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Abstract. The (dual) Cauchy identity has an easy algebraic proof utilising a commutation
relation between the up and (dual) down operators. By using Fomin’s growth diagrams, a
bijective proof of the commutation relation can be “bijectivised” to obtain RSK like corre-
spondences. In this paper we give a concise overview of this machinery and extend it to
Littlewood type identities by introducing a new family of relations between these operators,
called projection identities. Thereby we obtain infinite families of bijections for the Little-
wood identities generalising the classical ones. We believe that this approach will be useful
for finding bijective proofs for Littlewood type identities in other settings such as for Mac-
donald polynomials and their specialisations, alternating sign matrices or vertex models.
Keywords. Littlewood identity, growth diagrams, Robinson—Schensted—Knuth correspon-
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1. Introduction

The Robinson—Schensted—Knuth correspondence (RSK) is a combinatorial algorithm with many
applications in various areas of mathematics including combinatorics, representation theory,
geometry, and probability theory. The algorithm was first described by Robinson [Rob38] for
permutations and independently by Schensted [Sch61] for words; the connection between these
algorithms was pointed out by Schiitzenberger. In a seminal paper Knuth [Knu70] extended the
previous correspondence to a bijection between matrices with non-negative entries and pairs of
semistandard Young tableaux of the same shape, called RSK. In particular RSK gives a combi-
natorial proof of the Cauchy identity for Schur functions

st(x)sx(y) :Hﬁ (1.1)
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By restricting to the squarefree monomial x; . .. z,¥; ...y, on both sides of (1.1) we obtain the
famous identity
> (K =nl, (1.2)
AFn
where f) is the number of standard Young Tableaux (SYTs) of shape A. There are two important
variations of RSK: “the”! Burge correspondence [Bur74] which yields another bijective proof
of (1.1) and dual RSK (RSK™), introduced by Knuth [Knu70], which gives a bijective proof of
the dual Cauchy identity
ZS)\<X)S)\/(Y) = H(l —}-xzyj) (13)
A ,J
The fact that RSK and its variations yield bijective proofs of these identities can be seen as one
of the reasons that they have many applications. In particular all of the above identities have a
representation theoretic interpretation. For x = (x1,...,2,) andy = (y1,...,Yn) the right
hand side of (1.1) and (1.3) are the characters of the GL,,(C) x GL,,(C)-module \/ (C" @ C™)
and /\ (C" ® C™) respectively while the left hand sides are their decompositions into irreducible
characters. Similarly for (1.2), the right hand side is the dimension of the group algebra C|[S,,]
while the left hand gives a formula for the dimension of its decomposition €0, , (S*)/* into irre-
ducible representations of .S,,. There exist many variations of the above identities by considering
representations with respect to different groups or algebras, or by regarding different families of
tableaux respectively. In particular these different settings led to variations as well as generalisa-
tions of RSK; see for example [Ber86, COS™20, HL05, Oka91, PPS22, Pro90, Sun90a, Sun90b,
Ter93, vLO5].
In statistical physics and probability theory the Cauchy identity has another interpretation.
A partition A is interpreted as a one dimensional particle configuration using its Maya dia-
gram where the particle configuration corresponding to A\ appears with probability proportional
to sx(x)sa(y), see for example [OkoO1]. As a consequence, the Cauchy identity (1.1) yields a
formula for the partition function of this system. It turns out that RSK can thereby be used to
study certain stochastic systems such as TASEP. In the last decades many (probabilistic) gen-
eralisations of (dual) RSK and its specialisations were introduced to study further probabilistic
models, compare for example with [BM18, FSA24, MP17] and references within. Typically
these generalisations of RSK yield proofs for Cauchy identities of symmetric polynomials or
symmetric functions generalising Schur polynomials including ¢-Whittaker polynomials, Hall—
Littlewood polynomials or Macdonald polynomials.
A family of identities closely related to the (dual) Cauchy identity are the following Little-
wood identities

1
Z S)\<X) = H Tﬂ‘j7 (14)

A 1<i<j<n
M even

Actually Burge [Bur74] introduces four correspondences where usually the bijection introduced in [Bur74,
Section 3] is referred as the Burge correspondence.
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ZSA(X)—Hl_lx 11 ﬁ (1.5)
(S

A i=1 i 1<i<j<n
Yo I —— (1.6)
L1 —22 AL 71—y
A =1 LIi<j<n
A even
Yo osa® =[] @+, (1.7)
A 1<i<j<n

1-asymmetric

Yo sa=]Ja+2) J[ O+, (1.8)
—1-asymmetric =1 Isi<ysn

where n refers to the size of the alphabet or equivalently number of variables. Note that (1.5)
is often called “the” Littlewood identity. These identities have bijective proofs which are based
on RSK, the Burge correspondence and dual RSK. The identity (1.5) follows immediately by a
symmetry property of RSK [Knu70, Theorem 3] or the Burge correspondence respectively, the
identities (1.4) and (1.6) need a closer analysis of RSK [Knu70, Theorem 4]. The first bijective
proofs for (1.7) and (1.8) were presented by Burge [Bur74]. Again there is a connection to
representation theory, in the case of the Littlewood identities this is by the Weyl denominator
formula.

While RSK is usually described as an insertion algorithm, there are various different descrip-
tions such as Fulton’s matrix-ball construction [Ful97] building on Viennot’s shadowing [Vie77],
or most prominently Fomin’s description by using growth diagrams [Fom86, Fom95]. Fomin’s
construction builds on two key observations. Firstly, we can interpret both sides of the Cauchy
identity as certain pairs of chains in Young’s lattice. The left hand side of (1.1) is a weighted
sum over pairs of chains ((P®);, (Q);) of the form?

=P <...xPM=N=0QM ...~ Q0 =g (1.9)

and the right hand side of (1.1) is the shown product times the weight of the trivial pair
(PD);,(QY);) = ((9);, (2);) which satisfies

For precise definitions see Section 2. The second observation is that we can inductively transform
each pair of chains of the first form into the trivial pair of chains by using local growth rules and
thereby gain the wanted product of the right hand side of (1.1).

Both observations can be reformulated algebraically by using up and down operators. Firstly
we can express the Schur polynomial s, (x) (resp., s»(y)) by using up operators U, (resp., down
operators D,). This implies that the weighted sum over all pairs of chains of the form as in (1.9)
is equal to

(Dy, - D, Uy, - Uy @, 9), (1.11)

For simplicity we explain the case of symmetric polynomials, i.e., the restriction to x = (x1,...,2,)
andy = (y1,. ., Ym)-
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while the right hand side of (1.1) times the weight of the trivial chain as in (1.10) is equal to

1
11 —w.---v.D,---D,,2.2). (1.12)
1<i<n - LY

1<j<m

The second observation can be reformulated as a commutation relation of the operators Uy,
and D, stating that we obtain a factor (1 — z;y;)”* when commuting these operators. It is not
difficult to see that (1.12) can be obtained from (1.11) by iteratively commuting all up with all
down operators. In order to obtain a bijective correspondence for the Cauchy identity, it therefore
suffices to find a bijective proof of the commutation relation which is typically called local growth
rules. In the case of the (dual) Cauchy identity for Schur polynomials, this approach leads to
an infinite family of bijective proofs. More generally, Fomin’s approach yields a framework
for (bijective) proofs of Cauchy type identities with many possibilities for generalisations by
choosing different posets or weights, i.e., define different up and down operators. This approach
was used for example by Bufetov and Matveev [BM 18] to obtain a combinatorial proof of the
Cauchy identity for Hall-Littlewood polynomials or in [FSA24] by Frieden and the author to
obtain a generalisation of dual RSK for Macdonald polynomials.

The motivation for this article is twofold. Firstly we present a concise summary of Fomin’s
framework for both the Cauchy and dual Cauchy identity for Schur polynomials and how it relates
to the previous work by Knuth and Burge. For the case of the Cauchy identity this was already
done by van Leeuwen [vL05], however the approach there is to define the local growth rules
for RSK recursively by using the local growth rules of the Robinson correspondence, i.e., the
restriction of RSK to permutations, while we give a direct description.

The second goal of this paper is to extend the framework of growth diagrams such that it is
applicable to Littlewood identities. As in the Cauchy case, the approach is a two-step process.
In the first step we obtain an algebraic proof by introducing new relations between the up and
down operators which we call projection identities. In a second step we provide bijective proofs
for these identities which become the building blocks for the bijective proofs of the Littlewood
identities.

The paper is structured in the following way. In Section 2 we present Fomin’s framework for
the (dual) Cauchy identity. In particular in Section 2.2 we introduce the up and down operators,
their commutation relations and present bijective proofs thereof, i.e., the (dual) row and column
insertions. In Section 2.3 (dual) growth diagrams are introduced. We show how they yield
a bijective proof of the (dual) Cauchy identity and how the typical insertion descriptions of
RSK can be obtained from local growth rules. In Section 2.4 we show how this framework
can be extended easily for the skew (dual) Cauchy identity and how one can obtain the (dual)
Pieri rule as an immediate consequence. In Section 3 we extend the framework to Littlewood
identities by presenting the projection identities and their combinatorial proofs in Section 3.1. In
Section 3.2 we define triangular (dual) growth diagrams and show how they yield bijective proofs
for the Littlewood identities. In Section 4 we present the general framework for up and down
operators and how Cauchy and Littlewood type identities follow from commutation relations
and projection identities between these operators.
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2. The Cauchy identity and its dual

2.1. Preliminaries

A partition X is a weakly decreasing sequence of positive integers A = (A1,..., ;). We call k
the length of A and the ); its parts. We say that \ is a partition of n = |A\| = A\; +- - - + A, which
is denoted by A - n. The Young diagram of X is a collection of left-justified boxes, also called
cells, where the i-th row from the bottom? has )\; boxes. As usual we identify a partition with its
Young diagram. The conjugate X' = (N},..., A\ ) of a partition ) is obtained by reflecting the
Young diagram of X along the diagonal x = y. For a partition A let [ = [(\) be the length of the
Durfee square which is given by [(\) = max;()\; > 7). The Frobenius notation of a partition A
is defined as the pair (\y — 1,..., A — I[N\ —1,..., A\ —1).

Example 2.1. The partition A\ = (6,5, 3,3, 1) with Frobenius notation (5,3,0[4,2, 1) and its
conjugate (5, 4,4, 2,2, 1) with Frobenius notation (4, 2, 115, 3, 0) are shown on the left and right
respectively. In both cases the cell (4, 2) is marked in blue; note that we use Cartesian coordinates
for cells.

-

A filling of the cells of A with positive integers is called

* asemistandard Young tableau (SSYT) of shape A if the entries are weakly increasing along
rows and strictly increasing along columns, and

* a dual semistandard Young tableau of shape \ if the entries are strictly increasing along
rows and weakly increasing along columns.

We denote by SSYT,(n) the set of semistandard Young tableaux of shape A with entries at
most n and by SSYT} (n) the set of dual SSYTs of shape A and entries at most n. It is immediate
that SSYTs of shape A and dual SSYTs of shape )\’ are in bijection by conjugating the Young
diagram together with its entries. For a (dual) SSYT 7" we denote by x” the weight of T' which

is defined as
XT _ H xz#(z entries in T") .
i>1

Example 2.2. The following are a semistandard Young tableau (left) and a dual semistandard
Young tableau (right), both of shape (5, 4, 2, 1) and with weight z;z3z32323.

3Note that we are using French convention; for English convention one replaces “bottom” by “top”.
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For a sequence x = (x1, ..., x,) of variables, we define the Schur polynomial sy(x) as
sy(x) = Z x7.

TeSSYTy\(n)

The following is a fundamental theorem in the theory of symmetric polynomials.

Theorem 2.3. Let x = (x1,...,2,) andy = (y1, ..., Ym) be two sequences of variables. Then
1
Z sx(x)sa(y) = H 1_—%, (Cauchy identity) (2.1)
by 1<i<n
1<gsm
Z sx(x)sy(y) = H (1 + zy;), (dual Cauchy identity) (2.2)
A 1<i<n
1<g<sm

where both sums are over all partitions .

Both identities can be interpreted as identities between two generating functions as follows.
The Cauchy identity is equal to

Z Z x"y? = Z H(%yj)(“’j,

A PESSYTA(’H) A:(am-) i,j
QESSYT ) (m)

where the left hand side is over all partitions A and the right hand side is over all n x m matrices A
of non-negative integers. The dual Cauchy identity on the other hand is equal to the identity

; Yo = > I,

PeSSYTx(n) B:(b@j) 1,J
Q*€SSYT} (m)

where the left hand side is over all partitions A and the right hand side is over all n x m {0, 1}-
matrices. We use this interpretation in Section 2.3 to provide a combinatorial proof.

2.2. Up and (dual) down operators

In this section we present an elementary algebraic framework which allows us to prove Theo-
rem 2.3. We follow mostly the notations used in [FSA24], however there are certain changes
since we aim to cover the setting for both RSK and dual RSK in this paper. In particular we add

either a “x” or “dual” to notations used in [FSA24] whenever these are specific for the dual RSK
setting.
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For two partitions p, A we write ¢ C )\ if the Young diagram of y is contained in the Young
diagram of \. The poset defined by the inclusion relation C is called Young'’s lattice; its meet
and join are N and U, where A N u (resp., A U ) is defined as the partition obtained by taking
the intersection (resp., union) of the corresponding Young diagrams. For p C A the skew dia-
gram M/ is defined as the Young diagram obtained by deleting all boxes of A which are part
of p. We call the skew diagram \/u a horizontal strip (resp., vertical strip), denoted by 1 < A
(resp., u <’ N), if A/u contains at most one cell in each column (resp. row). The partitions A, u
are called interlacing if y < .

We denote by PP the set of partitions and define Y as the Q-vector space generated by parti-

tions, i.e.,
Y=o
ACP

Intuitively, this vector space already covers all combinatorial objects we are interested in for this
paper. However to be algebraically precise, we need to actually work over the following more
general space. For variables x, ..., z, we define the Q[z1, ..., z,]-module Y[z, ..., z,] as
the set of formal power series in the variables x4, . . ., z,, with coeflicients in Y together with the
usual addition and multiplication. For simplicity, we define for the rest of this paper all linear
maps over the smallest reasonable field or algebra respectively and extend them linearly in the
obvious way if necessary.

The up operator Uy, the down operaior Dy, and the dual down operator Dy, are Q[x, y]-linear
maps on Y[z, y] which are defined as

U\ = Z z Ay, D\ = Z y My, DI\ = Z y My,
U= p=A n='A

for a partition A and linearly extended onto Y[z, y].
A crucial property of these operators are the following commutation relations.

Theorem 2.4. The up and (dual) down operator satisfy the commutation relations

1

O L 2.3)

DU, = (1+ay)U, D, (2.4)

Before proving this theorem, we use it to deduce the (dual) Cauchy identity. First observe
that each SSYT 7' of shape A with entries at most n can be interpreted as a chain of interlacing
partitions

where T denotes the shape of the tableau 7" when restricted to the entries at most i. Analo-
gously a dual SSYT R of shape A\ with entries at most m can be interpreted as a chain of dual
interlacing partitions

g=RO < RW < ... JRM =\

We define the inner product (-, -) on the vector space Y as (A, p) = d,, forall A\, p € P. For
each p € P we extend the inner product to a linear functional (-, p) on Y[x1, ..., Tpn, Y1, -, Ym]
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linearly. The above observations imply the following alternative formulas for the Schur polyno-
mials s)(x), s)(y) and sy (y) in the alphabets x = (z1,...,z,) andy = (y1, ..., Ym)

sa(x) = (U, -+ Uy @, \) (2.5)
S)\(Y) = <Dy1"'Dym)\,®>7 (26)
sx(y) =(Dj, ---D; \a). 2.7)

We calculate the following linear functional in two different ways; first as shown next

<Dym o .Dlel"n T Ul’1®7®> = Z <U$n e U$1®7)\> <Dym o 'Dy1A7®> = ZSA(X)SA(Y)
A

A
(2.8)
By using the commutation relation (2.3) repeatedly we obtain
1 51
Dijacn Uy = 1——WU$nDijxn71 Uy = H I —xy; Van leDyj.
Since D, & = & we obtain by using the above equation repeatedly
(D, Dy Uy - Uy @, @) = H 1 Uy - Uy @, 2) = H 1 |

1<i<n 1<i<n
1<j<m 1<j<m

which proves together with (2.8) the Cauchy identity (2.1). In order to prove the dual Cauchy
identity (2.2) we regard the linear functional (D} --- D} U, --- U, @, &) analogously.

In the remainder of this section we provide a combinatorial proof of Theorem 2.4. For par-
titions A, p and a non-negative integer k we define the sets

U p k) ={v: A <v=p,[v/(AUp)| =k},
D\, p,k) = {p: A= p < p, |(ANp)/p| = k},
U N p k) ={v:A<"v=p v/ (AUp)| =k},
D\ p k) = {p: A= <" p,|(AN p)/u| = k}.

Then (2.3) is equivalent to the system of equations

k
U p. k) =D |D(X p, )], (2.9)

1=0

for all partitions A, p and non-negative integers k, and (2.4) is equivalent to the system of equa-
tions
U™ (N p. k)| = [D*(A, p, k)| + D (X, p, k = 1) (2.10)

for all partitions \, p and non-negative integers k. In order to prove both systems of equations
combinatorially, we need to introduce further notations.
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m__

(a) The partition A = (9,7,4,4,4) together with  (b) The partition p = (7,7, 5,5, 2, 1) together with
all maximal horizontal inner ribbons (coloured  all maximal vertical inner ribbons (coloured in red)
in red) and all maximal vertical outer ribbons  and all maximal horizontal outer ribbons (coloured
(coloured in blue). in blue).

(c) The partition ANp together with all dual remov-  (d) The partition A U p together with all dual
able inner corners with respect to (A, p) (coloured ~ addable outer corners with respect to (A, p)
in red). (coloured in blue).

Figure 2.1: The stepwise construction of the removable inner corners of AN p and addable outer
corners of A U p.

A horizontally inner ribbon of X is set of cells {(¢,7), (1 + 1,7),..., (i + k,j)} = A\/p
such that ;1 < .

A vertically inner ribbon of X is set of cells {(i, ), (i, +1),..., (i, + k)} = A/ such
that u <" \.

A horizontally outer ribbon of A is set of cells {(7,7),(: + 1,7),...,(i + k,j)} = v/A
such that A < v.

A vertically outer ribbon of X is set of cells {(¢, j), (4,7 +1),...,(¢,7+ k)} = v/A such
that A <" v.

Note that the above definitions generalise the notions of inner and outer corners. An inner corner
is an inner ribbon that is both horizontally and vertically, and analogously an outer corner is an
outer ribbon that is both horizontally and vertically. We call a horizontal inner ribbon of A N p
removable with respect to (\, p) if it is the intersection of a horizontal inner ribbon of A and a
horizontal inner ribbon of p. Analogously a horizontal outer ribbon of A U p is called addable
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with respect to (A, p) if it is the intersection of a horizontal outer ribbon of \ and a horizontal
outer ribbon of p. For the dual RSK setting, we call an inner corner of A N p dual removable
with respect to (), p) if it is the intersection of a horizontal inner ribbon of A and a vertical
inner ribbon of p, and analogously we call an outer corner of A U p dual addable with respect
to (A, p) if it is the intersection of vertical outer ribbon of A and a horizontal outer ribbon of p.
See Figure 2.1 for an example of dual addable and dual removable corners and Figure 2.2 for
an example of addable and removable ribbons. In all of the above settings we omit referring
to (A, p) whenever they are clear from context.

Let A, p be two partitions and denote by d the number of removable ribbons of AN p of size 1,
i.e. d is the size of D(\, p,1). We say that a removable ribbon of A\ N p is in position i if it is
in the same row as the i-th element of D(\, p, 1) when counted from the bottom and starting
with 1. Analogously we say that an addable ribbon of A U p is in position ¢ if in the same row as
the i-th element of U(\, p, 1) counted from the bottom and starting with 0.

We identify elements of u € D(\p,k) and v € U()\ p, k) with multisets R(u)
of [d = {1,2,...,d} or S(v) of [0,d] = {0,1,...,d} respectively as follows. Given an el-
ement ;1 € D(\, p, k) we can decompose (A N p)/u into a set {R;,, ..., R;} of removable
ribbons of A N p such that the R;; are pairwise different, R;; is in position ¢;, and that

(ANp)/p= UR

We define the multiset R(4) as the multiset that contains the element 7; with multiplicity | R; |
for 1 < j < [. The construction is analogue for S(v) with addable ribbons. We can apply the
same constructions for the elements of p* € D*(\, p, k) and v* € U*(\, p, k) with the only
difference that R(p*) is a k-subset of [d] and that S(v*) is a k-subset of |0, d|. In the following
we construct for each A, p, k the natural bijections F’7, | Fi"; ko Fp koo Fi?/lfk,

k
F;\,p,k : UD()\apa Z) — U(Avpv k)? F;jp,k : D*()‘7p7 k) U,D*(AHO? k — 1) — u*()‘vpv k)a

=0

where e can be either row or col and hence prove Theorem 2.4 bijectively.

The bijection FY),, called row insertion maps a multiset R € D(A,p,j) to the
set RU{0*~9)}. The definition of the column insertion® Ff\oll) . is slightly more complicated. De-
note by S* the union of all addable ribbons of AU p. In order to obtain F‘j\o}o «(R) we construct a
sequence (A;, B;) of pairs of multisets as follows. For R € D(), p, j) start with the pair of mul-
tisets (Ao, By) = (@, 5> \ R) and denote by x; < - - - < m;, the elements of R U {oo*=7)}. In
the i-th step set (A;, B;) = (A i1 U{y}, Bi—1\{y}) where y is the largest element in B;_; that is
smaller than z;. We define FY’, ! .(R) as the terminal multiset 4. For an alternative description
of column insertion see for example [vL05, §3.2]. Both maps are illustrated in Figure 2.2.

“Note that column insertion is sometimes also called Burge insertion, compare for example to [VLOS, §3.2].
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(a) The partition A N p together with all maximal
removable ribbons with respect to (A, p).

(c) Schematic of the row insertion map F™V.

11

T

(b) The partition A U p together with all maximal
addable ribbons with respect to (A, p).

me=

(d) Schematic of the column insertion map Feol,

Figure 2.2: The inner and outer horizontal ribbons of A N p or A U p respectively and the
schematics of the row and column insertions for A = (10,5,3,2) and p = (9,7, 3, 3).

Example 2.5. The following table shows the row and column insertion maps for A = p = (3, 2)
and k = 2. The top row contains the elements ;1 € U?:o D(\, A, i), where p is obtained by
removing the red boxes. The two bottom rows contain the corresponding images v € U(\, A, 2)
where each v is obtained by adding the blue boxes to .

.

o [ 1] FI | .1 |
1] o
P ) m .1 m O m

For the dual setting the definitions become simpler since we have sets instead of multisets.

s . TOW*
The bijections F’7,

called dual row insertion, and F° 7,

o« " called dual column insertion, are

defined as
row*( ) _ R ‘R| = kv
MRS TARU{0Y IR =k -1,
FS\OI*;@(R) _ {r—1:2€R} R| =k,
P {r—1:2€R}U{d} |R|=Fk—-1
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2.3. Growth diagrams

In this subsection we define Fomin’s growth diagrams [Fom86, Fom95] which allow us to trans-
form a bijective proof of the commutation relation into a bijective proof of the (dual) Cauchy
identity. In the following we view an n X m matrix as an n X m grid of squares for which we
label the vertices of the grid by partitions. The coordinates of the squares lie in [n] x [m], and
the coordinates of the vertices in [0, n] x [0, m]. In both cases these coordinates are interpreted
as matrix coordinates instead of Cartesian coordinates.

Definition 2.6. 1. Let A be an n X m matrix with non-negative entries. A growth associated
with A is an assignment A = (A, ;) of partitions to the vertices (¢, j) € [0,n] x [0, m] such
that

 fori < nholds A;; < Ajy1 5, 1e., Ay /A, ; is a horizontal strip,
e for j < mholds A;; < A; j11,1.e., A; j+1/A,; ; is a horizontal strip,
* |A; ;] is equal to the sum of entries in A to the north-west of (¢, j), that is,

Aijl = Ak @.11)

1<k<i
NN

2. Let B be an n x m {0, 1}-matrix. A dual growth associated with B is an assign-
ment A = (A; ;) of partitions to the vertices (i, j) € [0,n] x [0, m] such that
 fori < nholds A;; < Ay, 1e., Ajyq /A, ; is a horizontal strip,
e for j < mholds A; ; <" A; j+1,1.e., A; j+1/A;; is a vertical strip,
* |A; | is equal to the sum of entries in B to the north-west of (3, j), that is,

|Aij| = Z By,

1<k<i
1<i<y

Since the matrices A or B respectively are determined by A we will often omit the reference
to it and call A a growth or dual growth respectively.

01
Example 2.7. The matrix A = | 1 0 | has four growths associated to it as shown next,
11
G— O — 0O S—F— 0O S—F— O G— O — 0
1| 1 1| 1
—0—10 —0o—10 o —0—10 —0—10
| | 1 | 1 | |
o—0—H g —0— [0 o —0O— [ g —0— [0
1| 11| 11| 1|
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and two dual growths associated to it which are depicted below. For readability we omit the 0
entries in the (dual) growths.

G—0F—0O G—F—O
1 1

g —F —1] S —F —[]
L] L]
o—0O—H o — 00—
1 \ 1| 1 \ 1 \

—H—f,  e—B—H

Given a (dual) growth A we define P(A) as the semistandard Young tableau determined by
the last column of A, i.e., the shape of P(A) restricted to entries at most i is A; ,,,, and Q(A) as
the (dual) semistandard Young tableau determined by the last row of A, i.e., the shape of Q(A)
restricted to entries at most j is A, ;. The according tableaux for the third growth in Example 2.7
are

3] 9]
12[3) QM) ={T1T2)

If A is a (dual) growth associated with A and P = P(A),Q = Q(A), we write

P(A) =

A:A— (PQ),

and say that “A is a (dual) growth from A to (P, Q)”. While in general, there may be multiple
(dual) growths from A to (P, Q) the setting introduced next allows us to choose a unique (dual)
growth. Observe that each square of a growth has the form

=
f——p
A‘ a ‘A with a €N, velUd(\pk), peD\pk-—a), (2.12)
A——v
=
where k = |v/(AU p)| = [(AN p)/u| + a, and each square of a dual growth has the form

<!

p
‘A with b€ {0,1}, vel* (\pk), peD\pk-0»), (2.13)
v

1
A‘b
A

<!

where k = [v/(AUp)| = [(ANp)/pu| + b.
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Definition 2.8. A set of local growth rules F, is a family of bijections
k
F)\,p,k . U D()‘a P, Z) — Z/{(/\, P, k),
i=1
for each ordered pair A, p and non-negative integer k. Analogously, a set of local dual growth
rules F, is a family of bijections

Fi, 6 D"\ p, k) UD (A p, k= 1) = U (N, p, k),

for each ordered pair ), p and non-negative integer k. A (dual) growth A is called an F,-growzh
diagram if each square of A satisfies v = F , (xnp)/ul+a(it) and an I, -dual growth diagram if
each square of A satisfies v = F} |\, /u+5(1), where u, A, p, v, a, b are defined as in (2.12)
or (2.13) respectively.

The key observation is that each set of local (dual) growth rules yields a bijection between
n x m matrices A with non-negative entries and pairs (P, @) of SSYT of the same shape, or
n x m {0, 1}-matrices B and pairs (P, Q) of same shape, where P is an SSYT and () a dual
SSYT respectively, and hence a proof of Theorem 2.3. Indeed, starting with a matrix A or B, we
construct a (dual) growth diagram A using the local (dual) growth rules and then map A to the
pair (P(A), Q(A)). On the other hand, starting with the pair (P, )) of tableaux we can construct
a unique (dual) growth diagram by placing the chains of partitions corresponding to P or () in
the rightmost column or bottommost row and filling the remaining grid (including the matrix
entries) according to

H= F;,1p,|u/()\Up)‘(y>7 a= v+ [ul = [Al = |pl,

for the case of a growth or
* -1
w=F, w00 @), b= v+ |ul — [\ —]pl,
for the case of a dual growth.

Example 2.9. The F™%-growth diagram associated to the matrix

0 21
A=11 10
200
is shown next. As in Example 2.7 we omit the zero entries in the growth diagram.
%] %] %] %]
2 |
g — g — 1] — [11]
S T
o —o—Hp—Hh
2 | J
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By reading the last column and row of the above growth diagram we obtain

P = 2121,

111

23], Q=
111

~wole]
~ole]

We denote by RSKF, and RSKg. the bijections A — (P, Q) induced by the local (dual)
growth rules F, and F as described above. In the remainder of this subsection we describe
how RSKp, can be translated into an insertion algorithm. The translation of RSK;i into an in-
sertion algorithm can be done analogously; for a detailed description see [FSA24, Lemma 2.10].
Since an insertion algorithm describes how the P tableau, also called the insertion tableau,
changes, it suffices to restrict ourselves to one column of the F,-growth diagram as displayed
next. Remember that 7) denotes the shape of a tableau when restricted to entries at most i.

70 TH0)

7 T

T(=1) — Fin-1)
Ao,

T (") Tn)
Lemma 2.10. Given an SSYT T and a multiset I = {1415) 2(425)  n(Ani)Y ywhich we call

the insertion set. The tableau T as defined in the above partial ¥-growth diagram is obtained
by the following algorithm.

* Let i be the smallest element in I and denote by k its multiplicity. Denote by C' the set of
cells of F ,1.(1) /(AU p) where i = TV, X\ = T and p = TV, Place an entry i
into all cells of C, delete all i’s from the insertion set and add all entries to the insertion
set which have been bumped, i.e., replaced by an entry 1.

* Repeat the previous step until the insertion set is empty.

Proof. Let 1 be the smallest element in /. The positions where an entry ¢ of 7" was bumped in a
previous step are the cells of (AN p) \ u, where \, p, 1 are defined as above. By definition, the
multiplicity £ of 7 in [ is A; ; plus the number of times an entry 7 has been bumped in a previous
step, i.e., k = A; j + (AN p) \ p|. The definition of v = F , (1) implies & = [v \ (AU p)].
Hence we can indeed obtain v by placing all i entries of C' into the shape v \ (AU p). O
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For a set of dual local growth rules F} there is an analogous algorithm by restricting to
sets instead of multisets; compare to [FSA24, Lemma 2.10] for more details. We define the
Fo-insertion of I into T" as the algorithm described in Lemma 2.10 and denote it by 7' <F— I.

Analogously we define the dual V', -insertion by restricting the above algorithm to sets. We call
a (dual) F,-insertion traceable if

T<F—'[:TFH'{21}<F—.{ZQ}FH. ?.{Zk}’
holds for any SSYT 7" and set [ = {i; < --- < iy}, i.e., we are allowed to insert the elements
of I “sequentially”. Analogously we call a (dual) F,-insertion reverse traceable if
T I=T ¢ {in} o A} 4 4 ik
holds for any SSYT 7" and any set I = {i; < --- < ix}. Itis easy to verify, that the row inser-
tion F,°" and the dual colu111n insertion F<°'" are traceable and that the column insertion F¢°' and
the dual row insertion F,°" are reverse traceable; compare for example with [vLO5, Section 3].

Given an n x m matrix A with non-negative entries, we can construct the image of RSKg,
using the F,-insertion as follows. First we construct the biword w4 by reading the columns of A

from top to bottom, starting with the leftmost column, and appending A, ;-times (‘Z ) to wa.

wa = | . . . . s
2171 DY /l/l,ll DY DR /Lk71 ... /I/ka

the insertion tableau P is defined as

Given a biword

P=y (F—. {2'1’1,...,@'1’[1} (F—. <F_. {ik,la'-wik,lk}

The recording tableau () is defined as the SSYT which records the growth of P by placing j,
into the cells which were added during the F,-insertion of {i,1,...,%,,, }.

Example 2.11. The biword w4 of the matrix

e}
—_

A:

(1112223
“4=\23311 2 1)
Using that F,°" is traceable, the stepwise construction of the insertion tableau P and the record-
ing tableau () of RSKgrow is shown next.

DN =
O =N
o O

as in Example 2.7 is

2 213 21313
o (2] [213] [2[3[3] Hig737 MiT1l3) [11]2

»—ll\DOO‘
O
w
Il
s

5 22| [2]2]2
o W) L] L) gy o (e

»—lmoo‘
N
N
I
O
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By comparing with Example 2.7, we see that we obtain the same pair of tableaux.

Remark 2.12. We call a set of local growth rules Fy symmetric, if Fy ,x (1) = F, 5 () for all
partitions A, p, x and integers k. It is immediate that the RSKy, correspondence of a symmetric
set of local growth rules F, satisfies the following property

RSKp,(A) = (P,Q) <= RSKg(4") =(Q,P). (2.14)

It is not difficult to see that the sets D(\, p, k) and U(\, p, k) can be expressed by using A N p
and )\ U p instead of A, p. Hence all local growth rules whose definition is based on addable and
removable ribbons, in particular F,”" and Ff‘)l, are symmetric.

2.4. Skew identities

One of the advantages of using growth diagrams is that we can generalise the above results
immediately to the setting of skew shapes without any extra work.
Let 1+ C A be two partitions. A filling of the cells of A/ with positive integers is called

o asemistandard Young tableau (SSYT) of skew shape A/ if the entries are weakly increas-
ing along rows and strictly increasing along columns,

* adual semistandard Young tableau of skew shape A/ if the entries are strictly increasing
along rows and weakly increasing along columns.

We denote by SSYT),,(n) the set of semistandard Young tableaux of skew shape A/ with
entries at most n and by SSYT? /u(n) the set of dual semistandard Young tableaux of skew
shape \/j and entries at most n. The Schur polynomial sy;,(x) is defined for a family of vari-

ables x = (x1,...,x,) as
Sa/u(x) = g xT,
TE€SSYTy ), (n)

where the weight x” of a skew shaped tableau 7" is defined analogously to the regular case.

Theorem 2.13. Let x = (z1,...,x,) and'y = (y1,...,Ym) be two sequences of variables
and )\, p be two partitions. Then

Z Szl/p Sy/)\ H

-z
1<z‘<n iYj
1<j<m

ZSV//J x)s,/x(y) = H 1+ 2y;) ZS/\/u X) Syt /e (¥)- (2.16)

1<isn
1<j<m

ZSW )8/ (¥), (2.15)

Algebraically, both identities follow immediately from the commutation relations in Theo-
rem 2.4 as described in the paragraph after (2.8) by using the fact, that the Schur polynomials
for skew shapes can be expressed as

S/\/M(X> - <UIEn e Uzﬂllu’a )‘> ) (217)

SA/,LL(y> = <Dy1 "'Dym)‘alu>7 (218)
sxw(y) = (D} D} A ). (2.19)
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On the other side, the skew Cauchy identities in Theorem 2.13 actually imply the commutation
relations in Theorem 2.4, i.e., both theorems are equivalent to each other. Indeed, by restricting
to one variable in both families, i.e., x = (z),y = (y), the left hand side of (2.15) is equal to

Zsu/p 31//)\ Z <pr7 I/> <DyV> )‘> = <DyU1p> )‘> ’

v

and the right hand side of (2.15) is equal to

1 1

Z SA//L(:U)SP/H(Z/) =

1 -2y
which implies (2.3). The commutation relation (2.4) follows analogously from (2.16).

The immediate generalisation of the algebraic proof to the skew shape setting can also be
transferred to the combinatorial level. We present this explicitly for (2.15), the case (2.16) is
obtained analogously. First we interpret the left hand side of (2.15) as the generating function
of pairs (P, (0) of semistandard Young tableaux where P € SSYT, /,(n) and Q) € SSYT, /5(m)
with respect to the weight x”y?, and the right hand side as the generating function of
triples (A, S, T') where A is an n xm matrix with non-negative integer entries, S € SSYT)/,(n),
and T" € SSYT,,,(m) with respect to the weight

g H (@iy;)™.

1<i<n

I<ism
For a given set of local growth rules F, we can easily extend RSKy, to a weight preserving
bijection between such triples (A, S, T") and pairs (P, Q). For a triple (A, S,T), we construct an
F,-growth diagram A associated to (A, S, T) by setting A; o = S¥, Ag; = TU) and using the
local growth rules F, to fill the rest of A. We define P = P(A) and Q = Q(A) as before. Note
that the resulting growth A is actually a generalisation of the objects defined in Definition 2.6 by
replacing condition (2.11) with

[Aijl = |SD] 4+ 79| — 5O + Z Apy.

1<k
NN

For simplicity we refer to both objects as growths. Since the local growth rules F, are bijections,
it is immediate that RSKg, proves (2.15) bijectively.

Example 2.14. The F*°"-growth diagram associated to the triple (A, S, T") for

2

A: T:

, S=

2| 113]

o O =
_ o O
O N O

where the cells of y for S and 7" are coloured grey, is shown next.
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u u
(L] EEE EEE EEE
1
o u N
(L] EEEE EEEE RN
2
B L 0. M
EEE EEEE e —
1

l
l
|

h— s —Hh

By reading the last column and row of the above growth diagram we obtain

3 2
2|2 13
13 ’
[2]2] 1[2]3]

As another consequence we obtain combinatorial proofs for the (dual) Pieri rules. Indeed,
the skew (dual) Cauchy identity for p = 4 = @ and y = (y;) implies

n

1
k 1///\\
;ylhk<x>8/\( H —— sa(x) = Zsy X)Su/x(y1) ;y (x), (2.20)

> yher@)sax) = [[(1+zy)snx) =D s®)sn(m) = > Msix), @21
k=0

=1 v v='\

where we used the generating functions for /;(x) and e;(x) on one hand and the fact that s,/ (1)
is 0 unless /) is a horizontal strip. By comparing the coefficient of y¥ on both sides of (2.20)
and (2.21) respectively, we obtain the Pieri and dual Pieri rule

he¥)sa(x) = Y sV, e®)sax) = Y s(N). (2.22)
B WAk

For each choice of local (dual) growth rules F, we obtain a bijection between all pairs (T, (a;);)
where 7" € SSYT\(n) and (a;)1<;<n is a sequence of non-negative integers (resp., a; € {0,1})
with sum equal to k and all T € SSYT, (n) where v = A (resp., v =" \) and |[v/A| = k by
F,-inserting (resp., Fi-inserting) {1(@9), ... n(@)} into T.
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3. Classical Littlewood identities

3.1. Projection identities

In this section we introduce a new type of identity relating the up and (dual) down operators
which we call projection identities. While the commutation relations of the previous section
allow us to interchange the operators, these new identities allow us to “replace” up operators by
(dual) down operators.

For a set X of partitions we define the QQ-linear map 7y : Y — Q as

7TX(:U’) = Z <:U’7 )‘> :

AeX

Note that the linear extension of wx to Y[z, ..., x,] is well-defined even for an infinite set X
since the coefficients of the monomials of an element in Y[y, ..., z,] are always finite formal
sums of partitions. Following the convention of Ayyer and Kumari [AK22, Definition 2.9] we
call a partition /-asymmetric if it has Frobenius notation (a4, ...,qa; + k,...,a; + k) for a
non-negative integer k and (a; — k, ..., a;— klay, ..., a;) for a negative integer k. Denote by P,
the set of partitions with even parts, [P, the set of partitions with even columns, and by ]P”;Sym the
set of k-asymmetric partitions.

Theorem 3.1. The up and (dual) down operators satisfy the following projection identities

1
Uz = 7T]P’DJ;7 3.1
11—z
1
ﬂ-PeUJ} = 7TIP’8D$; (3.2)
1— 22
7T]P”5Ua: = WPgDm (33)
7Tﬂjgsym Ux = 7Tﬂ:bésym x) (34)
Moot U = (L+a?)mp Dy (3.5)

Before proving the above theorem we show how it yields an algebraic proof of the classical
Littlewood identity (1.5) for x = (z1,...,%,). The other Littlewood identities follow analo-
gously. Using (2.5), we can rewrite the left hand side of (1.5) as

dosax) = (U, Un@, N = mpUs, - Uy, @.

el A€P

By the commutation relation (2.3) and the projection identity (3.1) we can further rewrite the
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above as

1
o 1l—=,
1 1

l—2, 1—x,_12,

7T]}DU$7L"'UI1® W]}DDwnU

Trm—1 ..

U, @

' ﬂ-PanlexnUzn72 s leg ...

n—1
1 1
— wpUs, -+ Uy Dy @
1—z, 11—z, Y an— o

n—1 n

1 1 1 1
welle o Uno === 1] 7=
. 1)

i=1 v 1<i<ji<n

1—z, 21 —2;2,
=1

where we used D, = @.

As for the commutation relations, we prove Theorem 3.1 bijectively. In particular we relate
the Equations (3.1) and (3.2) to special cases of (2.3), and provide explicit bijections for the
Equations (3.4) and (3.5). The Equation (3.3) on the other hand turns out to be “trivial”. For a
partition A, an integer k£ and a subset X of partitions we define the sets

Ux (N E) ={re X v>=\]|v/\ =k},
Dx(M\ k) :={p € X :p=<\I[Nul =k},
Dx(M\ k) :={p e X :pn=<"\|Nul =k}

The projection identities (3.1), (3.2), and (3.3) are equivalent to the respective system of equa-
tions

—
S| >
L o

Ue(A B)| = ) IDe(X0)],

Us (A F)[ = > [De. (A k= 20)],

|Up, (N, k)| = |De, (N k)]

o

and the identities (3.4) and (3.5) are equivalent to the respective system of equations

U, OB = |Pon OB [t )| = [Py, OB+ [Pey, Ak = 2)]

ym

for all partitions A\ and non-negative integers k.

3.1.1 Proof of (3.1)

Let F, be a set of local growth rules. It is immediate that Dp(\, k) = D(\ A k) and
Up(\, k) = U(N, A, k) holds for all partitions A and integers k. Hence the map Fp

Fpow: [ JDe(N i) = Us(N k) 0 o Fak(pe). (3.6)

i<k

is well defined and a bijection, which yields a bijective proof of (3.1). [
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3.1.2 Proof of (3.2)

For a partition A = (\y, ..., A\,,) define the partitions A~, A* as

(6 B e (R )]

and write odd(\) for the number of odd parts of \. One can verify easily that the maps

DA, AT k) = Dp, (N, 2k +odd(N)) = (p1, -y pin) = (201, -+, 2000),
UN AT E) = Up, (N 2k +odd(N) 0 (v1, .. vm) = (20,00, 20),

are bijections; compare with Figure 3.1. By abuse of notation, we call both bijections . For a
given set of local growth rules F,, we define the map Fp, ) 2x40aa(n) a8

Fp, ) 2k+o0ddy) = ¢ © Fa- x+ o™ 3.7

It is immediate by the above considerations, that Fp, ) 2x1o0dd(r) iS @ bijection between the
sets J;<p Pe. (A, 20 + odd(A)) and Up, (A, 2k + odd())) and hence yields a bijective proof
of (3.2). [

C==0 [ o

oo e[ [ Il —

Figure 3.1: On the top row are the partitions A~ and A" for A = (11,6, 3), where the boxes
lying in an inner (resp., outer) horizontal ribbon are marked by dots. The bottom row contains
the corresponding images under ¢, where the boxes which have to be removed (resp. added) to
obtain A are filled in red (resp. blue) and single dots are mapped to pairs of dots.

*—

3.1.3 Proof of (3.3)

Let A be a partition. Then both sets Up: (A, k) and Dy, (A, k) are empty unless & = odd()\') in
which case Up: (A, k) consists of the partition  obtained from A by adding to each odd column
a cell, and Dy (A, k) consists of the partition 1 obtained from A\ by removing a cell of each odd
column. We denote by Fp: ) oq4(k) the bijection from {y} to {v}. O
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Ut

1

Figure 3.2: On the left a sketch of all € P, with p <" X = (7,5,3,2,0[10,7,4,2,1),
where the boxes along the diagonal are marked gray, the boxes which have to be removed are
in red and a box labelled i is removed if i € R} (p). On the right a sketch of all v € ]P’;Sym
with v > A, where boxes are in blue if they have to be added and a label 7 marks a box which is

added if i € S} (v).

3.1.4 Proof of (3.4)

Let A < v be two partitions with v € ]P;Sym and suppose that their Frobenius notations

are A\ = (a1, ...,qby,....b)andv = (¢1,...,cpnlc1+1, ..., ¢ +1). First observe thatl = m
holds, otherwise we would need to add at least two cells to A in column [ + 1 which contra-
dicts A < v. The condition A < v is equivalent to the following two families of inequalities

Ci>ai>c7;+1+1 Ci+1>bi>cim

for all 1 < ¢ < [ where we set ¢;,; = —1. Hence the existence of the partition v implies
b1>a1>b2>~-->bl>al S (al,...,al)<(b1,...,bl). (38)
Since both (ay,...,q;) and (by,...,b;) are strict partitions, (3.8) is actually equivalent to the

existence of a partition v as above. Define Sl .= {i:a;_1 > b; > a;}, where we set ag = 0.
Assume that (3.8) holds, then each v € P;Sym with A < v corresponds to a subset of S} as
follows. First, note that b; = a; implies ¢; = b;, and b; = a;_, implies ¢; = b; — 1 for all 7,
compare with Figure 3.2. On the other hand for i € Si we can have eitherc; = b; — 1 or¢; = b;.
We define S} (v) as the set of ¢ € S} such that ¢; = b;. It is immediate, that v — S}(v) is a
bijection between all v of the above form and all subsets of Sj.

Let i <’ A where p has Frobenius notation (dy, . ..,d,|d; + 1,...,d,, + 1). Observe that
this implies m € {l,l — 1}. In the case m = [ — 1 it is convenient to define d;, = —1. The

condition ;z <’ A is equivalent to the family of inequalities

di+12>a;>d, di-y 2b; >d; +1,
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where we set dy = oo. As before, the existence of y is therefore equivalent to (3.8). Denote
by Ry := {i : biy1 < a; < b}, where we set b4y = —1. Each p € P, with <" A
corresponds exactly to one subset of Ri as shown next. First, a; = b; implies d; = a; — 1,
and a; = b; 1 implies d; = a;. On the other hand for i € Ri we have the two choices d; = a;
or d; = a; — 1. Denote by R} (u) the set of all i € R}, such that d; = a; — 1. It is easy to see
that the map p — R (1) is a bijection between all 1 of the above form and all subsets of R}.

It is not difficult to see, for example by comparing with Figure 3.2, that [v/\| = |/
if |S1(v)] = |RA()|- Hence it suffices to show that |S}| = |R}| in order to prove (3.4). We
place the sequence b, aq, b, as, . . . in a zigzag pattern and connect two integers if they are equal;
see Figure 3.3 for an example. Since R} corresponds to the numbers in the top row which are
not connected, and S}\ corresponds to the numbers in the bottom row which are not connected,
it is immediate that |S}| = |R}|.

We define a natural bijection between the sets Dp1 (A k) and Upy (A, k) denoted

by Fpi" sk For Ry = {ri,...,rp} and S} = {s1,...,s,} we define F;"™" o, to map the
partition p with R} (1) = {r;,,...,r; } to the partition v with S} (v) = {s,,..., i, }- O
7 ) 3 2 0
AN /
10 7 4 2 1
Figure 3.3: The zigzag pattern as defined in Section 3.1.4 for (a;); = (7,5,3,2,0)

and (bz)z = (10, 7, 4, 2, 1)

3.1.5 Proof of (3.5)

1

Figure 3.4: On the left a sketch of all € P} with u <’ X\ = (7,5, 3,2]8,5,2,0), where the

asym
boxes along the diagonal are marked gray, the boxes which have to be removed are in red and a

box labelled i is removed if i € R '(x2). On the right asketchof allv € P! withv = ), where

asym

boxes are in blue if they have to be added and a label i marks a box which is added if i € S}*(v).
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Let A = (a1,...,qby,...., b)) and v = (c1 + 1,..., ¢ + 1c1, ..., 0m) € P;S;m such that

A < v. First observe that we have m € {l,] + 1} and for convenience define ¢,y = —oo if
m = [. By definition, the condition A < v is equivalent to the two families of inequalities

ci+1=2a; 2ci1+2, cizb=c—1,
for all 1 < 7 < [. Hence the existence of a partition v as above is equivalent to
bhh+2>2a1>2b+2>2--- 20 +2>q <~ (al,...,al)—<(b1+2,...,bl+2), 3.9

where the equivalence holds since (aq,...,a;) and (by,...,b;) are strict partitions. Define
S;l ={i<l+1:a; 1 >b;+2 > a;}, where we set ag = 00, b1 = —1 and a;;; = —oc0. We
show that each v with A < v corresponds to a subset of S;l as follows. First note that b; +2 = a;
implies ¢; = b; + 1, and b; + 2 = a;_; implies ¢; = b;. On the other hand if a;_; > b; + 2 > q;
holds, we have two allowed choices for ¢;, namely b; and b;+1. In particular we can have ¢;, 1 = 1
if and only if ¢; > 2 which is equivalentto (I+1) € S} '. We define S} '(v) as the setof i € S}
such that ¢; = b; + 1. By the above argument it is immediate that v — S;l(y) is a bijection
between all v as above and all subsets of S;l.

Letp=(dy+1,...,dy, + 1|dy,...,dy) be a partition with ;1 <’ \. The existence of such
a p is equivalent to the family of inequalities

di+2>a;2d;+1, dioi—120b; > d,

which is again equivalent to (3.9). Denote by Ry"' := {i <l : b; +2 > a; > by + 2}
Each p € IP’;Sim with ;1 <’ X corresponds to a subset of R;l as follows. First, the equali-
ty a; = b; + 2 implies d; = a; — 2, and a; = b;,1 + 2 implies d; = a; — 1. Note that the
case a; < b;;1+2 can only appear for ¢ = [ and a; = 0 which impliesm = [—1. Forall: R;l
we have however two possible choices for d;, namely a; — 1 or a; — 2. Denote by R '(x) the
set of all i € R " such that d; = a; — 2. Then the above shows that the map p — Ry ' (1) is a
bijection between all such partitions 1 and all subsets of R;l.

Denote by 1 the partition such that S} (1) = @. Then we have

/A= /A +2[ST W), [N u] = /Al + 2[R (1)
Hence in order to prove (3.5) it suffices to show |S}'| = |R}'| + 1. Similar to the previous
subsection we place the sequence by + 2, a1, by + 2, as, ..., b;+2, a;, b1 + 2 in a zigzag pattern
and connect two integers if they are equal and connect a; and b ; + 2 if a; < b1 +2 = 1;
see Figure 3.5 for an example. Again the unconnected numbers in the top row correspond to the
elements in R;l and the unconnected numbers in the bottom row correspond to the elements
of S;l, which proves the claim.

We define two natural bijections between the sets Dp1 (A, 2k) U Dy (A, 2k — 2)

I -1
and Up-1 (A, 2k) denoted by fpzvlytn,x,zk and F@szszm,mk' For the sets R," = {r,...,7,}
and S;' = {s, ..., 5,} these are defined as

row T P Vo 7
]P’asi,m,)\ﬁk { " 7 Z]} {{807 Siyy - 7Sij} lf.] =k — ]-7
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and
11—1y oy 90— f:ka
FI?»O—IT ok \Tins - Tig b tsa-1 Sy} l]
asymors ’ {5751,1,.--,3ij,1,5n} lf] =k — 17
where we identified the partitions j, v with the corresponding sets R * (1) and S ' (v). O
7 ) 3 2
AN /
10 7 4 2 1

Figure 3.5: The zigzag pattern as defined in Section 3.1.5 for (a;); = (7,5,3,2)

and (bz)z = (8, 5, 2, 0, —1>

3.2. Triangular growths

In this section we adapt Fomin’s growth diagrams to our framework. Instead of symmetric
matrices we use “upper triangular” arrays.

Definition 3.2. Let C' = (c¢;;)1<i<j<n be a triangular array with non-negative integer entries.
A triangular growth associated with (' is an assignment A = (A; ;) of partitions to the ver-
tices (4, 7) € [0,n] x [0, m] with ¢ < j such that

e fori < nholds A; ; < Ajs1 4, 1.e., Ajy1 /A, is a horizontal strip,
» for j < mholds A;; < A; j11,1.e., A; 41/, ; is a horizontal strip,

* the size |A; ;| is equal to

Aigl= > et Y crn (3.10)

1<k<I<e 1<k<i
k<I<]

We say that A is a rriangular dual growth, if A, 44 j/A; ; is a vertical strip instead of a horizontal
strip. Since C'is determined by A we further omit referring to it.

001
Example 3.3. The triangular array C' = 1 0 has four triangular growths associated to it
0
as shown next.

G—P—@—0 G—OF—O—OF F—OF—F—OF F—F—F—0O
Ry Ry Ry Ry
o—o—1[ o—o—1[ o—o—1[ o—o—1[

tl tl L] 1]
00— 00— 0—-H 0—-H
men = = ]
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Analogously to usual growths, we associate to a triangular (dual) growth A the semistandard
Young tableau P(A) by reading of the right-most column, i.e., the shape of P(A) restricted to
entries at most 7 is A, ,,. The according tableau for the second triangular growth in Example 3.3
is

3
12]

P(A) =

For a triangular (dual) growth A associated to C' with P = P(A) we write
AN:C—P

and say that “A is a triangular (dual) growth from C'to P”. Each full square of a triangular (dual)
growth is of the form (2.12) or (2.13) respectively. The partial squares on the boundary are of
the form as shown left (resp., right)

=< <’
p— X I A

¢ |A  withp € Dp(A\, k—a), ¢ | A withu € Dp(A k—a), (3.11)

14 14

where ¢ € Nand v € Up(\, k). By extending the local (dual) growth rules as shown next, we
can always choose a unique triangular growth from C' to P.

Definition 3.4. Let X be a set of partitions and Ix(\, k) C [0,k] forall A € Pand k € N. A
set of local triangular growth rules Fq is a set of local growth rules F, together with a family of
bijections Fx ,  foreach A\ € Pand k € N

FX,)\,k : U DX(/\,’L) —>Z/{X(>\, k‘)

i€lx (\k)

Analogously a set of local triangular dual growth rules F, is a set of local dual growth rules F,
together with a family of bijections F , ; foreach A € Pand k € N

Fiar: U Dx(hi) = Ux(\ k).
Z'GIx(A,k)

We have already seen local triangular growth rules implicitly in the previous section.
For example Section 3.1.1 considers the case X = P and Ip(\, k) = [0, k] and Section 3.1.2
the case X = P, and Ip (A 2k + odd(\)) = {odd(A),odd(A) + 2,...,0dd(\) + 2k}
and Ip, (A, 2k + 1+ odd())) = @.

Given a set of local triangular (dual) growth rules F,, we call a triangular (dual) growth
A a triangular (dual) ¥,-growth diagram if each full square satisfies v = F , xnp)/ul+a(1t)
(resp., v = F;,p,\()\ﬂp)/u\Jra(/’L))’ where p, A\, p, v, a are defined as in (2.12) (resp., (2.13)) and each
partial square satisfies v = Fx \ | /u|+c (t€Sp., v = F}«\,I/\/ulﬂ) where A\, i, v, c are defined as on
the left (resp., right) of (3.11). Asin Section 2.3 the important observation is that each set of local
triangular (dual) growth rules F, yields a bijection between the set of arrays C' = (¢; ;)1<i<j<n
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where the non-diagonal entries are either in N or {0, 1} and the diagonal entries are either 0,
in 2N or in N respectively®, and the set of SSYTs with shapes in X and entries at most nn. Given
an array C' we construct a triangular (dual) F,-growth diagram as before by using the local
triangular (dual) growth rules.

Similarly to Section 2.3 we can also translate the local triangular (dual) growth rules F,
into an F,-insertion algorithm. Let C' be a triangular array as before, denote by 7' the tableau
obtained after inserting the first 7 — 1 columns and 7" the tableau obtained by inserting the i-th
column of C'into T'. Then 7' is obtained by the following two steps:

1. We F,-insert the first ¢ —Al entries of the i-th column as defined in Lemma 2.10 or [FSA24,
Lemma 2.10] to obtain 7T restricted to entries at most ¢ — 1.

2. We insert an entry 7 in all cells of F y 7y ,(TV1) /T, where

k= |60 /pe

+ Ai,i - i Ajﬂ'.
j=1

Remark 3.5. We can use the above translation to insertion algorithms to relate our growth dia-
gram proofs to well known bijections.

1. The Littlewood identity (1.4) is proved by Burges “INSERT1” algorithm [Bur74, Sec-
tion 2]. Let (ug,vk), (Ugs1,Vks1),---,(u,v) be all pairs of the two-line array
with ¢ = u, = --- = w;. It follows by the proof of the theorem of Section 2 of [Bur74,
p. 20] that none of the u; will be bumped when inserting these pairs by “INSERT1”. This
implies that we can first row insert the v; and then add all u;, i.e. the entry ¢, at once.
Hence this algorithm is equivalent to using triangular growths where we use row insertion
for all local growth rules.

2. The Littlewood identity (1.5) is usually obtained from the symmetry of RSK, see (2.14).
Since the bijection Fp )  is defined by Fp ) , = F'5 \ 1, it follows that the triangular F,-
growth diagrams are equal to the upper half of a regular growth diagram of a symmetric
matrix. In particular this covers the classical proof via row or column insertion.

3. Burge argues in [Bur74, Section 3] that the Littlewood identity (1.6) can be obtained by
applying column insertion, which he calls “INSERT*”, to a symmetric matrix with even
diagonal entries, or equivalently by a simplified insertion algorithm called “INSERT?2”.
Since the definition of F'p, y ;. is based on the local growth rules I, we obtain the same cor-
respondence by the above argument by using triangular growths where we choose column
insertion F¢!,

5The allowed values for the entries of C' = (ci, j) depend on the explicit situation, i.e., which of the Littlewood
identities we want to prove.
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4. The Littlewood identity (1.7) is proved by Burges “INSERT3” algorithm. Let (uy, vg),
(Ugs1, V1) - - (ug,vy) be all pairs of the two-line array with ¢ = u, = -+ = wy.
Since i > v; for all k < j < [ no ¢ entry is bumped while inserting these pairs via “IN-
SERT3”. Hence we can equivalently first insert vg, viy1, . .., v; as defined by “INSERT3”
and then insert all ¢ entries. By definition, inserting vy, Vg1, ..., v; via “INSERT3” cor-
responds to the dual row insertion F,°"* since dual row insertion is reverse traceable. It is
immediate by the definition of “INSERT3” that inserting all 7 entries is equivalent to the
definition of Fp™* " k- Hence “INSERT3” is equivalent to using triangular dual growths

with dual row 1nsert10n FY¥ and Frow .k respectively.

5. Burge proves the Littlewood identity (1.8) by the “INSERT4” algorithm. As above, we can
for each column first insert the v; entries and then the u;. By definition of “INSERT4”
the v; are inserted by dual column insertion. Furthermore it is immediate that insert-
ing the u; entries is equal to applying Ffpg‘”l;n - Hence Burge’s “INSERT4” algorithm
is equivalent to using triangular dual growth diagrams together with dual column inser-

: colx rOW *
tion Fg”™ and FIP’;sly Ak

Similar to Section 2.4 we can extend the framework of triangular (dual) growth diagrams
to obtain bijective proofs for the following skew Littlewood identities, compare also to [Mac95,
Ch. I, Section 5, Ex. 27].

Theorem 3.6. Let x = (x4, ...,x,) be a sequence of variables and let \ be a partition. Then,
1
Z Sy/)\(X) = H 1_—mj Z SA/“(X), (3.12)
veP, I<i<jsn HeP,
I 1
veP i=1 1<i<yj<n neP
I 1
Z Sy (x) = H T2 H R Z $x/u(X), (3.14)
veP, i=1 1<i<j<n peEP,

Z sy (x) = (14 z;z;) Z Sx/u(X), (3.15)

VEPLm 1<i<j<n HEPasym
Z sy (x H 1+ 2?) H (14 zx) Z Sx/u(x). (3.16)
VEPqsym =1 I<i<jsn HEPZGym
More explicitely, for a triangular array C' = (c¢;;)1<i<j<n as before and a tableau
S € SSYTy/u(n) (resp. S € SSYTS,,,(n)) we construct a triangular (dual) growth diagram as
before with the only difference that we set Ay ; = S" @) for 0 < 7 < n instead of Ao; = @. The

following example illustrates this for the case of (3.16).
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Example 3.7. The triangular dual growth diagram associated to the pair (C, S) for

2

1
0

0
1
0’ 304/
0

TOW *

v is shown next.
Pas§m7A7k

where we use the local triangular dual growth rules F;°** and

Ej

By reading the last column of the above triangular dual growth diagram we obtain
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4. A general framework

In the final section we describe the general set up for which our new approach yields an algebraic
proof of Littlewood type identities.

Let P be a ranked poset together with two functions 1, )+ : P2 — K, where K is a field
and (X, p1) # O or (A, i) # O respectively implies 1 C A. Typically we write ¢, and ¢y,
instead of (A, u) or (A, ). We define the operators U, and D, called up operator and
down operator respectively on the K [x, y]-module P[x, y] of formal power series in x, y whose
coeflicients are finite formal sums of P over K as

Uh =ty a7y, D A= 1y y Ve,
v p
for partitions \ and linearly extend it to P[z,y]. For each pair A\, u € P and x = (x1,...,2,)
andy = (y1, - . ., Ym) we define the two polynomials
SA/M(X) = <an c Upy )‘> ) Si_/u(Y) = <Dy1 T Dym)\7 V) )

where (A, 1) := 0, for any elements A, 1 € P and (-, -) is linearly extended in the first compo-
nent to a K[, y]-linear functional on P[x,y]. Note that the polynomials s,,,(x) and sf/ L(y)
are symmetric polynomials in x or y respectively if the up and down operators satisfy the com-
mutation relation U,,U,,; = U,,U,, and D, D, = D, D,, respectively.

Proposition 4.1. 1. Let f(z,y) € K(x,y) be a rational function. The up and down operator
satisfy the commutation relation

D,U, = f(z,y)U.D,, (4.1)

if and only if the polynomials s\(x) and sy (y) satisfy the Cauchy type identities

D sue®sny) = [T F@nv) Y sau)sy,(y), (4.2)

v 1<i<n o
1<j<m

forall \,p € P.

2. Let g(x) € K|[x] be a formal power series and ¢ : Plz] — K|[xz] a K[z]-linear func-
tional. If the up and down operator satisfy additionally to (4.1) the projection identity

polU, =g(x)-poD, (4.3)

then the polynomials s (x) satisfy the identity

n

Yo eWspnt)=Tglz) T flaiz) ) elu)sy,x). (4.4)

=1 1<i<j<n o

forall A € P.
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Proof. The first part is classical and an immediate generalisation of the paragraph after Theo-
rem 2.13. For the second part, we have by definition

Zso

V)sua(x ng U\ V) = o U, - Ug A

= g( TL) : SOODZPnU"Enfl le)\

n—1

= ... = g(([;n) H f(ml,:pn) - po an71 . leDwn/\

i=1

=1 1<i<j<n
=[] o) F@iys) - > @) (Day - Di, A, )
i=1 1<i<yj<n o
H i) H f (@i y5) Zﬁp 3,\/u u

1<i<ji<n
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