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Abstract. June Huh and Matthew Stevens conjectured that the Hilbert—Poincaré series of
the Chow ring of any matroid is a polynomial with only real zeros. We prove this conjec-
ture for the class of uniform matroids. We also prove that the Chow polynomial and the
augmented Chow polynomial of any maximal ranked poset have only real zeros.
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1. Introduction

The introduction of combinatorial Hodge theory led not only to the solution of long-standing
conjectures on positivity in matroid theory [AHK 18, BHM22b], but also opened up new lines
of research, and led to new positivity questions. For example, the Chow ring and augmented
Chow ring of matroids—which played key roles in solving these conjectures—have Hilbert—
Poincaré series that are now conjectured to be real-rooted polynomials [Ste21, Conjecture 4.1.3
and 4.3.3].

In [FMV24], Ferroni, Matherne and the second author generalized this construction and in-
troduced new classes of polynomials associated to bounded and graded posets, called the Chow
polynomial and augmented Chow polynomial of a poset P, denoted here by Hp(t) and G p(t),
respectively. When P is a geometric lattice, these correspond to the Hilbert—Poincaré series of
the Chow ring and augmented Chow ring of the corresponding matroid. In [FMV24, Conjec-
ture 1.5] the authors conjectured that all zeros of these polynomials are real for each Cohen—
Macaulay poset, and in support of this they proved the y-positivity [FMV?24, Theorem 1.4] of
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these polynomials. Very little progress has so far been made towards the resolution of these con-
jectures, showing the need for new methods to approach such problems. In this note we settle
the real-rootedness conjecture for Chow rings of uniform geometric lattices. These polynomials
were recently studied in [Cor24, Hos24].

Theorem 1.1. Let Uy, ,, be the uniform geometric lattice of rank k over n elements. Then all
zeros of Hy, , (t) are real.

While the real-rootedness of Gy, , (t) has already been settled in [FMSV24, Theorem 1.10],
we present a new and independent proof of this fact here in analogy with the proof of Theo-
rem 1.1. We also prove real-rootedness for two other classes of posets. Let P* denote the dual
of a poset P, i.e., the poset where x <* y if and only if y < x in P. Moreover, define the trun-
cation of P to be the poset 7(P) where we remove all the coatoms of P and the dual truncation
to be the poset o(P) where we remove all the atoms.

Theorem 1.2. Let P be a bounded and graded poset. Then,
Hp(t) = Gop)(t) = Gr(p+(1).

As a direct consequence, we conclude the real-rootedness of the dual of uniform geometric
lattices.

Corollary 1.3. Let Uy, be the uniform geometric lattice of rank k over n elements. Then,
H(uk,n)*(t) and G(Uk,n)* (t) have only real zeros.

Observe that the dual operation we are considering is on the poset, not on the matroid. In
particular, the poset we obtain is not the lattice of flats of a matroid. Lastly, we consider maxi-
mal ranked posets, i.e., graded posets in which all possible order relations between elements of
different ranks are present.

Theorem 1.4. Let P be a maximal ranked poset. Then Hp(t) and G p(t) have only real zeros.

2. Background

2.1. Posets

For undefined terminology on partially ordered sets (posets), we refer to [Stal2, Chapter 3]. In
a bounded and graded poset with rank function p, we call P,,, = {x € P | p(x) = m} the m-th
rank level, and we call the elements of P, the atoms and the elements of P, p)_; the coatoms of P.
We also write 0 and 1 for the least and largest element, respectively. The truncation 7(P) of P
is the poset obtained by removing all coatoms of P. Dually, we define the dual truncation o(P)
to be the poset obtained by removing all the atoms of P. Lastly, the augmentation aug(P) is
constructed by introducing a new element and declaring it to be the new least element of the
poset.
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2.1.1 Uniform geometric lattices

We remark that geometric lattices are in bijection with the class of simple matroids. However,
since all our tools can be described strictly in terms of poset-theoretic constructions, we prefer to
define these objects only as posets, with the knowledge that geometric lattices carry with them
additional structures.

Definition 2.1. Let n be a nonnegative integer. The Boolean algebra on n elements B,, is the
partially ordered set defined by ordering the power set 2! by inclusion.

Definition 2.2. The uniform geometric lattice Uy ,, is the poset obtained by truncating (n — k)
times the Boolean algebra B,,, that is,

. n—k
Ukn =T Bn

)

Observe that the Boolean algebra is a uniform geometric lattice, as B,, = U,, .

2.1.2 Maximal ranked posets

Fix a sequence of positive integers ¢ = (¢;);>1. Consider the infinite family PS constructed by
declaring the rank level P; to have c; elements for 1 < ¢ < n, adding a minimal element 0 and a
maximal element 1 and all the possible order relations among rank levels.

Example 2.3. Let (¢;); = (3,3,...). The poset Py is depicted in Figure 2.1.

Figure 2.1: A maximal ranked poset.

Clearly, the class of maximal ranked posets is closed under the operations of truncation, dual
truncation and augmentation.

2.2. Derangements and Eulerian polynomials

We recall the definitions of two families of polynomials that are important when dealing with
Hilbert series of Chow rings and augmented Chow rings of uniform and Boolean geometric
lattices.
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2.2.1 Eulerian polynomials

One of the most pervasive objects in enumerative combinatorics is the family of Eulerian poly-
nomials. Given a permutation 7 € G,,, n > 1, written in one-line notation as 7 = w7y - - - T,
the number of descents of 7 is defined as the cardinality of the set {i € [n — 1] : m; > w41},
and is denoted by des(7). For n > 1, we define the n-th Eulerian polynomial as follows:

An(t) o= ) 9,

7Te6n

We note that this differs by a factor of ¢ from the definition in [Stal2, p. 33]. Furthermore, we
define Ay(t) = 1.

The polynomials A, (t) are palindromic and deg A, (t) = n — 1. It is a classical result
attributed to Frobenius that these polynomials are real-rooted (for a proof, see [Brdl5, Exam-
ple 7.3]). The coefficients of the Eulerian polynomials admit several combinatorial interpreta-
tions, many of which can be found in [Stal2, Chapter 1].

2.2.2 Derangement polynomials

A permutation m € &, is said to be a derangement if 7; # i for all 4, i.e., if 7 has no fixed points.
The set of all derangements on n elements is usually denoted by ©,,. For each n > 1, the n-th
derangement polynomial, denoted d,,(t), is defined by

dp(t) = > 1),

Tl'e;Dn

where exc(m) := |{i € [n] : m; > i}| denotes the number of excedances of w. Also, dy(t) := 1.
Notice that degd,,(t) = n — 1 for each n > 1. With only the exception of dy(t) = 1, the

polynomial d,, () is a multiple of ¢ and is symmetric (palindromic) with center of symmetry n /2.

Lastly, derangement polynomials are known to be real-rooted (see e.g. [BS21, Section 3.2]).

2.3. Characteristic Chow polynomials of graded bounded posets

In this section we recall the definition of the main classes of polynomials of interest. We will be
focusing on what in [FMV24] is called the characteristic Chow function, even though we remark
that these definitions can be given with respect to any P-kernel. Since we are not concerned
with different types of Chow functions, we will call these for simplicity just Chow functions.
For further details we refer to [FMV24, Section 3 and 4].

Let P be a bounded and graded poset. Recall that the Mobius function of P y: P x P — 7Z

is defined as
0 ifex £y

,u(xuy>:,u:ry =41 lfl':y

- Zx<z<y Hazz otherwise.
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The characteristic function of P is defined as the element of the incidence algebra x € Z(P)
that associates to an interval [z, y| the polynomial

X[x7y](t) = Z quztp(y)—ﬂ(z).

<2<y

It is not hard to show that whenever the interval [z, y] is not trivial, then x[, () is divisible
by ¢ — 1. The reduced characteristic function is defined as

B B -1 ifr=uy
ey (1) = Xeal®  perwise
t—1

and the characteristic Chow function is then defined as H = (=)', i.e., the inverse (up to a
sign) of the reduced characteristic function in the incidence algebra. More explicitly

H[w,y} (t) = Z Y[x,z] (t)H[Z,y] (t)

<2y

The Chow polynomial of the poset P is then defined by Hp(t) := Hgqy(t). For every
bounded and graded poset P, Hp(t) is palindromic [FMV24, Proposition 3.6(ii)] of
degree p(P) — 1, and its coefficients form a non-negative and unimodal sequence [FMV24,
Theorem 1.1]. In addition to that, it is «y-positive for Cohen—Macaulay posets [FM V24, The-
orem 1.4] and is conjectured to be real-rooted for every Cohen—Macaulay poset [FMV24, Con-
jecture 1.5]. For geometric lattices, the real-rootedness conjecture was first formulated in [Ste21,
Conjecture 4.1.3]. The following theorem suggests that there is a rich enumerative structure to
be revealed in the theory of Chow polynomials.

Theorem 2.4 ([HRS21, Theorem 5.1]). Let n > 2. Then,
A,(t) =Hp, (1) and dn(t) = tHy,_, . (1).

One could use the given definition of Hp(t) as a recursive formula to compute the Chow
polynomial of an interval by knowing all Chow polynomials on smaller sub-intervals. One of
the main issues with this formula is that the recursion involves two different types of polynomials,
namely ¥ and H. We now recall two formulas that bypass this issue.

The following recursion lets us compute the Chow polynomial of P in terms of its trunca-
tions.

Theorem 2.5 ([FMV24, Proposition 4.12]). Let P be a bounded and graded poset. Then

z€eP
p(z)>2

The formula was first proven to hold on geometric lattices in [Lar24, Corollary 3.5].
The following identity will be used later in the paper
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Lemma 2.6. Let P be a bounded and graded poset of rank r. Then

Hp(t) = (1 + t)Hypy(t) — tHpa(py(t) + Z HT(r

o(

Proof. We use Theorem 2.5 on P and 7(P).

Hp(t):l—i—t Z H, . (1) + tHep) (1),

p(z)<r—1

HT<P>(t)=1+f Z He @ (8) + tHrar) (8)-

2<p(x)<r—2

The result follows after subtracting the second equation from the first. 0

The second formula is a specialization of [FMV24, Theorem 3.9] in the case of characteristic
Chow polynomials.

Theorem 2.7. Let P be a bounded and graded poset. Then

This is also referred to as one of the numerical canonical decompositions, see the discussion
in [FMV24, Section 4.4] for an explanation regarding the algebro-geometric motivation behind
this name.

A closely related family of polynomials is the one of (left) augmented Chow polynomials.
Given a bounded and graded poset P we define for every x < y

G)(t) = Y "7 OHL (1),

TLZLY

and call Gp(t) := G7(t) the left augmented Chow polynomial of P. These polynomials were
first introduced in the combinatorial Hodge theory of geometric lattices [BHM*22a]. However,
the following result lets us deal with augmented Chow polynomials as Chow polynomials.

Theorem 2.8 ([FMV24, Corollary 4.6]). Let P be a bounded and graded poset. Then

Gp(t) = Hang(p) (1)

Since augmenting a poset preserves Cohen—Macaulayness, augmented Chow polynomials
are also conjectured to be real rooted for Cohen—Macaulay posets. The conjecture for matroids
can first be found in [Ste21, Conjecture 4.3.3] and was settled in the uniform case in [FMSV?24,
Theorem 1.10].
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3. Uniform geometric lattices

The goal of this section is to prove Theorem 1.1. We write f,, »(t) := Hy,_, , (t). The shift for k
is just for convenience as, for example, it ensures that the polynomial f,, ,(¢) has degree k.
Suppose f(t), g(t) € R][t] are real-rooted polynomials with positive leading coefficients, and
that
< <a<a ad <G <A<

are the zeros of f(t) and g(t), respectively. We say that the zeros of f(t) interlace those of g(t)
if

S a3 <3< ap < P <ap < B,
and we write f(t) < g(t).

Theorem 1.1. Let Uy, ,, be the uniform geometric lattice of rank k over n elements. Then all
zeros of Hy, , (t) are real.

Proof. We employ Theorem 2.5. In the uniform case the recursion becomes

fn,k(t) = tfn,kfl(t) + Dn,k’<t>7 (31)

where D,, (1) = Z?:o (?) d;(t). Observe that in the uniform case the truncation formula could

also be deduced directly by rewriting the equation in [FMSV24, Theorem 3.21]. By exploiting
the palindromicity [FMSV?24, Proposition 3.6 (ii)] of the Chow polynomials, we rewrite (3.1) as

fn,k(t) = tkfn,k(til) = t* (tilfn,k—l(til) + Dn,k<t71>)
= fugo1(t) + " Dy (t71). (3.2)

By subtracting (3.2) from (3.1) we deduce
(t — 1) fop1(t) = t"Dpp(t™) — Dy i(2).

Let D be the deranged map, i.e., the linear map defined by D(¢/) = d;(¢) in [BS21, Section 3.2].
Then D, ;.(t) = D <Z§f:0 (;‘)tj) Since

k k
> (n> =" " ht'(1+t)"",
i—o M i=0

where h; = ("*k“‘*l) > 0, we can use [BS21, Corollary 3.7] to deduce

Dy (t) = t°Dy, 1 (t71).

Obreshkoff’s theorem (see e.g. [Brdl5, Theorem 7.2]) says that any linear combination of two
polynomials whose zeros are interlacing is real-rooted. Hence t*D,, (t7') — D, 1(t) is real-
rooted, and then so is f,, x—1(%). O
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The analogous theorem for the augmented Chow polynomial was already proved in [FMSV?24,
Theorem 1.10]. We present an alternative proof in analogy with the proof of Theorem 1.1.

Theorem 3.1. All zeros of the augmented Chow polynomial of a uniform geometric lattice Uy, ,,
are real.

Proof. Let g, ;(t) denote the augmented Chow polynomial of the uniform geometric lattice Uy, ,,.
Again, using either [Lar24, Corollary 3.5] or [FMSV24, Theorem 3.21],

gn,k(t> = tgn,k:—l(t) + An,k(t)y

where A,, (1) = Zté (") A;(t). Again, as in the proof of Theorem 1.1,

7=0 \;
(t - 1)gn,k—1(t) = tkAn,k(t_l) - An,k<t)
Let A° be the Eulerian transformation as defined in [BJ22], A°(#/) = A;(t). Then

Applt) = A° (kz_: (?) tj> .

By [Ath23, Theorem 1.1], we know that An,k(t) is real-rooted and
tkAn’k(til) =< An,k(t)

We conclude the real-rootedness of g,, ;1 () as in the proof of Theorem 1.1. O

4. Dual truncation

We now investigate how Chow polynomials behave under the operation of dual truncation. No-
tice that this operation would not make sense on the class of geometric lattices, as the dual
truncation of a geometric lattice is not necessarily a geometric lattice.

Theorem 4.1. Let P be a bounded and graded poset. Then
Hp(t) =1+t Y Hyy(t) + tHop)(t).
2<p(z)<p(P)—1

Alternatively,

Hp(t) = (t+ 1)Hop)(t) — tHoap (1) + 1 Y Hyp(t).
p(z)=2

Proof. To prove the first statement we use Theorem 2.7 on Hp(t) and H,(p)(t). Taking the
difference of the two equations implies that
Hp(t) — Hopy(t) = /P04t > /D72 H 4(1).
2<p(x)<p(P) -1

The result then follows directly by palindromicity. The second statement follows by applying
the first to both Hp(t) and Hy(py(t) and again taking differences. O
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The following result lets us compute explicitly the augmented Chow polynomial of a dual
truncation.

Theorem 1.2. Let P be a bounded and graded poset. Then
Hp(t) = Gop)(t) = Gr(p+(1).
Proof. Recall that, by Theorem 2.8, Gg = H,ugq). We prove the first equality using Theo-
rem 4.1 on aug o (P). This tells us that
Haugo(p) (1) = (14 1) Ho(p) () — tHoz(py(t) +1 Y Hy 3(1),
p(x)=2

where we used o (aug o(P)) = o(P). The equality follows immediately from Theorem 4.1. We
prove the second equality by induction on the rank r of P. If » < 2 there is nothing to prove.
If » > 3, then we use Theorem 4.1 to write

Haug(r(p) () = (1 + ) Hy(poy(t) — tHorpep () +£ Y H_,54(1)

p(z)=r—1

= (14 ) Haug(ro(py) (1) = Hang(r2oen () +1 D Hyparopan ()

p(x)=r—1

- Haug(U(P)) (t)7

where in the second equality we apply the inductive hypothesis since each of those posets are of
lower rank, and in the third equality we use Lemma 2.6 and the fact that the truncation commutes
with the augmentation, when r > 2. OJ

This result lets us conclude an even stronger result regarding the augmented Chow polyno-
mial of the dual of a poset.!

Corollary 4.2. Let P be a bounded and graded poset. Then,
Gp(t) = Gp:(t).
Proof. Let Q = aug(P). This means that o(()) = P and
P*=0(Q) =71(Q").
By Theorem 1.2,
Gpe(t) = Grign(t) = Goo(t) = Gp(t). O
We are now ready to prove Corollary 1.3.

Corollary 1.3. Let Uy, be the uniform geometric lattice of rank k over n elements. Then,
H, )+ (t) and Gy, )= (t) have only real zeros.

Proof. By Theorem 1.2, H, ,)+(t) = Gu,_, ,(t), which is real-rooted by Theorem 3.1. More-
over, by Corollary 4.2, Gy, .)+(t) = Gy, (t), hence this polynomial is also real-rooted. O

"We thank Nicholas Proudfoot for pointing this to us.
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5. Maximal ranked posets

In this section we prove Theorem 1.4, which establishes real-rootedness for the Chow polyno-
mials of maximal ranked posets. One nice feature of this class of posets is that the lower ideal
generated by an element of rank k£ + 1 in P is isomorphic to P and the truncation of Py is
isomorphic to P¢_,. Using this, we can specialize Lemma 2.6 and compute f,,(¢) := Hp:(t) as

fo(t) = (14 t) fruma(t) + t(cn — 1) fu—a(t), n =2,

with the initial conditions fo(¢) = 0 and f;(¢) = 1. Observe that, as defined, P¢ has rank n + 1
and therefore deg f,, = n.

Theorem 1.4. Let P be a maximal ranked poset. Then Hp(t) and G p(t) have only real zeros.

Proof. We use the notation established above and show by induction on n that f,(t) < f,11(¢)
for every n > 1. Since fi(t) = 1+t and fo(t) = 1 + (1 + c3)t + t%, where c3 > 1, the case
when n = 1 follows. Assume f,_1(tf) < f.(t), where n > 2. Then all zeros of f,,_1(t)
and f,(t) are nonpositive since the coefficients are nonnegative. Hence f,(t) < tf,_1(t)
and f,,(t) < (1 4+)f.(t). Then

fa(®) < (L4 0) fult) + (cnpr — Dtfaa(t) = fua(t),
since the set of polynomials that are interlaced by a specific polynomial is a convex cone, see

e.g. [BB10, Lemma 2.6]. The result for Gp(t) follows from observing that if P is a maximal
ranked poset, then so is aug(P). O
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