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Introduction

The concept of q-matroid traces back to Crapo’s PhD thesis [Cra64]. More recently, q-matroids
have been reintroduced in [JP18] and they gained a lot of attention because of their relation to
rank-metric codes; see for instance [GJLR20, Shi19, GJ20, BCJ22, BCIJ24, GLJ22].

A full exposition of cryptomorphisms, i.e. many equivalent ways to describe a q-matroid
axiomatically, has been given in [BCJ22], in terms of rank function, independent spaces, flats,
circuits, bases, spanning spaces, closure function, hyperplanes, open spaces etc. Later, another
cryptomorphism based on cyclic flats has been derived in [AB24]. In general, these are not
straightforward q-analogues of the traditional matroids’ ones.

While there are many similarities between matroids and q-matroids, there are substantial
differences when dealing with the direct sum. Recently, the direct sum of q-matroids has been
introduced in terms of the rank function; see [CJ24]. In the same paper, some fundamental
properties have been established. Moreover in [GLJ23], it has been shown that the direct sum
of q-matroids is a coproduct in the category of q-matroids with linear weak maps as morphisms.
This also implies that the direct sum of q-matroids on ground spaces E1 and E2 is the unique
q-matroid with the most independent spaces among all q-matroids onE1⊕E2 whose restrictions
to Ei are isomorphic to the given q-matroids. In [GLJ24], it is shown that the cyclic flats are
one of the few objects that behave well with the direct sum of q-matroids. In [GLJ25], the
first steps towards the study of the representation of the direct sum of q-matroids have been
taken. For a q-matroid with ground space Fn

q , representability can be defined over any field
extension of Fq; see Section 1.2. One big difference with the representation of matroids is that
in q-matroids the characteristic of the field is fixed, and the only free parameter is the degree
of the field extension. Moreover, while the direct sum of matroids is always representable, it
has been shown that the direct sum of two representable q-matroids may not be representable
over any field, or it may require a sufficiently large field; see [GLJ25]. Representability of q-
matroids has been geometrically described in [AB24], where it is illustrated how to equivalently
define the rank function of a representable q-matroid in terms of a q-system, a notion introduced
in [She19, Ran20].

Our contribution: In this paper we study the direct sum of tmany uniform q-matroids. These
are special q-matroids, since they are representable as maximum rank distance (MRD) codes or
(equivalently) as scattered subspaces.

Our first main result is the geometric characterization of the representation of the direct sum
of uniform q-matroids. We prove that a q-system is a representation of such direct sum if and
only if it satisfies some evasiveness properties; see Theorem 2.4. The crucial objects towards
our characterization are the cyclic flats, which for uniform q-matroids are just the 0-subspace
and the whole ground space.

The second main result is the construction of a q-system (over a sufficiently large field) that
satisfies the previously mentioned evasiveness properties; see Theorem 3.1. This, in particular,
shows that the direct sum of uniform q-matroids is always representable; see Theorem 3.3. How-
ever, it remains an open question which is the smallest extension field over which we can find a
representation of this direct sum.

In the last part of the paper we study the extension fields over which the direct sum of two
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uniform q-matroids of rank 1 is representable. This is a special case, since the associated system
has been already investigated in terms of linear sets with complementary weights; see [NPSZ22].
Thanks to this point of view, we can provide more precise results on the field size needed for the
representation of two uniform q-matroids of rank 1; see Theorem 4.4.

Outline of the paper: The rest of the paper is organized as follows. In Section 1, we provide
the needed background. In Section 2, we characterize the direct sum of t many uniform q-
matroids in geometric terms. In Section 3, we exhibit a representation of such direct sum. In
Section 4, we restrict ourselves to study the direct sum of two uniform q-matroids of rank 1. We
draw some conclusions and open problems in Section 5.

1. Preliminaries

In this section we provide the necessary background for the rest of the paper.

1.1. Rank-metric codes and q-systems

Rank-metric codes have been introduced originally by Delsarte in [Del78] and by Gabidulin
in [Gab85]. Let Fq be the finite field with q elements and letm,n be positive integers withm⩾n.
We endow the vector space Fn

qm with the rank metric, defined for every x = (x1, . . . , xn),
y = (y1, . . . , yn) ∈ Fn

qm as

dr(x, y) = dimFq⟨x1 − y1, . . . , xn − yn⟩Fq .

An [n, k]qm/q rank-metric code C is a k-dimensional Fqm-linear subspace of Fn
qm . The mini-

mum rank distance of C is defined as

dr(C) :=min{dr(x, y) | x, y ∈ C, x ̸= y}.

If d = dr(C) is known, we write that C is an [n, k, d]qm/q code. The parameters n,m, k, d of
an [n, k, d]qm/q rank-metric code satisfy a Singleton-like bound [Del78], that reads as

k ⩽ n− d+ 1. (1.1)

When equality holds, we say that C is a maximum rank distance code or MRD for short. It has
been shown that MRD codes exist if and only if n ⩽ m, for any choice of d ⩽ n, over any finite
field, and over any field admitting a cyclic Galois extension of degree degree m; see [Del78,
Gab85, Gur94, Rot95]. Note that we are defining MRD codes starting from the Singleton-like
bound in (1.1). However, sometimes in the literature one also admits the transpose Singleton-like
bound, for which MRD codes may exist also when n > m.

For a vector v ∈ Fn
qm and an ordered basis Γ = {γ1, . . . , γm} of the field extension Fqm/Fq,

let Γ(v) ∈ Fn×m
q be the matrix defined by

vi =
m∑
j=1

Γ(v)ijγj.
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The support of v is the column space of Γ(v) for any basis Γ; we denote it by supp(v). The
rank-weight of v ∈ Fn

qm is the quantity rk(v) = dimFq(supp(v)). A generator matrix for
an [n, k, d]qm/q code C is a full-rank matrix G ∈ Fk×n

qm such that C = rowsp(G). If the columns
of one (and hence any) generator matrix of C are Fq-linearly independent, then C is said to be
nondegenerate. Two [n, k, d]qm/q rank-metric codes C and C ′ are equivalent if and only if there
exists A ∈ GL(n,Fq) such that C ′ = CA = {vA : v ∈ C}.

There is a geometric interpretation of [n, k, d]qm/q rank-metric codes as q-systems.

Definition 1.1. An [n, k, d]qm/q (or [n, k]qm/q) system S is ann-dimensionalFq-subspace ofFk
qm ,

such that ⟨S⟩Fqm
= Fk

qm and

d = n−max
{
dimFq(S ∩H) | H is an Fqm-hyperplane of Fk

qm

}
.

The full q-system of Fk
qm is the [mk, k]qm/q system S = Fk

qm . Moreover, two [n, k, d]qm/q sys-
tems S and S ′ are equivalent if there exists an Fqm-isomorphism φ ∈ GL(k,Fqm) such that

φ(S) = S ′.

If the parameters are not relevant or clear from the context, we simply say that S is a q-system.

Although the term “q-system” has been introduced only a few years ago, the theory of these
objects is strictly related to the one of linear sets. In some sense, q-systems and linear sets can
be thought of as the same concept. Thus, we will report a few results and properties originally
studied in the theory of linear sets, using the language of q-systems. The interested reader is
referred to [Pol10] for an in-depth treatment of linear sets.

Definition 1.2. Let S be an [n, k]qm/q system. For each Fq-subspace V of Fk
qm , we define the

weight of V in S as the integer

wtS(V ) := dimFq(S ∩ V ).

In [She19, Ran20] it has been proved that there is a one-to-one correspondence between
equivalence classes of nondegenerate [n, k, d]qm/q codes and equivalence classes of [n, k, d]qm/q

systems and the correspondence can be explained as follows. Let C be an [n, k, d]qm/q code andG
be a generator matrix for C. Define S to be the Fq-span of the columns of G; it turns out to be
an [n, k, d]qm/q system. In this case S is also called a q-system associated with C. Vice versa,
given an [n, k, d]qm/q system S, define G to be the matrix whose columns are an Fq-basis of S
and let C be the code generated by G; it turns out to be an [n, k, d]qm/q-code. C is also called a
code associated with S. For more details on this correspondence, see also [ABNR22].

Finally recall the following result which provides a natural description of the supports of
codewords of an [n, k]qm/q code C in terms of a q-system S associated to C.

Theorem 1.3 ([NSZ23, Theorem 3.1]). Let C be an [n, k]qm/q non-degenerate rank-metric code
and let S be the Fq-span of the columns of a generator matrix G. Consider the isomorphism

ψG : Fn
q → S, v 7→ vG⊤. (1.2)

For every u ∈ Fk
qm we have that

ψ−1
G (S ∩ ⟨u⟩⊥) = supp(uG)⊥.
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Definition 1.4. Let A be a collection of Fq-subspaces of Fk
qm , let S be an [n, k]qm/q system and

let h be a positive integer. We say that S is (A, h)-evasive if

wtS(A) ⩽ h, for all A ∈ A.

Remark that since every Fqm-linear subspace is also Fq-linear, we can apply the above defi-
nition to Fqm-linear subspaces as well.

Denote by Λh the set of all the h-dimensional Fqm-subspaces of Fk
qm , that is

Λh :=
{
V : V is Fqm-subspace of Fk

qm and dimFqm
(V ) = h

}
.

Definition 1.5. Let S be an [n, k]qm/q system, and let h, r be positive integers such that 1⩽h⩽k.
We say that S is (h, r)-evasive if S is (Λh, r)-evasive. When h = r, we say that S is h-scattered.
Finally, a 1-scattered q-system will be simply called scattered.

The study of scattered q-systems originated in [BL00]. This notion was then generalized
to any h in [CMPZ21], although the (k − 1)-scatteredness was previously used in [SVdV19]
due to its connection with MRD codes. The complete correspondence between maximum h-
scattered systems and MRD codes was then highlighted in [ZZ21]. More recently, the more
general property of evasiveness was analyzed in [BCMT21] and [GRSZ24]. The connection
between evasiveness of q-systems and generalized rank weights of a corresponding code can be
instead found in [MNT23].

Finally, we introduce the following notion for a q-system.

Definition 1.6. For an Fq-subspace V ⊆ Fk
qm , we define the Fqm-rank of V to be the integer

ρ(V ) = dimFqm
(⟨V ⟩Fqm

),

that is the Fqm-dimension of the Fqm-span of any Fq-basis of V . When we consider ρ restricted
to the Fq-subspaces of an [n, k]qm/q system S, we will write ρS .

Notation 1.7. Given a vector space E, we denote by L(E) the lattice of all subspaces of E.
For any direct sum E = E1 ⊕ E2 ⊕ · · · ⊕ Et of Fq-vector spaces E1, E2, . . . , Et, we denote
by πi : E −→ Ei the corresponding projections and by ιi : Ei −→ E the canonical embedding.
Furthermore, for n1, n2, . . . , nt ∈ N and n = n1+n2+· · ·+nt, we setFn

q = Fn1
q ⊕Fn2

q ⊕· · ·⊕Fnt
q

such that πi : Fn
q −→ Fni

q is the projection onto the corresponding ni coordinates. Let Q be a
prime power and define ιi : L(Fni

Q ) −→ L(Fn
Q) such that for any X ∈ L(Fni

Q ) then

ιi(X) = ⟨0⟩ ⊕ · · · ⊕ ⟨0⟩ ⊕X ⊕ ⟨0⟩ ⊕ · · · ⊕ ⟨0⟩.

Definition 1.8. Let S1, . . . ,St be [ni, ki]qm/q systems, for 1 ⩽ i ⩽ t. Then, denote by
⊕t

i=1 Si

the
[∑t

i=1 ni,
∑t

i=1 ki
]
qm/q

system given by ι1(S1) + . . .+ ιt(St).
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1.2. q-Matroids

In this subsection we briefly recall some facts about q-matroids that will be useful later on.

Definition 1.9. A q-matroid with ground space E is a pair M = (E, ρ), where E is a fi-
nite dimensional Fq-vector space and ρ is an integer-valued function defined on L(E) with the
following properties:

(R1) Boundedness: 0 ⩽ ρ(A) ⩽ dimA, for all A ∈ L(E).

(R2) Monotonicity: A ⩽ B ⇒ ρ(A) ⩽ ρ(B), for all A,B ∈ L(E).

(R3) Submodularity: ρ(A+B) + ρ(A ∩B) ⩽ ρ(A) + ρ(B), for all A,B ∈ L(E).

The function ρ is called rank function and the value ρ(M) := ρ(E) is the rank of the q-
matroid. The value h(M) = dimFq(E) is the height of M.

A 1-dimensional space x ∈ L(E) is a loop if ρ(x) = 0. A subspace A ∈ L(E) is
independent if ρ(A) = dim(A) and dependent otherwise. The inclusion-minimal depen-
dent spaces are called circuits. A space A ∈ L(A) is a flat if it is inclusion-maximal in the
set {V ∈ L(E) | ρ(V ) = ρ(A)}, and a space is open if it is the sum of circuits. Finally, a
subspace A ∈ L which is both a flat and an open space is called a cyclic flat.

We denote by I(M) and Z(M) the collections of independent spaces and cyclic flats of the
q-matroid M, respectively. If it is clear from the context, we will simply write I,Z .

It is well known that the collection of independent spaces uniquely determines the q-matroid,
and the same is true for the collections of dependent spaces, open spaces, and circuits. For this
and many more cryptomorphisms for q-matroids we refer to [BCJ22]. Furthermore, the cyclic
flats along with their rank values also uniquely determine the q-matroid; see [AB24].

Two q-matroids Mi = (Ei, ρi), i = 1, 2 are equivalent if there exists a rank-preserving
Fq-isomorphism α : E1 → E2, i.e. ρ1(V ) = ρ2(α(V )) for all V ∈ L(E1). When this happens,
we will write M1

∼= M2.
We recall a well-known family of q-matroids, namely the family of uniform q-matroids; see

for instance [JP18].

Definition 1.10. Let 0 ⩽ k ⩽ n. For each V ∈ L(Fn
q ), define ρ(V ) := min{k, dim(V )}.

Then (Fn
q , ρ) is a q-matroid. It is called the uniform q-matroid on Fn

q of rank k and is denoted
by Uk,n(q).

An important construction of a q-matroid arises from matrices; see [JP18, GJLR20]. Let G
be a k × n matrix with entries in Fqm and for every U ∈ L(Fn

q ), let AU be a matrix whose
columns form a basis of U . Then the map

ρ : L(Fn
q ) → Z, U 7→ rk(GAU), (1.3)

is the rank function of a q-matroid, which we denote by MG and we call the q-matroid repre-
sented by G. A q-matroid M with ground space Fn

q is called Fqm-representable if M = MG
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for some matrixG with n columns and entries in Fqm , whose rank equals the rank of M. The q-
matroid M is called representable if it is Fqm-representable over some field extension Fqm . In
other words, we can say thatM is Fqm-representable if there is a rank-metric code with generator
matrix G, such that M = MG.

There is also an equivalent geometric interpretation of a representable q-matroid in terms of
q-systems. This was proved in [AB24, Theorem 4.6], whose original statement may look slightly
different. Indeed, there it was proved by using the independent spaces. However, it is equivalent
to the following reformulation, which uses the notion of rank function.

Theorem 1.11 ([AB24, Theorem 4.6]). Let G be the generator matrix of a nondegene-
rate [n, k]qm/q code, and let S be any [n, k]qm/q system associated to it. Then MG

∼= (S, ρS).

Proof. Let us consider the isomorphism of Fq-vector spaces

ψG : Fn
q −→ S, v 7−→ vG⊤.

For any given subspace U ∈ L(Fn
q ), letAU be a matrix whose columns form a basis of U . Then,

ρS(ψG(U)) = dimFqm
⟨ψG(U)⟩Fqm

= dimFqm
(colsp(GAU)) = rk(GAU) = ρ(U),

where ρ is the rank function defined in (1.3) of the q-matroid MG.

In other words, Theorem 1.11 characterizes representable q-matroids as those coming from a
q-system. More precisely, a q-matroid M of rank k and height n without loops is
Fqm-representable if and only if it is equivalent to a q-matroid (S, ρS), for some [n, k]qm/q

system S. Therefore, (S, ρS) is called an Fqm-representation of MG.
Remark 1.12 (Fqm-independent spaces). In the original statement [AB24, Theorem 4.6],
the equivalence MG

∼= (S, ρS) is derived by characterizing the collection of independent
spaces I(MG). This is given by the set of Fqm-independent spaces, which are precisely the
Fq-subspaces I ⊆ S such that dimFq(I) = dimFqm

(⟨I⟩Fqm
). Since by definition of ρS (see

Definition 1.6) the independent spaces of (S, ρS) coincides with I(MG), then Theorem 1.11 is
equivalent to [AB24, Theorem 4.6].
Remark 1.13 (Representability of uniform q-matroids). Let Uk,n(q) be the uniform q-matroid of
rank k with ground space Fn

q . Then the trivial uniform q-matroid U0,n(q) and the free uniform
q-matroid Un,n are representable over Fq. In particular, U0,n(q) is represented by the 1× n zero
matrix and Un,n(q) by the n×n identity matrix. For 0 < k < n, the uniform q-matroid Uk,n(q) is
representable overFqm if and only ifm ⩾ n. Indeed, a matrixG ∈ Fk×n

qm representsUk,n(q) if and
only if rk(GY ⊤) = k for all Y ∈ Fk×n

q of rank k. But this is equivalent toG generating an MRD
code and such a matrix G exists if and only if m ⩾ n; see e.g. [GLJ25, Ex. 2.4]. Analogously,
in the language of q-systems, a Fqm-representation of Uk,n(q) is given by any [n, k]qm/q system
which is (k − 1)-scattered, and this is known to exist if and only if m ⩾ n; see e.g. [SVdV19].

Like in the classical case, not all q-matroids are representable; see for instance the Vámos
q-matroid defined in [BCIJ24, Example 17] , as shown in [GLJ22]. However, so far, very little
is known about representability of q-matroids.
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1.3. The direct sum of q-matroids

In [CJ24] the notion of direct sum of two q-matroids has been introduced. We are going to define
the direct sum of t many q-matroids iteratively, thanks to the associativity property of the direct
sum, proved in [GLJ24]. We use Notation 1.7 and the notation used in [GLJ23].
Definition 1.14. Let Mi = (Ei, ρi), i ∈ [t], be q-matroids and set E = E1 ⊕ · · · ⊕ Et. De-
fine ρ′i : L(E) −→ N0, V 7−→ ρi(πi(V )) for i ∈ [t]. Then M′

i = (E, ρ′i) is a q-matroid. We
define the direct sum of M1, . . . ,Mt to be the q-matroid M := (E, ρ), where ρ is defined
iteratively as follows:

• If t = 2, then

ρ : L(E) −→ N0, V 7−→ dimV + min
X⩽V

(
ρ′1(X) + ρ′2(X)− dimX

)
. (1.4)

• If t > 2, then ρ is the rank function of (M1 ⊕ · · · ⊕Mt−1)⊕Mt.
In [GLJ25], the authors initiated the study of the representability of the direct sum of two

q-matroids. In particular, they proved that if the direct sum is representable then a representation
is given by a block diagonal matrix whose blocks represent the summands. In the following, we
list a few important results from [GLJ25], reformulated in the language of q-systems.
Theorem 1.15 ([GLJ25, Theorem 3.4]). Let Mi = (Fni

q , ρi), i = 1, 2, be q-matroids of rank ki,
and let M = M1 ⊕ M2. Suppose M is representable over Fqm . Then M1 and M2 are
representable over Fqm and M = (S1 ⊕S2, ρS1⊕S2) for some [ni, ki]qm/q systems Si, i ∈ {1, 2}.
Furthermore, (Si, ρSi

) is an Fqm-representation of Mi for each i ∈ {1, 2}.

Moreover, in [GLJ25], it is shown that the direct sum of two Fqm-representable q-matroids
may not be Fqm-representable or, even, not be representable over any field extension of Fq.
Example 1.16 ([GLJ25, Proposition 3.8]). LetM = U1,2(q). ThenM is representable over Fq2 ,
whereas M⊕M is representable over Fqm if and only if m ⩾ 4.
Example 1.17 ([GLJ25, Proposition 3.7]). Let Fq = F2 and F4 = {0, 1, ω, ω + 1}. Consider
the full [4, 2]4/2 system S = F2

4 and set M := (S, ρS). Then M⊕M is not representable.
In the rest of the paper we investigate the representability of the direct sum of t uniform

q-matroids. To this end, we will use the following properties of cyclic flats of q-matroids.
Lemma 1.18 ([AB24, Lemma 2.28]). LetM = (E, ρ) be a q-matroid. I ∈ L(E) is independent
if and only if for every cyclic flat X ∈ L(E), dim(I ∩X) ⩽ ρ(X).

Lemma 1.19 ([AB24, Proposition 2.30]). Let M = (Fn
q , ρ) be a q-matroid of rank k,

with 0 < k < n. Then M = Uk,n(q) if and only if ⟨0⟩ and Fn
q are the only cyclic flats of M.

In [GLJ24], it ha been shown that cyclic flats also behave well with the direct sum of q-
matroids. We state the result for t summands.
Lemma 1.20 ([GLJ24, Theorem 6.2]). For each i ∈ [t], let Mi = (Fni

q , ρi) be a q-matroid.
Then,

Z(M1 ⊕ · · · ⊕Mt) =

{
t⊕

i=1

Zi : Zi ∈ Z(Mi), for i ∈ [t]

}
.
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2. The direct sum of uniform q-matroids

In this section we take the first steps toward the geometric characterization of the representabil-
ity of the direct sum of t uniform q-matroids Uk1,n1(q) ⊕ · · · ⊕ Ukt,nt(q), by characterising its
independent spaces. In the rest of the paper we will assume that none of the t summands is the
trivial or the free uniform q-matroid. This is due to the following observation.
Remark 2.1. The trivial uniform q-matroid U0,s(q) has only loops, so we cannot consider its
representation as q-system. However, as we already pointed out, in terms of matrices, U0,s(q)
can represented by a 1×s zero matrix. Moreover, it is not difficult to see that a matrixG ∈ Fk×n

qm

is an Fqm-representation of a q-matroid M if and only if the matrix

(G | 0 ) ∈ Fk×(n+s)
qm

is an Fqm-representation of M⊕U0,s(q).
Furthermore, in [GLJ25, Proposition 3.9] it is proven that a q-matroid M is Fqm-represen-

table as M = (S, ρS), if and only if M⊕Us,s(q) is Fqm-represented by (S ⊕ Fs
q, ρS⊕Fs

q
).

Hence, without loss of generality, we can assume from now on that none of the summands
involved is the trivial uniform q-matroid nor the free uniform q-matroid.

For the rest of the paper, assume 1 ⩽ ki < ni and let Uki,ni
(q), i ∈ [t] be uniform q-matroids.

By Lemmas 1.19 and 1.20, we have that

Z(Uk1,n1(q)⊕ · · · ⊕ Ukt,nt(q)) =

{
t⊕

i=1

Zi : Zi ∈ {⟨0⟩,Fni
q }, i ∈ [t]

}
.

Moreover, it follows from [CJ24, Theorem 45] that

ρ

(
t⊕

i=1

Zi

)
=

t∑
i=1

ρi(Zi),

where Zi ∈ {⟨0⟩,Fni
q }.

The next theorem finds the independent spaces of the direct sum of t uniform q-matroids in
terms of the cyclic flats of the direct sum.

Theorem 2.2. Let k1, . . . , kt, n1, . . . , nt be positive integers, with 1 ⩽ ki < ni for i ∈ [t].
Let M = Uk1,n1(q) ⊕ · · · ⊕ Ukt,nt(q) and for each J ⊆ [t] denote kJ :=

∑
j∈J kj .

Then I ∈ I(M) if and only if

dim
(
I ∩

(∑
j∈J

ιj
(
Fnj
q

) ))
⩽ kJ , for every J ⊆ [t].

Proof. It follows directly from Lemmas 1.18 and 1.20 and the discussion above.

Let k = (k1, . . . , kt) ∈ Nt and let h, k be positive integers such that k = k1 + . . . + kt
and 1 ⩽ h ⩽ k − 1, then we define

Λh,k :=
{
V : V is Fqm-subspace of Fk

qm , dimFqm
(V ) = h and ιi(Fki

qm) ̸⊆ V for i ∈ [t]
}
.

We need the following technical lemma for the proof of the main result of this section.
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Lemma 2.3. Let k1, . . . , kt, k, n1, . . . , nt,m, r be positive integers, with 1 ⩽ ki < ni ⩽ m
for i ∈ [t] and k = k1 + . . .+ kt. Let Si be a [ni, ki]qm/q system for i ∈ [t]. If S = S1 ⊕ . . .⊕St

is (Λk−1,k, r)-evasive, then S is (Λl,k, r − k + 1+ l)-evasive for any l ∈ [k − 1]. In particular,
if S is (Λk−1,k, k − 1)-evasive, then S is (Λl,k, l)-evasive for any l ∈ [k − 1].

Proof. We prove the statement by induction on k − 1− l.
If k − 1− l = 0, then there is nothing to prove and the assertion is clearly true.
Suppose that l < k − 1 and assume that the claim holds true for l + 1. Let us take any

subspace T ∈ Λl,k. We will show that there exists a subspace T ′ ∈ Λl+1,k containing T and
such that

dimFq(T
′ ∩ S) ⩾ dimFq(T ∩ S) + 1. (2.1)

This will imply the statement, since

dimFq(T ∩ S) ⩽ dimFq(T
′ ∩ S)− 1 ⩽ r − k + 1 + l + 1− 1 = r − k + 1 + l.

We divide the proof in two cases.

Case I. First, suppose that there exists i ∈ [t] such that

dimFqm
(T ∩ ιi(Fki

qm)) < ki − 1.

Since Si is an [ni, ki]qm/q system contained in ιi(Fki
qm) there exists v ∈ Si \ T . Clearly,

T ′ = T + ⟨v⟩Fqm
∈ Λl+1,k and satisfies (2.1).

Case II. Now assume that for every i ∈ [t] we have that

dimFqm
(T ∩ ιi(Fki

qm)) = ki − 1.

So, l ⩾ k − t and T ⊇ (T ∩ ι1(Fk1
qm)) + (T ∩ ι2(Fk2

qm)) + . . .+ (T ∩ ιt(Fkt
qm)).

For every i ∈ {2, . . . , t}, consider Ti = ι1(Fk1
qm) + . . . + ιi(Fki

qm). Then,
dimFqm

(Ti) = k1 + . . .+ ki and, since T ∩ Ti ⊇ (T ∩ Ti−1) + (T ∩ ιi(Fki
qm)),

dimFqm
(T ∩ Ti) ∈ {dimFqm

(T ∩ Ti−1) + ki − 1, . . . , k1 + . . .+ ki − 1}. (2.2)

We further distinguish two subcases.

Case II.a. Assume that there exists i ∈ {1, . . . , t} such that

dimFqm
(T ∩ Ti) = dimFqm

(T ∩ Ti−1) + ki − 1.

Hence,
T ∩ Ti = (T ∩ Ti−1) + (T ∩ ιi(Fki

qm)).

Let v1 ∈ S1 ⊕ . . . ⊕ Si−1 and vi ∈ Si such that v1, vi /∈ T . Note that such vectors exist,
otherwise T would contain at least one of the S1, . . . ,Si, a contradiction as T ∈ Λl,k. Also,
we have that ⟨v1, vi⟩Fqm

∩ T = {0}. Indeed, if αv1 + βvi ∈ ⟨v1, vi⟩Fqm
∩ T with α, β ∈ Fqm ,

and (α, β) ̸= (0, 0), then αv1 ∈ T ∩ Ti−1 and βvi ∈ T ∩ ιi(Fki
qm), a contradiction as v1, vi /∈ T .

Therefore, T ′ = T ⊕ ⟨v1 + vi⟩Fqm
∈ Λl+1,k and satisfies (2.1).
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Case II.b. Suppose now that for every i ∈ {2, . . . , t} we have

dimFqm
(T ∩ Ti) ⩾ dimFqm

(T ∩ Ti−1) + ki.

Observe that this implies that dimFqm
(T ∩ T2) ⩾ dimFqm

(T ∩ T1) + k2 = k1 + k2 − 1, and
inductively, for every i ∈ [t], dimFqm

(T ∩Ti) ⩾ k1+ . . .+ki−1, meaning equality due to (2.2).
Hence, the equality also holds for i = t, that is,

dimFqm
(T ∩ Tt) = k1 + . . .+ kt − 1 = k − 1,

which is a contradiction to the hypothesis that dimFqm
(T ) = l < k − 1.

The next result is the main theorem of this section. It provides a geometric characterization
of the independent spaces of the direct sum of t many uniform q-matroids.

Theorem 2.4. Let k1, . . . , kt, k, n1, . . . , nt, n,m be positive integers, with 1 ⩽ ki < ni ⩽ m
for i ∈ [t] and k = k1+ . . .+kt, n = n1+ . . .+nt. Let Si be an Fqm-representation for Uki,ni

(q)
for each i ∈ [t]. Define the [n, k]qm/q system

S :=
t⊕

i=1

Si.

Moreover, for each J ⊆ [t], denote by kJ :=
∑

j∈J kj and SJ :=
∑

j∈J ιj(Sj). Then the
following statements are equivalent.

1. (S, ρS) is an Fqm-representation for Uk1,n1(q)⊕ . . .⊕ Ukt,nt(q).

2. For every Fq-subspace I ⊆ S it holds that

ρS(I) = dimFq(I) ⇐⇒ dimFq(I ∩ SJ ) ⩽ kJ , ∀ J ⊆ [t]. (2.3)

3. S is (Λk−1,k, k − 1)-evasive, where k = (k1, . . . , kt).

Proof.

(1) ⇐⇒ (2): Let us call M1 = (S, ρS) and M2 = Uk1,n1(q) ⊕ . . . ⊕ Ukt,nt(q).
Then,M1

∼= M2 if and only if there exists an invertible Fq-linear mapψ : Fn1+...+nt
q −→ S such

that I(M1) = I(ψ(M2)). Let G be any generator matrix associated to the [n, k]qm/q system S
of the form

G =


G1 0 0

0 G2

. . . 0

0 0 Gt

 ,

where Gi ∈ Fki×ni
qm , is a generator matrix associated with Si, for each i ∈ [t]. Then, using the

characterization of independent spaces for M1 given in Remark 1.12, and the characterization
of independent spaces for M2 derived in Theorem 2.2, together with the map ψ = ψG as in
Theorem 1.3, we conclude.
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(2) =⇒ (3): ssume towards a contradiction that S is not (Λk−1,k, k − 1)-evasive. Then, there
exists an Fqm-hyperplane H̄⊆Fk

qm such that ⟨Si⟩Fqm
̸⊆H̄ for each i∈ [t], and dimFq(H̄ ∩ S)⩾k.

Let T := H̄∩S and observe that ρS(T ) < k ⩽ dimFq(T ). If T is such that dimFq(T ∩SJ ) ⩽ kJ
for every J ⊆ [t], then T contradicts Eq. (2.3). Otherwise, let J be a minimal subset of [t] such
that dimFq(T ∩SJ ) > kI , and take any I ⊆ T ∩SJ with dimFq(I) = kJ . For every j ∈ [t]\J ,
select an independent space Ij ⊆ Sj with dimFq(Ij) = ρSj

(I) = ⟨Ij⟩Fqm
= kj . It can be easily

verified that, by construction, the space

Ĩ := I ⊕
⊕
j /∈J

ιj(Ij)

is such that dimFq(Ĩ) = k > ρS(Ĩ), contradicting Eq. (2.3).

(3) =⇒ (2): First of all, we observe that the implication “=⇒” in Eq. (2.3) is always true. In-
deed, if dimFq(I∩SJ ) > kJ for someJ ⊆ [t], then, since ρSJ (I∩SJ ) ⩽ kJ , we have that I∩SJ
is not Fqm-independent, and hence I cannot be Fqm-independent. Therefore, ρS(I) < dimFq(I),
yielding a contradiction.

Thus, we only need to show the opposite implication. Let I be an Fq-subspace of S and
let Γ := ⟨I⟩Fqm

. Observe that if Γ ⊇ ιi(Fki
qm) for each i ∈ [t], then Γ = Fk

qm , and ρS(I) = k.
Hence, since we have by hypothesis that dimFq(I) = dimFq(I ∩ S[t]) ⩽ k[t] = k, we automat-
ically obtain equality, and ρS(I) = k = dimFq(I). Therefore, we may assume that Γ does not
contain all the spaces ιi(Fki

qm).
Assume by contradiction that (2.3) is not satisfied. Then there exists an Fq-subspace I ⊆ S

such that dimFq(I) ⩽ k, dimFq(I ∩ SJ ) ⩽ kJ for each J ⊆ [t] and ρS(I) < dimFq(I). We
divide the proof in two cases:

Case I. If Γ does not contain any of the Fqm-subspaces ιi(Fki
qm), then ℓ := ρS(I) < k

and Γ ∈ Λℓ,k. This implies that S is not (Λℓ,k, ℓ)-evasive, contradicting the hypothesis of S
being (Λk−1,k, k − 1)-evasive, due to Lemma 2.3. Furthermore, this also shows that for every
Fq-subspace I ′ ⊆ S, if Γ′ := ⟨I ′⟩Fqm

does not contain any space of the form ιi(Fki
qm) for i ∈ [t],

then
ρS(I

′) = min{k, dimFq(I
′)}, (2.4)

otherwise, as before, we can apply again Lemma 2.3 and get a contradiction. In fact, we just
proved that if ρS(I ′) < dimFq(I

′) then ρS(I ′) = k.

Case II. Up to a permutation of the set [t], we can assume without loss of generality that Γ
contains the Fqm-subspaces ιi(Fki

qm), for each i ∈ [a], for some a such that 0 < a < t (note
that a = 0 is Case I, and a = t was already proved before). Let dimFq(I) = r + s + d
with r = dimFq(I ∩ S[a]) ⩽ k[a] and s = dimFq(I ∩ S[t]\[a]) ⩽ k[t]\[a]. I can be written as

I = ⟨(v1 | 0), . . . , (vr | 0)⟩Fq + ⟨(0 | u1), . . . , (0 | us)⟩Fq + ⟨(w1 | z1), . . . , (wd | zd)⟩Fq .

Moreover, the following hold:
1. X1 := ⟨v1, . . . , vr, w1, . . . , wd⟩Fq ⊆ S[a] and dimFq(X1) = r + d;

2. X2 := ⟨u1, . . . , us, z1, . . . , zd⟩Fq ⊆ S[t]\[a] and dimFq(X2) = s+ d.
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Note that Γ = ⟨I⟩Fqm
=
⊕

i∈[a] ιi(F
ki
qm)+ (⟨0⟩⊕⟨X2⟩Fqm

), where ⟨X2⟩Fqm
does not contain any

of the spaces of the form ιi(Fki
qm) for i ∈ [t] \ [a]. Thus, by (2.4) it must hold that

ρS[t]\[a](X2) = min{k[t]\[a], dimFq(X2)}. (2.5)

Moreover, by the form of Γ, we have

ρS(I) = k[a] + dimFqm
(⟨X2⟩Fqm

) = k[a] + ρS[t]\[a](X2).

Combining this with the assumption that r + s+ d = dimFq(I) > ρS(I), we obtain

ρS[t]\[a](X2) < s+ d+ r − k[a] ⩽ k − k[a] = k[t]\[a].

In addition, ρS[t]\[a](X2) < s+ d+ r − k[a] ⩽ s+ d = dimFq(X2). These two last observations
contradict (2.5), since they imply ρS[t]\[a](X2) < min{k[t]\[a], dimFq(X2)}.
Example 2.5. Let M = U1,2(q). Then M is representable over Fq2 , while it was shown
in [GLJ25, Theorem 3.4] that M ⊕ M is representable over Fqm if and only if m ⩾ 4.
Let q = 2, m ⩾ 4, and let F24 = F2(α). We now show using Theorem 2.4 that a represen-
tation of M⊕M is given by the [4, 2]24/2 system

S = {(a, b) ∈ F2
2m : a ∈ ⟨1, α⟩F2 , b ∈ ⟨1, α2⟩F2} ⩽ F4

2m .

Let (a1, b1), (a2, b2) ∈ S, with a1, a2, b1, b2 ̸= 0, and assume that (a1, b1) = γ(a2, b2) for
some γ ∈ F2m . Then a1b2 = a2b1. By definition of S, for each i ∈ {1, 2} we can write

ai = λi,1 + λi,2α, bi = µi,1 + µi,2α
2,

for some λi,j, µi,j ∈ F2, which implies

(λ1,1 + λ1,2α)(µ2,1 + µ2,2α
2) = (λ2,1 + λ2,2α)(µ1,1 + µ1,2α

2). (2.6)

Since m ⩾ 4 we have that 1, α, α2, α3 are F2-linearly independent, and by equating their coeffi-
cients in (2.6), we obtain 

λ1,1µ2,1 = λ2,1µ1,1,

λ1,2µ2,1 = λ2,2µ1,1,

λ1,1µ2,2 = λ2,1µ1,2,

λ1,2µ2,2 = λ2,2µ1,2.

Using the further assumption that (λi,1, λi,2) ̸= (0, 0) and (µi,1, µi,2) ̸= (0, 0) for i ∈ {1, 2} the
only possible solutions satisfy {

λ1,j = λ2,j for j ∈ {1, 2},
µ1,j = µ2,j for j ∈ {1, 2}.

In other words, we get γ = 1 and (a1, b1) = (a2, b2). This shows that, for every (a, b) ∈ S
with a, b ̸= 0, we have

dimF2(S ∩ ⟨(a, b)⟩F24
) = 1,

and hence S is (Λ(1,1),1, 1)-evasive. Thus, S is an F24-representation of M ⊕ M. We
will see a much more general version of this constructive proof for the representability
of U1,n1(q)⊕ U1,n2(q) in Proposition 4.6.
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3. A representation of the direct sum of uniform q-matroids

In this section we will show that the direct sum of t many uniform q-matroids is always repre-
sentable, independent of their ranks and their heights. We will do this by using the following
arguments. First of all, we notice that, by Theorem 1.15, if such a direct sum is representable,
then it must be represented by the direct sum of the representations of its summands. Then, we
construct q-systems S1, . . . ,St whose direct sum satisfies Theorem 2.4(3).

We remark that the direct sums of q-systems and their connection with rank-metric codes
have been studied in [BMNV24], with the name of decomposable q-systems, and in [AS24],
with the name of q-systems with complementary subspaces.

Theorem 3.1. Let k1, . . . kt, n1, . . . nt be positive integers such that gcd(ni, nj) = 1 for
each i ̸= j, ki < ni for each i ∈ [t]. Let m = n1 · . . . · nt and let

Si := {(x, xq, . . . , xqki−1

) : x ∈ Fqni}, for each i ∈ [t]

Then, S := S1 ⊕ . . .⊕St is a (Λk−1,k, k− 1)-evasive [n, k]qm/q system, with n = n1 + . . .+ nt,
k = k1 + . . .+ kt and k = (k1, . . . , kt).

Proof. We first introduce the following notation. For a given vector v = (v1, . . . , vℓ) ∈ Fℓ
qm ,

define the linearized polynomial

v(x) :=
ℓ∑

j=1

vjx
qj−1

,

and the vector vq := (vq1, . . . , v
q
ℓ ). Since ki < ni, then Si is an [ni, ki]qm/q system, for each i ∈ [t].

Thus, S is an [n, k]qm/q system. Let us prove that wtS(H) ⩽ k − 1 for each hyperplane H
not containing any of the spaces ιi(Fki

qm), for i ∈ [t]. Observe that such hyperplane will be
of the form H = (a1,1, . . . , a1,k1 , a2,1, . . . , a2,k2 , . . . , at,1, . . . , at,kt)

⊥, for some nonzero vec-
tors ai = (ai,1, . . . , ai,ki) ∈ Fki

qm , for i ∈ [t]. Equivalently, we will prove that

|T | ⩽ qk−1, (3.1)

where

T =

{
(x1, . . . , xt) ∈ Fqn1 × . . .× Fqnt :

t∑
r=1

ar(xr) = 0

}
.

We will show this using double induction on t and k1. We first start our induction on t.
If t = 1, then |T | ⩽ qk1−1, since S1 is a (k1 − 1)-scattered [n1, k1]qm/q system.
Now assume that the claim holds for every t′ < t. We proceed by induction on k1. For k1 = 1,

up to dividing by a1,1, we can assume that H = (1 | a2 | . . . | at)⊥. Thus,

T =

{
(x1, . . . , xt) ∈ Fqn1 × . . .× Fqnt : x1 +

t∑
r=2

ar(xr) = 0

}
.
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Since gcd(ni, nt) = 1 for every i ∈ [t − 1], there exists h ∈ N such that h ≡ 1 (mod nt)
and h ≡ 0 (mod ni) for every i ∈ [t− 1]. Therefore, if (x1, . . . , xt) ∈ T , then

t∑
r=2

ar(xr) = −x1 = −xq
h

1 =
t−1∑
r=2

aq
h

r (xr) + aq
h

t (xqt ).

Thus, 
t∑

r=2

dr(xr) = 0,

x1 +
t∑

r=2

ar(xr) = 0,

(3.2)

where dr = ar − aq
h

r for each r ∈ {2, . . . , t − 1}, dt,i = at,i − aq
h

t,i−1 for each i ∈ [kt + 1]
and let at,kt+1 = at,0 = 0. It is readily seen that dt = (dt,1, . . . , dt,kt+1) ̸= 0.
Let J := {i ∈ {2, . . . , t− 1} : di = 0}. We have two cases.

Case I: J = ∅. Then, all the vectors di are nonzero for each i ∈ {2, . . . , t}, and

T ⊆ T ′ :=

{(
−

t∑
r=2

ar(xr), x2, . . . , xt

)
∈ Fqn1 × . . .× Fqnt :

t∑
r=2

dr(xr) = 0

}
.

Since T ′ has the same cardinality of the set{
(x2, . . . , xt) ∈ Fqn2 × . . .× Fqnt :

t∑
r=2

dr(xr) = 0

}
,

which only has t − 1 components, we can use induction hypothesis on t′ = t − 1, and derive
that |T ′| ⩽ qk2+...+(kt+1)−1 = qk1+...+kt−1.

Case II: J ̸= ∅. Since dt ̸= 0, up to reordering the variables, we may assumeJ ={2, . . . , s},
for some s < t. Then, (3.2) reads as

t∑
r=s+1

dr(xr) = 0,

x1 +
t∑

r=2

ar(xr) = 0,

(3.3)

By inductive hypothesis, the first equation in (3.3) has at most qks+1+...+(kt+1)−1 solutions
in Fqns+1 × . . .× Fqnt . For each of these solutions (x̄s+1, . . . , x̄t), the second equation becomes

x1 +
s∑

r=2

ar(xs) = −
t∑

r=s+1

ar(x̄r). (3.4)
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Note that (3.4) is an affine equation, so its number of solution in Fqn1 × . . .× Fqns is either 0 or
equal to the cardinality of

T ′ :=

{
(x1, . . . , xs) ∈ Fqn1 × . . .× Fqns : x1 +

s∑
r=2

ar(xr) = 0

}
.

By inductive hypothesis,
|T ′| ⩽ q1+k2+...+ks−1,

hence the total number of solutions of (3.3) is at most

qks+1+...+(kt+1)−1q1+k2+...+ks−1 = qk1+k2+...+kt−1.

This concludes the base case k1 = 1. Let us assume that (3.1) holds for every k′1 < k1 and every
k′2, . . . , k

′
t ∈ N. Observe that, if a1,k1 = 0, then a1(x1) = b1(x1), where b1 = (a1,1, . . . , a1,k1−1),

and

T =

{
(x1, . . . , xt) ∈ Fqn1 × . . .× Fqnt : b1(x1) +

t∑
r=2

ar(xr) = 0

}
.

By inductive hypothesis with k′1 = k1 − 1, we have |T | ⩽ qk
′
1+k2+...+kt−1 < qk1+k2+...+kt−1.

Therefore, we may assume a1,k1 ̸= 0, and, up to rescaling, we may take a1,k1 = 1. Again,
define b1 = (a1,1, . . . , a1,k1−1), and observe in this case that

a1(x1) = xq
k1−1

1 + b1(x1).

Since gcd(ni, nj) = 1 for every i ̸= j, there exists h ∈ N such that h ≡ 1 (mod nt)
and h ≡ 0 (mod ni) for each i ∈ [t− 1]. Therefore, if (x1, . . . , xt) ∈ T , then

−xq
k1−1

1 − b1(x1) =
t∑

r=2

ar(xr),

−xq
k1−1

1 − bq
h

1 (x1) =
t−1∑
r=2

aq
h

r (xr) + aq
h

t (xqt ),

where the second identity follows from raising the first identity to the qh-th power. By subtract-
ing the two identities, we get the equivalent system

t∑
r=1

ar(xr) = 0,

t∑
r=1

dr(xr) = 0,

(3.5)

where dr = ar−aq
h

r for each r ∈ {2, . . . , t−1}, d1 = b1−bq
h

1 , and dt is given by dt,i = at,i−aq
h

t,i−1

for each i ∈ [kt +1] with at,kt+1 = at,0 = 0. As in the base step of the induction, one can verify
that dt = (dt,1, . . . , dt,kt+1) ̸= 0. We now proceed as in the base case of the induction on k1.
Let J := {i ∈ [t− 1] : di = 0}. Again, we divide the proof in cases:
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Case I: J = ∅. Then, all the vectors di are nonzero for each i ∈ [t], and

T ⊆ T ′ :=

{
(x1, x2, . . . , xt) ∈ Fqn1 × . . .× Fqnt :

t∑
r=1

dr(xr) = 0

}
.

Note that d1 ∈ Fk1−1
qm , while di ∈ Fki

qm for each i ∈ {2, . . . , t − 1} and dt ∈ Fkt+1
qm . Hence, by

induction hypothesis on k′1 = k1 − 1, we have |T ′| ⩽ qk
′
1+...+(kt+1)−1 = qk1+...+kt−1.

Case II: J ≠ ∅. Up to reordering the variables, we may assume J = [s], for some s < t
(since dt ̸= 0). Then, (3.5) reads as 

t∑
r=s+1

dr(xr) = 0,

t∑
r=1

dr(xr) = 0,

(3.6)

By inductive hypothesis, the first equation in (3.6) has at most qks+1+...+(kt+1)−1 solutions
in Fqns+1 × . . .× Fqnt . For each of these solutions (x̄s+1, . . . , x̄t), the second equation becomes

s∑
r=1

dr(xr) = −
t∑

r=s+1

dr(x̄r). (3.7)

Note that (3.7) is an affine equation, so its number of solution in Fqn1 × . . .× Fqns is either 0 or
equal to the cardinality of

T ′ :=

{
(x1, . . . , xs) ∈ Fqn1 × . . .× Fqns :

s∑
r=1

dr(xr) = 0

}
.

By inductive hypothesis on s < t,

|T ′| ⩽ qk1+...+ks−1,

hence the total number of solutions of (3.6) is at most

qks+1+...+(kt+1)−1qk1+k2+...+ks−1 = qk1+k2+...+kt−1,

concluding the proof.

Example 3.2. Let t = 3 and n1 = 5, n2 = 3 and n3 = 2, and consider the direct sum

M = U2,5(q)⊕ U2,3(q)⊕ U1,2(q).

for any prime power q. Theorem 3.1 states that M is representable over Fqm with
m = n1n2n3 = 30, and a representation is given by (S, ρS) where S is the [10, 5]q30/q sys-
tem

S = {(a, aq, b, bq, c) : a ∈ Fq5 , b ∈ Fq3 , c ∈ Fq2} .
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Thanks to Theorem 3.1, we can give a positive answer to the question on the representability
of the direct sum of t uniform q-matroids.

Theorem 3.3. Let k1, . . . , kt, n1, . . . nt be positive integers such that ki < ni for each i ∈ [t].
Then, the direct sum

Uk1,n1(q)⊕ . . .⊕ Ukt,nt(q)

is representable. In particular, it is representable over every field Fqm such thatm = m1 ·. . .·mt

for any m1, . . . ,mt satisfying gcd(mi,mj) = 1 for each i ̸= j and mi ⩾ ni for i ∈ [t].

Proof. Let m1, . . . ,mt be positive integers as in the statement, that is mi ⩾ ni for each i ∈ [t]
and gcd(mi,mj) = 1 for each i ̸= j, and let m = m1 · . . . ·mt. Denote by k = (k1, . . . , kt) and
by k = k1 + . . .+ kt. Using Theorem 3.1, we can construct

Ti = {(x, xq, . . . , xqki−1

) : x ∈ Fqmi}, for each i ∈ [t],

such that T := T1⊕ . . .⊕Tt is an [m1+ . . .+mt, k]qm/q system which is (Λk−1,k, k−1)-evasive.
Then, by choosing any Fq-subspace Vi ⊆ Fqmi , with dimFq(Vi) = ni for i ∈ [t], and defining

Si = {(x, xq, . . . , xqk1−1

) : x ∈ Vi}, for each i ∈ [t],

we obtain that S := S1 ⊕ . . . ⊕ St is an [n, k]qm/q system which is a (Λk−1,k, k − 1)-evasive,
with n = n1 + . . .+ nt. Using Theorem 2.4 we conclude.

Example 3.4. Let t = 3 and n1 = n2 = n3 = 4, and consider the direct sum

M = U2,4(q)⊕ U2,4(q)⊕ U2,4(q).

for any prime power q. We consider three extension degrees m1,m2,m3 such that mi ⩾ ni

for i ∈ [3] and gcd(mi,mj) = 1 for each 1 ⩽ i < j ⩽ 3. A possible choice is m1 = 4, m2 = 5,
m3 = 7. Theorem 3.3 states that M is representable over Fqm with m = m1m2m3 = 140. In
particular, following its proof, we can also construct the [12, 6]q140/q system S such
that M ∼= (S, ρS). It is enough to fix three 4-dimensional Fq-subspaces V1 = Fq4 , V2 ⊆ Fq5 ,
V3 ⊆ Fq7 , and take

S := {(a1, aq1, a2, a
q
2, a3, a

q
3) : ai ∈ Vi, i ∈ [3]} .

Observe that although Theorem 3.3 answers affirmatively to the question about the repre-
sentability of the direct sum of any t uniform q-matroids, it does not characterize the integers m
for which this direct sum is Fqm-representable. In Section 4, we will provide a deeper analysis
of those values in the special case of the direct sum of two uniform q-matroids of rank 1.
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4. The particular case of uniform q-matroids of rank 1

We have seen in Theorem 3.3 that the direct sum of uniform q-matroids is always representable.
However, such a result does not characterize over which extension field Fqm we can have a repre-
sentation. In general, this is a difficult question. In this section, we will focus on the direct sum
of t many uniform q-matroids of rank 1. We will first give some necessary conditions on m and
then we will give some sufficient conditions on m ensuring that the direct sum of two uniform
q-matroids of rank 1 is representable over Fqm .

4.1. Necessary conditions for the representability

In this subsection, we will study the extension fields over which the direct sum of tmany uniform
q-matroids of rank 1 is representable. As we have seen before, this corresponds to the study of
(Λt−1,(1,...,1), t− 1)-evasive subspaces. By Lemma 2.3, these subspaces belong to the family of
(Λ1,(1,...,1), 1)-evasive subspaces. This class of subspaces have been investigated in [NPSZ22]
and in [Zul23] in terms of linear sets with complementary weights. A first result gives us some
necessary conditions for the existence of (Λt−1,(1,...,1), t− 1)-evasive subspaces; this can be de-
rived by [NPSZ22, Theorem 4.4] and [Zul23, Theorem 6.4].

Theorem 4.1. For i ∈ [t], let ni ⩾ 2, and letSi be an [ni, 1]qm/q system. Assume thatS1⊕. . .⊕St

is (Λ1,(1,...,1), 1)-evasive. Then, ni ⩽ m
2

for each i ∈ [t].

Therefore, we obtain the following necessary conditions for the representability of the direct
sum of uniform matroids of rank 1.

Corollary 4.2. Let n1, . . . , nt ⩾ 2 be positive integers. If the direct sum

U1,n1(q)⊕ . . .⊕ U1,nt(q)

is Fqm-representable, then m ⩾ 2max{n1, . . . , nt}.

Proof. Let Si be an Fqm-representation for U1,ni
(q) for any i ∈ [t]. By Theorem 2.4, S = ⊕t

i=1Si

is an Fqm-representation of
U1,n1(q)⊕ . . .⊕ U1,nt(q)

if and only if it is (Λt−1,(1,...,1), t − 1)-evasive. By Lemma 2.3, S is also (Λ1,(1,...,1), 1)-evasive.
So, the assertion follows by Theorem 4.1.

Remark 4.3. The rank-metric codes associated with the direct sum of uniform q-matroids of
rank 1, when representable, are the direct sum of 1-dimensional MRD codes. This latter class of
codes have been studied in [San25], where such codes have been called completely decomposable
rank-metric codes.
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4.2. Construction for two summands over small extension fields

We now specialize to the study of the direct sum of two uniform q-matroids of rank 1. Combining
some new and old results on the existence of (Λ1,(1,1), 1)-evasive subspaces we are able to prove
the following result.

Theorem 4.4. Let n1, n2 ⩾ 2 be two positive integers. The direct sum

U1,n1(q)⊕ U1,n2(q)

is Fqm-representable if at least one of the following holds.

1. m is even and m ⩾ 2max{n1, n2};

2. m ⩾ n1n2;

3. m = t1t2 with t1 ⩾ n1 and n2 ⩽
t1(t2−1)

2
+ 1;

4. m = t1t2 with t1 ⩾ n1, n2 and t2 ⩾ 2;

5. q = ph, m = pr, n1 + n2 − 1 ⩽ m
2

.

The reader can verify that Theorem 4.4(4) is covered by the combination of Theorem 4.4(1)
and Theorem 4.4(3). However, since the constructions are different and the latter ones derive
from existing results in the literature, we decided to include it anyway in the statement.

The rest of this section is dedicated to show Theorem 4.4.
Theorem 2.4 shows that establishing the Fqm-representability of the direct

sum U1,n1(q)⊕ U1,n2(q) is equivalent to finding an [n1, 1]qm/q system S1 and an [n2, 1]qm/q sys-
tem S2 such that S1⊕S2 is a (Λ1,(1,1), 1)-evasive [n1+n2, 2]qm/q system. So, in the following we
will exhibit examples of such subspaces. To this aim, we recall the following characterization
of (Λ1,(1,1), 1)-evasiveness.

Proposition 4.5 ([NPSZ22, Theorem 4.1]). Let A,B ⊆ Fqm be two Fq-subspaces
with dimA = n1, dimB = n2. Then, A ⊕ B is (Λ1,(1,1), 1)-evasive if and only if for each
choice of a1, a2 ∈ A \ {0}, b1, b2 ∈ B \ {0} satisfying a1b2 = a2b1, it must hold that a1 = λa2,
b1 = λb2 for some λ ∈ Fq. Equivalently, A ⊕ B is (Λ1,(1,1), 1)-evasive if and only if for ev-
ery a1, a2∈A \ {0}, b1, b2∈B\{0} for which there exists λ ∈ Fqm such that (a1, a2) = λ(b1, b2),
we have that λ ∈ Fq.

Using Proposition 4.5 we can show a first example of (Λ1,(1,1), 1)-evasive subspace.

Proposition 4.6. Let n1, n2⩾2 be two positive integers. Assume that m⩾n1n2, and let γ∈Fqm

be such that Fqm = Fq(γ). Define

S1 = {f(γ) : f ∈ Fq[x]<n1},
S2 = {g(γn1) : g ∈ Fq[x]<n2}.

Then, S1 ⊕ S2 is a (Λ1,(1,1), 1)-evasive [n1 + n2, 2]qm/q system.
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Proof. By Proposition 4.5, we need to show that if (f1(γ), g1(γn1)) = λ(f2(γ), g2(γ
n1)), for

some nonzero f1, f2 ∈ Fq[x]<n1 , g1, g2 ∈ Fq[x]<n2 , then λ ∈ Fq. Equivalently, by assum-
ing g1, g2 being monic, our aim is to show that λ = 1, that is (f1(γ), g1(γn1)) = (f2(γ), g2(γ

n1)).
Assume that (f1(γ), g1(γn1)) = λ(f2(γ), g2(γ

n1)), then

f1(γ)

f2(γ)
= λ =

g1(γ
n1)

g2(γn1)
,

which in turn implies
f1(γ)g2(γ

n1)− f2(γ)g1(γ
n1) = 0.

For i ∈ {1, 2}, let us write

fi(x) =

n1−1∑
j=0

fi,jx
j, gi(x) =

n2−1∑
j=0

gi,jx
j.

Looking at h(γ) := f1(γ)g2(γ
n1) − f2(γ)g1(γ

n1) as a polynomial in γ and fixing any i1, i2
with 0 ⩽ i2 < n1, the coefficient of γi1n1+i2 in h(γ) is f1,i2g2,i1 − f2,i2g1,i1 .

In particular, since

deg h ⩽ max{n1 deg g1 + deg f2, n1 deg g2 + deg f1} ⩽ n1(n2 − 1) + n1 − 1 < n1n2 ⩽ m,

h(γ) = 0 implies that all the coefficients of the polynomial h(x) are 0. Thus, for
each i1 ∈ {0, . . . , n1}, i2 ∈ {0, . . . , n2} we must have f1,i2g2,i1 − f2,i2g1,i1 = 0. Together with
the assumption of g1, g2 being monic, it readily follows that this implies f1 = f2 and g1 = g2,
from which we conclude.

We can make use of another additional strategy to construct such (Λ1,(1,1), 1)-evasive spaces
inF2

qm which, under certain assumptions, allows us to reduce the value ofm. This is inspired by a
method given in [NPSZ22], weakening its hypotheses. Denote byU ·V = ⟨ab : a ∈ U, b ∈ V ⟩Fq ,
for any two Fq-subspaces U and V of Fqm .

Lemma 4.7. Let U, V ⊆ Fqm be two Fq-subspaces and let ξ ∈ F∗
qm be such that

1. V q = V ,

2. U · V ∩ ξ(U · V ) = {0}.

Then, S := U ⊕S2 with S2 = {b+ ξbq : b ∈ V } is a (Λ1,(1,1), 1)-evasive [n1+n2, 2]qm/q system.

Proof. Consider (a, b+ ξbq) ∈ S with a, b ̸= 0. Our aim is to show that for any λ ∈ Fqm , c ∈ U
and d ∈ V such that

(a, b+ ξbq) = λ(c, d+ ξdq),

we have λ ∈ Fq. By the above equality we get{
a = λc,
b+ ξbq = λ(d+ ξdq).
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Since also c, d must be nonzero, the above system gives the following identity

c(b+ ξbq) = a(d+ ξdq),

that is ξ(cbq − adq) = ad− cb. Since cbq − adq, ad− cb ∈ U · V , we have that

cbq − adq = ad− cb = 0,

from which we obtain λ ∈ Fq. We conclude by using Proposition 4.5.

As a consequence, from Lemma 4.7 we recover the construction in [NPSZ22, Corollary 4.7].

Corollary 4.8. Let r be a proper divisor of m and let ξ ∈ Fqm \ Fqr . Let S1 := Fqr and
S2 := {a+ ξaq : a ∈ Fqr}. Then, S1 ⊕ S2 is a (Λ1,(1,1), 1)-evasive [2r, 2]qm/q system.

We can do better in some cases, when m is a prime power, using a particular family of
subspaces studied in [NS24]. We do this by combining the following two technical lemmas with
the previous Lemma 4.7. Assume that we have an extension field Fqm of Fq, wherem is a power
of the characteristic p, that is, q = ph and m = pr. In this case, for each i ∈ {0, . . . , pr}, define
the linearized polynomial

pi(x) := (xq − x) ◦ . . . ◦ (xq − x)︸ ︷︷ ︸
i times

=
i∑

j=0

(
i

j

)
(−1)i−jxq

j

, (4.1)

and the Fq-subspace of Fqm

Fi := ker pi.

We can compute the dimension of the subspacesFi and establish some of their multiplicative
properties.

Lemma 4.9. Let q = ph and m = pr, and for each i ∈ {0, . . . , pr}, let Fi := ker pi ⊆ Fqm ,
where pi is defined as in (4.1). Then:

1. dimFq(Fi) = i, for each i ∈ {0, . . . , pr}.

2. F q
i = Fi, for each i ∈ {0, . . . , pr}.

3. Fi · Fj ⊆ Fi+j−1 for each i, j such that i+ j ⩽ m+ 1.

Proof. 1. This was proved in [NS24, Lemma 3.1].

2. Since all the coefficients of pi are in Fq, then one gets that pi(α) = 0 if and only if pi(αq) =
0.

3. This was shown in [NS24, Proposition 3.3].

In the next result, we show that the existence of ξ in Lemma 4.7 is always guaranteed, when
the dimension of the subspace involved is at most m/2.
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Lemma 4.10. Let V be an Fq-subspace of Fqm of dimension ℓ ⩽ m
2

. Then, there exists ξ ∈ F∗
qm

such that V ∩ ξV = {0}.

Proof. Assume by contradiction that V ∩ ξV ̸= {0} for every ξ ∈ F∗
qm . Then, we must have∑

ξ∈F∗
qm

|(V ∩ ξV ) \ {0}| ⩾ (q − 1)(qm − 1).

On the other hand, an element β ∈ V \ {0} belongs to ξV \ {0} if and only if ξ = βγ−1 for
some γ ∈ V \ {0}. Thus, each element in V \ {0} is counted exactly |V | − 1 = qℓ − 1 times in
the sum

∑
ξ∈F∗

qm
|(V ∩ ξV ) \ {0}|, and hence∑

ξ∈F∗
qm

|(V ∩ ξV ) \ {0}| = (qℓ − 1)2.

This implies that
(qℓ − 1)2 ⩾ (q − 1)(qm − 1),

from which we can derive 2ℓ ⩾ m+ 1, contradicting the hypothesis.

Therefore, as a consequence we have the following construction of (Λ1,(1,1), 1)-evasive sub-
spaces.

Corollary 4.11. Let p be the characteristic ofFqm ,m = pr, and letn1, n2 be any positive integers
such that n1+n2−1 ⩽ m

2
. Furthermore, let ξ ∈ F∗

qm be such that Fn1+n2−1∩ξFn1+n2−1 = {0}.
Define S1 := Fn1 and S2 := {a + ξaq : a ∈ Fn2}. Then, S1 ⊕ S2 is a (Λ1,(1,1), 1)-evasive
[n1 + n2, 2]qm/q system.

Proof. Let us take U = Fn1 and V = Fn2 . By Lemma 4.9(3), we have that U · V ⊆ Fn1+n2−1

and dim(Fn1+n2−1) = n1 + n2 − 1 ⩽ m
2

. Hence, Lemma 4.10 ensures the existence of ξ ∈ F∗
qm

such that Fn1+n2−1 ∩ ξFn1+n2−1 = {0}. In particular, due also to Lemma 4.9(2), U, V and ξ
satisfy the hypotheses of Lemma 4.7, and thus we conclude.

Combining the results of this section we are able to prove Theorem 4.4.

Proof of Theorem 4.4. By Theorem 2.4, the direct sum U1,n1(q)⊕U1,n2(q) is Fqm-representable
if and only if there exist Fq-subspaces S1 and S2 of Fqm such that S1⊕S2 is (Λ1,(1,1), 1)-evasive.
The existence of such subspaces is ensured:

• by Corollary 4.8, under assumptions (1) and (4),

• by Proposition 4.6, under assumption (2),

• by [NPSZ22, Theorem 4.5], under assumption (3), and

• by Corollary 4.11, under assumption (5).



24 Gianira N. Alfarano et al.

Remark 4.12. Let n2 = 2 and let n1 be any positive integer greater than 1. Combining Corol-
lary 4.2 and Theorem 4.4(2), we obtain that U1,n1(q)⊕ U1,2(q) is Fqm-representable if and only
if m ⩾ 2n1. This generalizes the characterization result for the Fqm-representability of two uni-
form q-matroids of rank k1 = k2 = 1 and height n1 = n2 = 2 given [GLJ25, Proposition 3.8]
(see Example 1.16).
Remark 4.13. Let n1, n2 ⩾ 3. Then, there are only finitely many degree extensions m such that
we do not know yet whether the q-matroid U1,n1(q)⊕U1,n2(q) is Fqm-representable. Indeed, we
know that U1,n1(q)⊕U1,n2(q) is Fqm-representable for everym ⩾ n1n2 (see Theorem 4.4(2)) and
for every even m ⩾ 2max{n1, n2} (see Theorem 4.4(1)). The only open cases are the odd m
such that 2max{n1, n2} < m < n1n2, for which we can also give some answers depending on
the values of n1, n2 and q using Theorem 4.4(3,4,5).
Remark 4.14. The smallest case left out by Theorem 4.4 is whether the direct sum of two
uniform q-matroids of rank 1 and height 3 is Fq7-representable. Using the algebra software
magma [BCP97], we found examples of (Λ1,(1,1), 1)-evasive subspaces for q ∈ {2, 3, 4, 5, 7}.
Theorem 2.4 implies that the direct sum of two copies of U1,3(q) is Fq7-representable
for q ∈ {2, 3, 4, 5, 7}.

We conclude the section by illustrating Theorem 4.4 with a concrete example.

Example 4.15. Let n1 = 7 and n2 = 6. We know by Corollary 4.2 that M = U1,7(q)⊕U1,6(q)
is not Fqm-representable for eachm ∈ [12]. On the other hand, M is Fqm-representable for every
m ⩾ 42 (Theorem 4.4(2)) and form ∈ {14, 16, 18, 20, . . . , 38, 40} (Theorem 4.4(1)). Moreover,
using Theorem 4.4(4), we also derive that M is Fqm-representable for m ∈ {21, 27, 33, 35, 39}.
Finally, Theorem 4.4(5) implies that M is Fqm-representable also when

m =



25 if q = 5h,

29 if q = 29h,

31 if q = 31h,

37 if q = 37h,

41 if q = 41h.

(4.2)

The only open cases are for m ∈ {13, 15, 17, 19, 23, 25∗, 29∗, 31∗, 37∗, 41∗}, where the ∗ indi-
cates that the case is open except for some values of the characteristic of the field, according
to (4.2).

5. Conclusions and open questions

In this paper we studied the representability of the direct sum of t uniform q-matroids. By
establishing a geometric characterization of the representability, we identified the critical role
of evasiveness properties and cyclic flats. Our results show that the direct sum of uniform q-
matroids is representable if we can find q-systems satisfying a certain evasiveness property.

We have constructed a q-system over sufficiently large fields that meets these properties,
affirming that the direct sum of t uniform q-matroids is always representable. This construction
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not only demonstrates representability but also raises intriguing questions regarding the minimal
extension field required for such representations.

Our exploration of the specific case involving the direct sum of two uniform q-matroids of
rank 1 yielded more detailed insights. By leveraging the existing research on linear sets with
complementary weights and on recent results on rank-metric codes, we determined more precise
extension field order assumptions.

At this point, there are some natural problems that arise.

• The problem of characterizing the extensions over which the direct sum of t uniform q-
matroids is representable stays widely open. We gave only some partial answers to this
question in the general case. Only in the special case of t = 2 uniform q-matroids of
rank 1, we were able to provide more accurate results, leaving only finitely many cases
unsolved. However, the problem is still open, even in the case of t uniform q-matroids of
rank 1.

• In order to study the problem of the representability of the direct sum of (not necessarily
uniform) q-matroids we would need a generalization of Theorem 2.4. This may allow us
to use similar arguments to characterize the representability of q-matroids.
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