,2, 3). There are constants ¢y, ¢, c3 so that
C1- le(e) +tC2- fH2<e> +cse st(e) =0

for all e € E;. By plugging in e = x1, z9, x5 and using the assumption that H, N X = {z;}
implies fu,(zm) = fr,(xm) forall [, m € [n], we see that

(Ch C2, C3) = (fm (‘Ti’))a fws(x1)7 f-'ﬂl (IQ))

up to multiplication by a scalar. This proves the claim. [

We now consider three subcases.
In the first subcase, (H, H', H") = (F U{x1,y2}, F U{z2, 91}, F'Ux3). We will show that

[far (23)] - fr(e) = [fo, (w3)] - frr(€) + oy (w2)] - frw(e) = 0

for all e € E. When e € Fj, this holds by Claim 5.6 with (i,5,k) = (1,2,3)
and (H;, H;, H,) = (H, H', H"). When e = y;, using (3) and (4) we have
_frz(x3>
o (T3)] - 1+ [fo,(22)] - ————= = 0.
Frala] 1+ (o)) - 28
In the second subcase, (H, H', H") = (F U {z1,y2}, F Uxg, F'U z4). We will show that
[fas(xa)] - fr(e) = [fur (xa)] - frr(e) + [fur (23)] - frr(e) =0 ©)
for all e € E. When e € Fj, this holds by Claim 5.6 with (i,5,k) = (1,3,4)
and (H;, H;, H;) = (H, H', H"). When e = s, applying (3’) shows that
.f:cl (x?)) fﬂcl (.%’4)
— Sz €T . + = x . —
[f ( 4)] fx1 (1,2) [f 1( 3)] fxl(x2)
When e = y;, by applying (3) and (3’), the left-hand side of (e) becomes
—fm(%g) _f062(x4>
o] 1= (o] 2258 [ )] - =2

which is equal to 0 by Proposition 5.3.
In the third subcase, (H, H', H") = (F Uxs, F'U x4, F'U z5). We will show that

[fau(5)] - fr(€) = [fos(@s)] - frr(e) + [fos(2a)] - frn(e) =0 (@)
for all e € E. When e € F; this holds by Claim 5.6 with (i,7,k) = (3,4,5)
and (H;, H;, Hy) = (H, H', H"). When e = y5, using (3), the left-hand side of (g) becomes
. f$1 (1’3) i . f$1(x4> . fﬂcl (ZE5)
[fx4<'r5)] fml <$2) [fzg(l'g))] fa:1 (l’g) + [fivS (%4)] f:}cl (.7}2)’

which is equal to 0 by Proposition 5.3.

These seven cases combine to show that J{ is in fact a modular system of P-hyperplane
functions for M. So, for any pasture P, we have defined a map from X, (P) to X} (P). The
inverse of the map from X%, (P) to X}, (P) is the natural map defined by restriction to E;, which
is clearly functorial in P. This implies that M; and M have isomorphic foundations. [

This has the following corollary in the special case that M; = U, ,,.
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Corollary 5.7. For all n > 2, the matroids U, ,, and ©,, have isomorphic foundations.

We next delete X from Px (M, ©,,) and show that this preserves the foundation when X is
coindependent in M. We will use the following lemma.

Lemma 5.8. If P is a finitely generated pasture and f : P — P is a homomorphism which
restricts to a surjection P* — P> of multiplicative groups, then f is an isomorphism.

Proof. A surjective homomorphism from a finitely generated abelian group to itself is neces-
sarily an isomorphism, cf. [Mat80, Proof of Lemma 29.2]. So f is a bijection on underlying
sets, and by construction f(Np) C Np. It suffices to prove that the map from P to P which
sends # € P to f~'(x) € P is a homomorphism.

Letg : P — P’ be the homomorphism of pastures induced by the inverse map f~* : P — P,
i.e., P’ has the same underlying set as P, and we define the null set of P’ to consist of all
formal sums of the form Y a;y; such that > a;f'(y;) € Np. Then go f: P — P’ is the
identity map on underlying sets, and therefore Np C Np/. For the reverse containment, sup-
pose > a;y; € Np.. By definition, there exist x; € P such that f(x;) = y; and ) _ a;,x; € Np.
Since f : P — P is a homomorphism, we must have > a;f(z;) € Np, which means
that IV, p! Q N P. O

We next describe the homomorphism to which we will apply Lemma 5.8. It will be de-
fined using cross ratios; see Section 2.3.2 for the relevant definitions. Let /V be a matroid with
a coindependent set X. If [% ZZ] , s a cross ratio of N\ X, then [Z§ Zi} , is also a cross ra-
tio of V. It follows from [BL25a, Proposition 4.9] that the function ¥y x from F' ﬁ\ v toF e

e1 eg el eg

that maps [ €], to [ €], is a homomorphism. We next show that in the special case
that N = Py (M, ©,,) for some matroid M;, this homomorphism is surjective.

Lemma 5.9. Let M, be a matroid and let X C FE(M;) be a coindependent set such
that M| X = U,,, for some n > 2. Let M = Px(M;,0,), let M' = M\X, and let iy x
be the homomorphism from Fy;, to Fy; that maps [2 &2 } S to [2, &2 } ;- Then Y x is surjective.
Proof. Let E, E1, and £ = X UY be the ground sets of M, M;, and ©,, respectively.
When n = 2, we know that the cosimplification of M is isomorphic to M; because {z;,y;}
is a series pair of M for ¢ = 1,2. So, by [BL25a, Corollary 4.10], we may assume that n > 3.
The following claim will allow us to show that two given cross ratios of M are equal.

Claim 5.10. Let [Z; &2 } S be a cross ratio of M.
) [az],=[za],=[ea],=[22],
(2) Ifd(J) = cl(J"), then [ 2], =[G &] .

€1 €2

(3) Ifcl(J Uey) = cl(J Ue)), then [% EEL = [63 eﬁ;}J'

(4) If (Ies; e1, e, e3,€4), (Ies;e1,ea,eq,€5), and (Iey; ey, ea, €5, e3) are all in )y, then

[61 62] [61 62} [61 62} 1
€3 €4lles €4 €5l]Jes €5 €3lley ’
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Proof. Parts (1) and (4) are relations (Ro) and (R4), respectively, of [BL25a, Theorem 4.21],
and parts (2) and (3) are implied by [BL.25a, Corollary 3.7]. [

€1 €2

Fix a cross ratio [63 s ] J of M, andlet F' = cl(.J). We will show that [2; 2 } J is in the image
of Yy x. By Proposition 2.14, there are seven possibilities for /7, which we consider separately.
In Cases 1-6 we will show that [ﬁ; &2 ] ; is the image of a cross ratio of M/ ', and in Case 7 we will
show that [2; 2 ] ; is the image of a product of cross ratios of M/ ’. Each hyperplane or corank-2
flat of ©,, is associated with a given subset of [n]; we will choose this subset explicitly without

loss of generality to improve readability.

Casel: F =F —{y1,vy2,93,ys}. Then ey, es,e3,e4 ¢ X and X is spanned in M by F' — X
because X is coindependent in M;. Let J’ be a basis of ' — X. Then [Eé 2 } o= [ﬁé 2 } 5 by
Claim 5.10 (2) and J' U {e1, 2, €3, e4} is disjoint from X, so ¢y x maps [Eé Zﬂj, to [2}, Zib.

Case2: F = F1UE,, where F} is acorank-2 flat of M; that contains X. Theney, s, e3,e4 ¢ X
and X is spanned in M by F' — X because Y C F — X. Let J' be a basis of F' — X.
Then [2; &2 ] = [§§ 2 } , by Claim 5.10 (2) and J'U{e1, ez, 3, €4} is disjoint from X, s0 1)y x
maps [§§ iﬁb, to [2; Ei]J.

Case 3: F = Hy U (Y — {y1,92,y3}), where H; is a hyperplane of M that contains X.
Then M /.J has at most two parallel classes (namely, Fy —F and Fy— F), so [2 &2 } J is degenerate
and therefore [ ¢} €2 | L =1lin Fyj.

Cased: F = H U((Y —{y1,y2,93}) Uux;) for some i € {1,4}, where H; is a hyperplane
of M; with H; N X = {x;}. We separately consider the cases i = 1 and i = 4.

If i = 1, then y, and y3 are parallel in M/.J because (Y — y;) U x; is a hyperplane of ©,,.
So M/ J has at most three parallel classes: E; — F, {y}, and {y»,ys}. Therefore [ ZL is
degenerate, so [2; &2 ] ,=1in F.

Suppose i = 4. Then M /J has at most four parallel classes: Fy — F, {y1}, {y2}, and {y3}.
We may assume that {e;, s, €3, €4} contains one element from each of these parallel classes,
or else [ €], is degenerate. By swapping rows and columns of £} €], we may assume
that e, € FE; — F. Since X is coindependent in M, there is some a € E; — (H; U X).
Then cl(J U ey) = cl(J U a) because e, and a are parallel in M/.J, so by Claim 5.10 (3) we
may assume that e, = a and {ey, es,e3} = {y1,92,y3}. Up to re-indexing, we may assume
that e = y3, s0 (&5 &2 ], = [35 @] ,- Let ] = J — y4. By Claim 5.10 (4) we have

[6’1 62] [61 62] [6’1 62] -1
Ys  a Jly, a ysdrys Lys yzlia 7

Since (Y — y4) U x4 is a hyperplane of ©,, we see that y; and y, are parallel in M /(I U y3).
Then M /(I Uys) has at most three parallel classes (namely £ — cl(I Uys), {y1, 2}, and {y4}),

so[@ 5] 1, 18 degenerate. Since cl(/Ua) = E'—{y1, y2, Y3, ya}, the cross ratio [4i42],, isthe
image under 1\ x of a cross ratio of M’, as proved in Case 1. Since 1)\ x is a homomorphism,

€1 €2 . . . €1 €2 s X
[0 @] 1,, 18 the image under ¢y x of the inverse of [5h 2], in Fyy.
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Case 5: F = F} U H,, where F} is a corank-2 flat of M;, H, is a hyperplane of O,,
and F; N X = HyN X = {x}. We consider two subcases, depending on the form of Ho.
First, suppose that Hy = (Y —y;)Ux,. Then F' — x; contains a basis J' of F' because Y —y;
spans z; in ©,, and therefore in M as well. Suppose that ¢; € X for some i € [4]. Since X
is contained in a parallel class of M /.J’, this choice of i is unique, or else [% 2 ] J is degen-
erate. By Claim 5.10 (1) we may assume that i = 4. Then e, and y; are parallel in M/.J',
so cl(J' U ey) = cl(J' Uy) and therefore [&} 2], = [&3], by Claim 5.10 (3).

€1 €2

Since J' U {ey, 3, 5,91 } is disjoint from X, we see that [ ¢} 7 | , is a cross ratio of M’ whose

image under ¢\ x is [€ €] .

In the second subcase, suppose that Hy = (Y — {y2,y3}) U z;. Since Ey — Hs is contained
in a parallel class of M/.J, at most one of e, es, €3, €4 is in F5 or else [2; &2 } ; is degenerate.
Suppose that e; € E; for some i € [4]. By Claim 5.10 we may assume that ¢ = 4. Then e,
and y, are parallel in M/.J, so cl(J U es) = cl(J U yo) and therefore [ ¢} SﬂJ = (4 gﬁb by

Claim 5.10 (3). Note that {e;,e9,e3} C Ey — X. Let [ = J — y;. By Claim 5.10 (4) we have

[61 62} .[61 62] _[61 62} —1
es Y2 dIy Yo Y1dles Y1 e3d Iy ’

Since (Y — y;1) Uz is a hyperplane of ©,, we see that y, and y3 are parallel in M /(I U e3).
Then M /(I Ues) has at most three parallel classes (namely £ —cl(I Ues), {y1}, and {y2, y3}),

e1 e

SO [y2 v } les 18 degenerate. Since cl(/ U y9) is a corank-2 flat of M, consisting of F; and the

€1 €2

hyperplane (Y — y;) U z; of ©,,, we know from the first subcase of Case 5 that [yl es } Iy is the
image under vy, x of a cross ratio of M’. Since 1yp x is a homomorphism, [2; Z;] I is the

image under ¢\ x of the inverse of [;} &2 ] Iy in Fyy..

Case 6: F = H; U (Y — {y1,v2,93}), where H; is a hyperplane of M; disjoint from X.
Then M /J has at most four nontrivial parallel classes: £y — Hy, {v1}, {y2}, and {y3}. We
may assume that {eq, s, €3, €4} contains one element from each of these parallel classes, or
else [% ZL is degenerate. By Claim 5.10 we may assume that e, € FE; — H;
and {e1, ez, e3} = {y1,y2,v3}. Leta € E; — (Hy U X); such an element exists because X
is coindependent in M;. Then cl(J U es) = cl(J U a) because e4 and a are parallel in M/.J,
so [ &} Ei]J =4 eﬂj by Claim 5.10 (3). Since J U {ey, ey, e3,a} is disjoint from X we see
that [ &} 7 | , is a cross ratio of M’ whose image under ¢\ x is B ;-

Case7: F = Fy, U (Y —{y1,y2}), where I} is a corank-2 flat of M, disjoint from X. Note
that {z1,y>} and {9, y,} are parallel pairs in M/J. Let k = |{e1,e2,e3,e4} N X|. We will

proceed by induction on k to show that every cross ratio [Z.; &2 ] ; with cl(J) = F is in the image

of Yanx. If & = 0, then [Z; &2 ] , is a cross ratio of M’ whose image under 9y x is [Z§ Zib.
So we may assume that £ > 1, so e¢; = z; for some ¢ € [4] and j € [n]. By Claim 5.10 we
may assume that ¢ = 4. If j = 1, then since cl(J U z1) = cl(J U y2) because {z1,y-} is a
parallel pair of M/.J, by Claim 5.10 (3) we see that [} &2 ], = [ 32| . By induction, [} 73],
is in the image of 15\ x, and therefore so is [E; 2 ] ;- So we may assume that j # 1, and by
similar reasoning, that j # 2. Without loss of generality, we may assume that j = 3, so e4 = 3.
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Let I = J — y3. By Claim 5.10 (4) we have

|: €1 €9 i| ) €1 €9 . |: €1 €2
€3 T3d1ys T3 Y3dlIes Ys €3dlx3 ’
e1 eo

Since cl(I Ux3) is a corank-2 flat of the form considered in Case 4, we know that [yg ey } [a, 1810
the image of ¥y, x. We next show that [% v ] Tes is in the image of 1\ x by considering three
possibilities for e3. If cl(I Uez) N X # & (in particular, if e3 € X), then cl(I Uey) is a corank-2
flat of the form considered in Case 4, so [;é e } Ie, 18I0 the image of ¢\ x. If e3 € {y1, 12},
then without loss of generality we may assume that e3 = y;. Then y, and y5 are parallel in M /.J
because of the hyperplane (Y — y3) U z3 of ©,,. So cl(I U ez U z3) = cl({ Uez U ys), so
Claim 5.10 (3) implies that [ g} 32 ] ey = [ 53] Je,- BY induction, [ 5] Je, 18 in the image
of ¢an x, and therefore so is [z} 3], . Finally, if es € Ey — X and cl(I U e3) is disjoint
from X, then cl(/ Ue3) is a corank-2 flat of the form considered in Case 6 and is therefore in the
el ez

image of )\ x. Therefore, since 1)\ x is a homomorphism, [ o8 7o ] Iys is the image under v\ x

of the product of the inverses of [ g 2 ] 1o, and (5 & ] 1oy 10 e O

We can now prove the main result of this section.

Theorem 5.11. Let M be a matroid and let X C E(M) be a coindependent set so
that M|X = U,,. Then the foundation of the segment-cosegment exchange of M along X
is isomorphic to the foundation of M.

Proof. Following [Ox106], for a matroid N with X C F/(N) so that X is coindependent
and N|X = U,,, we write Ax(N) for Px(N,©0,,)\X, the segment-cosegment exchange of N
along X. (We do not follow the convention from [Ox106] of relabeling Y with X in Ax(N)
via the natural isomorphism from ©,, to ©F that swaps z; and y; for each i € [n].) Dually,
if N*|Y = Uy, then we write Vy (N) for (Ay (N*))*, the cosegment-segment exchange of N
along Y.

Let P = Px(M,©,) and let M’ = Px(M,0,)\X. By [Ox106, Lemma 11.5.6] we know
that ((M')*|Y) = Usp, so let P/ = Py((M')*,0}). By [Ox106, Proposition 11.5.11 (i)] we
know that Vy (Ax(M)) = M. Taking the dual of both sides, we see that Ay ((M')*) = M*,
so P'\Y = M*. Tt follows from Theorem 5.5 that we have isomorphisms F;, — Fp
and Fip)» — Fpr, and since M* = P'\Y and M’ = P\X it follows from [BL25a, Propo-
sition 4.9] that we have homomorphisms Fy;« — Fpr and Fj;» — Fp. Hence, we have the
following diagram of homomorphisms of pastures:

Fu = Fye = For 5 Fopnye = Fap = Fp 5 Fyy. (a)

Here, the maps Fyy — Fiy+ and Fp)- — Fyp are the natural isomorphisms given by [BL25a,
Proposition 4.8], and the maps F'pr — F(yr)- and F'p — F)y are the inverses of the isomor-
phiSl’HS Fy — Fpand F(M/)* — Fp.

By Lemma 5.9, the homomorphisms £+ — Fpr and )y — Fp restrict to surjective
homomorphisms of multiplicative groups. It follows that the composition of the maps in (a)
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induces a surjection of multiplicative groups. By Lemma 5.8, we conclude that the composite
map is an isomorphism, which means that all the intermediate maps must be isomorphisms as
well. In particular, F);s = Fp. On the other hand, we know from Theorem 5.5 that Fp = F),
and thus Fyy = F), as desired. ]

We have the following corollary in the case that n = 3.

Theorem 5.12. Let M be a matroid and let T C E(M) be a coindependent triangle. Then the
foundation of the Delta-Wye exchange of M along T' is isomorphic to the foundation of M.

Remark 5.13. Note that if we replace the foundation by the universal pasture in the statement
of Theorem 5.11, the result remains true. This follows formally from Corollary 7.14 and Re-
mark 7.15 of [BL21] upon noting that there is a bijection between connected components of M
and connected components of the segment-cosegment exchange of M along X'; see Lemma 5.14
below for a straightforward proof of this fact.

Lemma 5.14. If M is a matroid with X C E(M) so that X is coindependent and M |X = Uy,
for some n > 2, then there is a bijection between the connected components of M and the
connected components of the segment-cosegment exchange Px (M, 0,)\ X.

Proof. If n = 2, then M and Px (M, ©,,)\X are isomorphic because {x;,y;} is a series pair
fori = 1,2, so we may assume that n > 3. If M is connected, then Py (M, ©,,)\ X is connected
by [Ox106, pg. 456, Ex. 6] and the result follows, so we may assume that M is disconnected.
Since n > 3 we know that M |X is connected, and therefore X is contained some component
of M. So M = M; @& M, where M is connected and X C FE(M;) (and M5 may or may not be
connected).

We will first show that Px (M, ©,,) = Px(M;,0,,) @ M. Let E, Ey, and E5 be the ground
sets of M, My, and My, respectively. For a matroid N we write (V) for the set of flats of N.
Then

F(Px(M,0,))={FCEUY |FNEcF M)and FN(XUY) € F(O,)}
={FCEUY |FNE, € FM;)fori=1,2and FN(XUY) € F(O,)}
—{FCEUY |FN(E,UXUY)eF(Py(M,,0,)) and F N By F(M,)}
= F(Px(M;,0,,) ® M,).

Here, the first and third lines follow from the definition of generalized parallel connection, and
the second and fourth lines follow from the characterization of flats of a direct sum [Ox106,
Proposition 4.2.16]. Therefore Py (M, ©,,) = Px(Mi,©,,) ® Ms, and it follows from [Ox106,
Proposition 4.2.19] that Px(M,©,)\X = (Px(M;,0,)\X) & M,. Since Px(M;,O0,)\X
is connected by [Ox106, pg. 456, Ex. 6], it follows that the components of Px (M, ©0,)\X
are precisely (E7 — X) U Y and the components of M,. This gives a bijection between the
components of M and the components of Py (M, ©,)\X in which F; maps to (E; — X)UY
and every other component of M maps to itself. 0

We turn to the proof of Corollary F from the Introduction, whose statement we now recall:
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Corollary 5.15. Let P be a pasture, and let M be an excluded minor for representability over P.
Then every segment-cosegment exchange of M is also an excluded minor for representability
over P.

Proof. Let M be an excluded minor for P-representability, so M is not P-representable, but ev-
ery proper minor of M is P-representable. In particular, it follows from [BL25a, Lemma 4.10]
that M is simple and cosimple. Let M|X = U,, for some n > 2 so that X is coindepen-
dent in M, and let M’ be the segment-cosegment exchange of M on X. It follows from Theo-
rem 5.11 that M’ is not P-representable, so it suffices to show that every proper minor of M’ is
P-representable. If n = 2, then M’ = M and the result holds, so we may assume that n. > 3.
Lete € E(M'). We consider two cases. First suppose that e = y; for some i € [n]. By [OSV00,
Lemma 2.13] we know that M’ /y; is isomorphic to the segment-cosegment exchange of M\ x;
along X — z;. Since M \z; is P-representable, it follows from Theorem 5.11 that M’ /y; is also
P-representable. In M'\y;, the set Y — y; is contained in a series class because M'|Y = U, ,,.
By [BL25a, Lemma 4.10], the cosimplification of M’\y; has foundation isomorphic to the foun-
dation of M’\y;. Since the cosimplification of M'\y; is a minor of M’ /y; for some j # i, it
follows that M'\y; is P-representable.

Next suppose that e ¢ Y. Then M'\e = Px(M\e, 6,)\X by [Ox106, Propo-
sition 11.4.14 (iv)], and since M \e is P-representable it follows from Theorem 5.11 that M"\e is
P-representable. It remains to show that M’ /e is P-representable. If e is not spanned by X in M,
then by [OSV00, Lemma 2.16] we know that M’/e is isomorphic to the segment-cosegment
exchange of M /e along X, and it follows from Theorem 5.11 that M’/e is P-representable.
So we may assume that e is spanned by X in M. Then M|(X Ue) = Us,,+; because M
is simple, so Us 1 is P-representable, and therefore U,,_; 1 is P-representable by [BL25a,
Proposition 4.8]. By [OSV00, Lemma 2.15] we know that A’ /e is isomorphic to the 2-sum
of M/e\(X — z;) and a copy of U,,_1 41 for some i € [n]. Since both of these matroids are
P-representable, it follows from Theorem C that M’ /e is P-representable. 0

5.1. Application to a conjecture by Pendavingh and van Zwam

In this final section, we turn to the proof of Corollary E. As preparation, we recall that the
universal partial field Py, of a representable matroid M is determined by its foundation F,.

According to [BL25b, Lemma 2.14], for every pasture P that maps to some partial field F/,
there is a universal map mp : P — IIP to a partial field [IP such every other map f : P — F
to a partial field F' factors uniquely through 7p.

The partial field I1P is defined as follows: let I be the ideal of the group ring Z[P*] which
is generated by all terms a + b + c that appear in the null set Np. Then IIP is the partial
field (P*,Z[P*]/I); as a pasture, it can be described as

IIP = Pjf{a+b+c|la+b+cel).

The pasture morphism 7p : P — IIP is the quotient map. Note that since P maps to some
partial field, 7 is a proper ideal of Z[P*| and thus IIP is indeed a partial field (since 1 # 0).

If P = F) is the foundation of a representable matroid M, its universal partial field
is Py; = IIF),. This follows at once from a comparison of the universal properties of I1F,
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and [P, either of these partial fields represents the functor that associates with a partial field /'
the set of rescaling classes of M over F.

Corollary 5.16. Let M be a matroid, let X C E(M) so that X is coindependent
and M| X =2 U,,, for some n > 2, and assume that M is representable over some partial field.
Then the universal partial field of the segment-cosegment exchange of M along X is isomorphic
to the universal partial field of M.

Proof. Let M’ be the segment-cosegment exchange of M along X. Let F); and F); be the
foundations of M and M’, respectively. By Theorem 5.11, Fy;s =~ F);, which implies

]PM/ = HFM/ ~ HFM = IEDM,

since the functor II preserves isomorphisms. [
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