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Abstract. The intersection density of a transitive permutation group G ⩽ Sym(V ) is the
ratio between the largest size of a subset of G in which any two agree on at least one el-
ement of V , and the order of a point-stabilizer of G. In this paper, we determine the in-
tersection densities of the automorphism groups of the arc-transitive graphs admitting a
2-arc-regular full automorphism group G∗ = PGL2(q) and an arc-regular subgroup of
automorphism G = PSL2(q).
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1. Introduction

Given a transitive permutation group G ⩽ Sym(V ) where V is a finite non-empty set, a sub-
setF ⊂ G is intersecting if for any f, g ∈ F , there exist v ∈ V such that f(v) = g(v). IfF ⊂ G
is intersecting and g ∈ F , then the set g−1F = {g−1x : x ∈ F} is an intersecting set containing
the identity of G. Therefore, we may assume without loss of generality that any intersecting set
contains the identity of G. The intersection density of G ⩽ Sym(V ) is the rational number

ρ(G) = max
{|F| : F ⊂ G is intersecting}

|G|/|V |
.
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If Gv is the stabilizer of v ∈ V in G, then Gv is intersecting of size |G|
|V | , and so ρ(G) ⩾ 1.

The notion of intersection density was first introduced in [LSP20] to measure how large
the intersecting sets in a given transitive group can be compared to its point stabilizers. The
majority of the work prior to [LSP20] focused on transitive groups with intersection density
equal to 1, see [FD77, GM09, MR21, MS11, MST16] for example. In the past few years, the
study of intersection densities of transitive groups has become a very active research area. For
instance, it was shown in [MRS21] that the intersection density of a transitive group is at most
a third of the degree of the group, and it was recently shown in [CGS25] that there are only four
transitive groups with intersection densities attaining this upper bound. In [BMR24, HKKM25,
HKMM22, LSP20], the intersection densities of transitive groups with prescribed degrees were
studied. The notion of intersection density was also recently extended to vertex-transitive graphs
in [KMP23, MR24].

In this paper, we study the intersection densities of certain automorphism groups of cubic
arc-transitive graphs. Recall that a graph X = (V,E) is cubic if every vertex has degree 3.
An arc in a graph is an ordered pair of adjacent vertices, and a graph is arc-transitive if its
automorphism group acts transitively on the set of arcs. In general, an s-arc of X is an (s+ 1)-
tuple (u0, u1, u2, . . . , us) with vertices such that {ui, ui+1} ∈ E for 0 ⩽ i ⩽ s − 1, with the
condition that ui−1 ̸= ui+1 for 1 ⩽ i ⩽ s − 1. The graph X is called s-arc-transitive if its
automorphism group acts transitively on s-arcs, and s-arc-regular if it acts regularly on s-arcs.

Given a vertex-transitive graph X = (V,E), the intersection density array of X is the
increasing array

ρ(X) := [ρ1, ρ2, . . . , ρt] (1.1)

such that for any transitive subgroup H ⩽ Aut(X), there exists j ∈ {1, 2, . . . , t} such
that ρ(H) = ρj , and for any j ∈ {1, 2, . . . , t}, there is at least one transitive H ⩽ Aut(X)
whose intersection density is ρj .

For example, the intersection density array of the Petersen graph is [1, 2] since its full auto-
morphism group is Sym(5), and the only other transitive subgroups are Alt(5) and Z5⋊Z4. The
intersection densities of Sym(5) and Z5⋊Z4 are both 1, while Alt(5) has intersection density 2.

The weak intersection density array of an arc-transitive graph X is the sub-array ρ(X) con-
sisting of all ρ ∈ ρ(X) that are realized by arc-transitive subgroups of automorphism.

Cubic arc-transitive graphs have been extensively studied and they have been classified
through their automorphism groups. For a comprehensive review of cubic arc-transitive graphs,
the reader is referred to [DMM22, Chapter 10]. A cubic arc-transitive graph X = (V,E) is of
type {1, 21} if its full automorphism group G∗ is 2-arc-regular, admitting a 1-arc-regular sub-
group G, and its edge stabilizer in G∗ is isomorphic to Z2

2. In [KMP23], Kutnar, Marušič and
Pujol initiated the study of the intersection densities of transitive automorphism groups of cu-
bic arc-transitive graphs. In particular, they introduced the notion of weak intersection density
array and considered it for this family of graphs. By definition, cubic arc-transitive graphs of
type {1, 21} have a 2-arc-regular full automorphism group, G∗ and a 1-arc-regular transitive
subgroup G ⩽ G∗. Hence, the weak intersection density array of such graph is [ρ(G∗), ρ(G)]
if ρ(G) > ρ(G∗), and [ρ(G)] if ρ(G) = ρ(G∗).
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In [KMP23], under some strong restrictions, the weak intersection density array of many
of these graph was computed. In this paper, we continue this work by determining the weak
intersection density array of the cubic arc-transitive graphs of type {1, 21} with G∗ = PGL2(q)
and G = PSL2(q), where q is an odd prime power. Whenever q = 2k, there are no graphs of
type {1, 21} since G∗ = G = PGL2(q), so we henceforth assume that p is an odd prime. We
will assume the following hypothesis for convenience.

Hypothesis 1. Let X = (V,E) be an arc-transitive cubic graph of type {1, 21} with full auto-
morphism group G∗ = PGL2(q), where q = pk is an odd prime power, and G = PSL2(q) is a
1-arc-regular subgroup of G∗.

Marston Conder [Con25] gives a complete list of the cubic symmetric graphs on up to 10000
vertices, of these he identifies 1135 which are of type 21. It is possible to check this list for the
graphs whose automorphism group satisfies the hypothesis. Doing this shows that 57 of these
graphs satisfy our hypothesis, these are listed the appendix.

IfX,G andG∗ are as in Hypothesis 1, then for v ∈ V , there exists h ∈ G of order 3 and an in-
volution r ∈ G∗\G such that rhr−1 = h−1, Gv = ⟨h⟩ and G∗

v = ⟨h, r⟩ ∼= D6
∼= Sym(3). Under

the action ofG∗ = PGL2(q) onX , exactly the elements conjugate to an element inG∗
v
∼= Sym(3)

have a fixed point; in particular, g, h ∈ G∗ are intersecting exactly when hg−1 is conjugate to an
element in G∗

v. Similarly, with this action, the elements with a fixed point in G are exactly those
conjugate to an element in ⟨h⟩.

As |G| = (q−1)q(q+1)
2

and |G∗| = (q − 1)q(q + 1), it is clear that G and G∗ always have
elements of order 2 and 3. In fact, unless q = 9, G = PSL2(q) is generated by an involution and
an element of order 3. Furthermore, G∗ is always an extension of G by a cyclic group of order 2,
whenever q is odd.

For q a power of 3, the following result was proved in [HKKM25, Theorem 7.2] and also
in [KMP23, Theorem 4.8].

Theorem 1.1. If G = PSL2(3
k) and G∗ = PGL2(3

k) with k ⩾ 3 an integer, is as in Hypothe-
sis 1, then

ρ(G∗) = ρ(G) =

{
3k−1 if k is odd
3

k
2
−1 otherwise.

The next result was proved in [HKKM25, Theorem 6.1] for the case when q ≡ 1 (mod 3).

Theorem 1.2. If q = pk ≡ 1 (mod 3), and G = PSL2(q) is as in Hypothesis 1, then

ρ(G) =

{
4
3

if p ̸= 5

2 if p = 5.
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Following Theorem 1.1 and Theorem 1.2, the only open cases for both G = PSL2(q)
and G∗ = PGL2(q) are when q = pk ≡ 2 (mod 3); in this paper we resolve these cases. Note
if q = pk ≡ 2 (mod 3), then k is odd and p ≡ 2 (mod 3). Theorem 1.2 computes the intersec-
tion density of arc-regular subgroups in Hypothesis 1, but not of the full automorphism groups.
So for q ≡ 1 (mod 3), we will also determine the intersection density of G∗ = PGL2(q).

The main results of this paper, stated together with the known results, is the following.

Theorem 1.3. If X is a cubic arc-transitive graph as in Hypothesis 1, with q = pk an odd prime
power, and (G,G∗) = (PSL2(q),PGL2(q)), then

ρ(X) =



[3k−1] if q = 3k and k odd,
[3

k
2
−1] if q = 3k and k even,

[1, 2] if q ≡ 1 (mod 3) and p = 5,

[1, 4
3
] if q ≡ 1 (mod 3) and p ̸= 5,

[1] if q ≡ 2 (mod 3) and q ≡ ±2 (mod 5),

[1, 4
3
] if q ≡ 2 (mod 3) and q ≡ ±1 (mod 5) or q ≡ 0 (mod 5).

2. Background results

2.1. Orbital graphs

Throughout this section, we let G ⩽ Sym(V ) be a finite transitive group. The group G acts
intransitively on V × V , and an orbit for this action is called an orbital of G. By transitivity
of G, the set O0 = {(v, v) : v ∈ V } is an orbital, called the trivial orbital, or the diagonal
orbital of G. Any other orbital of G ⩽ Sym(V ) is a subset of {(u, v) : u, v ∈ V, u ̸= v}.

Let O be a non-trivial orbital of G. The set O∗ = {(v, u) : (u, v) ∈ O} is also an orbital
of G, and if O is an orbital such that O = O∗, then O is called a self-paired orbital. The
orbital O determines a digraph XO = (V,O), called an orbital graph, whose vertex set is V ,
and whose arc set is O. If O is a self-paired orbital, then XO may be viewed as an undirected
graph, otherwise, XO is an oriented digraph. A basic orbital graph of G is an undirected graph
of the form XO for some self-paired orbital O, or XO ∪XO∗ for some orbital O of G that is not
self-paired.

Recall that a graph X = (V,E) is called vertex transitive if Aut(X) acts transitively on V .
The next result shows that any vertex-transitive graph can be reconstructed from orbital digraphs.

Lemma 2.1. [DMM22, Proposition 1.4.6] Let X = (V,E) be a vertex-transitive graph.
If G ⩽ Aut(X) is transitive, then X is a union of basic orbital graphs of G.

A vertex-transitive graph X = (V,E) is called a Cayley graph if there exists H ⩽ Aut(X)
acting regularly on V , that is, for any u, v ∈ V , there exists a unique h ∈ H such that v = h(u).
IfX is a Cayley graph, thenX is isomorphic to a graphCay(H,C), whereC is an inverse-closed
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subset of H \ {1}, with vertex set H and two elements h and h′ in H are adjacent if and only
if h′h−1 ∈ C.

Next, we recall an important correspondence between orbital graphs and the suborbits of a
transitive subgroup of automorphisms. Recall that the suborbits of G ⩽ Sym(V ) are the orbits
of Gv, for some v ∈ V . We will assume henceforth that O0, O1, O2, . . . , Od are the orbitals
of G ⩽ Sym(V ), where O0 is the trivial orbital. Fix v ∈ V . For any 0 ⩽ i ⩽ d, there
exists wi ∈ V such that Oi is equal to the orbital of G containing (v, wi). By transitivity of G
on Oi, it is clear that Gv is also transitive on the set ∆i = {w ∈ V : (v, w) ∈ Oi}. Therefore,
there is a one-to-one correspondence between the orbitals of G and the orbits of Gv, that is,
the suborbits of G with respect to v. In particular, for any 0 ⩽ i ⩽ d the orbital Oi of G that
contains (v, wi), corresponds to the suborbit∆i containingwi. We say that a suborbit ofG is self-
paired if the corresponding orbital is self-paired. Hence, we also define the graph X∆i

:= XOi

for 1 ⩽ i ⩽ d.
The following result gives a characterization of arc-transitive digraphs.

Lemma 2.2. [DMM22, Theorem 3.2.8] Let X = (V,E) be a graph, G ⩽ Aut(X) be transitive
and v ∈ V . The following statements are equivalent.

1. X is an arc-transitive graph,

2. the neighbourhood NX(v) of v in X is a self-paired suborbit of G,

3. X is an orbital graph of G.

2.2. Cubic arc-transitive graphs

Let X = (V,E) be a cubic arc-transitive graph of type {1, 21} with G∗ = Aut(X). By
Lemma 2.2, the graph X is isomorphic to an orbital graph X∆ of any transitive subgroup of G∗,
where ∆ is a self-paired suborbit of size 3. Fix v ∈ V and let ∆ = NX(v) = {u1, u2, u3}.
Since G is a transitive subgroup of G∗, we know that Gv acts transitively on ∆. Using the fact
thatG is 1-arc regular, the subgroupGv acts regularly on the set of arcs {(v, u1), (v, u2), (v, u3)}.
Therefore, Gv must be a cyclic group of order 3. We assume that Gv = ⟨h⟩, for some h ∈ G

of order 3. By the orbit-stabilizer lemma, we know that |V | = |G|
|Gv | =

q(q2−1)
2(3)

. As ∆ is also a
suborbit of G∗, the orbit-stabilizer lemma implies that |G∗

v| =
|G∗|
|V | = 6. Since G∗

v is transitive
on ∆, there exists an involution r ∈ G∗

v such that rhr = h−1, and G∗
v = ⟨h, r⟩.

2.3. Derangement graphs

LetG ⩽ Sym(V ) be a transitive group. The derangement graph is an important tool to determine
the intersection density of transitive groups. The derangement graph ΓG is the graph with vertex
set G, and two elements g and h are adjacent if hg−1 is a derangement (that is, a fixed-point-free
permutation). An important property of the stabilizers of G is that if u, v ∈ V and g ∈ G such
that g(u) = v, then Gu = g−1Gvg. Therefore, g and h are adjacent in ΓG if and only if hg−1 is
not conjugate to any element in Gv, for any fixed v ∈ V .
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If DG is the set of derangements of G, then it is not hard to see that ΓG = Cay(G,DG).
The derangement graph ΓG is defined in a way that F is intersecting with respect to the action
of G on V if and only if F is a coclique of ΓG. Therefore, one can extend the definition of the
intersection density for G acting on V as follows

ρ(G) =
α(ΓG)

|G|/|V |
.

3. Properties of the linear groups PSL2(q) and PGL2(q)

In this section, we determine the properties of PSL2(q) and PGL2(q) that we will need. This
includes the structure of the cyclic subgroups of PSL2(q). Along the way, we will give the
normalizer and the point-stabilizers of these elements. We start with some remarks about the
elements of PSL2(q) and PGL2(q). We will assume q is an odd prime power.

3.1. Properties of elements

Any element of PSL2(q) is conjugate to an element of a certain cyclic subgroup. In particular,
if g ∈ PSL2(q) is of order k > 2, then g is conjugate to an element of a subgroup isomorphic
to: Z q−1

2
, if k | q−1

2
; Z q+1

2
, if k | q+1

2
; and Zp, if k | q. An involution of PSL2(q) is conjugate

to an element in Z q−1
2

if q ≡ 1 (mod 4), and to an element in Z q+1
2

if q ≡ 3 (mod 4). The

normalizers of the cyclic subgroups ofPSL2(q) are given in the next table; the table forPGL2(q)
is given following some comments.

Congruence of q o(g) = 2 o(g) | q−1
2

o(g) | q+1
2

o(g) | q
q ≡ 1 (mod 4) Dq−1 Dq−1 Dq+1 Zk

p : Z p−1
2

q ≡ 3 (mod 4) Dq+1 Dq−1 Dq+1 Zk
p : Z p−1

2

Table 3.1: The normalizer NG(⟨g⟩) of ⟨g⟩ in G = PSL2(q), when q is an odd prime power.

Similar to the case for PSL2(q), an element g ∈ PGL2(q) of order k > 2 is conjugate to an
element in a cyclic group isomorphic to: Zq−1, if k | (q−1); Zq+1, if k | (q+1); and Zp if k | q.
One main difference between PSL2(q) and PGL2(q) is the structure of involutions. For PSL2(q)
there is a unique conjugacy class of involutions, these involutions are contained in either Dq−1

or Dq+1, depending on the congruence of q modulo 4. For PGL2(q), there are two conjugacy
classes of involutions if q is odd (but only one if q is even). For PGL2(q), the normalizer of
cyclic subgroups are given in Table 3.2.

3.2. Dihedral subgroups of order 6

As the point-stabilizers of the full automorphism groups that we study in this paper are iso-
morphic to D6

∼= Sym(3), we need to recall some facts about the conjugacy classes of these
subgroups in PGL2(q).



combinatorial theory 6 (1) (2026), #12 7

Congruence o(g) = 2, o(g) = 2 o(g) | (q − 1) o(g) | (q + 1) o(g) = p
of q g ∈ PSL2(q) g ̸∈ PSL2(q)

q ≡ 1 (mod 4) D2(q−1) D2(q+1) D2(q−1) D2(q+1) Zk
p : Zp−1

q ≡ 3 (mod 4) D2(q+1) D2(q−1) D2(q−1) D2(q+1) Zk
p : Zp−1

Table 3.2: The normalizer NG∗(⟨g⟩) of ⟨g⟩ in G∗ = PGL2(q), when q is an odd prime power.

Lemma 3.1. [COTR06] Let q = pk be odd. The number of conjugacy classes of subgroups
of PGL2(q) isomorphic to the dihedral group D6 are as follows.

1. If p ̸= 3, then there are two conjugacy classes of subgroups isomorphic to D6. In partic-
ular, one class lies in PSL2(q) and the other does not.

2. If q = 3k, then there is a unique conjugacy class of subgroups isomorphic to D6. If k is
even, this class lies in PSL2(q), and if k is odd, then it does not.

If q is odd and not a power of 3, then there are two conjugacy classes of subgroups isomorphic
to D6

∼= Sym(3), so we let H ⩽ PSL2(q) and H ′ ̸⩽ PSL2(q) be representatives of these two
conjugacy classes. Since neither ofH orH ′ containPSL2(q),H andH ′ are core-free subgroups.
Consequently, the actions of PGL2(q) on cosets of H and H ′ by multiplication are faithful, and
thus correspond to transitive permutation groups.

Let V ′ be the set of cosets of H ′ in PGL2(q), we claim that the action of PSL2(q)
on V ′ is transitive. To see this, let r ∈ PGL2(q) \ PSL2(q) be an involution. Then,
PGL2(q) = PSL2(q)⋊⟨r⟩. If xH ′ and yH ′ are two cosets in V ′, then there exist x′, y′ ∈ PSL2(q)
such that x = x′r and y = y′r. Then, we have

(y′(x′)−1)(xH ′) = (y′(x′)−1)(x′rH ′) = y′rH ′ = yH ′.

Let V be the set of cosets of H in PGL2(q), we claim that the action of PSL2(q) on V is
intransitive. Fix v ∈ V and let g ∈ PGL2(q) \ PSL2(q) such that u = g(v). Then assume that
there is a g′ ∈ PSL2(q), such that u = g′(v). This implies g−1g′(v) = v, and g−1g′ is conjugate to
an element in H , so conjugate to an element in PSL2(q). But since g−1g′ ∈ PGL2(q)\PSL2(q),
this is not possible and no such g′ exists in PSL2(q).

Consequently, we conclude that if q is not a power of 3 and PSL2(q) acts transitively on the
cosets of a subgroup of PGL2(q) isomorphic to D6, then the subgroup is conjugate to H ′. In
particular, the point stabilizers of this action are conjugate to H ′.

Next consider q = 3k for some integer k ⩾ 1, by Lemma 3.1 in this case there is a unique
conjugacy class of subgroups of isomorphic to Sym(3). If k is even, then a copy of Sym(3)
given by the normalizer of an element of order 3 in PSL2(q) lies in PSL2(q). Consequently,
using the same argument before, PSL2(q) cannot be transitive on V in this case. If k is odd, no
subgroup of PGL2(q) isomorphic to Sym(3) lies in PSL2(q). Similar to the case where q is not
a power of 3, the subgroup PSL2(q) is transitive.
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We summarize what we showed in this section, using the fact that Hypothesis 1 implies the
action of PSL2(q) is transitive.

Lemma 3.2. Let X be a cubic arc-transitive graph of type {1, 21} satisfying Hypothesis 1
withG∗ = PGL2(q) andG = PSL2(q), then no vertex-stabilizer ofPGL2(q) can lie inPSL2(q).
In particular, if q = 3k, then k is odd.

3.3. The elements of order 3 and 2 in PSL2(q)

The next result, from [HKKM25, Proposition 2.12] describes the elements of order 3 inPSL2(q),
where q = pk for some odd prime number p and some integer k ⩾ 1.

Lemma 3.3. [HKKM25, Proposition 2.12] Let A ∈ PSL2(q) be an element such that A ̸= ±1.
Then A has order 3 if and only if Tr(A) = ±1.

Next we determine the conjugacy classes of involutions of PGL2(q) not belonging
to PSL2(q).

Lemma 3.4. If A ∈ PGL2(q) \ PSL2(q) is an involution, then Tr(A) = 0.

Proof. We note that PGL2(q) has two conjugacy classes of involutions. The first class consists
of the involutions in PSL2(q) and the second one those in PGL2(q)\PSL2(q). Every involution
in PGL2(q) \ PSL2(q) is conjugate to the element[

0 1
1 0

]
.

The result follows immediately by noting that the trace of the above element is 0.

3.4. Transversals

In this section we build a subgroup of order q+1 in PGL2(q) and determine a transversal for this
subgroup. To do this, consider an element h with order 3 in PGL2(q), we can assume without
loss of generality that

h =

[
0 −1
1 −1

]
.

Clearly, PGL2(q) acts transitively on the conjugacy class that includes h, acting by conjugation.
The point-stabilizer of this action is CPGL2(q)(h). The centralizer of h, as matrix in GL2(q), is

the set of matrices x =

[
a b
c d

]
with

[
0 −1
1 −1

] [
a b
c d

]
=

[
a b
c d

] [
0 −1
1 −1

]
,
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or, equivalently, with [
−c −d
a− c b− d

]
=

[
b −a− b
d −c− d

]
.

Consequently, b = −c and d = a + b. From these equations, we have the centralizer of h
in PGL2(q) is

x =

[
a b
c d

]
=

[
a b
−b a+ b

]
=



[
1 α

−α 1 + α

]
for some α ∈ Fq if a ̸= 0,

[
0 1

−1 1

]
a = 0.

We therefore conclude that the centralizer of h in PGL2(q) is the subgroup

S = CPGL2(q)(h) =

{[
1 α
−α 1 + α

]
: α ∈ Fq

}
∪

{[
0 1
−1 1

]}
∼= Zq+1. (3.1)

In Lemma 4.1 we will determine the suborbits of S acting by conjugation on the conjugacy
class that contains h. In order to do this, we first need to identify some representatives of cosets
of S. Define the subgroup

K =

{[
1 a
0 b

]
: a ∈ Fq and b ∈ F∗

q

}
∼= Fq ⋊ Zq−1. (3.2)

Proposition 3.5. The subgroup K is a left-transversal of S in PGL2(q).

Proof. Note that |S| = q + 1 and |K| = q(q − 1), so the elements in S ∩K cannot have order
more than 2. As 2 | (q + 1) and 2 | (q − 1), S and K both admit involutions, however, the
involutions in S are conjugate to elements of PSL2(q), whereas the involutions in K cannot be
conjugate to any element of PSL2(q). Therefore, |S ∩K| = 1. Since S ∩K is trivial and K is
a subgroup, if x, y ∈ K such that x−1y ∈ S, then x = y.

From this proposition, we deduce that PSL2(q)/S = {kS : k ∈ K}. Note that an ele-
ment kS, with k ∈ K, can be identified with the element of order 3 given by khk−1.

4. Outline of the proof of Theorem 1.3

Let X = (V,E) be a cubic arc-transitive graph satisfying Hypothesis 1. Then, we have
that G∗ = PGL2(q) and G = PSL2(q), for some odd prime power q. Recall that Gv = ⟨h⟩
and G∗

v = ⟨h, r⟩. Given an intersecting set F ⊂ G, we have seen that we may assume 1 ∈ F .
Therefore, every non-identity element of F is conjugate to h. If |F| ⩾ 2, then it contains an
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element x of order 3, and there exists g ∈ G such that gxg−1 ∈ {h, h−1}. We may also as-
sume that F contains h or h−1, provided that |F| ⩾ 2, as we can replace F with the set gFg−1.
Therefore, we will always assume that

any intersecting set F ⊂ G such that |F| ⩾ 2 contains 1 and h. (4.1)

We will now give a sketch of the proof of Theorem 1.3. The main result is the intersection
density of G when q = pk ≡ 2 (mod 3). Note that since q = pk ≡ 2 (mod 3), p ≡ 2 (mod 3)
and k is odd.

We will use the fact that all elements of order 3 in G∗, that are conjugate to elements
of Gv = ⟨h⟩, must be contained in G. Provided that p ̸= 3, there is only one conjugacy class of
elements of order 3 in G, so the elements h and h−1 are conjugate in G, and it follows that the
set of all the elements of G of order 3, which we denote by C3 is a single conjugacy class in G.

By definition, in the derangement graph ΓG of G, two vertices x, y ∈ G are not adjacent
in ΓG if and only if xy−1 is conjugate to an element in Gv. So a clique in ΓG is an intersecting
set of permutations. Hence, C3 is the neighbourhood of the identity permutation in ΓG, and
by (4.1), any maximum clique of ΓG is contained in {1} ∪ C3, and, provided it is of size at
least 2, contains h. Now, let Γ be the first subconstituent of ΓG, that is, Γ = ΓG[C3] is the
subgraph of ΓG induced by C3. It is clear that

ρ(G) =
ω(ΓG)

|G|/|V |
=

1 + ω(Γ)

|G|/|V |
. (4.2)

The analysis now entirely depends on the first subconstituent of Γ. The main step of the proof
is the next lemma that we prove in the following section.

Lemma 4.1. Assume that q = pk, where p is odd and p ̸= 3 and let Γ = ΓG[C3] as above.

1. G∗ ⩽ Aut(Γ) and acts transitively by conjugation. The vertex stabilizer with this action
is isomorphic to CG∗(h).

2. If q ≡ 2 (mod 3), then Γ is either a perfect matching or the union of two orbital
graphs of G∗ (these orbital graphs correspond to the suborbits {h−1} and a set N ,
with |N | = q + 1).

3. If q ≡ 2 (mod 3), then the subgraph of Γ induced by N is a Cayley graph on Zq+1.

Since Γ is vertex transitive, all first subconstituents are isomorphic. Let ∆ be the neighbour-
hood of h in Γ. Note that h−1 ∈ ∆. Define Γ̃ = Γ[∆ \ {h−1}]. We will show that Γ̃ is either
the empty graph, a union of cycles of length at least 4, or a perfect matching. From this, we
completely determine all possible values of ω(Γ), and therefore, ρ(G).

Then we consider the final cases for ρ(G∗). By Lemma in [MRS21], we know
that ρ(G∗) ⩽ ρ(G). If ρ(G) = 1, then it is clear that ρ(G∗) = 1. If ρ(G) > 1, then we
also show that ρ(G∗) = 1. To do this, we consider F ⊂ G∗ an intersecting set of maximum size,
then look at the structure of |F ∩G|.
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5. Proof of Lemma 4.1

Let X,G,G∗, p, and k be as in Hypothesis 1. Recall that C3 is the conjugacy class of
elements of order three, Γ = ΓG[C3], and Γ̃ = Γ[∆], where ∆ = NΓ(h). Assume that p ̸= 3,
so q ≡ ±1 (mod 3).

5.1. Proof of Lemma 4.1(1)

Since the vertices of Γ form a single conjugacy class in G∗, it is clear that G∗ acts transitively
on the vertices of Γ by conjugation. To prove that Γ is vertex transitive, it is enough to show that
conjugation is an automorphism of Γ. Recall that two elements g and g′ of C3 are adjacent if and
only if g′g−1 ∈ C3. If g, g′ ∈ C3 and x ∈ G∗, then using the fact that C3 is a conjugacy class, we
have

(xg′x−1) (xg−1x−1) ∈ C3 ⇐⇒ g′g−1 ∈ C3.

This proves that the transitive action of G∗ on the vertices of Γ by conjugation preserves the
edges and non-edges of Γ. If the kernel of this action is non-trivial, then there exists a non-trivial
element x ∈ G∗ that commutes with every element of C3. As p ̸= 3, every subgroup of order 3
is self-centralizing, so x belongs to every subgroup of order 3 of G and can only be the identity.
This implies that the kernel of the action of G∗ is trivial, or equivalently, G∗ acts faithfully.

Hence, G∗ ⩽ Aut(Γ), acting by conjugation, is a transitive subgroup, and thus Γ is vertex
transitive. The point-stabilizer of this transitive action is the subgroup CG∗(h), which is a cyclic
group of order q+1. By the orbit stabilizer lemma, the cosets of CG∗(h) in G are in one-to-one
correspondence with elements of C3, so we can either think about cosets of CG∗(h) in G, or
elements of C3. In particular, the correspondence is given by

ghg−1 ↔ gCG∗(h). (5.1)

This completes the proof of (1).

5.2. Proof of Lemma 4.1(2)

Assume q ≡ 2 (mod 3) and q odd. By Lemma 2.1, Γ is a union of basic orbital graphs of G∗.
Let ∆ = NΓ(h). Then, ∆ is a union of suborbits. As h and h−1 are adjacent in Γ and {h−1} is an
orbit of CG∗(h), it is clear that {h−1} is among these suborbits. If Γ is equal to the orbital graph
corresponding to the suborbit {h−1}, then it is a perfect matching. So we may assume that Γ is
not a perfect matching, implying that ∆ \ {h−1} ≠ ∅. We define the set N := ∆ \ {h−1}. We
claim that N is an orbit of CG∗(h) of size q + 1.

First we prove that |N | ⩾ q + 1. As p ̸= 3, every subgroup of order 3 is self-centralizing,
so for any h′ ∈ C3 such that h′ ̸∈ ⟨h⟩, we have CG∗(h) ∩ CG∗(h′) = {1}. Let x ∈ N .
If |{gxg−1 : g ∈ CG∗(h)}| < q+1, then there exist g, g′ ∈ CG∗(h) such that gxg−1 = g′x(g′)−1.
But, this implies g−1g′ ∈ CG∗(x), since we have g, g′ ∈ CG∗(h) and CG∗(h) ∩ CG∗(x) = {1},
we know that g = g′. Consequently, |{gxg−1 : g ∈ CG∗(h)}| = q + 1, and so |N | ⩾ q + 1.
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Next, we prove that |N | ⩽ q + 1. As q ≡ 2 (mod 3), there is a unique conjugacy class of
subgroups of order 3 in G. We set H = ⟨h⟩ with

h =

[
0 −1
1 −1

]
.

Recall that the subgroup K defined in (3.2) is a transversal of S = CG∗(h). In (5.1), the ele-
ment x = ghg−1 ∈ N corresponds to the coset gCG∗(h). By the fact that K is a transversal
of CG∗(h) in G∗, we may choose g = k to be in K so that x = ghg−1 = khk−1 ∈ N . Hence,
we consider the non-identity element

k =

[
1 a
0 b

]
∈ K,

that is, (a, b) ̸= (0, 1). Now, we have[
1 a
0 b

][
0 −1
1 −1

][
1 a
0 b

]−1

=

[
a −b−1(a2 + a+ 1)
b −1− a

]
. (5.2)

In addition, we have[
1 a
0 b

][
0 −1
1 −1

][
1 a
0 b

]−1[
0 −1
1 −1

]−1

=

[
−a+ b−1 (a2 + a+ 1) a

a− b+ 1 b

]
. (5.3)

The above expressions will be useful due to the fact that ghg−1 and h are adjacent if and only
if ghg−1h−1 is an element of order 3. By (5.3),[

1 a
0 b

][
0 −1
1 −1

][
1 a
0 b

]−1

and
[
0 −1
1 −1

]
are adjacent if and only if b− a+ b−1 (a2 + a+ 1) = ±1. We can reformulate this as

b2 − ab+ a2 + a+ 1 = ±b. (5.4)

If b2−ab+a2+a+1 = −b, then we have (b+ (1− a)2−1)
2−(1−a)24−1+a2+a+1 = 0.

Hence, if z = b+ (1− a)2−1, then

z2 + (1− 4−1)a2 + (2−1 + 1)a+ (1− 4−1) = 0. (5.5)

By letting X = 2z and Y = a+ 1, we can see that (5.5) becomes

X2 + 3Y 2 = 0. (5.6)

As −3 is not a square whenever q ≡ 2 (mod 3), we conclude that (5.6) has a unique solution,
given by (X, Y ) = (0, 0), or equivalently, a = b = −1. In particular, we have[

1 −1
0 −1

][
0 −1
1 −1

][
1 −1
0 −1

]−1

=

[
−1 1
−1 0

]
.
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Therefore, this solution corresponds to h−1.
If b2 − ab+ a2 + a+ 1 = b, then

b2 − (a+ 1)b+ a2 + a+ 1 =
(
b− (a+ 1)2−1

)2 − 4−1(a+ 1)2 + a2 + a+ 1 = 0.

Setting z = b− (a+ 1)2−1, this is

z2 + (1− 4−1)a2 + (1− 2−1)a+ (1− 4−1) = 0, (5.7)

which is equivalent to

4z2 + 3a2 + 2a+ 3 = 0. (5.8)

Similar to the previous case, we set X = 2z, Y = a+ 3−1, and γ = 1− 3−2 and (5.8) becomes

X2 + 3Y 2 + 3γ = 0. (5.9)

From [LN97, Lemma 6.24], the above equation has exactly q + 1 solutions in Fq, as −3 is not a
square in Fq. Each of these q + 1 solutions produce a unique element of N . Therefore, |N | =
q + 1. This completes the proof.

5.3. Proof of Lemma 4.1 (3)

We saw in the previous section that if q ≡ 2 (mod 3), then Γ is a union of at most two orbital
graphs. In particular, the neighbourhood of h in Γ is either ∆ = {h−1} or ∆ = {h−1} ∪ N ,
where N is a suborbit of size |N | = q + 1.

If ∆ = {h−1}, then the statement in Lemma 4.1 (3) holds. If |N | = q+ 1, then CG∗(h) acts
regularly on N , and so the subgraph of Γ induced by N is a Cayley graph of CG∗(h) ∼= Zq+1.

Let Γ̃ be the subgraph of Γ induced by N . Assume that CG∗(h) = ⟨V ⟩ ∼= Zq+1. If U ∈ N ,
then the vertices of Γ̃ are V iUV −i for 0 ⩽ i ⩽ q, and a vertex is adjacent to U if and only
if V iUV −iU−1 has order 3. Thus Γ̃ is isomorphic to Cay(⟨V ⟩, T ), where

T =
{
V i : 0 ⩽ i ⩽ q,Tr(V iUV −iU−1) = ±1

}
.

As the trace is invariant by cyclic permutation, we also have

Tr(V iUV −iU−1) = Tr(UV −iU−1V i) = Tr
(
U
(
V −iUV i

)−1
)

for any 0 ⩽ i ⩽ q.

6. The 1-arc regular subgroup G = PSL2(q)

Let X,G,G∗ be as in Hypothesis 1 and q ≡ 2 (mod 3). Let Γ be the subgraph of ΓG induced
by C3. Under the assumption in (4.1), a maximum clique of Γ contains h, so under this assump-
tion, a canonical coclique of ΓG is ⟨h⟩; in Γ a canonical clique is a clique equal to {h, h−1}. We
recall the following lemma.
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Lemma 6.1. [HKKM25, Proposition 2.13] Let q = pk for a prime p ̸= 3. Then, under the as-
sumption (4.1), the non-canonical cocliques of ΓG do not contain the vertex-stabilizer Gv = ⟨h⟩.

By Lemma 4.1, Γ is equal to either the orbital graph of corresponding to the suborbit {h−1}
or the union of two orbital graphs corresponding to the suborbits {h−1} and N , where |N | =
q + 1. If Γ is the orbital graph corresponding to {h−1}, then it is equal to a perfect matching.
Therefore, ω(Γ) = 2, and by (4.2), we have ρ(G) = 1.

If the neighbourhood of h in Γ is ∆ = {h−1} ∪ N , where N is a suborbit of CG∗(h),
then by Lemma 4.1 (3), we know that Γ̃ = Γ[N ] is a Cayley graph of CG∗(h). Under the
assumption (4.1), Lemma 6.1 implies that a non-canonical clique of Γ cannot contain h−1. This
means that we can focus on ω(Γ̃), since in this case

ρ(G) =
2 + ω(Γ̃)

|G|/|V |
.

Let U ∈ N , from Equation (5.2), and the comments following it,

U =

[
a b− a− 1
b −1− a

]
and U−1 =

[
−1− a −b+ a+ 1
−b a

]
for some a ∈ Fq and b ∈ F∗

q that satisfy b2 − ab + a2 + a + 1 = b. As N is an orbit of CG∗(h)
acting by conjugation, we can obtain all elements of N by conjugating U . Recall that

CG∗(h) =

{[
1 α
−α 1 + α

]
: α ∈ Fq

}
∪

{[
0 −1
1 −1

]}
. (6.1)

Assume thatCG∗(h) = ⟨V ⟩, where V =

[
1 α′

−α′ 1 + α′

]
, for some α′ ∈ Fq and V

q+1
3 = h. From

this, we can see that N = {V iUV −i : 0 ⩽ i ⩽ q}. The next results consider the adjacencies
between the elements V iUV −i.
Lemma 6.2. For any i ∈ {1, 2}, the vertices U and hiUh−i are not adjacent in Γ̃.

Proof. We note that

hUh−1U−1 =

[
0 1
−1 1

][
a b− a− 1
b −1− a

][
1 −1
1 0

][
−1− a −b+ a+ 1
−b a

]
=

[
a2 − (a+ 1)b+ b2 + 2 a+ 1 −a2 + (a+ 2)b− b2 − 2 a− 1

a2 − ab+ b2 + a −a

]
=

[
a −a+ b

b− 1 −a

]
.

Hence, the trace of hUh−1U−1 is equal to 0, so U and hUh−1 cannot be adjacent. Since the
trace is invariant by cyclic permutation, we have

0 = Tr(hUh−1U−1) = Tr(Uh−1U−1h) = Tr
(
U(h−1Uh)−1

)
.

Therefore, U is also not adjacent to h−1Uh = h2Uh−2.
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Now, we consider the adjacency between U and V iUV −i, where i ̸= ± q+1
3

.
Let i ∈ {0, . . . , q} \ { q+1

3
, 2(q+1)

3
}. Then, there exists α ∈ Fq such that

V i =

[
1 α
−α 1 + α

]
.

Note that the inverse of this element is

(α2 + α + 1)−1

[
1 + α −α
α 1

]
.

Lemma 6.3. The trace of V iUV −iU−1 is 2(α + 1)(α2 + α + 1)−1.

Proof. We have

V iUV −iU−1

= (α2 + α + 1)−1

[
1 α
−α 1 + α

] [
a b− a− 1
b −1− a

] [
1 + α −α
α 1

] [
−1− a −b+ a+ 1
−b a

]
= (α2 + α + 1)−1

[
aα2 + (a− b+ 1)α + 1 ∗

∗ −aα2 − (a− b− 1)α + 1

]
.

Hence,

Tr(V iUV −iU−1) = (α2 + α + 1)−1(aα2 + (a− b+ 1)α + 1− aα2 − (a− b− 1)α + 1)

= 2(α + 1)(α2 + α + 1)−1.

The following corollary is immediate.

Corollary 6.4. The vertices U and V iUV −i are adjacent if 2(α + 1) = ±(α2 + α + 1).

The next theorem is the main result of this section.

Theorem 6.5. If q ≡ 2 (mod 3), then

ρ(G) =


4
3

if q = 52k+1, for some integer k ⩾ 0,

1 if q ≡ ±2 (mod 5),
4
3

if q ≡ ±1 (mod 5).

(6.2)

Proof. From Lemma 4.1, the graph Γ̃ is a Cayley graph of CG∗(h) = ⟨V ⟩. Using Corol-
lary 6.4, we will show that the degree of Γ̃ is either 0, 1 or 2, by finding the number of solutions
to 2(α + 1) = ±(α2 + α + 1).
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First consider the equation 2(α + 1) = −(α2 + α + 1), in this case α2 + 3α + 3 = 0 and

(2α + 3)2 = −3.

This has no solutions, since −3 is never a square in Fq when q ≡ 2 (mod 3).
Next consider the other equation, 2(α+1) = (α2 +α+1). In this case α2 −α− 1 = 0 and

we have

(2α− 1)2 = 5. (6.3)

Since the above equation is quadratic in α and has coefficients in Fp, its solutions are in Fp2 .
As q is an odd power of p (this follows from q ≡ 2 (mod 3)), Fp2 is not a subfield of Fq, and so
it is clear that (6.3) has a solution in Fq if and only if it has a solution in Fp.

First consider the case where p = 5, then q = 52k+1 for some k ⩾ 0. Equation (6.3)
becomes 2α − 1 = 0, so there is only one solution, namely α = 2−1 = 2. In this case, the
degree of Γ̃ is 1, so it is a union of edges. Therefore,

ρ(G) =
2 + ω(Γ̃)

|G|/|V |
=

4

3
.

Next, assume that p ̸= 5. Using the Legendre symbol, since p ̸= 5, we have(
5

p

)
=

{
1 if p ≡ ±1 (mod 5),

−1 if p ≡ ±2 (mod 5).

Hence, 5 is a square in Fp if and only if p ≡ ±1 (mod 5).
If p ≡ ±2 (mod 5), then (2α− 1)2 = 5 has no solutions and Γ̃ is a coclique. Therefore, in

this case

ρ(G) =
2 + ω(Γ̃)

|G|/|V |
=

3

3
= 1.

Finally, if p ≡ ±1 (mod 5), then (2α− 1)2 = 5 has exactly 2 solutions and U has valency 2
in Γ̃, implying Γ̃ is a union of cycles. We will show that these cycles can never have length 3.
Indeed, if a component of Γ̃ is a cycle of length 3, then all components of Γ̃ are cycles of length 3
due to fact that Γ̃ is a Cayley graph. In particular, the vertices in the component containing U

would be exactly U , V
q+1
3 UV − q+1

3 = hUh−1, and V
2(q+1)

3 UV −
2(q+1)

3 = h−1Uh. But by
Lemma 6.2, we obtain a contradiction. Hence, the components of Γ̃ are cycles of length at
least 4. Therefore,

ρ(G) =
2 + ω(Γ̃)

|G|/|V |
=

4

3
.

This completes the proof.
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7. The 2-arc regular group G∗ = PGL2(q)

Again, we let X,G,G∗ be as in Hypothesis 1. In this section, we determine all the possible
intersection densities of ρ(G∗). We first recall that ρ(G∗) ⩽ ρ(G). By Theorem 6.5, we conclude
that ρ(G∗) = 1, whenever p ≡ ±2 (mod 5). Therefore, we will assume that p ≡ a (mod 5),
where a ∈ {0,±1}.

We recall from Theorem 6.5 that α(ΓG) ⩽ 4. As G ⩽ G∗ and r ∈ G∗ \G is an involution,
we know thatG∗ = G⋊⟨r⟩. LetF ⊂ G∗ be an intersecting set. Then, it is clear that |F∩G| ⩽ 4
and |F ∩Gr| ⩽ 4. Consequently, we deduce |F| ⩽ 8 and thus ρ(G∗) ∈ {1, 7

6
, 4
3
}. We will show

now that ρ(G∗) = 1.
Recall from Lemma 3.4, if A ∈ G∗ is an involution fixing a vertex, then Tr(A) = 0.

Theorem 7.1. If p ≡ 0,±1 (mod 5), then ρ(G∗) = 1.

Proof. Without loss of generality, let F be an intersecting set of G∗. We note that the vertex-
stabilizer G∗

v = ⟨h, r⟩ has order 6, so α(Γ∗
G) ⩾ 6. Let F ⊂ G∗ be an intersecting set. We will

show by contradiction that if |F ∩Gr| = 4, then |F ∩G| ⩽ 1.
Assume that |F ∩Gr| = 4 and |F ∩G| ⩾ 2. As |F ∩G| ⩾ 2, we may further assume that F

contains 1 (multiply F by the inverse of an element from F ∩G, so that, we still assume without
loss of generality that |F ∩Gr| = 4 and |F ∩G| ⩾ 2.) Further, by taking a conjugate, we also
assume h ∈ F . Let F ∩ Gr = {X, Y, Z,W}. Since X, Y, Z,W fix a vertex (equivalently, are
adjacent to 1), by Lemma 3.4, we must have

X =

[
x tx
rx −x

]
, Y =

[
y ty
ry −y

]
, Z =

[
z tz
rz −z

]
, W =

[
w tw
rw −w

]
,

for some x, y, z, w ∈ Fq and ru, tu ∈ Fq for u ∈ {x, y, z, w}. Moreover, since X is also adjacent
to h in ΓG∗ , using the fact that h ∈ G and X ∈ G∗ \G, we have Tr(Xh) = 0. By noting that

Xh =

[
tx ∗
∗ x− rx

]
,

we deduce that rx = tx + x. Hence, we have

X =

[
x tx

tx + x −x

]
.

Similarly, we also have

Y =

[
y ty

ty + y −y

]
, Z =

[
z tz

tz + z −z

]
, W =

[
w tw

tw + w −w

]
.

Claim 7.2. One of x, y, z, w is equal to 0.
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Proof of Claim 7.2. If x, y, z, w are all non-zero, then we have

X =

[
1 ax

ax + 1 −1

]
, Y =

[
1 ay

ay + 1 −1

]
, Z =

[
1 az

az + 1 −1

]
, W =

[
1 aw

aw + 1 −1

]
.

As X and Y are adjacent in ΓG∗ , we have Tr(Y X) = ±1. By noting that

Y X =

[
1 + axay + ax ∗

∗ 1 + axay + ay

]
,

we conclude, 2 + 2axay + ax + ay = ±1. Similarly, we can show that

2 + 2axaz + ax + az = ±1

2 + 2axaw + ax + aw = ±1.

Since these three equations are equal to 1 or −1, without loss of generality we may assume
that 2 + 2axay + ax + ay = 2 + 2axaz + ax + az. This implies that

(2ax + 1)ay = (2ax + 1)az. (7.1)

If ax ̸= −2−1, then ay = az which means Y = Z, so we must have ax = −2−1. In this case we
have

2 + 2axaz + ax + az = 2− 2−1.

We know that 2−2−1 ̸= 1, so 2−2−1 = −1. The latter happens if and only if p = 5. Therefore,
if p ̸= 5, then (7.1) does not hold which is a contradiction with X adjacent to Y . So one
of x, y, z, w must be equal to 0.

Consider the case when p = 5 and ax = −2−1 = 2, then none of ay, az, aw can also be equal
to 2. The adjacency between Y, Z, and W yield the equations

2 + ay + az + 2ayaz = ±1

2 + ay + aw + 2ayaw = ±1

2 + az + aw + 2azaw = ±1.

Again, two of these equations must be both equal to 1 or −1, so we may assume without loss of
generality that 2 + ay + az + 2ayaz = 2 + ay + aw + 2ayaw. Therefore, we have

(2ay + 1)az = (2ay + 1)aw.

As ay ̸= 2, we must have az = aw or equivalently Z = W . This is a contradiction and we
conclude that exactly one of x, y, z, w is equal to 0.

From Claim 7.2, we may assume without loss of generality that x = 0, and so

X =

[
0 1
1 0

]
.
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Claim 7.3. X cannot be adjacent to Y, Z, and W .

Proof of Claim 7.3. Clearly, we have

Tr(XY ) = 2ay + 1 = ±1

Tr(XZ) = 2az + 1 = ±1

Tr(XW ) = 2aw + 1 = ±1.

We deduce that ay, az, aw are not distinct, implying that Y, Z,W are not distinct, which is a
contradiction.

We deduce from Claim 7.3 that |F∩Gr| ⩽ 3, contradicting the assumption that |F∩Gr| = 4.
Consequently, if |F ∩Gr| = 4, then |F ∩G| ⩽ 1. This shows that any intersecting set F of G∗

of maximum size must have the property that |F| = 6, and |F ∩ G| = |F ∩ Gr| = 3. This
completes the proof.

8. Appendix

The following graphs (using Conder’s naming system) satisfy Hypothesis 1: C4.1, C84.1,
C120.2, C220.2, C364.5,C364.6, C680.1, C816.1, C816.5, C816.6, C816.7, C1140.1, C1140.6,
C1140.8, C1140.9, C2024.3, C2024.4, C2024.5, C2024.9, C2024.11, C2024.12, C2600.3,
C2600.4, C4060.1, C4060.2, C4060.3, C4060.4, C4060.5, C4060.6, C4060.10, C4060.11,
C4060.14, C4060.15, C4960.11, C4960.12, C4960.14, C4960.15, C5000.1, C5456.1, C5456.2,
C5456.3, C8436.1, C8436.2, C8436.3, C8436.4, C8436.5, C8436.6, C8436.7, C8436.8,
C8436.13, C8436.15, C8436.17, C8436.18, C8436.20, C8436.21, C8436.23, C8436.24.
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