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Abstract. For a subtorus T ⊆ (R/Z)n, let D(T ) denote the L∞-distance from T to the
point (1/2, . . . , 1/2). For a subtorus U ⊆ (R/Z)n, define S1(U), the Lonely Runner spec-
trum relative to U , to be the set of all values of D(T ) as T ranges over the 1-dimensional
subtori of U not contained in the union of the coordinate hyperplanes of (R/Z)n. The rel-
ative spectrum S1((R/Z)n) is the ordinary Lonely Runner spectrum that has been studied
previously.

Giri and the second author recently showed that the relative spectra S1(U) for
two-dimensional subtori U ⊆ (R/Z)n essentially govern the accumulation points of the
Lonely Runner spectrum S1((R/Z)n). In the present work, we prove that such relative
spectra S1(U) have a very rigid arithmetic structure, and that one can explicitly find a com-
plete characterization of each such relative spectrum with a finite calculation; carrying out
this calculation for a few specific examples sheds light on previous constructions in the lit-
erature on the Lonely Runner Problem.
Keywords. Lonely Runner conjecture, Diophantine approximation, spectra, combinatorial
number theory
Mathematics Subject Classifications. 11J13, 52C07, 11J06, 11B75

1. Introduction

1.1. The Lonely Runner Conjecture

The Lonely Runner Conjecture of Wills [Wil67] and Cusick [Cus73] originally arose as a pos-
sible converse to Dirichlet’s theorem on Diophantine approximation. There are now several
equivalent formulations of the Lonely Runner Problem. In the most popular version, due to
Goddyn (see [BGG+98]), we have n runners standing at the start line of a unit-length circular
track. The runners simultaneously begin running around the track, each at a constant nonzero
integer speed. The maximum loneliness of a set of speeds is defined to be the largest L such that
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there is a time when all of the runners are a distance at least L from the start line. The Lonely
Runner Conjecture asserts that the maximum loneliness is always at least 1/(n + 1), regard-
less of the choice of the n speeds. (Equality holds for the speeds 1, 2, . . . , n, for instance.) The
combined work of many authors over the last several decades has established the Lonely Runner
Conjecture for n ⩽ 6 (see [BW72, CP84, BGG+98, BHK01, Ren04, BS08]), but it remains open
for n ⩾ 7.

In this paper, we will work with the following view-obstruction formulation of the Lonely
Runner Problem, as introduced by Cusick [Cus73]. For a subtorus T ⊆ (R/Z)n (in other words,
the image modulo Zn of a rational subspace in Rn), let D(T ) denote the L∞-distance from T to
the point (1/2, . . . , 1/2). For 1 ⩽ k ⩽ n, let Sk(n) denote the set of all of the values of D(T )
as T ranges over the k-dimensional proper subtori of (R/Z)n; here we say that a subtorus is
proper if it is not contained in the union of the coordinate hyperplanes of (R/Z)n. The set S1(n)
is called the n-th Lonely Runner spectrum. Note that each Sk(n) is a subset of [0, 1/2).

It is easy to check that if v1, . . . , vn are nonzero integers, then the maximum loneliness of
this set of speeds equals 1/2−D(⟨(v1, . . . , vn)⟩R). The condition on the vi’s being all nonzero
is equivalent to the condition on the torus ⟨(v1, . . . , vn)⟩R being proper. Hence, in the language
of view-obstruction, the Lonely Runner Conjecture asserts that

maxS1(n) = 1/2− 1/(n+ 1).

The equality case mentioned at the end of the first paragraph gives
D(⟨(1, 2, . . . , n)⟩R) = 1/2− 1/(n+ 1) ∈ S1(n),

and the difficult part of the Lonely Runner Conjecture is showing that for every 1-dimensional
proper subtorus T ⊆ (R/Z)n, we have D(T ) ⩽ 1/2− 1/(n+ 1).

Until recently, work on the Lonely Runner Conjecture focused narrowly on the maximum
value of each Lonely Runner spectrum S1(n). In 2020, the second author [Kra21] proposed
studying the entire set S1(n): For instance, one can try to characterize not only its maximum
value but all of its near-maximal values, and one can study other properties of S1(n), such as its
accumulation points. With regard to the first question, the paper [Kra21] conjectured that

S1(n) ∩
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2
− 1

n
,
1

2

]
=

{
1

2
− 1

n
+

1

n2s+ n
: s ∈ N

}
(1.1)

(where for us N = {1, 2, 3, . . .}). The D-values on the right-hand side are achieved by the
subtori ⟨(1, 2, . . . , n− 1, ns)⟩R. The appeal of this conjecture is that it provides a “good” expla-
nation for the appearance of the quantity 1/2−1/(n+1) in the Lonely Runner Conjecture: This
quantity is the endpoint (corresponding to s = 1) of a highly arithmetically structured sequence
ofD-values. One of the main results of [Kra21] was a proof of this conjecture for n = 2, 3. Fan
and Sun [FS23] later discovered an infinite family of counterexamples for n = 4, namely,

D(⟨(8, 4s+ 3, 4s+ 11, 4s+ 19)⟩R) =
1

2
− 1

4
+

1

16s+ 60
. (1.2)

These elements of S1(4) are different from the values in (1.1) because 60 ̸≡ 4 (mod 16).
Nonetheless, this sequence of large elements of S1(4) is highly arithmetically structured, just
like the sequence in (1.1). The main result of the present paper will show that this is no coinci-
dence.
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1.2. Relative Lonely Runner spectra

Let us now discuss the qualitative structure of Lonely Runner spectra and the role of higher-
dimensional subtori. For a set S of real numbers, let acc(S) denote the set of accumulation
points of S. One can distinguish between accumulation points from above and from below,
denoted acc+(S), acc−(S) (respectively). In [Kra21], the second author showed that

S1(n− 1) ⊆ acc+(S1(n)) (1.3)

and then asked whether equality holds and whether acc−(S1(n)) = ∅. Giri and the second
author [GK25] recently made some progress towards understanding these questions. One of
their main results is that indeed acc−(S1(n)) = ∅. They also showed that

acc(S1(n)) ⊆ S2(n), (1.4)

and that equality holds if one interprets S1(n) suitably as a multiset. They also conjecture that

S2(n) = S1(n− 1),

which would imply that equality holds in (1.3). Easy calculations verify this conjecture
for n = 2, 3; see the discussion in [GK25, Section 8].

The thrust of the argument for (1.4) is that if T1, T2, . . . is a sequence of 1-dimensional proper
subtori with D(Ti) → d, then, once we pass to a subsequence of the Ti’s, there is a proper
subtorus U of dimension at least 2 such that D(U) = d, the Ti’s are all contained in U , and Ti’s
become o(1)-dense in U as i→ ∞. SinceD(Ti) ⩾ D(U), we see thatD(Ti) approaches d from
above, and it follows that acc−(S1(n)) = ∅. Only D-values of 2-dimensional subtori appear on
the right-hand side of (1.4) because of the trivial containments

Sn(n) ⊆ Sn−1(n) ⊆ · · · ⊆ S2(n).

The paper [GK25] also contains some further results involving “subgroup Lonely Runner spec-
tra” in which k-dimensional subtori are replaced by k-dimensional subgroups.

To make full use of the results of [GK25], it is useful to introduce the notion of relative Lonely
Runner spectra. For a subtorus U ⊆ (R/Z)n and a natural number k ⩽ dim(U), define Sk(U),
the order-k Lonely Runner spectrum relative to U , to be the set of all values ofD(T ) as T ranges
over the k-dimensional proper subtori of U . The special case S1((R/Z)n) = S1(n) corresponds
to the Lonely Runner spectra defined above.

The natural output of the aforementioned argument from [GK25] (See Remark (2) in Sec-
tion 9 there) is that for each natural number n and real number d ∈ acc(S1(n)), there are ε > 0
and a finite list of proper subtori U1, . . . , Ut ⊆ (R/Z)n, with each Uj satisfying dim(Uj) ⩾ 2
and D(Uj) = d, such that

S1(n) ∩ (d, d+ ε) =

(
t⋃

j=1

S1(Uj)

)
∩ (d, d+ ε). (1.5)

In other words, the accumulation of S1(n) at the point d is completely described by the (finitely
many) relative spectraS1(Uj), and so studying accumulation points essentially amounts to study-
ing relative spectra. (The equation (1.5) also holds trivially for d /∈ acc(S1(n)) since taking ε
sufficiently small makes the left-hand side empty.)
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1.3. Main result

Our main result is a structural characterization of order-1 relative spectra for 2-dimensional
subtori, which can be understood as a “quantitative” complement to the “qualitative” results
described in the previous section. We show that these relative spectra are highly arithmetically
structured, in a sense that captures the infinite families described in (1.1) and in (1.2). In other
words, we show that convergence to accumulation points in Lonely Runner spectra is subject to
surprisingly rigid constraints. Let

Prog(α, β) := {αs+ β : s ∈ Z⩾0}

denote the infinite one-sided arithmetic progression with common difference α and shift β.

Theorem 1.1. Let n ⩾ 2 be a natural number, and let U ⊆ (R/Z)n be a 2-dimensional
proper subtorus. Then there are N ∈ Z⩾0 and positive rationals α1, . . . , αN , β1, . . . , βN such
that S1(U) has finite symmetric difference with the set

N⋃
i=1

(D(U) + 1/Prog(αi, βi)).

We make three remarks about the statement of this theorem. First, the finite symmetric
difference arises because a few 1-dimensional subtori of U can be too “small” (in volume) to
see the structure leading to the sets D(U) + 1/Prog(αi, βi); below we give an explicit exam-
ple where this finite symmetric difference is necessary. Second, our argument actually shows
the ostensibly slightly stronger statement that there are only finitely many 1-dimensional proper
subtori T of U with D(T ) lying outside of the set {D(U)} ∪ [∪N

i=1(D(U) + 1/Prog(αi, βi))].
Third, the set D(U) + 1/Prog(αi, βi) can be understood as a simple transformation of the
set S1(2) = 1/Prog(4, 6).

Notice that all of the subtori Uj in (1.5) are necessarily 2-dimensional for an accumulation
point d /∈ S3(n); this is the case, for instance, for d = max acc(S1(n)) = maxS1(n − 1)
(see [GK25, Lemma 3.3]). Here, Theorem 1.1 immediately gives the following pleasant char-
acterization.

Corollary 1.2. Let n ⩾ 2 be a natural number, and let d ∈ acc(S1(n)) \ S3(n) be a real
number. Then there are ε > 0, N ∈ Z⩾0, and positive rationals α1, . . . , αN , β1, . . . , βN such
that S1(n) ∩ (d, d+ ε) has finite symmetric difference with the set(

N⋃
i=1

(d+ 1/Prog(αi, βi))

)
∩ (d, d+ ε).
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1.4. Comparison with previous work

Section 6 of [Kra21] was concerned with the “one very fast runner” setting of the Lonely Runner
Problem, in which we fix nonzero integers v1, . . . , vn−1 and consider the maximum loneliness
values associated with the speeds v1, . . . , vn−1, vn for vn large. This essentially amounts to study-
ing the relative spectrum

S1(⟨(v1, . . . , vn−1)⟩R × (R/Z)).

Our Theorem 1.1 can be understood as an extension of this study to general 2-dimensional
subtori.

For other computation-related results on the Lonely Runner Problem, see, e.g., [Tao18,
MSS25].

1.5. Computing relative spectra

The proof of Theorem 1.1 is quite explicit and provides an algorithm (albeit not so simple) for
calculating the structure parameters αi, βi for any given 2-dimensional subtorus U . As a proof
of concept, we carry out this calculation for several particular choices of U .

As a first example, we determine S1(4) up to the first accumulation point, namely,
1/2 − 1/4 = 1/4. We show that this portion of the fourth Lonely Runner spectrum consists
(up to finitely many exceptions) of only the infinite progressions in (1.1) and in (1.2); along the
way, our argument provides a new (and more systematic) proof of the identity (1.2) from [FS23].

Theorem 1.3. The set S1(4) ∩ (1/4, 1/2] has finite symmetric difference with the set

1/4 + 1/Prog(8, 12) = 1/4 + 1/(4 Prog(2, 3)).

Characterizing this finite symmetric difference is itself a finite calculation that we have not
attempted to carry out (but numerical experiments suggest that there are no exceptional ele-
ments).

For our second example, we determine S1(3) up to the second accumulation point,
namely, 1/2− 2/5 = 1/10. Recall from [Kra21] that

S1(3) ∩ (1/6, 1/2] = 1/6 + 1/Prog(9, 12) = 1/6 + 1/(3 Prog(3, 4)).

Theorem 1.4. The set S1(3) ∩ (1/10, 1/6] has finite symmetric difference with the set

(1/10 + 4/(5 Prog(5, 7))) ∪ (1/10 + 3/(5 Prog(5, 9))).

Our third example, of a slightly different flavor, is the discovery of a new infinite family
in S1(6) limiting to the first accumulation point, namely, 1/2− 1/6 = 1/3.

Theorem 1.5. The set S1(6) ∩ (1/3, 1/2] contains the set

1/3 + 1/(6 Prog(6, 11)).
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One could in principle calculate S1(6) ∩ (1/3, 1/2] up to finite symmetric difference, fol-
lowing the model of the proof of Theorem 1.3, but this would be fairly lengthy and we have not
attempted it.

In general, before using our methods to determine S1(n) up to the first accumulation
point, one must first determine all tight instances for S1(n − 1), i.e., proper 1-dimensional
subtori T ⊆ (R/Z)n−1 with D(T ) = maxS1(n − 1); see Section 3 below. Determining all
tight instances for S1(n) is a (large) finite calculation for any particular n, thanks to [GK25]
(see the discussion in Section 7 there), but at the present it is available in the literature only
for n ∈ {1, 2, 3, 5}. This is one reason why studying accumulation points of S1(6) is currently
more convenient than studying accumulation points of S1(5). (Numerical simulations suggest
that (1.1) holds for n = 5.)

In a related direction, we give a necessary and sufficient geometric condition (Proposi-
tion 7.1) for the relative spectrum of a 2-dimensional subtorus being finite, i.e., having no pro-
gressions.

1.6. Future directions

There are several appealing directions for future work. The most obvious is computing more
examples of relative spectra for low-volume 2-dimensional subtori. Such calculations could
lead to new families of counterexamples to (1.1); perhaps one could even discover such families
for infinitely many values of n or make a “reasonable” conjecture constraining S1(n) up to the
first accumulation point. It also seems that a thorough understanding of S1(3) is within reach;
this set is well-ordered with order type ω2 + 1, and, using relative spectra, one could hope to
characterize it up to an exceptional set of order type at most ω.

Our arguments for Theorem 1.1 would likely lead to an analogous structure theorem
for Sm−1(U) whenever U is anm-dimensional proper subtorus, but the details would be messier
and we have not pursued this.

Leaving the codimension-1 regime, a more ambitious open problem is obtaining a struc-
ture theorem for order-1 relative spectra of 3-dimensional subtori. One new difficulty is that the
1-dimensional subgroups of (R/Z)3 are much more complicated than the the 1-dimensional sub-
groups of (R/Z)2 (see Section 2.2). It is conceivable that for a 3-dimensional proper subtorusU ,
the relative spectrum S1(U) might “look like” a finite union of sets obtained in a simple way
from S1(3); presumably an improved understanding of S1(3) would be essential here.

1.7. Organization of the paper

We prove Theorem 1.1 in Section 2. In Section 3 we describe some techniques for determining
all of the 2-dimensional subtori with a given D-value and carry out this determination for the
cases that will figure in our explicit examples. We then prove Theorems 1.3, 1.4, and 1.5 in
Sections 4, 5, and 6. In Section 7 we establish a criterion for the finiteness of a relative spectrum
and give an example of a finite, non-empty relative spectrum.
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2. Proof of Theorem 1.1

2.1. Proof strategy

Before diving into the technical details of the proof of Theorem 1.1, we sketch the main points
of the argument. Fix a choice of u, v ∈ Zn such that U = ⟨u, v⟩R. 1-dimensional subtori of U
are of the form T = ⟨Au + Bv⟩R for coprime integers A,B satisfying A ⩾ 0. The main goal
is to express D(T ) in terms of A,B. An easy perturbation argument [Kra21, Proposition 2.1]
shows that

D(T ) = min
i,j,ϵ

D(Ti,j,ϵ),

where for 1 ⩽ i < j ⩽ n and ϵ ∈ {+,−}, we have set

Ti,j,ϵ := T ∩ {xi = ϵxj}.

(Indeed, at any point of T not contained in any of the Ti,j,ϵ’s, there is a unique coordinate xℓ
that is farthest from 1/2. Then perturbing this point in one direction or the other along T will
decrease the distance from xℓ to 1/2 and hence will decrease the L∞-distance from the point
to (1/2, . . . , 1/2).) We will analyze each D(Ti,j,ϵ) individually.

An important observation is that (besides some trivial cases) Ti,j,ϵ is a finite cyclic subgroup
of

Ui,j,ϵ := U ∩ {xi = ϵxj},

which is embedded in (R/Z)n as a copy of (R/Z) × (Z/KZ) for some natural number K. In
Section 2.2, we recall the structure of finite cyclic subgroups of (R/Z)×(Z/KZ) and then show
that the “structure parameters” for the cyclic group Ti,j,ϵ depend in a linear fashion onA,B once
we account for the residues of A,B with respect to some large modulus M (depending on U ).

Consider the function D : (R/Z)n → [0, 1/2] given by D(x1, . . . , xn) := maxk |xk − 1/2|.
The restriction of D to each connected component Ui,j,ϵ,ℓ of Ui,j,ϵ is continuous and piecewise-
linear. The work of Section 2.2 essentially reduces the task of computing D(Ti,j,ϵ,ℓ) to the task
of computing

min
x∈⟨1/q⟩

f(x)

where q is a natural number and f : R/Z → R is a continuous and piecewise-linear function
assuming its minimum value at some points τ1, . . . , τH . So it suffices to understand how well
the τh’s can be approximated by multiples of 1/q. This work is carried out in Section 2.3,
and it is here that the expressions 1/Prog(α, β) appear. The output of this section (ignoring
some important edge cases) is a sector decomposition of R⩾0 × R such that if we partition the
pairs (A,B) according to the residues ofA,B modulo someM and the sector containing (A,B),
then on each part of the partition we obtain a formula of the form

D(T ) = D(U) + 1/(EA+ FB)

for some rationals E,F .
At this point, a change of variables gives that on each part of our partition,D(T ) takes values

in the set D(U) + 1/Prog(α, β) for some positive rationals α, β depending on E,F . In order
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to check that the value D(U) + 1/(αs+ β) is in fact attained for all sufficiently large s ∈ N, we
must verify that there are coprime A,B satisfying EA + FB = αs + β. This last step, which
boils down to a brief analytic number theory argument that we provide in Section 2.4, requires
us to put a few modular constraints on s, which is harmless.

2.2. Intersections of subtori and subgroups

The first set of lemmas concerns the possible intersections of subtori and subspaces in a 2-
dimensional torus. In the following discussion, a torus is any topological group that is isomor-
phic to (R/Z)n for some natural number n, and by a k-dimensional subgroup of a torus we mean
a closed k-dimensional Lie subgroup (or, more concretely, a subgroup that itself contains a torus
as a finite-index subgroup). A subtorus is a subgroup that is also a torus.
Lemma 2.1. Let U be a 2-dimensional torus. Then every 1-dimensional subgroup Γ of U is of
the form U ′ × H where U ′ is a 1-dimensional subtorus of U and H is a finite cyclic group. In
particular, every such Γ is isomorphic (as a Lie group) to (R/Z) × (Z/KZ) for some natural
number K.

Proof. Let Γ be a 1-dimensional subgroup of U . Let U ′ denote the identity component of Γ.
Then U ′ is a 1-dimensional subtorus of U , and Γ/U ′ is a discrete subgroup of U/U ′ ∼= R/Z.
Hence, considered in R/Z, the group Γ/U ′ is equal to ⟨1/K⟩ for some natural number K.
Let g ∈ Γ be such that gU ′ is identified with 1/K. Then Kg ∈ U ′, and (since U ′ ∼= R/Z is a
divisible group) there is some g′ ∈ U ′ such that Kg = Kg′. Now the element g′′ := g − g′ has
orderK, and g′′U ′ is still identified with 1/K. LetH := ⟨g′′⟩. Then |H| = K and Γ = U ′×H ,
as desired.

Notice that every such isomorphism Γ ∼= (R/Z)× (Z/KZ) preserves the set of points with
all coordinates rational. In particular, there is a rational change of coordinates on (R/Z)2 such
that in the new coordinates we have Γ = (R/Z) × ⟨1/K⟩Z ⊆ (R/Z)2. We will now describe
the intersection of such a Γ with an arbitrary 1-dimensional subtorus.
Lemma 2.2. Let K be a natural number, and let A′, B′ be coprime integers with B′ ̸= 0. Then

((R/Z)× ⟨1/K⟩Z) ∩ ⟨(A′, B′)⟩R =
K−1⋃
ℓ=0

((aℓ/(Kq) + ⟨1/q⟩Z)× {ℓ/K}),

where q := |B′|, and 0 ⩽ a < K satisfies a ≡ A′ (mod K) if B′ > 0 and satisfies
a ≡ −A′ (mod K) if B′ < 0.

Proof. Write
G := ((R/Z)× ⟨1/K⟩Z) ∩ ⟨(A′, B′)⟩R.

SinceB′ ̸= 0, we know that the 1-dimensional subtorus ⟨(A′, B′)⟩R is not equal to (R/Z)×{0}.
Hence G is a discrete group, and we can compute

G = {t(A′, B′) : t ∈ R, tB′ ∈ ⟨1/K⟩Z}
= ⟨(A′/(KB′), 1/K)⟩Z
= ⟨(A′δ/(Kq), 1/K)⟩Z,
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where q = |B′| and δ := B′/|B′| ∈ {−1, 1}. Since A′, B′ are coprime, we have

G ∩ ((R/Z)× {0}) = ⟨(A′δ/q, 0)⟩Z = ⟨1/q⟩Z × {0}.

Finally, for each 0 ⩽ ℓ < K, the point (A′δℓ/(Kq), ℓ/K) ∈ G tells us that

G∩((R/Z)×{ℓ/K}) = (A′δℓ/(Kq), ℓ/K)+(⟨1/q⟩Z×{0}) = ((aℓ/(Kq)+⟨1/q⟩Z)×{ℓ/K}),

where a ≡ A′δ (mod K), as desired.

We will apply the first lemma with Γ = Ui,j,ϵ and (after a change of coordinates) the second
lemma with ⟨(A′, B′)⟩R = T . We first require a bit of setup.

As in the sketch in Section 2.1, suppose that U ⊆ (R/Z)n (n ⩾ 2) is a proper 2-dimen-
sional subtorus that is not contained in any subspace of the form {xi = xj} or {xi = −xj}
for 1 ⩽ i < j ⩽ n. Then U is the image modulo Zn of the subspace ⟨u, v⟩R for some vec-
tors u, v ∈ Zn, and we can choose u, v such that

⟨u, v⟩R ∩ Zn = ⟨u, v⟩Z; (2.1)

fix such a choice of u, v. (In other words, we choose u, v to be not only an R-basis of the
subspace ⟨u, v⟩R but also a Z-basis of the lattice ⟨u, v⟩R∩Zn.) Every 1-dimensional subtorus T
of U is of the form

T = ⟨Au+Bv⟩R,
i.e., T is the image modulo Zn of ⟨Au + Bv⟩R, for some coprime integers A,B with A ⩾ 0
and (A,B) ̸= (0,−1). This correspondence between T and (A,B) is one-to-one. For ease of
reference, let

T := {(A,B) ∈ Z2 : A ⩾ 0, gcd(A,B) = 1, (A,B) ̸= (0,−1)}

denote the set of all such pairs (A,B).
For the remainder of this subsection, fix a choice of 1 ⩽ i < j ⩽ n and a choice of a

sign ϵ ∈ {+,−}. The subgroup

Ui,j,ϵ := U ∩ {xi = ϵxj}

is a 1-dimensional subgroup of U ∼= (R/Z)2 (recall our assumption that U does not lie in the
subspace {xi = ϵxj}), so Lemma 2.1 tells us that Ui,j,ϵ is isomorphic to the cartesian product
of R/Z and Z/KZ for some natural number K = Ki,j,ϵ. In order to apply Lemma 2.2, we need
to write down an explicit isomorphism U ∼= (R/Z)2 in coordinates “adapted” to Ui,j,ϵ. To this
end, fix a primitive vector u′ = u′i,j,ϵ ∈ Zn such that the identity component ofUi,j,ϵ equals ⟨u′⟩R.
Now fix a vector v′ = v′i,j,ϵ ∈ Zn such that

⟨u′, v′⟩Z = ⟨u, v⟩Z;

such a v′ exists by the primitivity assumption on u′. Hence the linear mapψ=ψi,j,ϵ :⟨u, v⟩R→R2

given by ψ(u′) := (1, 0) and ψ(v′) := (0, 1) descends to an isomorphism from U to (R/Z)2.
Since ψ sends the identity component of Ui,j,ϵ to R/Z× {0}, we see that

ψ(Ui,j,ϵ) = (R/Z)× ⟨1/K⟩Z
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is a concrete witness to the isomorphism described earlier in this paragraph.
Write

ψ(T ) = ψ(⟨Au+Bv⟩R) = ⟨Aψ(u) +Bψ(v)⟩R.

Since ⟨u′, v′⟩Z = ⟨u, v⟩Z, the vectors ψ(u), ψ(v) have integer coordinates, say,

ψ(u) = (z1, z2) and ψ(v) = (z3, z4),

with z1, z2, z3, z4 ∈ Z (depending on i, j, ϵ). So we write

ψ(T ) = ⟨Aψ(u) +Bψ(v)⟩R = ⟨(Az1 +Bz3, Az2 +Bz4)⟩R. (2.2)

Since ψ(u), ψ(v) are linearly independent, we have z1z4 ̸= z2z3. Now we apply Lemma 2.2 in
order to obtain the main result of this section, as follows.

Proposition 2.3. Let n, U, u, v, i, j, ϵ,K = Ki,j,ϵ, ψ = ψi,j,ϵ, z1 = z1,i,j,ϵ, z2 = z2,i,j,ϵ, z3 =
z3,i,j,ϵ, z4 = z4,i,j,ϵ be as above. Then there is a natural number M (depending on all of the
parameters introduced so far) such that for each choice of 0 ⩽ ℵ,ℶ < M and each choice of a
sign δ ∈ {+,−}, the following holds: There are rational numbers E = Eℵ,ℶ,δ, F = Fℵ,ℶ,δ (not
both zero) and a nonnegative integer a = aℵ,ℶ,δ < K such that for T = ⟨Au+Bv⟩R, we have

ψ(Ti,j,ϵ) =
K−1⋃
ℓ=0

((aℓ/(Kq) + ⟨1/q⟩Z)× {ℓ/K})

with
q = EA+ FB

whenever (A,B) ∈ T satisfies A ≡ ℵ (mod M) and B ≡ ℶ (mod M), and

δ(Az2 +Bz4) > 0.

Proof. Let
ω := gcd(Az1 +Bz3, Az2 +Bz4).

Then the integers A′ := (Az1 + Bz3)/ω and B′ := (Az2 + Bz4)/ω are coprime, and we can
apply Lemma 2.2 to find that

ψ(Ti,j,ϵ) =
K−1⋃
ℓ=0

((aℓ/(Kq) + ⟨1/q⟩Z)× {ℓ/K}),

with q := δB′ and 0 ⩽ a < K satisfying a ≡ δA′ (mod K) (by the definition of δ). In
particular, we will obtain the conclusion of the lemma with the choices

E := δz2/ω and F := δz4/ω.

To complete the proof of the proposition, it remains to show that the quantities A′, B′ are linear
functions ofA,B, under appropriate modular conditions. In particular, it suffices to show that ω
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depends only on the residues of A,B modulo some fixed natural number M to be specified
shortly.

Notice that ω divides

z4(Az1 +Bz3)− z3(Az2 +Bz4) = (z1z4 − z2z3)A

and
z1(Az2 +Bz4)− z2(Az1 +Bz3) = (z1z4 − z2z3)B.

Since A,B are coprime by assumption, we conclude that ω divides

M := |z1z4 − z2z3|,

which is nonzero by the remark following (2.2). It follows that ω depends only on the residues
of Az1 + Bz3, Az2 + Bz4 modulo M , which in turn depend only on the residues of A,B mod-
ulo M .

2.3. Approximating minima

The next set of lemmas concerns approximating minima of continuous piecewise-linear func-
tions on R/Z; see Figure 2.1.

For τ, b ∈ Q and q ∈ N, define

Approx−(τ, b; q) := min{τ − (b/q + r/q) : r ∈ Z, b/q + r/q ⩽ τ}

and
Approx+(τ, b; q) := min{(b/q + r/q)− τ : r ∈ Z, b/q + r/q ⩾ τ}

to be the errors in best approximations to τ (from below and above) by numbers of the
form b/q + r/q, for r ∈ Z. Since Approx−(τ, b; q) = Approx−(τ + 1/q, b; q), this quantity
is also well-defined for τ ∈ Q/Z (and likewise for Approx+(τ, b; q)). The next lemma shows
that once we specify the residue class of q with respect to some modulus depending on τ, b, the
functions Approx−(τ, b; q),Approx+(τ, b; q) have a simple form. This calculation is the source
of the expressions 1/Prog(α, β) in Theorem 1.1.

Lemma 2.4. Let τ, b ∈ Q, and write τ = w/x and b = y/z with w, x, y, z nonnegative integers.
Let q be a natural number. Then

Approx−(τ, b; q) =
R−

xzq
and Approx+(τ, b; q) =

R+

xzq
,

where 0 ⩽ R−, R+ < xz satisfy

R− ≡ wzq − xy (mod xz) and R+ ≡ xy − wzq (mod xz).

Notice that R−, R+ depend on only the residue of q modulo xz, and that the parame-
ters w, x, y, z depend on only τ, b. Note also that R− +R+ = xz except when R− = R+ = 0.
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Proof. We prove the lemma only forApprox−(τ, b, q) since the argument forApprox+(τ, b, q) is
identical. In the definition of Approx−(τ, b; q), the minimum is achieved for r = ⌊q(τ−b/q)⌋ =
⌊qτ − b⌋. We compute

qτ − b = wq/x− y/z = (wzq − xy)/(xz).

The fractional part of (wzq − xy)/(xz) is R−/(xz), so

r = (qτ − b)−R−/(xz)

and
Approx−(τ, b; q) = τ − (b/q + r/q) = R−/(xzq),

as desired.

We will now apply this lemma where τ ranges over the points at which a piecewise-linear
function achieves its minimum value.

Lemma 2.5. Let f : R/Z → R be a continuous, piecewise-linear function with finitely many
pieces, each with rational slope and rational endpoints, and let b be a fixed rational number.
Then there is a natural number M (depending on f, b) such for each integer 0 ⩽ Q < M , the
following holds: There is a nonnegative rational γQ (depending also on f, b) such that

min
t∈b/q+⟨1/q⟩

f(t) = min
t∈R/Z

f(t) +
γQ
q

(2.3)

for all sufficiently large natural numbers q satisfying q ≡ Q (mod M).

Proof. Write m := mint∈R/Z f(t). We first dispose of the trivial case where f(t) = m on some
interval I ⊆ R/Z of strictly positive length. Since b/q+ ⟨1/q⟩ is 1/q-dense in R/Z, we see that

min
t∈b/q+⟨1/q⟩

f(x) = m

for all q ⩾ 1/|I| (with no mention of modular restrictions), and the conclusion of the lemma
holds with M = 1 and γ0 = 0.

Now suppose that f achieves the valuem at only finitely many points τ1, . . . , τH . Then there
are some δ, ε > 0 such that f(t) > m+ δ whenever t does not lie within ε of some τh. Since f
is continuous and b/q + ⟨1/q⟩ is 1/q-dense, we know that mint∈b/q+⟨1/q⟩ f(t) < m+ δ for all q
sufficiently large (in terms of f ). In particular, the minimum in (2.3) is achieved at a point t that
lies within ε of some τh; for the remainder of the proof we will assume that q is large enough for
this to be the case.

For each τh, let−λ−h , λ
+
h denote the (rational by assumption) slopes of the pieces of f directly

to the left and right (respectively) of τh; notice that λ−h , λ
+
h > 0. After possibly shrinking ε

further, we find that

f(τh − t) = m+ λ−h t and f(τh + t) = m+ λ+h t
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for every h and for all 0 ⩽ t < ε. Hence mint∈b/q+⟨1/q⟩ f(t) is equal to the minimum of the
values

m+ λ−h Approx−(τh, b; q) and m+ λ+h Approx+(τh, b; q)

over 1 ⩽ h ⩽ H . Write b = y/z and τh = wh/xh as fractions, and letM := lcm(z, x1, . . . , xH).
Then for each h we have

m+ λ−h Approx−(τh, b; q) = m+
λ−hR

−
h

xhzq
and m+ λ+h Approx+(τh, b; q) = m+

λ+hR
+
h

xhzq
,

where R−
h , R

+
h are the parameters output by Lemma 2.4 for τh, b. It is important that R−

h , R
+
h

depend on only the residue of q modulo xhz, which divides M . For each 0 ⩽ Q < M , con-
sider the case corresponding to q ≡ Q (mod M), and let γQ denote the minimum of the val-
ues λ−hR

−
h /(xhz), λ

+
hR

+
h /(xhz) over all h. (Since λ−h , λ

+
h > 0, we have γQ ⩾ 0.) Then for all

sufficiently large q congruent to Q modulo M , we have

min
t∈b/q+⟨1/q⟩

f(t) = m+
γQ
q
,

as desired.

We now apply this lemma where f is the restriction of D to a connected component of Ui,j,ϵ

and the quantities b, q depend “nicely” on the subtorus T , as described in Proposition 2.3.

Proposition 2.6. Let n ⩾ 2 be a natural number, and let U ⊆ (R/Z)n be a 2-dimensional
proper subtorus that is not contained in any subspace of the form {xi = xj} or {xi = −xj}
for 1 ⩽ i < j ⩽ n. Let u, v ∈ Zn be such that U = ⟨u, v⟩R and (2.1) is satisfied. Then there
are a natural number M ′ and a finite set L of rational half-lines in R⩾0 × R (depending on the
parameters introduced so far) such that for each choice of 0 ⩽ ℵ,ℶ < M ′ the following holds:

There are a partition of (R⩾0 × R) \ L into sectors σ1 = σℵ,ℶ,1, . . . , σX = σℵ,ℶ,X(ℵ,ℶ);
and κ = κℵ,ℶ,k ∈ {0, 1} and rationals E ′ = E ′

ℵ,ℶ,k, F
′ = F ′

ℵ,ℶ,k for each 1 ⩽ k ⩽ X(ℵ,ℶ),
such that for T = ⟨Au+Bv⟩R, we have

D(T ) = D(U) +
κ

E ′A+ F ′B

whenever (A,B) ∈ T \ L satisfies (A,B) ≡ (ℵ,ℶ) (mod M ′), (A,B) ∈ σk, and A2 + B2

is sufficiently large. Moreover, for each half-line L ∈ L, there are κ = κℵ,ℶ,L ∈ {0, 1} and
rationals E ′ = E ′

ℵ,ℶ,L, F
′ = F ′

ℵ,ℶ,L such that for T = ⟨Au+Bv⟩R, we have

D(T ) = D(U) +
κ

E ′A+ F ′B

whenever (A,B) ∈ T ∩ L satisfies (A,B) ≡ (ℵ,ℶ) (mod M ′) and A2 + B2 is sufficiently
large.

Proof. Let M ′′ be the lcm of all of the values of M = Mi,j,ϵ output by Proposition 2.3 as we
range over indices 1 ⩽ i < j ⩽ n and signs ϵ ∈ {+,−}. For the remainder of the proof,
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τ

m

m+ λ− Approx−

m+ λ+ Approx+

Approx+

λ+Approx+λ+

Figure 2.1: This figure illustrates some of the quantities in Lemmas 2.4 and 2.5. Here we are
approximating the minimum at τ = 1/6 using the coset 1/12 + ⟨1/4⟩Z, and the slopes of the
pieces to the left and right of τ are −λ− = −1 and λ+ = 2.

assume that the residues of A,B moduloM ′′ are fixed. Notice that this choice fixes the residues
of A,B modulo each individual M output by Proposition 2.3. Our partition of R⩾0 × R into
sectors will be the least common refinement of partitions Pi,j,ϵ and Pi,j,ϵ,ℓ;i′,j′,ϵ′,ℓ′ defined later in
the proof. Each of these partitions will have a finite number of sectors, so their refinement will
also have a finite number of sectors. Since T contains at most one point on each line through
the origin, the intersection of T with the boundary lines defining our sectors will be finite. By
taking

√
A2 +B2 sufficiently large, we can ensure that (A,B) never lies on the boundary of a

sector, and we will tacitly use this assumption in what follows.
Consider now a fixed choice of indices 1 ⩽ i < j ⩽ n and a sign ϵ ∈ {+,−}, and

take K,ψ, z1, z2, z3, z4 (all depending on i, j, ϵ) as in the statement of Proposition 2.3. Let Pi,j,ϵ

be the partition of R⩾0 × R into two sectors according to the sign of the expression xz2 + yz4
(for (x, y) ∈ R⩾0 × R). Fix one of the sectors σ ∈ Pi,j,ϵ, and assume that (A,B) ∈ σ. Then
Proposition 2.3 supplies integers 0 ⩽ a < K and rationals E,F (depending on i, j, ϵ, σ) such
that

ψ(Ti,j,ϵ) =
K−1⋃
ℓ=0

((aℓ/(Kq) + ⟨1/q⟩Z)× {ℓ/K}),
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where q = EA+ FB. Now write Ui,j,ϵ as the disjoint union

Ui,j,ϵ =
K−1⋃
ℓ=0

Ui,j,ϵ,ℓ,

such that
ψ(Ui,j,ϵ,ℓ) = (R/Z)× {ℓ/K}

for each 0 ⩽ ℓ < K. Also define

Ti,j,ϵ,ℓ := T ∩ Ui,j,ϵ,ℓ = Ti,j,ϵ ∩ Ui,j,ϵ,ℓ,

and notice that
ψ(Ti,j,ϵ,ℓ) = (aℓ/(Kq) + ⟨1/q⟩Z)× {ℓ/K}.

Since the function D is continuous and piecewise linear with finitely many pieces, so
is its restriction to Ui,j,ϵ,ℓ. It follows that the function Di,j,ϵ,ℓ : R/Z → R defined
by Di,j,ϵ,ℓ(x) := (D ◦ ψ−1)(x, ℓ/K) satisfies the hypotheses of Lemma 2.5; let M,γQ
(for 0 ⩽ Q < M ) be as in the conclusion of that lemma with b = aℓ/K. The residue of q
modulo M depends only on the residues of A,B modulo the product of M with the denomi-
nators of E,F ; call this natural number Mi,j,ϵ,σ,ℓ. Suppose (as we will ensure shortly) that the
residue classes of A,B modulo Mi,j,ϵ,σ,ℓ are fixed. This also fixes the residue class of q mod-
ulo M , say, q ≡ Q (mod M); write γ for the γQ from Lemma 2.5.

Now Lemma 2.5 tells us that

D(Ti,j,ϵ,ℓ) = Di,j,ϵ,ℓ(aℓ/(Kq) + ⟨1/q⟩Z) = D(Ui,j,ϵ,ℓ) + γ/q

whenever q is sufficiently large, say, at least some q0 = q0,i,j,ϵ,σ,ℓ. Since q is a rational linear
combination of A,B, we see that the set of pairs (A,B) corresponding to q < q0 lies on a finite
set Li,j,ϵ,σ,ℓ of rational half-lines.1 Suppose now that (A,B) /∈ Li,j,ϵ,σ,ℓ. By dividing through
by γ if γ ̸= 0, we can write the previous centered equation as

D(Ti,j,ϵ,ℓ) = D(Ui,j,ϵ,ℓ) +
κ

E ′A+ F ′B
, (2.4)

where κ ∈ {0, 1} and E ′, F ′ are still rational (and now depend on ℓ in addition to i, j, ϵ).
We pause to update a few parameters. LetL be the union of the setsLi,j,ϵ,σ,ℓ from the previous

paragraph; for this paragraph and the two that follow, assume that (A,B) does not lie on L, so
that (2.4) holds for all i, j, ϵ, ℓ. Let M ′ be the lcm of M ′′ and the natural numbers Mi,j,ϵ,σ,ℓ from
the previous paragraph; for the remainder of the proof, assume that (A,B) ≡ (ℵ,ℶ) (mod M ′)
for fixed 0 ⩽ ℵ,ℶ < M ′. Let P ′ (depending on ℵ,ℶ) be the least common refinement of the
partitions Pi,j,ϵ from the previous paragraph; for the remainder of the proof, assume that (A,B)
lies in a fixed sector σ of Pi,j,ϵ. We will later refine the partition P ′ further.

1This set of pairs (A,B) lies naturally on a finite set of rational lines. Any such non-vertical line intersects
R⩾0 × R in a half-line, and any such vertical line can be arbitrarily broken into two half-lines.
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It is a basic fact (see, e.g., [Kra21, Proposition 2.1]) that

D(T ) = min
i,j,ϵ

D(Ti,j,ϵ).

Hence
D(T ) = min

i,j,ϵ,ℓ
D(Ti,j,ϵ,ℓ).

Let Y be the set of quadruples (i, j, ϵ, ℓ) such that D(Ui,j,ϵ,ℓ) = D(U), and note that

D(T ) = min
(i,j,ϵ,ℓ)∈Y

D(Ti,j,ϵ,ℓ)

for A2 + B2 sufficiently large since the right-hand side tends to D(U) and each (i, j, ϵ, ℓ) /∈ Y
has D(Ti,j,ϵ,ℓ) uniformly bounded above D(U). We first dispose of the special case in which
there is some (i, j, ϵ, ℓ) ∈ Y with κi,j,ϵ,ℓ = 0. If this occurs, then

D(T ) = D(U)

for all (A,B) under consideration, and we obtain the conclusion of the proposition with κ := 0
and (say)E ′ = 1, F ′ = 0. It remains to consider the case where κi,j,ϵ,ℓ = 1 for all (i, j, ϵ, ℓ) ∈ Y .

For each pair of distinct tuples (i, j, ϵ, ℓ), (i′, j′, ϵ′, ℓ′) ∈ Y , let us compare the expressions
in (2.4) appearing for these two tuples. There are rationals E1, E2, F1, F2 such that

D(Ti,j,ϵ,ℓ) = D(U) +
1

E1A+ F1B
and D(Ti′,j′,ϵ′,ℓ′) = D(U) +

1

E2A+ F2B
.

Which of these two expressions is smaller is determined by the sign of the expression

(E2A+ F2B)− (E1A+ F1B) = (E2 − E1)A+ (F2 − F1)B.

Hence there is a partition Pi,j,ϵ,ℓ;i′,j′,ϵ′,ℓ′ of R⩾0 × R into at most two sectors such that on the
each sector, the above expression is either always non-negative or always non-positive. Let P be
the least common refinement of P ′ (from above) and the partitions Pi,j,ϵ,ℓ;i′,j′,ϵ′,ℓ′ . Hence each
sector σ of P determines a tuple (i, j, ϵ, ℓ), with its associated rationals E ′, F ′, such that

D(T ) = D(Ti,j,ϵ,ℓ) = D(U) +
1

E ′A+ F ′B

whenever (A,B) ∈ (T \ L) ∩ σ. This establishes the first conclusion of the proposition.
It remains to analyze what happens when (A,B) lies on L. Fix a half-line L ∈ L, and

consider pairs (A,B) ∈ L. If L ∩ T is finite, then there is nothing to show, so assume that this
intersection is infinite. Let Y ′ = Y ′

ℵ,ℶ,L denote the set of all quadruples (i, j, ϵ, ℓ) ∈ Y whose
corresponding values of q tend to infinity as (A,B) tends to infinity along L. We claim that Y ′

is nonempty. It was shown in [GK25, Lemma 4.2] that the volume of the torus T = ⟨Au+Bv⟩R
tends to infinity withA2+B2 and that therefore T becomes o(1)-dense in U asA2+B2 tends to
infinity; in particular, D(T ) tends to D(U). Since each quadruple (i, j, ϵ, ℓ) /∈ Y ′ has D(Ti,j,ϵ,ℓ)
uniformly bounded away from D(U) from above, we see that Y ′ is nonempty, as claimed. Now
we repeat the argument from the previous two paragraphs, with Y replaced by Y ′, and we note
that, sufficiently far from the origin, the half-line L lies entirely in a single sector of P . This
establishes the second conclusion of the proposition.
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2.4. Coprime pairs in arithmetic progressions

The third stage of our preparatory lemmas concerns when long arithmetic progressions in Z2 are
guaranteed to contain some points with coprime coordinates. The first lemma will help us find
coprime pairs (A,B) on intersections of rational lines with the sectors from Proposition 2.6.

Lemma 2.7. LetC ⩾ 0 be a real number, and let a1, a2 be nonzero integers. ForN a parameter,
let b1, b2 be integers with |b1|, |b2| ⩽ CN , and let I be an interval (of integers) of length N .
Suppose that gcd(a1, a2, b1, b2) = 1 and a1b2 ̸= a2b1. Then

|{x ∈ I : gcd(a1x+ b1, a2x+ b2) = 1}|

tends to infinity with N (uniformly in b1, b2, I).

Proof. Note that gcd(a1x+ b1, a2x+ b2) divides

Z := |a1(a2x+ b2)− a2(a1x+ b1)| = |a1b2 − a2b1|,

which by assumption is nonzero and has size Z = O(N) (the implicit constant in the big-O
depends on C, a1, a2). Hence, we wish to count x ∈ I such that gcd(a1x + b1, a2x + b2) is
coprime to Z. Let p be a prime divisor of Z. The forms a1x + b1, a2x + b2 cannot both be
identically zero modulo p by the assumption that gcd(a1, a2, b1, b2) = 1, so there is at most a
single residue class xp modulo p where both forms vanish. If there is no such residue class, then
pick xp arbitrarily.

By the Chinese Remainder Theorem, there is some integer R such that R ≡ xp (mod p) for
each prime p dividing Z, and we have gcd(a1x+ b1, a2x+ b2) = 1 whenever x−R is coprime
to Z. So it suffices to lower-bound the number of elements of J := I −R that are coprime to Z.
Let µ denote the Möbius function, and recall that

∑
d|m µ(d) equals 1 if m = 1 and equals 0

if m > 1. Using this identity, we compute

|{x ∈ J : gcd(x, Z) = 1}| =
∑
x∈J

1gcd(x,Z)=1

=
∑
x∈J

∑
d|x,Z

µ(d)

=
∑
d|Z

µ(d) · |{x ∈ J : d|x}|

=
∑
d|Z

µ(d)(|J |/d+O(1))

= (φ(Z)/Z)N +O(τ(Z)),

where φ is Euler’s totient function and τ is the divisor function. Recalling that Z = O(N),
we apply the standard bounds φ(Z)/Z ≫ 1/ log log(Z) (see, e.g., [HW60, Theorem 328])
and τ(Z) ≪ eO(log(Z)/ log log(Z)) (see, e.g., [HW60, Theorem 317]) to find that

|{x ∈ J : gcd(x, Z) = 1}| ≫ N/ log log(N),

which certainly tends to infinity with N .
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The next lemma will help us characterize the coprime pairs (A,B) on the exceptional half-
lines from Proposition 2.6.

Lemma 2.8. Let a1, b1, a2, b2 be integers with a1 > 0. Then there is a natural number M such
that for x a sufficiently large natural number, whether or not gcd(a1x+b1, a2x+b2) = 1 depends
only on the residue of x modulo M .

Proof. As in the proof of the previous lemma, note that gcd(a1x+ b1, a2x+ b2) divides

a1(a2x+ b2)− a2(a1x+ b1) = a1b2 − a2b1.

Suppose first that a1b2 − a2b1 = 0. For each i ∈ {1, 2}, let

a′i := ai/ gcd(ai, bi) and b′i := b1/ gcd(ai, bi),

so that gcd(a′i, b′i) = 1 and we have

aix+ bi = gcd(ai, bi)(a
′
ix+ b′i).

Now a1b2 = a2b1 implies that a′1b′2 = a′2b
′
1, and from gcd(a′1, b

′
1) = gcd(a′2, b

′
2) = 1 we conclude

that (a′1, b′1) = ±(a′2, b
′
2). It follows that a1x+b1, a2x+b2 are both integer multiples of a′1x+b′1.

For sufficiently large x, we have a′1x+b′1 > 1 and hence gcd(a1x+b1, a2x+b2) ⩾ a′1x+b
′
1 ̸= 1,

so the conclusion of the lemma holds with M = 1 (say).
Now, suppose that a1b2 − a2b1 ̸= 0. Then gcd(a1x + b1, a2x + b2) depends only on the

residue of x modulo M := |a1b2 − a2b1|, as desired.

We are finally ready to prove Theorem 1.1.

Proof of Theorem 1.1. If U is contained in some subspace of the form {xi = ϵxj}, then the
projection π(U) onto all but the i-th coordinate clearly satisfies

S1(U) = S1(π(U)),

and we can apply induction on n. Now assume that U is not contained in any subspace of the
form {xi = ϵxj}, and apply Proposition 2.6. In the language of Proposition 2.6, fix a choice
of residues 0 ⩽ ℵ,ℶ < M ′, and assume that (A,B) ∈ T has A2 + B2 sufficiently large and
satisfies A ≡ ℵ (mod M ′) and B ≡ ℶ (mod M ′).

We start with the pairs (A,B) not lying on L: Fix a sector σ from Proposition 2.6, and
assume that (A,B) ∈ (T \ L) ∩ σ. For such (A,B), there are κ ∈ {0, 1} and rationals E ′, F ′

such that
D(T ) = D(U) +

κ

E ′A+ F ′B
.

If κ = 0, thenD(T ) = D(U) contributes only a single value to S1(U). Now suppose that κ = 1.
Write E ′ = y/w and F ′ = z/w where y, z are coprime integers and w is a rational number, so
that

1

E ′A+ F ′B
=

w

yA+ zB
.
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A

B

Figure 2.2: This figure illustrates how level sets intersect a sector. Here, the sector
σ = {x/3 ⩽ y ⩽ 2x} is shaded. Filled-in circles indicate elements of T ∩ σ (i.e., points with
coprime coordinates), and outlined circles indicate other lattice points in σ. The gray diagonal
lines with slope −1 indicate the various level sets V (s′) of the expression A + B (where there
are no modular constraints placed on A,B).

Notice that yA+ zB ≡ yℵ+ zℶ (mod M) for all (A,B) under consideration.
For s′ an integer, define the level set

V (s′) := {(A′, B′) ∈ ((ℵ+M ′Z)× (ℶ+M ′Z)) ∩ σ : yA′ + zB′ = s′M ′ + yℵ+ zℶ}.

We have not required A′, B′ to be coprime in the definition of V (s′); the expression yA + zB
assumes the value s′M ′+yℵ+zℶ if and only if V (s′) contains a point of T \L. For s′ sufficiently
large, the set V (s′) intersects each half-line of L in at most one point, so V (s′) contains a point
of T \Lwhenever V (s′) contains a sufficiently large number of points with coprime coordinates.
Since y, z are coprime, there are natural numbers b′1, b′2 such that yb′1 + zb′2 = 1. Hence

y(s′M ′b′1 + ℵ) + z(s′M ′b′2 + ℶ) = s′M ′ + yℵ+ zℶ,

and V (s′) consists of the points

(zM ′x+ s′M ′b′1 + ℵ,−yM ′x+ s′M ′b′2 + ℶ)

for x in an appropriate interval I(s′) of integers. See Figure 2.2 for an illustration.
Notice that I(s′) is empty if s′M ′ + yℵ + xℶ < 0. The argument from the last paragraph

of the proof of Proposition 2.6 shows that the quantity E ′A+ F ′B tends to infinity as A2 +B2

tends to infinity. In particular, each I(s′) is finite, and the length of I(s′) grows linearly with s′
as s′ tends to infinity. We wish to apply Lemma 2.7 with the parameters

I := I(s′), a1 := zM ′, a2 := −yM ′, b1 := s′M ′b′1 + ℵ, b2 := s′M ′b′2 + ℶ;
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the parameter N := |I| grows linearly with s′ (as observed above), and the constant C in the
statement of Lemma 2.7 can be chosen appropriately (depending on M ′, y, z, b′1, b

′
2). We check

that
a1b2 − a2b1 = (M ′)2s′ +M ′(yℵ+ zℶ)

is nonzero for s′ sufficiently large. It remains to check whether or not gcd(a1, a2, b1, b2) = 1. It
is always the case that gcd(a1, a2, b1, b2) divides gcd(a1, a2) =M ′. In particular, whether or not
gcd(a1, a2, b1, b2) = 1 depends only on the residue class of s′ moduloM ′. Fix some 0 ⩽ r < M ′,
and suppose that s′ = M ′s + r for s an integer. If r is such that gcd(a1, a2, b1, b2) > 1,
then V (s′) does not contain any points with coprime coordinates. Suppose instead that r is
such that gcd(a1, a2, b1, b2) = 1, in which case Lemma 2.7 ensures that the number of points
of V (s′) with coprime coordinates tends to infinity with s′. By the discussion in the previous
paragraph, this ensures that D(T ) assumes all of the values

D(U) +
w

(M ′)2s+M ′r + yℵ+ zℶ

for s sufficiently large. Setting α := (M ′)2/w and β := (M ′r+yℵ+ zℶ)/w, we find thatD(T )
assumes all but finitely many elements of the set

D(U) +
1

Prog(α, β)
.

We obtain only finitely many such progressions because there were finitely many choices
of ℵ,ℶ, σ, r.

It remains to treat the exceptional half-lines in L. Fix a half-lineL ∈ L from Proposition 2.6,
and consider pairs (A,B)∈T ∩L, still withA2+B2 sufficiently large and withA≡ℵ (mod M ′)
andB ≡ ℶ (mod M ′). As above, Proposition 2.6 provides κ ∈ {0, 1} and rationalsE ′, F ′ such
that

D(T ) = D(U) +
κ

E ′A+ F ′B

for such (A,B). We again restrict our attention to the case κ = 1 and clear denominators,
after which we can immediately apply Lemma 2.8 instead of Lemma 2.7; this leads, as before,
to finitely many progressions of the form D(U) + 1/Prog(α, β). This completes the proof of
Theorem 1.1.

2.5. Remarks on the proof

We now briefly mention a few further pieces of information that can be extracted from the proof
of Theorem 1.1; some of this additional structure will streamline the calculations in the remain-
ing sections of the paper.

2.5.1 Sectors and exceptional half-lines

In the proof above, the relative spectrum S1(U) is obtained as the union of contributions from
sectors and contributions from exceptional half-lines. One can show (as follows) that in fact
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the progressions in S1(U) come either entirely from sectors or entirely from exceptional half-
lines, according to whether U achieves its D-value at finitely or infinitely many points. This
observation significantly shortens calculations in concrete examples.

First, suppose that U achieves itsD-value at infinitely many points. (This is always the case,
for instance, when U is of the form U = U ′ × (R/Z).) Then there is some quadruple (i, j, ϵ, ℓ)
such that D(Ui,j,ϵ,ℓ) = D(U) and Di,j,ϵ,ℓ is equal to D(U) on an interval of positive length. It
follows that D(T ) = D(U) except when (A,B) lies on one of the exceptional half-lines for
the quadruple (i, j, ϵ, ℓ), so the entire relative spectrum S1(U) comes from these half-lines. In
particular, we do not have to consider contributions from the various sectors. For an example,
see Section 4.1.

Second, suppose that U achieves its D-value at only finitely many points. We claim that the
contribution to S1(U) from exceptional half-lines is already contained in the contribution from
sectors and hence can be ignored. It suffices to show that the first conclusion of Proposition 2.6
continues to hold on exceptional half-lines. Fix a choice of residues ofA,B moduloM ′ as in the
proof of that proposition. Let L be an exceptional half-line, and let Y ′′ denote the set of quadru-
ples (i, j, ϵ, ℓ) for which L is exceptional; these are precisely the quadruples for which the cor-
responding value qi,j,ϵ,ℓ = |Ti,j,ϵ,ℓ| is constant on L. It follows that for each (i, j, ϵ, ℓ) ∈ Y ′′, the
quantityD(Ti,j,ϵ,ℓ) is equal to some constant, say,D(Ti,j,ϵ,ℓ) = D(U)+ηi,j,ϵ,ℓ, for all (A,B) ∈ L.
If ηi,j,ϵ,ℓ = 0 for some (i, j, ϵ, ℓ) ∈ Y ′′, then D(T ) = D(U) and L contributes only the single
value D(U) to S1(U).

Now consider the case where ηi,j,ϵ,ℓ > 0 for every (i, j, ϵ, ℓ) ∈ Y ′′. For (i, j, ϵ, ℓ) ∈ Y ′′,
the parameter q = qi,j,ϵ,ℓ (which is constant) may be too small for the formula (2.4) to hold;
in particular, the formula (2.4) may erroneously predict that D(Ti,j,ϵ,ℓ) = D(U) + η′i,j,ϵ,ℓ
for some η′i,j,ϵ,ℓ > 0 that is different from ηi,j,ϵ,ℓ. We know (see [GK25, Lemma 4.2])
that D(T ) → D(U) as A2 + B2 → ∞. Thus, for A2 + B2 sufficiently large, the first mini-
mum over Y in the proof of Proposition 2.6 must be achieved by some quadruple (i, j, ϵ, ℓ) ∈ Y
with D(Ti,j,ϵ,ℓ) → D(U). In particular, this minimum is achieved on Y \ Y ′′, and it makes no
difference if the η’s are replaced by the η′’s on Y ′′. The rest of the proof then goes through
verbatim.

2.5.2 Other symmetries and reductions

In the proof of Proposition 2.6, we apply Lemma 2.4 (via Lemma 2.5) for each choice
of (i, j, ϵ, ℓ), τ, δ, with q := δ(EA + FB) and b := δaℓ/K for some parameters E,F, a,K
depending on (i, j, ϵ, ℓ) and the residues of A,B modulo M ′′. Lemma 2.4 then provides formu-
las for the residues of R−, R+ modulo M as certain linear combinations of A,B (with coeffi-
cients depending on all of the parameters introduced so far). In these formulas, changing the
sign δ changes the signs of q, b (as linear combinations of A,B), which has the effect of swap-
ping R−, R+. In particular, the sign δ does not affect whether or not min{R−, R+} = 0 or, by
extension, whether or not D(Ti,j,ϵ,ℓ) = 0. Thus, when we make our sector decomposition in the
proof of Proposition 2.6, either D(T ) = D(U) on all sectors or D(T ) > D(U) on all sectors:
If D(T ) = D(U) on some sector, then the (i, j, ϵ, ℓ), τ realizing this D-value (corresponding to
min{R−, R+} = 0) will also realize the sameD-value on the rest of R⩾0×R. This can be seen
in Table 4.6.
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We conclude with a few minor remarks about conventions and computational redundancies.
First, in the conclusion of Lemma 2.4, we can divide through all of R−, R+, xz by the common
factor gcd(x, z); this reduces the length of some of our later numerical calculations. Second, in
Section 2, we restricted (A,B) to the half-space {A ⩾ 0}, but any other half-space would work
equally well; sometimes in examples it will be convenient to restrict to different half-spaces.

Third, we observe that since the function D on (R/Z)n is an even function, its pushfor-
ward by each ψ = ψi,j,ϵ is also even. It follows that when we apply Lemmas 2.4 and 2.5
in the proof of Proposition 2.6, the critical values of τ come in pairs (except for 2-torsion
points). More precisely, suppose that Ui,j,ϵ has K components. Then, in the notation of the
proof of Proposition 2.6, we have Di,j,ϵ,ℓ(x) = Di,j,ϵ,−ℓ(−x) (with the index −ℓ interpreted
moduloK). Since the subgroup Ti,j,ϵ is also obviously invariant under the map x 7→ −x, we see
that Di,j,ϵ,ℓ(τ0) = D(U) if and only if Di,j,ϵ,−ℓ(−τ0) = D(U); in this case, the best approxima-
tions to these two minima by elements of ψ(Ti,j,ϵ) make the same contribution to the expression
of D(Ti,j,ϵ) as a minimum over approximations to all critical points τ . It follows that in order
to compute D(Ti,j,ϵ) (and, by extension, D(T )), it suffices to consider one point from each pair
described in the previous sentence. For example, we could consider only values of τ in [0, 1/2];
or we could consider only values of τ coming from 0 ⩽ ℓ ⩽ k/2 (and, for ℓ ∈ {0, k/2}, look at
only τ ∈ [0, 1/2]). We will use this reduction in all of our computational examples below.

3. Identifying candidate subtori U

We now turn to our computational results Theorems 1.4 and 1.3, which characte-
rize S1(3) ∩ (1/10, 1/6] and S1(4) ∩ (1/4, 1/2]. The first step is identifying the relevant 2-
dimensional subtori whose relative spectra contribute to these sets (in the sense of (1.5)). In par-
ticular, we must find all proper subtori U ⊆ (R/Z)3 satisfying dim(U) = 2 and D(U) = 1/10,
and all proper subtori U ⊆ (R/Z)4 satisfying dim(U) = 2 and D(U) = 1/4. We will be-
gin with some general considerations that aid the identification of 2-dimensional subtori with
D-value above a given threshold.

3.1. General setup

We can reduce the length of our calculations by taking advantage of natural symmetries in
the Lonely Runner Problem. The function D on (R/Z)n is preserved by the automorphisms
of (R/Z)n given by negating and permuting coordinates. These automorphisms also permute
the proper subtori of (R/Z)n, so, for the purposes of this section, it suffices to consider a single
subtorus U in each orbit of this automorphism group; we will say that subtori in the same orbit
are equivalent “up to symmetry”.

Suppose that U ⊆ (R/Z)n is a 2-dimensional proper subtorus. Then there are nonparallel
vectors u = (u1, . . . , un), v = (v1, . . . , vn) ∈ Zn such that U = ⟨u, v⟩R. The linear indepen-
dence of u, v implies that there are indices i < j such that (ui, uj), (vi, vj) ∈ Z2 are linearly
independent; up to symmetry, we may assume that (i, j) = (1, 2). Then, by replacing u, v with

(v2 − v1)u+ (u1 − u2)v, (−v2 − v1)u+ (u2 + u1)v,
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we can assume that u1 = u2 and v1 = −v2. For the remainder of this section, we will work with
subtori U of the form

U = ⟨(u1, u1, u3, . . . , un), (v1,−v1, v3, . . . , vn)⟩R, (3.1)

where u1, u3, . . . , un, v1, v3, . . . , vn ∈ Z. We will split our analyses into several cases depending
on which of these entries are zero.

3.2. Subtori U ⊂ (R/Z)3 with D(U) = 1/10.

In this section we identify all 2-dimensional proper subtori U ⊆ (R/Z)3 with D(U) = 1/10.
We will show that, up to symmetry, the only such subtori are

U3 := ⟨(0, 1, 4), (1, 0, 0)⟩R, U4 := ⟨(0, 2, 3), (1, 0, 0)⟩R,
U5 := ⟨(0, 1, 3), (1, 0, 1)⟩R, U6 := ⟨(0, 1, 2), (1, 1, 0)⟩R.

(3.2)

The arguments in this subsection generalize in a straightforward way to let one find
all 2-dimensional proper subtori U ⊂ (R/Z)3 with D(U) ⩾ M for any fixed M > 0. The
only modification is that the list in Equation (3.3) below must be enlarged to contain all
pairs {x, 2r + 1− x} with 4r + 2 ⩽ 1/M and 1 ⩽ x ⩽ r (r, x ∈ N).

For the remainder of this subsection, we assume that U is a subtorus of the form

U = ⟨(a, a, b), (c,−c, d)⟩R

(with a, b, c, d ∈ Z) such that D(U) = 1/10. Without loss of generality we may assume
that gcd(a, b) = gcd(c, d) = 1. We condition on which of a, b, c, d vanish.

3.2.1 No zero entries

Suppose first that a, b, c, d are all nonzero. Note that

1/10 = D(U) ⩽ D(⟨(a, a, b)⟩R) = D(⟨(|a|, |b|)⟩R).

Recall from [Kra21, Theorem 4.1] that D(⟨(|a|, |b|)⟩R) equals 0 if a, b are both odd and
equals 1/2(a+ b) if a, b have different parities. Hence we must have

{|a|, |b|} ∈ {{1, 2}, {1, 4}, {2, 3}}, (3.3)

and likewise for {|c|, |d|}.
This leads to finitely many possibilities for U , and we can compute D(U) for each. We

conclude that, up to symmetry, U must be equal to one of the subtori

⟨(1, 1, 4), (−1, 1, 4)⟩R = ⟨(0, 1, 4), (1, 0, 0)⟩R = U3,

⟨(2, 2, 3), (−2, 2, 3)⟩R = ⟨(0, 2, 3), (1, 0, 0)⟩R = U4,

⟨(1, 1, 4), (1,−1,−2)⟩R = ⟨(0, 1, 3), (1, 0, 1)⟩R = U5,

as desired.
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3.2.2 A single zero entry

Next, suppose that exactly one of a, b, c, d vanishes. If a = 0, then we have

D(U) = D(⟨(0, 0, 1), (c,−c, d)⟩R) = D(⟨(c,−c)⟩R) = 0,

which contradicts the assumption that D(U) = 1/10. So we may assume that a ̸= 0, and
likewise that c ̸= 0. The remaining case (up to symmetry) is where b = 0. Then

U = ⟨(1, 1, 0), (c,−c, d)⟩R,

where we know that {|c|, |d|} ∈ {{1, 2}, {1, 4}, {2, 3}} (by the argument above). This again
leads to only finitely many possibilities for U , and computing D(U) for each leads to the con-
clusion that, up to symmetry, U must be equal to

⟨(1, 1, 0), (1,−1,−4)⟩ = ⟨(0, 1, 2), (1, 1, 0)⟩R = U6.

This concludes the second subcase.

3.2.3 Two or more zero entries

Finally, suppose that at least two of a, b, c, d vanish. Since (a, a, b), (c,−c, d) are both nonzero,
we see that exactly two of a, b, c, d vanish. We cannot have a = c = 0 or b = d = 0 since we
assumed that U is proper. Up to symmetry, it remains only to consider a = d = 0, in which case

D(U) = D(⟨(0, 0, 1), (1,−1, 0)⟩R) = 0

gives a contradiction. This concludes the proof that (3.2) is the complete list (up to symmetry)
of the 2-dimensional proper subtori U ⊆ (R/Z)3 with D(U) = 1/10.

3.3. Subtori U ⊂ (R/Z)4 with D(U) = 1/4

In this subsection, we will describe all proper subtori U ⊆ (R/Z)4 with dim(U) ⩾ 2
and D(U) = 1/4. More precisely, we will show that, up to symmetry, the only such subtori
are

U1 := ⟨(0, 1, 2, 3), (1, 0, 0, 0)⟩R, U2 := ⟨(1, 0, 1, 1), (1, 1, 0, 2)⟩R. (3.4)

We remark that U1 already appeared in [Kra21] but U2 would have been more difficult to guess.
We do not have to consider subtori of dimension larger than 2 because [GK25, Section 8]

tells us that S3(4) = S1(2) has maximum value 1/6. For the remainder of this subsection, we
assume that U is a subtorus of the form

U = ⟨(a, a, b, c), (d,−d, e, f)⟩R

(with a, b, c, d, e, f ∈ Z) such that D(U) = 1/4.
We will repeatedly use the fact that if a, b, c are all nonzero, then

1/4 = D(U) ⩽ D(⟨(a, a, b, c)⟩R) = D(⟨(|a|, |b|, |c|)⟩R).
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We may assume without loss of generality that gcd(|a|, |b|, |c|) = 1, and then the characterization
of equality for the Lonely Runner Conjecture with 3 runners [Kra21, Section 5] implies that

{|a|, |b|, |c|} = {1, 2, 3};

this is useful because it completely determines one of the generators of U .
We also note that if d = 0 (i.e., U is contained in the subspace {x1 = x2}), then we have

1/4 = D(U) = D(⟨(a, a, b, c), (0, 0, e, f)⟩R) = D(⟨(a, b, c), (0, e, f)⟩R) ∈ S2(3).

But this is impossible since the largest value of S2(3) = S1(2) is 1/6, so we can always assume
that d ̸= 0. The same argument lets us assume that a ̸= 0 (and more generally that U is
not contained in any subspace {xi = ϵxj}). We proceed by a case analysis as in the previous
subsection.

3.3.1 No zero entries

Suppose that a, b, c, d, e, f are all nonzero. Then, after possibly scaling the generators of U , we
have

{|a|, |b|, |c|} = {|d|, |e|, |f |} = {1, 2, 3}.

These finitely many possibilities lead, up to symmetry, to only

⟨(1, 1, 2, 3), (−1, 1, 2, 3)⟩ = ⟨(0, 1, 2, 3), (1, 0, 0, 0)⟩R = U1.

3.3.2 A single zero entry

Suppose that exactly one of a, b, c, d, e, f vanishes. Up to symmetry, the only possibility
is b = 0 (recall that a, d ̸= 0). After possibly scaling the second generator of U , we may
assume that {|d|, |e|, |f |} = {1, 2, 3}; fix one such choice of values for d, e, f . A change of
basis, with an eye on the third and fourth coordinates, gives

U = ⟨(cd+ a(e− f),−cd+ a(e− f), ce, ce), (cd− a(e+ f),−cd− a(e+ f), ce,−ce)⟩R.

This change of basis has determinant 2ce, which is nonzero by the assumption that c, e ̸= 0. If
all of the entries of these new generators are nonzero, then we land in the case that we already
considered in the first subsection (with the third and fourth coordinates playing the role of the
first and second coordinates). It remains to consider the case where some entry vanishes. Recall
that d, e, f are already fixed. Since each entry is a linear combination of a, c, the vanishing of an
entry determines the ratio of a, c, which in turn determines the vector (a, a, 0, c) up to scaling.
Computing D(U) for each possibility, we find that, up to symmetry, U must equal

⟨(1, 1, 2, 3), (1,−1, 0.− 1)⟩R = ⟨(1, 0, 1, 1), (1, 1, 0, 2)⟩R = U2.
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3.3.3 Two or more zero entries

Suppose that at least two of a, b, c, d, e, f vanish, and recall from above that we may assume
that a, d, ̸= 0. We cannot have b = e = 0 or c = f = 0 because of the assumption that U is
proper. So exactly two of b, c, e, f vanish. If b = c = 0, then we have

U = ⟨(a, a, 0, 0), (d,−d, e, f)⟩R = ⟨(1, 1, 0, 0), (d,−d, e, f)⟩R,

and we can take {|d|, |e|, |f |} = {1, 2, 3}; this leads to finitely many possibilities for U , none of
which leads to any new possibilities for U besides U1 and U2. The case e = f = 0 is identical.

It remains to consider the cases where b = f = 0 and where c = e = 0; these are equivalent
up to symmetry, so we will consider only the former. Suppose that b = f = 0, so that

U = ⟨(a, a, 0, c), (d,−d, e, 0)⟩R.

Replacing these two generators with linear combinations to make the third and fourth coordinates
more agreeable yields

U = ⟨(cd+ ae,−cd+ ae, ce, ce), (cd− ae,−cd− ae, ce,−ce)⟩R

(again this change of coordinates has determinant 2ce ̸= 0). If all of the entries of these new
generators are nonzero, then we land in the case that we already considered in the previous sub-
section, with the third and fourth coordinates playing the role of the first and second coordinates.

It remains to consider the case where some entry vanishes, i.e., cd = ±ae (recall ce ̸= 0).
These cases are again equivalent up to symmetry, so suppose that the former occurs and

U = ⟨(a, a, 0, c), (a,−a, c, 0)⟩R.

Another change of basis, this time focusing on the first and third coordinates, gives

U = ⟨(ac, ac− 2a2, ac, c2 − ac), (ac, ac+ 2a2,−ac, ac+ c2)⟩R

(this change of coordinates has determinant −2ac ̸= 0). We are done if all of the entries of these
new generators are nonzero, so it remains only to check the cases where some entry vanishes,
viz., c = ±2a or c = ±a (recall a, c ̸= 0). Since we are free to rescale the generators of U ,
we may assume that a = 1. Then each of the four cases gives a single value for c; this in turn
determines the ratio d/e = a/c, and so we can take d = a and e = c. Computing D(U) in
each case, we do not find any new possibilities for U besides U1, U2. This concludes the proof
that (3.4) is the complete list (up to symmetry) of the 2-dimensional proper subtori U ⊆ (R/Z)4
with D(U) = 1/4.

4. The top of the spectrum S1(4)

As an illustration of Theorem 1.1, we will now prove Theorem 1.3, which states that the
set S1(4) ∩ (1/4, 1/2] has finite symmetric difference with the set 1/4 + 1/(4 Prog(2, 3)). In
the previous section we showed that, up to symmetry,

U1 = ⟨(0, 1, 2, 3), (1, 0, 0, 0)⟩R and U2 = ⟨(1, 0, 1, 1), (1, 1, 0, 2)⟩R
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Subspace Ui,j,ϵ D(Ui,j,ϵ) τ achieving 1/4

{x1 = x2} ⟨(1, 1, 2, 3)⟩R 1/4 {1/4, 3/4}
{x1 = −x2} ⟨(−1, 1, 2, 3)⟩R 1/4 {1/4, 3/4}
{x1 = x3} ⟨(2, 1, 2, 3)⟩R 1/4 {1/4, 3/4}
{x1 = −x3} ⟨(−2, 1, 2, 3)⟩R 1/4 {1/4, 3/4}
{x1 = x4} ⟨(3, 1, 2, 3)⟩R 1/4 {1/4, 3/4}
{x1 = −x4} ⟨(−3, 1, 2, 3)⟩R 1/4 {1/4, 3/4}
{x2 = x3} ⟨(1, 0, 0, 0)⟩R 1/2 −
{x2 = −x3} ∪2

ℓ=0⟨(1, 0, 0, 0)⟩R + (0, ℓ/3, 2ℓ/3, 0) 1/2 −
{x2 = x4} ∪1

ℓ=0⟨(1, 0, 0, 0)⟩R + (0, ℓ/2, 0, ℓ/2) 1/2 −
{x2 = −x4} ∪3

ℓ=0⟨(1, 0, 0, 0)⟩R + (0, ℓ/4, 2ℓ/4, 3ℓ/4) 1/4 1, 3 : [1/4, 3/4]
{x3 = x4} ⟨(1, 0, 0, 0)⟩R 1/2 −
{x3 = −x4} ∪4

ℓ=0⟨(1, 0, 0, 0)⟩R + (0, ℓ/5, 2ℓ/5, 3ℓ/5) 3/10 −

Table 4.1: Intersections of U1 with the subspaces {xi = ϵxj}. The last column gives (where
applicable) the values of ℓ for which D(Ui,j,ϵ,ℓ) = 1/4 and the values of τ where this D-value
is achieved; we write “ℓ : S” to indicate that Ui,j,ϵ,ℓ achieves the D-value 1/4 on the set S (and
we omit ℓ when Ui,j,ϵ is connected). In the case of the antepenultimate row, the D-value 1/4 is
achieved by τ ∈ [1/4, 3/4] for both ℓ = 1 and ℓ = 3.

are the only 2-dimensional subtori U ⊆ (R/Z)4 with D(U) = 1/4. Now (1.5) tells us that to
prove Theorem 1.3, it remains only to use Theorem 1.1 to analyze S1(U

1) and S1(U
2) individ-

ually. Notice that these choices of generators for U1, U2 satisfy the condition (2.1).

4.1. Computing S1(U
1)

The objective of this subsection is to prove the following proposition.

Proposition 4.1. The set S1(U
1) has finite symmetric difference with the set

1/4 + 1/(4 Prog(4, 5)).

We parameterize 1-dimensional subtori of U1 as

T = ⟨A(0, 1, 2, 3) +B(1, 0, 0, 0)⟩R = ⟨(B,A, 2A, 3A)⟩R,

for coprime integers A,B with B ⩾ 0 (see Section 2.5.2). We begin by computing the intersec-
tions Ui,j,ϵ = U1 ∩ {xi = ϵxj}; see Table 4.1.

Carrying out the reductions outlined in Section 2.5.1, we quickly dispose of all pairs (A,B)
except for those with |A| = 1 and B ≡ 0 (mod 4). The key idea is to leverage the fact that the
restriction of D to U2,4,−,1 and U2,4,−,3 equals 1/4 on intervals of positive length; we will find
that T inevitably intersects these intervals unless (A,B) is of the special form described in the
previous sentence.
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Consider the isomorphism ψ = ψ2,4,− : ⟨(0, 1, 2, 3), (1, 0, 0, 0)⟩R → R2 given by

ψ(0, 1, 2, 3) = (0, 1) and ψ(1, 0, 0, 0) = (1, 0);

since ψ−1(⟨(1, 0), (0, 1)⟩Z) = ⟨(0, 1, 2, 3), (1, 0, 0, 0)⟩R ∩Z4, the map ψ descends to an isomor-
phism U1 → (R/Z)2. In these new coordinates, we compute that

ψ(U2,4,−) = (R/Z)× ⟨1/4⟩Z

and
ψ(T ) = ψ(⟨A(0, 1, 2, 3) +B(1, 0, 0, 0)⟩R) = ⟨(B,A)⟩R.

One can check that D2,4,− takes the constant value 1/4 on the intervals [1/4, 3/4]×{1/4, 3/4}.
As described in Proposition 2.3, the subgroup

ψ(T2,4,−) = ⟨(B,A)⟩R ∩ ((R/Z)× ⟨1/4⟩Z) =
3⋃

ℓ=0

((
Bℓ

4A
+

〈
1

|A|

〉
Z

)
×
{
ℓ

4

})
intersects each coset (R/Z) × {ℓ/4} in exactly |A| equally-spaced points (since A,B are co-
prime). In particular, if |A| ⩾ 2, then ψ(T2,4,−) intersects (both of) the aforementioned in-
tervals where D assumes the constant value 1/4, which implies that D(T ) ⩽ 1/4; since of
course D(T ) ⩾ D(U1) = 1/4, we conclude that D(T ) = 1/4, and so all such pairs (A,B)
contribute only the value 1/4 to the set S1(U

1). Henceforth, we will restrict our attention to the
case |A| = 1. In the language of Section 2, the pairs (1, B) and (−1, B) lie on two exceptional
half-lines. Now, when B ̸≡ 0 (mod 4), we have

ψ(T2,4,−,1) = {(B/4A, 1/4)} ∈ [1/4, 3/4]× {1/4}, (4.1)

which implies as above thatD(T ) = 1/4. Thus it remains only to treat the caseB ≡ 0 (mod 4).2
Assume that |A| = 1, that B ≡ 0 (mod 4), and that B ⩾ 0. The next step is com-

puting D(Ti,j,ϵ,ℓ) for each quadruple (i, j, ϵ, ℓ) with D(Ui,j,ϵ,ℓ) = 1/4. It follows from (4.1)
that D(T2,4,−,1) = 1/2, and likewise D(T2,4,−,3) = 1/2. For each remaining (i, j, ϵ, ℓ) under
consideration, we have ℓ = 0 and the critical values of τ are 1/4, 3/4. As described in Sec-
tion 2.5.2, it suffices to analyze the behavior around τ = 1/4.

As an example, let us write down some details of the calculation for (i, j, ϵ, ℓ) = (1, 2,+, 0);
the other five cases are completely analogous. This time, our isomorphism ψ = ψ1,2,+ is given
by ψ(1, 1, 2, 3) = (1, 0) and ψ(1, 0, 0, 0) = (0, 1), so that

ψ(T ) = ψ(⟨A(0, 1, 2, 3) +B(1, 0, 0, 0)⟩R) = ψ(⟨A(1, 1, 2, 3) + (B − A)(1, 0, 0, 0)⟩R)
= ⟨(A,B − A)⟩R.

2We remark that the reductions in this paragraph can also be explained in terms of runners, using the language
of “pre-jumps” (see [BGG+98]). Consider runners with speeds B,A, 2A, 3A. At times of the form 1/(4A) + s/A
(for s ∈ Z), the runners are at the positions B/4A + Bs/A, 1/4, 1/2, 3/4; the point is that only the first of these
positions actually changes with s, since the pre-jump by 1/A fixes the other three positions. The first position
ranges over the set B/4A + ⟨1/|A|⟩Z as s varies; in particular, it lies in [1/4, 3/4] for some s unless |A| = 1
and B ≡ 0 (mod 4).
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i, j, ϵ, ℓ ψi,j,ϵ(Ti,j,ϵ,ℓ) λ+ λ− R+ R− Approx+ Approx−

1, 2,+, 0 ⟨ 1
|B−A|⟩Z × {0} 3 1 A−B ⇝ 1 B − A⇝ 3 1

4(B−1)
3

4(B−1)

1, 2,−, 0 ⟨ 1
|B+A|⟩Z × {0} 3 1 −B − A⇝ 3 A+B ⇝ 1 3

4(B+1)
1

4(B+1)

1, 3,+, 0 ⟨ 1
|B−2A|⟩Z × {0} 3 1 2A−B ⇝ 2 B − 2A⇝ 2 2

4(B−2)
2

4(B−2)

1, 3,−, 0 ⟨ 1
|B+2A|⟩Z × {0} 3 1 −B − 2A⇝ 2 2A+B ⇝ 2 2

4(B+2)
2

4(B+2)

1, 4,+, 0 ⟨ 1
|B−3A|⟩Z × {0} 3 1 3A−B ⇝ 3 B − 3A⇝ 1 3

4(B−3)
1

4(B−3)

1, 4,−, 0 ⟨ 1
|B+3A|⟩Z × {0} 3 1 −B − 3A⇝ 1 3A+B ⇝ 3 1

4(B+3)
3

4(B+3)

Table 4.2: Approximations to τ = 1/4 for U1 in the case A = 1, B > 0, B ≡ 0 (mod 4). In
each case, the values of R+, R− were calculated as the unique values in {0, 1, 2, 3} congruent
modulo 4 to certain integer linear combinations of A,B.

Since ψ(U1,2,+,0) = (R/Z)× {0}, we have

ψ(T1,2,+,0) = ⟨1/|B − A|⟩Z × {0}.

Notice thatB−A ⩾ 4−1 > 0 except for the single case (A,B) = (±1, 0), which we can safely
ignore. Then

Approx+(1/4; 0, B − A) =
⌈(B − A)/4⌉

B − A
− 1

4
=

R+

4(B − A)
,

where R+ ∈ {0, 1, 2, 3} satisfies R+ ≡ A−B (mod 4). Likewise,

Approx−(1/4; 0, B − A) =
R−

4(B − A)
,

whereR−∈{0, 1, 2, 3} satisfiesR−≡B−A (mod 4). The functionD1,2,+,0(t)=D(t(1, 1, 2, 3))
assumes its minimum value at τ = 1/4 (and at 3/4). By computing

D1,2,+,0(1/4 + ε) = D((1/4 + ε, 1/4 + ε, 1/2 + 2ε, 3/4 + 3ε)) = 1/4 + max{−ε, 3ε},

we see that λ+ = 3 and λ− = 1 determine the slopes of the pieces of D1,2,+,0 directly adjacent
to the point τ = 1/4. (Recall that the slope of the piece to the left is defined to be −λ−.)
Table 4.2 shows the output of these calculations, in the case A = 1, for all of the relevant
quadruples (i, j, ϵ, ℓ).

When B is sufficiently large, we have

D(Ti,j,ϵ,ℓ) = 1/4 + min{λ+Approx+, λ−Approx−}

for each quadruple (i, j, ϵ, ℓ) from Table 4.2, and thenD(T ) is the minimum of these six quanti-
ties. The result of these comparisons is that D(T ) = 1/4 + 1/4(B + 1) (coming from T1,2,−,0).
Substituting B = 4s—note that A,B are automatically coprime since A = 1—we
obtain the progression 1/4 + 1/(4 Prog(4, 5)). The analogous calculation for the half-line
with A = −1 yields the same progression. Hence S1(U

1) has finite symmetric difference
with 1/4 + 1/(4 Prog(4, 5)), as desired.
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Subspace Ui,j,ϵ D(Ui,j,ϵ) τ achieving 1/4

{x1 = x2} ⟨(1, 1, 0, 2)⟩R 1/2 −
{x1 = −x2} ⟨(1,−1, 2, 0)⟩R 1/2 −
{x1 = x3} ⟨(1, 0, 1, 1)⟩R 1/2 −
{x1 = −x3} ⟨(1, 2,−1, 3)⟩R 1/4 {1/4, 3/4}
{x1 = x4} ⟨(1, 0, 1, 1)⟩R 1/2 −
{x1 = −x4} ⟨(−1, 2,−3, 1)⟩R 1/4 {1/4, 3/4}
{x2 = x3} ⟨(2, 1, 1, 3)⟩R 1/4 {1/4, 3/4}
{x2 = −x3} ⟨(0, 1,−1, 1)⟩R 1/2 −
{x2 = x4} ⟨(0, 1,−1, 1)⟩R 1/2 −
{x2 = −x4} ⟨(2,−1, 3, 1)⟩R 1/4 {1/4, 3/4}
{x3 = x4} ∪1

ℓ=0⟨(1, 0, 1, 1)⟩R + (ℓ/2, ℓ/2, 0, 0) 1/4 1 : {1/4, 3/4}
{x3 = −x4} ∪1

ℓ=0⟨(0, 1,−1, 1)⟩R + (ℓ/2, 0, ℓ/2, ℓ/2) 1/4 1 : {1/4, 3/4}

Table 4.3: Intersections of U2 with the subspaces {xi = ϵxj}.

4.2. Computing S1(U
2)

Our calculation of S1(U
2) is more involved and can be summarized as follows; Theorem 1.3 is

then a quick consequence since Prog(4, 5) ⊆ Prog(2, 3).

Proposition 4.2. The sets S1(U
2) and 1/4 + 1/(4 Prog(2, 3)) have finite symmetric difference.

We parameterize 1-dimensional subtori of U2 as

T = ⟨A(1, 0, 1, 1) +B(1, 1, 0, 2)⟩R = ⟨(A+B,B,A,A+ 2B)⟩R,

for coprime A and B with A ⩾ 0. As before, we intersect U2 with the subspaces {xi = ϵxj}
to get the subgroups Ui,j,ϵ, and then we compute the values D(Ui,j,ϵ); see Table 4.3. In contrast
to the example in the previous subsection, the D-value 1/4 is achieved by only finitely many
points of U2 (as opposed to intervals of positive length). The considerations of Section 2.5.1 tell
us that it will suffice to study only sectors, rather than exceptional half-lines (as in the previous
subsection). By Section 2.5.2, it suffices to work with τ = 1/4.

Let us write out some of the details for approximating τ = 1/4 in U3,4,+,1; the other cases
are similar to this case or to what we demonstrated in the previous subsection. The isomor-
phismψ=ψ3,4,+ is given byψ(1, 0, 1, 1)=(1, 0) andψ(1, 1, 0, 2)=(0, 1), andψ(T )=⟨(A,B)⟩R.
Following Proposition 2.3, we have

ψ(T3,4,+,1) =

(
a

2|B|
+

〈
1

|B|

〉
Z

)
×
{
1

2

}
,

where a ≡ A (mod 2). (Here a is independent of the sign of B since A ≡ −A (mod 2).)
Lemma 2.4 tells us that the best approximations of τ = 1/4 by elements of a

2|B| +
〈

1
|B|

〉
Z

have
errors

Approx−
(
1

4
,
a

2
; |B|

)
=

R−

4|B|
, R− ≡ |B| − 2A (mod 4),
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i, j, ϵ, ℓ ψ(Ti,j,ϵ,ℓ) λ+ λ− R+ (+) R− (+) R+ (−) R− (−)

1, 3,−, 0 ⟨ 1
|2A+B|⟩Z × {0} 3 1 −2A−B 2A+B 2A+B −2A−B

1, 4,−, 0 ⟨ 1
|2A+3B|⟩Z × {0} 3 1 2A+B 2A+ 3B 2A+ 3B 2A+B

2, 3,+, 0 ⟨ 1
|B−A|⟩Z × {0} 3 1 A−B B − A B − A A−B

2, 4,−, 0 ⟨ 1
|A+3B|⟩Z × {0} 3 1 B + 3A A+ 3B A+ 3B B + 3A

3, 4,+, 1 ( a
2|B| + ⟨ 1

|B|⟩Z)× {1
2
} 1 1 2A−B B − 2A B − 2A 2A−B

3, 4,−, 1 ( a
2|A+B| + ⟨ 1

|A+B|⟩Z)× {1
2
} 1 1 B − A A−B A−B B − A

Table 4.4: Approximations to τ = 1/4 for U2. In the fifth row, a ≡ A (mod 2), and in the sixth
row, a ≡ B (mod 2). The values of R+, R− lie in {0, 1, 2, 3}. The headings for the last four
columns indicate the sign of δ in parentheses.

Approx+
(
1

4
,
a

2
; |B|

)
=

R+

4|B|
, R+ ≡ 2A− |B| (mod 4),

where R+, R− ∈ {0, 1, 2, 3}. Finally, to compute the slopes λ+ and λ−, we write D3,4,+,1(t) =
D(t(1, 0, 1, 1) + (1/2, 1/2, 0, 0)) and compute

D3,4,+,1(1/4 + ε) = D((3/4 + ε, 1/2, 1/4 + ε, 1/4 + ε)) = 1/4 + max{−ε, ε}

for small ε. Thus λ+ = λ− = 1. See Table 4.4 for these calculations for all quadruples (i, j, ϵ, ℓ).
For each (i, j, ϵ, ℓ), we partition R⩾0 × R into two sectors, corresponding to the sign of the

expression in the absolute value in the second column of Table 4.4; we use δi,j,ϵ,ℓ ∈ {+,−} to
denote this sign. The common refinement of these partitions gives a partition of R⩾0 × R into
several sectors, each of which must be analyzed separately.

For example, consider the sector {(x, y) : 0 ⩽ x ⩽ y}, corresponding to the case where all
of the δi,j,ϵ,ℓ’s are +. For each choice of residues (A,B) (mod 4) and each quadruple (i, j, ϵ, ℓ),
we have

D(Ti,j,ϵ,ℓ) = 1/4 + min{λ+Approx+, λ−Approx−},

and this quantity equals 1/4+γ/q, where q = |Ti,j,ϵ,ℓ| is a linear combination ofA,B. Table 4.5
shows the outcome of this calculation for all six quadruples (i, j, ϵ, ℓ) and the various choices of
residues (A,B) (mod 4) (all in the sector {(x, y) : 0 ⩽ x ⩽ y}).

For each choice of residues (A,B) (mod 4), we now compare the quantities D(Ti,j,ϵ,ℓ),
which will make us further partition our sector {(x, y)) : 0 ⩽ x ⩽ y}. Here we will illus-
trate this procedure in the case (A,B) ≡ (1, 3) (mod 4). We wish to find the minimum among
the quantities

1

2A+B
,

3

2A+ 3B
,

2

B − A
,

2

A+ 3B
,

1

B
,

2

A+B
.

Since 0 ⩽ A ⩽ B, the first of these quantities is always smaller than or equal to the second,
third, fifth, and sixth. It remains to compare 1/(2A + B) and 2/(A + 3B): The former is
smaller when B < 3A, and the latter is smaller when B > 3A, so we accordingly use the slope
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3-ray through the origin to subdivide the sector {(x, y) : 0 ⩽ x ⩽ y} into two sectors. See
Table 4.6 for the outcomes of these calculations for other choices of the δi,j,ϵ,ℓ’s and pairs of
residues (A,B) (mod 4), and see Figure 4.1 for a visual representation of our running exam-
ple (A,B) ≡ (1, 3) (mod 4).

B
A 0 1 2 3

0 - 2 - 2
1 1 3 1 3
2 - 0 - 0
3 3 1 3 1

(a) (1, 3,−, 0) and q = 2A+B.

B
A 0 1 2 3

0 - 2 - 2
1 3 1 3 1
2 - 0 - 0
3 1 3 1 3

(b) (1, 4,−, 0) and q = 2A+ 3B.

B
A 0 1 2 3

0 - 3 - 1
1 1 0 3 2
2 - 1 - 3
3 3 2 1 0

(c) (2, 3,+, 0) and q = B −A.

B
A 0 1 2 3

0 - 1 - 3
1 3 0 1 2
2 - 3 - 1
3 1 2 3 0

(d) (2, 4,−, 0) and q = A+ 3B.

B
A 0 1 2 3

0 - 2 - 2
1 1 1 1 1
2 - 0 - 0
3 1 1 1 1

(e) (3, 4,+, 1) and q = B.

B
A 0 1 2 3

0 - 1 - 1
1 1 0 1 2
2 - 1 - 1
3 1 2 1 0

(f) (3, 4,−, 1) and q = A+B.

Table 4.5: The values of 4γ in the sector {0 ⩽ A ⩽ B} for U2. Each grid represents a quadru-
ple (i, j, ϵ, ℓ). For each, we show how γ depends on (A,B) (mod 4); note that we have excluded
the cases where A,B are both even, due to our standing assumption that A,B are coprime. For
the reader’s convenience, we have reiterated the value of q = |Ti,j,ϵ,ℓ| in each case.

For each entry in the third column of Table 4.6, we must determine which values are assumed
by the denominator as (A,B) ranges over pairs of coprime integers satisfying the modular con-
ditions from the first column and the linear inequalities from the second column. To illustrate
this step, consider the sector {(x, y) : 0 ⩽ 3x ⩽ y} with (A,B) ≡ (1, 3) (mod 4), which corre-
sponds to theD-value offset 2/(A+3B). Let us parameterizeA,B asA = 4r+1, B = 4s+3,
so that A + 3B = 4r + 12s + 10. This last expression is always equivalent to 2 modulo 4, so
we wish to determine the set of integers t such that there are valid choices of r, s (in the sense
that A,B are coprime and satisfy B ⩾ 3A ⩾ 0) with

A+ 3B = 4r + 12s+ 10 = 4t+ 2,
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(A,B) Slopes of dividing rays Offsets Scaled progressions

(0, 1) −3/4 1
2A+B

, 1
−A−3B

1
4t+1

, 1
4t+1

(0, 3) −1/4 1
2A+3B

, 1
A−B

1
4t+1

, 1
4t+1

(1, 0) 0,−4 1
A+3B

, 1
A−B

, 2
−2A−3B

1
4t+1

, 1
4t+1

, 1
2t+1

(1, 1) (none) 0 −
(1, 2) (none) 0 −
(1, 3) 3,−1 2

A+3B
, 1
2A+B

, 1
−2A−3B

1
2t+1

, 1
4t+1

, 1
4t+1

(2, 1) 1/2,−1/2,−3/2 1
A+3B

, 1
2A+B

, 1
A−B

, 1
−2A−3B

1
4t+1

, 1
4t+1

, 1
4t+1

, 1
4t+1

(2, 3) −1/2 1
2A+3B

, 1
−A−3B

1
4t+1

, 1
4t+1

(3, 0) 0,−4/7 2
2A+3B

, 2
2A+B

, 1
−A−3B

1
2t+1

, 1
2t+1

, 1
4t+1

(3, 1) −3/7,−1 1
2A+3B

, 2
A−B

, 2
−A−3B

1
4t+1

, 1
2t+1

, 1
2t+1

(3, 2) (none) 0 −
(3, 3) (none) 0 −

Table 4.6: D-values for sectors for U2. Each row corresponds to a pair of residues
(A,B) (mod 4), as recorded in the first column. The second column gives the slopes of the
dividing rays for the corresponding sector decomposition of R⩾0 × R. In the third column
we record (proceeding through the sectors clockwise) the corresponding values of the quan-
tity 4(D(T ) − 1/4), which we term the “offset” for brevity. The last column shows the values
achieved by the offsets for coprime A,B.

A

B

B = 3A

B = −A

1
2t+1

1
4t+1

1
4t+1

Figure 4.1: This figure illustrates the sector decomposition for U2 when
(A,B) ≡ (1, 3) (mod 4). Each sector is labeled with the progression of its correspond-
ing offset (see Table 4.6).
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i.e., r + 3s+ 2 = t. Such pairs (r, s) can in turn be parameterized as

(r, s) = (t− 2 + 3x,−x)

for x an integer in a suitable interval (of length growing with t), and this leads to

(A,B) = (4t− 7 + 12x,−4x+ 3).

Lemma 2.7 tells us that since gcd(4t − 7, 12,−4, 3) = 1, there are many choices of x mak-
ing (A,B) coprime (with B ⩾ 3A ⩾ 0) when t is large. In particular, every sufficiently large
value of t is achieved (even if one insists on throwing out exceptional half-lines, which is unnec-
essary in light of Section 2.5.1), and the expression 2/(A+ 3B) assumes the values

2/(4t+ 2) = 1/(2t+ 1).

The last column of Table 4.6 shows the outcome of the analogous calculations for the other
entries in the third column of the table. Since {4t+1 : t ∈ N} ⊆ {2t+1 : t ∈ N}, we conclude
that S1(U

2) has finite symmetric difference with the single progression 1/4+ 1/(4 Prog(2, 3)).
This proves Proposition 4.2.

Let us return to the progression (1.2) found by Fan and Sun [FS23]. This family of T ’s
corresponds to the case A + 4s + 3, B = 8 in the setting currently under consideration. In
the (A,B) ≡ (3, 0) (mod 4) row of Table 4.6, these choices of (A,B) fall in the first sector
(and do not coincide with an exceptional half-line). Since A,B are coprime, we see that indeed

D(T ) =
1

4
+

2

4(2A+ 3B)
=

1

4
+

2

4(2(4s+ 3) + 3(8))
=

1

4
+

1

16s+ 60
;

this provides a systematic way of carrying out the calculation of (1.2).

5. The spectrum S1(3) to the second accumulation point

We will now prove Theorem 1.4, which states that S1(3) ∩ (1/10, 1/6] has finite symmetric
difference with the union of 1/10 + 4/(5 Prog(5, 7)) and 1/10 + 3/(5 Prog(5, 9)). Recall
that [Kra21] determined S1(3) up to the first accumulation point, viz., S1(3) ∩ (1/6, 1/2] =
1/6 + 1/(6 Prog(6, 7)). Theorem 1.4 determines S1(3) up to the second accumulation
point (1/10), up to finitely many exceptions. We reiterate (see the comment at the beginning
of Section 3.2) that our method here would let us compute S1(3) ∩ (ε, 1/2], up to finitely many
exceptions, for any ε > 0: We can compute S1(3) up to as many accumulation points as we
want, and these accumulation points approach 0.

In Section 3.2, we showed that, up to symmetry, the only 2-dimensional proper
subtori U ⊆ (R/Z)3 with D(U) = 1/10 are

U3 = ⟨(0, 1, 4), (1, 0, 0)⟩R, U4 = ⟨(0, 2, 3), (1, 0, 0)⟩R,
U5 = ⟨(0, 1, 3), (1, 0, 1)⟩R, U6 = ⟨(0, 1, 2), (1, 1, 0)⟩R.
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Subspace Ui,j,ϵ D(Ui,j,ϵ) τ achieving D(Ui,j,ϵ)

{x1 = x2} ⟨(1, 1, 4)⟩R 1/10 {2/5, 3/5}
{x1 = −x2} ⟨(−1, 1, 4)⟩R 1/10 {2/5, 3/5}
{x1 = x3} ⟨(4, 1, 4)⟩R 1/10 {2/5, 3/5}
{x1 = −x3} ⟨(−4, 1, 4)⟩R 1/10 {2/5, 3/5}
{x2 = x3} ∪2

ℓ=0⟨(1, 0, 0)⟩R + (0, ℓ/3, ℓ/3) 1/6 −
{x2 = −x3} ∪4

ℓ=0⟨(1, 0, 0)⟩R + (0, ℓ/5, 4ℓ/5) 1/10 2, 3 : [2/5, 3/5]

Table 5.1: Intersections of U3 with the subspaces {xi = ϵxj}.

Notice that each of these choices of generators satisfies the condition (2.1).
All that remains for the proof of Theorem 1.4 is computingS1(U

i) for i ∈ {3, 4, 5, 6} individ-
ually. The argument is similar to the argument in Section 4. In each of the first two subsections,
we will be able to quickly dispose of all but finitely many exceptional lines; in each of the last
two subsections, we will deal with full sector decompositions of R⩾0 × R. One topically new
(but unimportant) feature is that we have different values of τ for different tuples (i, j, ϵ, ℓ). We
will abbreviate parts of the exposition that are similar to Section 4.

5.1. Computing S1(U
3)

We parametrize 1-dimensional subtori of U3 as

T = ⟨A(0, 1, 4) +B(1, 0, 0)⟩R

for coprime integers A, B with B ⩾ 0. We compute the intersections Ui,j,ϵ = U3 ∩ {xi = ϵxj}
in Table 5.1. Note that on U2,3,−, the D-value 1/10 is achieved on intervals of positive length;
we will use this to restrict our attention to a small number of exceptional half-lines.

Consider the isomorphism ψ=ψ2,3,− given by ψ((1, 0, 0))=(1, 0) and ψ((0, 1, 4))=(0, 1).
Then Proposition 2.3 gives

ψ(T2,3,−) =
4⋃

ℓ=0

((
aℓ

(5|A|)
+

〈
1

|A|

〉
Z

)
×
{
ℓ

5

})
,

where δ is the sign of A and a ≡ δB (mod 5). One can check D2,3,− achieves the constant
value 1/10 on the set [2/5, 3/5] × {2/5, 3/5}. If |A| ⩾ 5, then ψ(T2,3,−) certainly inter-
sects [2/5, 3/5]×{2/5, 3/5}, which immediately implies thatD(T ) = 1/10. It remains only to
consider |A| ⩽ 4.

For each value of m := |A|, there are several equivalence classes of B modulo 5m that
give D(T ) = 1/10 and hence can be disregarded. For m = 1, for instance, this occurs exactly
when 2a/5 ∈ [2/5, 3/5] (or, equivalently, 3a/5 ∈ [2/5, 3/5]), i.e., a = δB ≡ 1, 4 (mod 5); so
it remains only to consider B ≡ 0, 2, 3 (mod 5). Likewise, for m = 2, we can ignore the cases
where

2a/10 = a/5 ∈ [2/5/3/5] ∪ (1/2 + [2/5, 3/5]);
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i, j, ϵ, ℓ ψ(Ti,j,ϵ,ℓ) λ+ λ− R+ (+) R− (+)

1, 2,+, 0 ⟨ 1
|B−A|⟩Z × {0} 4 1 3(B − A) 2(B − A)

1, 2,−, 0 ⟨ 1
|B+A|⟩Z × {0} 4 1 3(B + A) 2(B + A)

1, 3,+, 0 ⟨ 1
|B−4A|⟩Z × {0} 4 1 3(B − 4A) 2(B − 4A)

1, 3,−, 0 ⟨ 1
|B+4A|⟩Z × {0} 4 1 3(B + 4A) 2(B + 4A)

Table 5.2: Approximations to τ = 2/5 for U3. The values of R+, R− lie in {0, 1, 2, 3, 4}. We
treat only the sector where every δ = +, as this is the region containing all of the exceptional
half-lines of interest.

(A,B) Scaled progression Theorem progression Change of variable

A = 1, B ≡ 0 (mod 5) 2/(5t+ 1) 4/(5s+ 2) s = 2t
A = 1, B ≡ 2 (mod 5) 1/(5t+ 3) 3/(5s+ 4) s = 3t+ 1
A = 1, B ≡ 3 (mod 5) 3/(5t+ 4) 3/(5s+ 4) s = t
A = 2, B ≡ 1 (mod 10) 1/(10t+ 3) 3/(5s+ 4) s = 6t+ 1
A = 2, B ≡ 9 (mod 10) 2/(10t+ 11) 4/(5s+ 2) s = 4t+ 4
A = 3, B ≡ 5 (mod 15) 1/(15t+ 8) 4/(5s+ 2) s = 12t+ 6
A = 3, B ≡ 10 (mod 15) 1/(15t+ 13) 4/(5s+ 2) s = 12t+ 10

Table 5.3: D-value progressions for U3 with fixed 1 ⩽ A ⩽ 3 and fixed residue class
B ≡ x (mod 5A) (x ∈ {1, 2, . . . , 5A}). We parametrize B = 5At + x (t ∈ N). The sec-
ond column gives the corresponding progression 5(D(T ) − 1/10). These values (as t ranges)
form subprogressions of the two progressions appearing in the statement of Theorem 1.4; the
last column provides the changes of variable witnessing these containments.

after also accounting for the condition that A,B are coprime (i.e., B is odd), we are
left with checking only B ≡ 1, 9 (mod 10). Similarly, for m = 3, we need to consider
only B ≡ 5, 10 (mod 15), and we can completely ignore the case m = 4.

Each of the remaining cases from the previous paragraph corresponds to an exceptional line;
as B increases, the parameter q = |A| remains fixed. By symmetry (see Section 2.5.2), it
suffices to study the behavior around the point τ = 2/5 for each tuple (i, j, ϵ) ̸= (2, 3,−)
with D(Ui,j,ϵ) = 1/10; see Table 5.2. All of our exceptional lines eventually lie within the
sector containing the positive B-axis, which corresponds to the case where every δi,j,ϵ = +.

For each (m,x) ∈ {(1, 0), (1, 2), (1, 3), (2, 1), (2, 9), (3, 5), (3, 10)}, we take pairs (A,B)
with |A| = m and B ≡ x (mod 5m); after parametrizing B = 5|A|t + x (for t ∈ N), we
computeD(T ) as a function of t in the usual way. This results in several progressions in S1(U

3),
which we verify are contained in the progressions from the statement of Theorem 1.4. Table 5.3
presents the results of these calculations for the half-lines with A > 0; the half-lines with A < 0
turn out to yield the same progressions, so we have omitted these calculations.
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Subspace Ui,j,ϵ D(Ui,j,ϵ) τ achieving 1/10

{x1 = x2} ⟨(2, 2, 3)⟩R 1/10 {1/5, 4/5}
{x1 = −x2} ⟨(−2, 2, 3)⟩R 1/10 {1/5, 4/5}
{x1 = x3} ⟨(3, 2, 3)⟩R 1/10 {1/5, 4/5}
{x1 = −x3} ⟨(−3, 2, 3)⟩R 1/10 {1/5, 4/5}
{x2 = x3} ⟨(1, 0, 0)⟩R 1/2 −
{x2 = −x3} ∪4

i=0⟨(1, 0, 0)⟩R + (0, 2i/5, 3i/5) 1/10 1, 4 : [2/5, 3/5]

Table 5.4: Intersections of U4 with the subspaces {xi = ϵxj}.

i, j, ϵ, ℓ ψ(Ti,j,ϵ,ℓ) λ+ λ− R+ (+) R− (+)

1, 2,+, 0 ⟨ 1
|B−2A|⟩Z × {0} 3 2 2A−B B − 2A

1, 2,−, 0 ⟨ 1
|B+2A|⟩Z × {0} 3 2 −2A−B 2A+B

1, 3,+, 0 ⟨ 1
|B−3A|⟩Z × {0} 3 2 3A−B B − 3A

1, 3,−, 0 ⟨ 1
|B+3A|⟩Z × {0} 3 2 −3A−B 3A+B

Table 5.5: Approximations to τ = 1/5 for U4. The values of R+, R− lie in {0, 1, 2, 3, 4}. We
consider the case where every δ = + as that corresponds to the region of interest.

5.2. Computing S1(U
4)

We parametrize 1-dimensional subtori of U4 as

T = ⟨A(0, 2, 3) +B(1, 0, 0)⟩R

for coprime A, B with B ⩾ 0. We compute the intersections Ui,j,ϵ = U4 ∩ {xi = ϵxj} in
Table 5.4. Since U2,3,− achieves theD-value 1/10 on intervals of positive length, we restrict our
attention to a small number of exceptional half-lines, as in the previous subsection. This analysis
leaves us with the cases |A| = 1 and B ≡ 0, 1, 4 (mod 5); |A| = 2 and B ≡ 3, 7 (mod 10);
and |A| = 3 andB ≡ 5, 10 (mod 15). For each case, we approximate the critical value τ = 1/5
for the remaining tuples (i, j, ϵ); see Table 5.5.

Each of our exceptional half-lines is eventually contained in the sector containing the positive
B-axis, which corresponds to the case where every δ = +. Each exceptional line generates a
progression, again contained in one of the progressions from the statement of Theorem 1.4; see
Table 5.6 for A > 0 (as in the previous subsection, A < 0 gives the same results and these
calculations are omitted).

5.3. Computing S1(U
5)

For U5 we will have to work with sector decompositions instead of only exceptional half-lines.
We parametrize 1-dimensional subtori of U5 as

T = ⟨A(0, 1, 3) +B(1, 0, 1)⟩R
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(A,B) Scaled progression Theorem progression Change of variable

A = 1, B ≡ 0 (mod 5) 4/(5t+ 2) 4/(5s+ 2) s = t
A = 1, B ≡ 1 (mod 5) 3/(5t+ 4) 3/(5s+ 4) s = t
A = 1, B ≡ 4 (mod 5) 2/(5t+ 6) 4/(5s+ 2) s = 2t+ 2
A = 2, B ≡ 3 (mod 10) 3/(10t+ 9) 3/(5s+ 4) s = 2t+ 1
A = 2, B ≡ 7 (mod 10) 2/(10t+ 11) 4/(5s+ 2) s = 4t+ 4
A = 3, B ≡ 5 (mod 15) 2/(15t+ 11) 4/(5s+ 2) s = 6t+ 4
A = 3, B ≡ 10 (mod 15) 2/(15t+ 16) 4/(5s+ 2) s = 6t+ 6

Table 5.6: D-value progressions for U4 with fixed 1 ⩽ A ⩽ 3 and fixed residue class
B ≡ x (mod 5A) (x ∈ {1, 2, . . . , 5A}). We parametrize B = 5At + x (t ∈ N). The sec-
ond column gives the corresponding progression 5(D(T ) − 1/10). These values (as t ranges)
form subprogressions of the two progressions appearing in the statement of Theorem 1.4.

Subspace Ui,j,ϵ D(Ui,j,ϵ) τ achieving 1/10

{x1 = x2} ⟨(1, 1, 0)⟩R 1/2 −
{x1 = −x2} ⟨(−1, 1,−4)⟩R 1/10 {2/5, 3/5}
{x1 = x3} ⟨(2, 1, 2)⟩R 1/6 −
{x1 = −x3} ⟨(−2,−3, 2)⟩R 1/10 {1/5, 4/5}
{x2 = x3} ⟨(3, 2, 2)⟩R 1/10 {1/5, 4/5}
{x2 = −x3} ⟨(−1,−2, 2)⟩R 1/6 −

Table 5.7: Intersections of U5 with subspaces {xi = ϵxj}.

for coprime A, B with A ⩾ 0. We compute the intersections Ui,j,ϵ = U5 ∩ {xi = ϵxj} and their
corresponding D-values in Table 5.7. In Table 5.8, we show the calculations for approximating
the critical points τ . Finally, for each pair of residues for (A,B) (mod 5), we partition R⩾0 × R
into sectors, calculate D(T ) on each sector, and give the corresponding progressions; see Ta-
ble 5.9.

Table 5.9 tells us that the expression 5(D(T )− 1/10) assumes values in the progressions

1

5t+ 3
,

2

5t+ 1
,

3

5t+ 4
,

4

5t+ 2
.

Regarding the first progression, we observe that {1/(5t + 3) : t ∈ N} ⊆ {4/(5s + 2) : s ∈ N}
(via s = 4t + 2) and {1/(5t + 3) : t ∈ N} ⊆ {3/(5s + 4) : s ∈ N} (via s = 3t + 1).
In fact, {1/(5t + 3) : t ∈ N} is precisely these two progressions containing it. Likewise
{2/(5t + 1) : t ∈ N} ⊆ {4/(5s + 2) : s ∈ N} (via s = 2t). Thus, we obtain only the
two progressions from the statement of Theorem 1.4.
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i, j, ϵ τ ψ(Ti,j,ϵ) λ+ λ− R+ (+) R− (+) R+ (−) R− (−)

1, 2,− 2/5 ⟨ 1
|A+2B|⟩Z 4 1 3A+B 2A+ 4B 2A+ 4B 3A+B

1, 3,− 1/5 ⟨ 1
|3A+B|⟩Z 3 2 2A+ 4B 3A+B 3A+B 2A+ 4B

2, 3,+ 1/5 ⟨ 1
|B−2A|⟩Z 3 2 2A+ 4B 3A+B 3A+B 2A+ 4B

Table 5.8: Approximations to τ = 1/5, 2/5 for U5. The values of R+, R− lie in {0, 1, 2, 3, 4}.

(A,B) Slopes of dividing rays Offsets Scaled progressions

(0, 1) −1 2
3A+B

, 1
−A−2B

2
5t+1

, 1
5t+3

(0, 2) 1,−1 3
A+2B

, 4
3A+B

, 2
−A−2B

3
5t+4

, 4
5t+2

, 2
5t+1

(0, 3) 0,−2 2
A+2B

, 4
2A−B

, 3
−A−2B

2
5t+1

, 4
5t+2

, 3
5t+4

(0, 4) 0 1
A+2B

, 2
2A−B

1
5t+3

, 2
5t+1

(1, 0) 0,−2 2
A+2B

, 4
2A−B

, 3
−A−2B

2
5t+1

, 4
5t+2

, 3
5t+4

(1, 1) 0 1
A+2B

, 2
2A−B

1
5t+3

, 2
5t+1

(1, 2) (none) 0 −
(1, 3) −1 2

3A+B
, 1
−A−2B

2
5t+1

, 1
5t+3

(1, 4) 0,−1 3
A+2B

, 4
2A−B

, 2
−A−2B

3
5t+4

, 4
5t+2

, 2
5t+1

(2, 0) −1 2
3A+B

, 1
−A−2B

2
5t+1

, 1
5t+3

(2, 1) 1,−1 3
A+2B

, 4
3A+B

, 2
−A−2B

3
5t+4

, 4
5t+2

, 2
5t+1

(2, 2) 0,−2 2
A+2B

, 4
2A−B

, 3
−A−2B

2
5t+1

, 4
5t+2

, 3
5t+4

(2, 3) 0 1
A+2B

, 2
2A−B

1
5t+3

, 2
5t+1

(2, 4) (none) 0 −
(3, 0) 0 1

A+2B
, 2
2A−B

1
5t+3

, 2
5t+1

(3, 1) (none) 0 −
(3, 2) −1 2

3A+B
, 1
−A−2B

2
5t+1

, 1
5t+3

(3, 3) 1,−1 3
A+2B

, 4
3A+B

, 2
−A−2B

3
5t+4

, 4
5t+2

, 2
5t+1

(3, 4) 0,−2 2
A+2B

, 4
2A−B

, 3
−A−2B

2
5t+1

, 4
5t+2

, 3
5t+4

(4, 0) 1,−1 3
A+2B

, 4
3A+B

, 2
−A−2B

3
5t+4

, 4
5t+2

, 2
5t+1

(4, 1) 0,−2 2
A+2B

, 4
2A−B

, 3
−A−2B

2
5t+1

, 4
5t+2

, 3
5t+4

(4, 2) 0 1
A+2B

, 2
2A−B

1
5t+3

, 2
5t+1

(4, 3) (none) 0 −
(4, 4) −1 2

3A+B
, 1
−A−2B

2
5t+1

, 1
5t+3

Table 5.9: D-values in sectors for U5. The third column records the offsets 5(D(T )− 1/10).
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Subspace Ui,j,ϵ D(Ui,j,ϵ) τ achieving 1/10

{x1 = x2} ⟨(1, 1, 4)⟩R 1/10 {2/5, 3/5}
{x1 = −x2} ⟨(1,−1,−2)⟩R 1/6 −
{x1 = x3} ⟨(1, 0, 1)⟩R 1/2 −
{x1 = −x3} ⟨(−3, 2, 3)⟩R 1/10 {1/5, 4/5}
{x2 = x3} ⟨(−2, 1, 1)⟩R 1/6 −
{x2 = −x3} ⟨(−4, 1,−1)⟩R 1/10 {2/5, 3/5}

Table 5.10: Intersections of U6 with the subspaces {xi = ϵxj}.

i, j, ϵ τ ψ(Ti,j,ϵ) λ+ λ− R+ (+) R− (+) R+ (−) R− (−)

1, 2,+ 2/5 ⟨ 1
|B−A|⟩Z 4 1 2A+ 3B 3A+ 2B 3A+ 2B 2A+ 3B

1, 3,− 1/5 ⟨ 1
|3A+2B|⟩Z 3 2 2A+ 3B 3A+ 2B 3A+ 2B 2A+ 3B

2, 3,− 2/5 ⟨ 1
|4A+B|⟩Z 4 1 2A+ 3B 3A+ 2B 3A+ 2B 2A+ 3B

Table 5.11: Approximations to τ = 1/5, 2/5 for U6. The values of R+, R− lie in {0, 1, 2, 3, 4}.

5.4. Computing S1(U
6)

We proceed as in the previous subsection. We parametrize 1-dimensional subtori of U6 as

T = ⟨A(0, 1, 2) +B(1, 1, 0)⟩R

for coprimeA,B withA ⩾ 0. As before, we intersectU6 with the subspaces {xi = ϵxj}; see Ta-
ble 5.10. Then we approximate critical values of τ ; see Table 5.11. Finally, we partitionR⩾0 × R
into sectors for each pair of equivalence classes for (A,B), calculate the corresponding values
of D(T ), and represent these values as progressions; see Table 5.12. As before we get exactly
the two progressions from the statement of Theorem 1.4.

6. A new progression in the spectrum S1(6)

The goal of this section of to prove Theorem 1.5, which states that 1/3+1/(6 Prog(6, 11))⊆S1(6).
This example is noteworthy because it provides a new progression, beyond the progres-
sion 1/3 + 1/(6 Prog(6, 7)) predicted by (1.1). The progression 1/3 + 1/(6 Prog(6, 11)) ap-
pears in the relative spectrum of

U7 := ⟨(1, 0, 1, 2, 3, 3), (0, 1, 1, 1, 1, 2)⟩R.

We remark that this choice of generators bears some resemblance to the generators
ofU2 ⊆ (R/Z)4, which (after permuting the coordinates) can be written as (1, 0, 1, 1), (0, 1, 1, 2)
(but we were not able to find an “analogous” torus in (R/Z)8). We initially “discovered” U7 in
numerical experiments with small speeds: We identified several 1-dimensional subtori with D-
values in 1/3 + 1/(6 Prog(6, 11)) and then noticed that they are all contained in U7.
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(A,B) Slopes of dividing rays Offsets Scaled progressions

(0, 1) −2 2
4A+B

, 3
A−B

2
5t+1

, 3
5t+4

(0, 2) 0 3
3A+2B

, 1
A−B

3
5t+4

, 1
5t+3

(0, 3) −3 1
4A+B

, 3
−3A−2B

1
5t+3

, 3
5t+4

(0, 4) −1 3
4A+B

, 2
A−B

3
5t+4

, 2
5t+1

(1, 0) −1 3
4A+B

, 2
A−B

3
5t+4

, 2
5t+1

(1, 1) (none) 0 −
(1, 2) −2 2

4A+B
, 3
A−B

2
5t+1

, 3
5t+4

(1, 3) 0 3
3A+2B

, 1
A−B

3
5t+4

, 1
5t+3

(1, 4) −3 1
4A+B

, 3
−3A−2B

1
5t+3

, 3
5t+4

(2, 0) −3 1
4A+B

, 3
−3A−2B

1
5t+3

, 3
5t+4

(2, 1) −1 3
4A+B

, 2
A−B

3
5t+4

, 2
5t+1

(2, 2) (none) 0 −
(2, 3) −2 2

4A+B
, 3
A−B

2
5t+1

, 3
5t+4

(2, 4) 0 3
3A+2B

, 1
A−B

3
5t+4

, 1
5t+3

(3, 0) 0 3
3A+2B

, 1
A−B

3
5t+4

, 1
5t+3

(3, 1) −3 1
4A+B

, 3
−3A−2B

1
5t+3

, 3
5t+4

(3, 2) −1 3
4A+B

, 2
A−B

3
5t+4

, 2
5t+1

(3, 3) (none) 0 −
(3, 4) −2 2

4A+B
, 3
A−B

2
5t+1

, 3
5t+4

(4, 0) −2 2
4A+B

, 3
A−B

2
5t+1

, 3
5t+4

(4, 1) 0 3
3A+2B

, 1
A−B

3
5t+4

, 1
5t+3

(4, 2) −3 1
4A+B

, 3
−3A−2B

1
5t+3

, 3
5t+4

(4, 3) −1 3
4A+B

, 2
A−B

3
5t+4

, 2
5t+1

(4, 4) (none) 0 −

Table 5.12: D-values in sectors for U6.
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Subspace Ui,j,ϵ D(Ui,j,ϵ) τ achieving 1/3

{x1 = x2} ⟨(1, 1, 2, 3, 4, 5)⟩R 1/3 {1/6, 5/6}
{x1 = −x2} ⟨(1,−1, 0, 1, 2, 1)⟩R 1/2 −
{x1 = x3} ⟨(1, 0, 1, 2, 3, 3)⟩R 1/2 −
{x1 = −x3} ⟨(1,−2,−1, 0, 1,−1)⟩R 1/2 −
{x1 = x4} ⟨(1,−1, 0, 1, 2, 1)⟩R 1/2 −
{x1 = −x4} ⟨(1,−3,−2,−1, 0,−3)⟩R 1/2 −
{x1 = x5} ⟨(1,−2,−1, 0, 1,−1)⟩R 1/2 −
{x1 = −x5} ⟨(1,−4,−3,−2,−1,−5)⟩R 1/3 {1/6, 5/6}
{x1 = x6} ∪1

ℓ=0⟨(1,−1, 0, 1, 2, 1)⟩R + (0, ℓ
2
, ℓ
2
, ℓ
2
, ℓ
2
, 0) 1/3 1 : {1/6, 1/3, 2/3, 5/6}

{x1 = −x6} ∪1
ℓ=0⟨(1,−2,−1, 0, 1,−1)⟩R + (0, ℓ

2
, ℓ
2
, ℓ
2
, ℓ
2
, 0) 1/3 1 : {1/6, 1/3, 2/3, 5/6}

{x2 = x3} ⟨(0, 1, 1, 1, 1, 2)⟩R 1/2 −
{x2 = −x3} ⟨(2,−1, 1, 3, 5, 4)⟩R 1/3 {1/6, 5/6}
{x2 = x4} ∪1

ℓ=0⟨(0, 1, 1, 1, 1, 2)⟩R + ( ℓ
2
, 0, ℓ

2
, 0, ℓ

2
, ℓ
2
) 1/3 1 : {1/6, 1/3, 2/3, 5/6}

{x2 = −x4} ∪1
ℓ=0⟨(1,−1, 0, 1, 2, 1)⟩R + (0, ℓ

2
, ℓ
2
, ℓ
2
, ℓ
2
, 0) 1/3 1 : {1/6, 1/3, 2/3, 5/6}

{x2 = x5} ∪2
ℓ=0⟨(0, 1, 1, 1, 1, 2)⟩R + ( ℓ

3
, 0, ℓ

3
, 2ℓ

3
, 0, 0) 1/3 1, 2 : {1/6, 5/6}

{x2 = −x5} ⟨(2,−3,−1, 1, 3, 0)⟩R 1/2 −
{x2 = x6} ⟨(−1, 3, 2, 1, 0, 3)⟩R 1/2 −
{x2 = −x6} ∪2

ℓ=0⟨(1,−1, 0, 1, 2, 1)⟩R + (0, ℓ
3
, ℓ
3
, ℓ
3
, ℓ
3
, 2ℓ

3
) 1/3 1 : {1/6, 1/2};

2 : {1/2, 5/6}
{x3 = x4} ⟨(0, 1, 1, 1, 1, 2)⟩R 1/2 −
{x3 = −x4} ⟨(2,−3,−1, 1, 3, 0)⟩R 1/2 −
{x3 = x5} ∪1

ℓ=0⟨(0, 1, 1, 1, 1, 2)⟩R + ( ℓ
2
, 0, ℓ

2
, 0, ℓ

2
, ℓ
2
) 1/3 1 : {1/6, 1/3, 2/3, 5/6}

{x3 = −x5} ∪1
ℓ=0⟨(1,−2,−1, 0, 1,−1)⟩R + (0, ℓ

2
, ℓ
2
, ℓ
2
, ℓ
2
, 0) 1/3 1 : {1/6, 1/3, 2/3, 5/6}

{x3 = x6} ⟨(1,−2,−1, 0, 1,−1)⟩R 1/2 −
{x3 = −x6} ⟨(3,−4,−1, 2, 5, 1)⟩R 1/3 {1/6, 5/6}
{x4 = x5} ⟨(0, 1, 1, 1, 1, 2)⟩R 1/2 −
{x4 = −x5} ⟨(2,−5,−3,−1, 1,−4)⟩R 1/3 {1/6, 5/6}
{x4 = x6} ⟨(1,−1, 0, 1, 2, 1)⟩R 1/2 −
{x4 = −x6} ⟨(3,−5,−2, 1, 4,−1)⟩R 1/3 {1/6, 5/6}
{x5 = x6} ⟨(1, 0, 1, 2, 3, 3)⟩R 1/2 −
{x5 = −x6} ∪2

ℓ=0⟨(1,−2,−1, 0, 1,−1)⟩R + (0, ℓ
3
, ℓ
3
, ℓ
3
, ℓ
3
, 2ℓ

3
) 1/3 1 : {1/2, 5/6};

2 : {1/6, 1/2}

Table 6.1: Intersections of U7 with the subspaces {xi = ϵxj}.
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i, j, ϵ, ℓ τ ψ(Ti,j,ϵ,ℓ) λ+ λ− R+ R− D(Ti,j,ϵ,ℓ)− 1
3

1, 2,+, 0 1/6 ⟨ 1
|A−B|⟩Z × {0} 5 1 A+ 5B ⇝ 1 5A+B ⇝ 5 5

6(B−A)

1, 5,−, 0 1/6 ⟨ 1
|4A+B|⟩Z × {0} 5 1 2A+ 5B ⇝ 1 4A+B ⇝ 5 5

6(4A+B)

1, 6,+, 1 1/6
(

a
2|A+B| + ⟨ 1

|A+B|⟩Z
)
× {1

2
} 2 1 5A+ 2B ⇝ 4 A+ 4B ⇝ 2 2

6(A+B)

1, 6,+, 1 1/3
(

a
2|A+B| + ⟨ 1

|A+B|⟩Z
)
× {1

2
} 1 2 4A+B ⇝ 5 2A+ 5B ⇝ 1 2

6(A+B)

1, 6,−, 1 1/6
(

a
2|2A+B| + ⟨ 1

|2A+B|⟩Z
)
× {1

2
} 2 1 A+ 5B ⇝ 1 5A+B ⇝ 5 2

6(2A+B)

1, 6,−, 1 1/3
(

a
2|2A+B| + ⟨ 1

|2A+B|⟩Z
)
× {1

2
} 1 2 5A+ 4B ⇝ 2 A+ 2B ⇝ 4 2

6(2A+B)

2, 3,−, 0 1/6 ⟨ 1
|A+2B|⟩Z × {0} 5 1 5A+ 4B ⇝ 2 A+ 2B ⇝ 4 4

6(A+2B)

2, 4,+, 1 1/6
(

a
2|A| + ⟨ 1

|A|⟩Z
)
× {1

2
} 2 1 5A+ 3B ⇝ 3 A+ 3B ⇝ 3 3

6A

2, 4,+, 1 1/3
(

a
2|A| + ⟨ 1

|A|⟩Z
)
× {1

2
} 1 2 4A+ 3B ⇝ 3 2A+ 3B ⇝ 3 3

6A

2, 5,+, 1 1/6
(

a
3|A| + ⟨ 1

|A|⟩Z
)
× {1

3
} 1 1 5A+ 2B ⇝ 4 A+ 4B ⇝ 2 2

6A

2, 5,+, 1 5/6
(

a
3|A| + ⟨ 1

|A|⟩Z
)
× {1

3
} 1 1 A+ 2B ⇝ 4 5A+ 4B ⇝ 2 2

6A

2, 6,−, 1 1/6
(

a
3|A+B| + ⟨ 1

|A+B|⟩Z
)
× {1

3
} 1 1 5A+ 3B ⇝ 3 A+ 3B ⇝ 3 3

6(A+B)

2, 6,−, 1 1/2
(

a
3|A+B| + ⟨ 1

|A+B|⟩Z
)
× {1

3
} 1 1 3A+B ⇝ 5 3A+ 5B ⇝ 1 1

6(3A+B)

3, 6,−, 0 1/6 ⟨ 1
|4A+3B|⟩Z × {0} 5 1 2A+ 3B ⇝ 3 4A+ 3B ⇝ 3 3

6(4A+3B)

4, 5,−, 0 1/6 ⟨ 1
|5A+2B|⟩Z × {0} 5 1 A+ 4B ⇝ 2 5A+ 2B ⇝ 4 4

6(5A+2B)

4, 6,−, 0 1/6 ⟨ 1
|5A+3B|⟩Z × {0} 5 1 A+ 3B ⇝ 3 5A+ 3B ⇝ 3 3

6(5A+3B)

5, 6,−, 1 1/2
(

a
3|2A+B| + ⟨ 1

|2A+B|⟩Z
)
× {1

3
} 1 1 2A+ 3B ⇝ 3 4A+ 3B ⇝ 3 3

6(2A+B)

5, 6,−, 1 5/6
(

a
3|2A+B| + ⟨ 1

|2A+B|⟩Z
)
× {1

3
} 1 1 4A+B ⇝ 5 2A+ 5B ⇝ 1 1

6(2A+B)

Table 6.2: Approximations to the various values of τ for U7. Throughout, we consider the sector
in which the half-line {6} × R>0 is (eventually) contained; this sector has δ = − for the first
row and δ = + for all other rows. In rows three, four, eight, and nine, a ≡ B (mod 2); in rows
five and six, a ≡ A (mod 2); in rows ten and eleven, a ≡ δB (mod 3); in rows twelve and
thirteen a ≡ −δB (mod 3); and in rows seventeen and eighteen, a ≡ δA (mod 3).
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We will show that S1(U
7) contains the set 1/3 + 1/(6 Prog(6, 11)). We parametrize 1-

dimensional subtori of U7 as

T = ⟨A(1, 0, 1, 2, 3, 3) +B(0, 1, 1, 1, 1, 2)⟩R,

where A,B are coprime and A ⩾ 0, and we check that this choice of generators satisfies (2.1).
As before, we compute the intersections Ui,j,ϵ = U7 ∩ {xi = ϵxj}; see Table 6.1.

This computation differs from previous ones in several ways. First, there are several
pairs of triples (i, j, ϵ) and (i′, j′, ϵ′) such that Ui,j,ϵ and Ui′,j′,ϵ′ are identical; obviously
D(Ti,j,ϵ) = D(Ti′,j′,ϵ′) in such cases, and we will omit these redundant computations. Second,
there are some quadruples (i, j, ϵ, ℓ) with several values of τ which must be analyzed individ-
ually, even after we account for the usual x 7→ −x symmetries. This is visible in Table 6.2,
where the triples (1, 6,+, 1), (1, 6,−, 1), and (2, 4,+, 1) each have two rows corresponding to
different values of τ . For the triples (2, 6,−) and (5, 6,−) (which correspond to subgroups Ui,j,ϵ

with three components), the values of τ no longer come in pairs (τ,−τ) on each connected com-
ponent Ui,j,ϵ,ℓ (although of course a value τ on Ui,j,ϵ,ℓ still corresponds to a value −τ on Ui,j,ϵ,−ℓ).
For triples (i, j, ϵ) where Ui,j,ϵ has 3 components, the symmetry discussed in Section 2.5.2 guar-
antees that D(Ui,j,ϵ,1) = D(Ui,j,ϵ,2), so in such cases we will analyze only ℓ = 1.

Recall that we are concerned only with finding a single progression in S1(U
7), not with com-

puting the entire relative spectrum. So we will restrict our attention to the half-line yielding this
progression, namely, the half-line consisting of pairs (A,B) with A = 6 and B ≡ 5 (mod 6)
(with B > 6); note that such A,B are always coprime. We analyze only the sector containing
this half-line. Comparing the expressions in the last column of Table 6.2, we find that

D(T ) =
1

3
+

1

6(2A+B)
,

and substituting A = 6 and B = 6s+ 5 (for s ∈ N) gives

D(T ) =
1

3
+

1

6(6s+ 17)
.

The choice (A,B) = (5, 1) leads to D(T ) = 1/3 + 1/(6 · 11), and the choice (A,B) = (6, 5)
leads to D(T ) = 1/3 + 1/(6 · 17). Altogether, these values comprise the progression
1/3 + 1/(6 Prog(6, 11)); this proves Theorem 1.5.

We remark that S1(U
7) also contains the progression 1/3+1/(6 Prog(6, 7)); this gives a new

way to achieve the progression in (1.1). This progression comes from the sector {0 ⩽ A ⩽ B}
with the modular constraints (A,B) ≡ (1, 0) (mod 6). A further analysis along the lines of the
previous two sections (not shown in full detail here) reveals that S1(U

7) does not contain any
other progressions.
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7. Finite and infinite relative spectra

In this final section, we make a few brief remarks about when relative spectra are finite.
Let n ⩾ 3, and let U ⊆ (R/Z)n be a 2-dimensional proper subtorus. Write

Z(U) := {x ∈ U : D(x) = D(U)}

for the locus of points where U achieves its D-value. Notice that Z(U) is the intersection of U
with the hollow cube {x ∈ (R/Z)n : D(x) = D(U)}. We can express Z(U) as the union of
the intersections of U with the various facets of this hollow cube. Each such intersection has
dimension at most 1 (otherwise U would be contained in a translate of a coordinate hyperplane),
and we conclude that Z(U) consists of a finite union of points and (closed) line segments. Of
course these points and the endpoints of these segments all have rational coordinates.

Our criterion for the finiteness of S1(U) concerns whether or not Z(U) contains non-parallel
line segments; notice that the “parallel-ness” of line segments is the same in (R/Z)n and in U
(considered as a 2-dimensional torus).

Proposition 7.1. Let n ⩾ 3 be a natural number, and letU ⊆ (R/Z)n be a 2-dimensional proper
subtorus. The relative spectrum S1(U) is finite if and only if the set Z(U) contains non-parallel
line segments.

Proof. First, suppose that Z(U) contains two non-parallel line segments. To show that S1(U)
is finite, it suffices to show that all but finitely many 1-dimensional subtori T ⊆ U intersect
the union of these line segments and thus satisfy D(T ) = D(U). Fix an identification of U
with (R/Z)2, and consider the images s1, s2 of the two non-parallel line segments. Let ℓ be the
minimum of the lengths of s1, s2, and let L1, L2 denote the lines containing s1, s2 (respectively).
Let 0 < θ ⩽ π/2 be the measure of the angle formed by L1, L2.

Now, let T ′ ⊆ (R/Z)2 be a 1-dimensional subtorus. It forms an angle of at least θ/2 with
some Li. Then the height of si in the direction perpendicular to T ′ is at least

ℓ sin(θ/2).

The perpendicular distance between consecutive leaves of T ′ is 1/ vol(T ′), where vol(T ′) de-
notes the volume (i.e., length) of T ′. Thus, if vol(T ′) ⩾ 1/(ℓ sin(θ/2)), then T ′ must intersect si,
and we conclude that the corresponding 1-dimensional subtorus T ⊆ U has D(T ) = D(U).
Since there are only finitely many 1-dimensional subtori with volume below any given thresh-
old, it follows that all but finitely many 1-dimensional subtori T ⊆ U have D(T ) = D(U), as
desired.

Second, suppose that Z(U) does not contain any non-parallel line segments. To show
that S1(U) is infinite, it suffices to show that there are infinitely many 1-dimensional
subtori T ⊆ U that are disjoint from Z(U): Indeed, such T ’s have D(T ) > D(U), and there
are infinitely many distinct such values since D(T ) → D(U) as vol(T ) → ∞. By assump-
tion, Z(U) is contained in a finite union of rational parallel lines and hence is contained in a
1-dimensional subgroup Γ of U .

We claim thatU contains at least two non-parallel 1-dimensional subtori that are contained in
the coordinate hyperplanes of (R/Z)n. Indeed, for each 1 ⩽ i ⩽ n, the intersectionU∩{xi = 0}
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is a 1-dimensional subgroup, and the identity components of these intersections cannot all be
identical because then this common identity component would consist of only the point 0. Thus,
there is a 1-dimensional subtorus T ∗ ofU that is contained in a coordinate hyperplane of (R/Z)n
and is not parallel to Γ. Fix an identification of U with (R/Z)2 such that T ∗ is identified with
the x2-axis; let Γ′ denote the image of Γ under this identification. SinceD(T ∗) = 1/2 > D(U),
we know that Z(U) is disjoint from T ∗, and it follows that the image of Z(U) is contained
inΓ′\({0}×(R/Z)). Hence it suffices to find infinitely many 1-dimensional subtori T ⊆ (R/Z)2
whose intersections with Γ′ are contained in {0} × (R/Z).

The choice of T ∗ guarantees that Γ′ has some finite slope b/a, where a, b are coprime integers
with a > 0. Let q ∈ N be such that the leaves of Γ′ are spaced out 1/q apart vertically. Now, for
each s ∈ N, consider the 1-dimensional subtorus

Ts := ⟨(a, b+ a/(qs))⟩R.

As we travel along Ts starting at (0, 0), the first intersection with Γ′ occurs at the point

(s/a)(a, b+ 1/(qs)) = (s, sb/a+ 1/q) ∈ {0} × (R/Z),

so in fact Ts ∩ Γ′ ⊆ {0} × (R/Z), as desired.

We remark that [Kra21] established S1(n−1) ⊂ accS1(n) by showing that S1(U
′× (R/Z))

is infinite for every proper 1-dimensional subtorus U ′ ⊆ (R/Z)n−1; the construction in the
second part of the proof of Proposition 7.1 is a generalization of this argument.

It is not a priori obvious that the geometric condition for finiteness in Proposition 7.1 is
ever satisfied. In fact, one can show by ad-hoc arguments that it is never satisfied for n ⩽ 6.
For n = 7, however, there are examples like the following. Consider the 2-dimensional proper
subtorus

U8 := ⟨(1, 2, 3, 2, 0, 0, 0), (0, 0, 0, 2, 1, 2, 3)⟩R.

A tedious but routine calculation gives that D(U8) = 3/10, and that Z(U8) consists of the
points a(1, 2, 3, 2, 0, 0, 0) + b(0, 0, 0, 2, 1, 2, 3) where (a, b) either lies on one of the eight line
segments

{2/5, 3/5} × ([1/5, 4/15] ∪ [11/15, 4/5]), ([1/5, 4/15] ∪ [11/15, 4/5])× {2/5, 3/5}.

or is one of the four points (1/5, 1/5), (2/5, 2/5), (3/5, 3/5), (4/5, 4/5). It follows from Propo-
sition 7.1 that S1(U

8) is finite, i.e., S1(U
8) does not contain any progressions. Using a computer

to calculate D(T ) for low-volume proper 1-dimensional subtori T ⊆ U8 reveals that S1(U
8)

contains (at least) the values 7/22, 11/34, 17/54, 23/74 in addition to 3/10. Hence, for S1(U
8),

the finite symmetric difference in Theorem 1.1 is necessary.
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